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Abstract

In this paper, a novel three-point fourth-order compact operator is considered to
construct new linearized conservative compact finite difference scheme for the sym-
metric regularized long wave (SRLW) equations based on the reduction order method
with three-level linearized technique. The discrete conservative laws, boundedness
and unique solvability are studied. The convergence order &'(z? + h*) in the L>°-
norm and stability of the present compact scheme are proved by the discrete energy
method. Numerical examples are given to support the theoretical analysis.

Keywords SRLW equations - Reduction order method - Linearized compact
difference scheme - Conservation - Convergence
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1 Introduction

The (1+1)-dimensional symmetric regularized long wave (SRLW) equations with the
initial and L-periodic boundary conditions expressed as the following first-order sys-
tem [17]:

U —uxxr +px +uuy =0, xeR, 1e€(0,T], (1.D
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or+u, =0 xeR, re(0,T], (1.2)
ulx,0) =uglx), pkx,0) =pox), xekR, (1.3)
ulx,t)y=u(x+L,t), pkx,t)y=pkx+L,t), xeR, te(,T], (14

where u(x,t) and p(x, t) are the fluid velocity and the density, respectively. uo(x)
and pg(x) are two known smooth periodic functions with period L. This system
has been shown to describe weakly nonlinear ion-acoustic, space-charge waves and
solitary waves with bidirectional propagation [2, 17]. It suffices to model only a sin-
gle period 2 = [0, L]. The initial-boundary problem (1.1)—(1.4) has the following
conservative quantity:

M (1) = f u(x, t)dx =/ ug(x)dx = A#1(0), t>0, (1.5)
Q Q
AH(t) = f p(x, t)dx =/ po(x)dx = #,(0), >0, (1.6)
Q Q
EW) = lullys + luxliz + o172 = lluoll72 + luoxl7
+lpoll72 = &), t>0. (1.7)

The density function p can be removed from Eqgs. (1.1)—(1.2), then it turn to a single
nonlinear equation from the velocity function:

1
Upt — Uy — Uy + 5<u2>xt =0, xeR, 1e(0,T], (1.8)

which is explicitly symmetric in the x and ¢ derivatives and is similar to the
regularized long wave (RLW) equation or BBM equation [15].

The research of theoretical analysis and numerical methods for the SRLW equa-
tions have attracted wide attention. The travelling wave solutions of the SRLW
equations in the form of hyperbolic secant squared were presented and the difference
between the solutions of the SRLW and RLW equations were numerically disclosed
by Seyler and Fenstermacher [17]. Clarkson [2] discussed similarity reductions and
Painleve analysis for the SRLW equations and modified BBM equations. Existence
and uniqueness of solutions, existence of global attractors and exact travelling wave
solution of the SRLW equations were studied [3, 22]. The spectral method, Fourier
pseudo-spectral method and Chebyshev pseudo-spectral method were developed to
approximate the nonlinear term of the SRLW equations [5, 8, 10, 16, 27]. Zhao et
al. [26] developed explicit two-step method in time direction and the mixed finite
element method in spatial direction. The optimal a priori error estimates for fully dis-
crete explicit two-step mixed scheme were derived. Mittal and Tripathi [13] proposed
a new collocation of modified cubic B-spline method basis functions over the finite
elements. The unconditional stability of the method has been discussed.

In addition to above numerical methods, the finite difference method is one of
significantly effective numerical methods. Some conservative difference schemes for
solving the SRLW equations were developed [1, 19, 20]. These schemes are conver-
gent with order & (t2 4 h?) in the L%®-norm for u and L?-norm for 0. Yimnet et
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al. [23] proposed a four-level average difference scheme for solving Eq. (1.8). The
new conservation of mass and convergence order & (2 + h?) in the L°®-norm for u
were proved. A review of all the numerical method reveals that high-order difference
methods are still scarce. To best our knowledge, the feasible methods for solving the
SRLW equations with high accuracy are to construct five-point non-compact [7, 14]
and three-point compact schemes [6, 9]. However, the ghost points or fictitious points
are requisite when deal with the points near boundary. In addition, it is difficult to
derive the convergence order in the discrete H2-norm for u and L>°- and H'-norms
for p. To avoid dealing with ghost point, Li et al. [11, 12] proposed compact schemes
for SRLW equations by using the inverse compact operators. But the nonlinear term
with inverse compact operator becomes more complicated.

Motivated by the above finite difference methods for solving the SRLW equations,
we are interested in constructing a new conservative three-point linearized compact
difference scheme for solving the SRLW equations to overcome the difficulties of
discrete boundaries and nonlinear terms. In this work, the main contribution are three-
fold:

— Three three-point fourth-order compact operators are considered to construct
new a compact difference scheme for the SRLW equations based on reduction
method. The fourth-order compact operators were successfully applied to BBMB
equation [24] and viscous Burgers’ equation [21, 25]. Unconditionally conver-
gent with order €' (t% 4 h*) in discrete L>°-norm is proved by the discrete energy
method [21, 24]. In addition, the new compact method is different from the
fourth-order non-compact methods [7, 14] and compact methods in [6, 9, 11, 12].
As such, the theoretical analysis for the present compact scheme can be worked
out using the sophisticated discrete energy method, which is different from the
matrix analysis method [11, 12].

— Conservations of discrete mass and energy, boundedness and uniquely solvability
of the present scheme are derived in detail.

— The convergence order ﬁ(t2 + h4) in the discrete L>-, L2-, H!- and H?-norm
for u and in the discrete L°°-, L2~ and H!-norm for p of the present scheme
are proved at length. The main difficulty in the analysis of the approximation of
nonlinear terms affecting stability and convergence is completely overcome by
using the sophisticated discrete energy method.

The rest of this paper are arranged as follows. In Section 2, Some useful notations
and lemmas are introduced and proved in detail. In Section 3, a three-level linearized
fourth-order compact difference scheme for solving the initial-boundary problem
(1.1)—(1.4) is constructed based on the reduction order method. In Sections 4—6, the
discrete conservative laws, boundedness and unique solvability of the present scheme
are proved in detail. The convergence order & (t2+h*) in the L>°-, L*>-, H'- and H?-
norm for u" and in the L°°-, L2- and H!-norm for p"* and stability of the scheme are
proved strictly by the discrete energy method in Section 7. Numerical examples are
presented to show that computed results support our theoretical analysis in Section 8.
Finally, some concluding remarks are given in Section 9.
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2 Notations and lemmas

In this section, we introduce some useful notations and lemmas. We first divide the
domain [0, L] x [0,T]. Let h = L/J and T = T /N be the space-step and time-
step, respectively, where J and N are given to be two positive integers. Defined u =
{u?|0 < Jj =<J, 0=<n < N}be adiscrete grid function on Q4 ; = {(x;, t;)[x; =
jh, t, =nt, 0 < j < J, 0 <n < N}, we denote the following notations

1 1
(ur;)x = E(u’;q_] - ur;), (M’;)j = Z(ur; — M?_l), (u?)/g = (MJ-H j—l)’
1
W =~ —uf,
(un)A _ i(un—i-l _ un—l) un+% _ l(un+1 + un) uﬁ _ l(un-i-l + un—l)
J T e N J ’ J T Jj’ I M J ’

Denote the discrete space
%h,per ={ulu= (”j)’ Ujrg =1uj, JjEeZ}
For any grid functions u, v € %, per, we define the discrete inner products and
the corresponding norms as follows

w0y =hY ujvj, Nl =V u), oo = max jujl.
. =J=

and the function notation [4]

1
Y(uj,vj) = g[uj(vj);? +wjvjzl, 1<j=<J.

Throughout this paper, C is a positive real constant, which depends on neither /4 nor
7, and may have different values for different occurrences.

Lemma 2.1 [21] For any grid functions u, v € %, per, we have
(Uxz, V) = —(uy, vx), (uz,v) =—(u,vg).
Especially, we have

2 2
(ux)f9 M) = _”uX” ’ (uxi, uxi> = ”uX)E” ’ <l/l)2, M) = 07 <Mx)Za uf) = Oa

(U (u,v),v) =0

Lemma 2.2 [18] For any grid function u € U, per, we have

VL 2 2
u < —u u u u < —|lu Uxzill < —llu
lullo < > Nuxll, llull < fll xlly lluxll < hII I luxzll < hll xlls
lugll < luxll = lluzll.
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Lemma 2.3 [21,24] Let f(x) € C5[xj,1,xj+1] and denote F; = f(x;) and G; =
f"(xj), 1 < j <J, we have
h? .
F'a) = Fps = (Gpas+ OGh. 1<j<,
h2
F'@) = (Fjas = 15(G s + onY), 1<j<J,
h? .
FG)Nf(x)) =¥ (F;, Fj) — SV(G) Fp + o, 1<j<J.

Lemma 2.4 For any grid functions u, v, R € %, per, satisfying

h2
Vi = Whai — 5 WD + R 1=j<J. 0sns<N, 2.1
we have
h? h* h?
2 2 2
" u")y = —|lul | - Ellv"ll + mllvﬁll + E<R",v">
+(R",u"), 0<n<N, (2.2)
2 4 2
W, 2u"t2) = —|ulll; — Ellv"ll, + mllv,’ﬁllt + E(v,",2R”+2>
H(RM, 22y, 0<n<N-—1, 2.3)
ntd , h* o5 h* ,  h? 1
(v, 2u, 3 ) = lulelly + Ellvﬁllt - mllvﬁgllt + E(U;j;vaRn+2>
1
HRL 2T, 0<n<N-—1, 2.4)
and
. h? h* h? .
_ 2 2 2
Wf 2u") = —NufllF = " IE o+ T I+ o 2R
+(RY,2u"), 1<n<N-1, (2.5)
) h2 4 2 )
_ 2 2 2
W 2ue) = el + I = T vkl + 5 (vl 2R7)
+(RY, 2uyz), 1<n<N-1, (2.6)
where
1 1 _
7 = — Q0 = 1, = o = ).

Proof Equation (2.2) comes from Wang et al. [21]. Considering Eq. (2.1), we have

h2
W= Wiy = SO+ (R, 1=j<d, 0=nsN-1, @D

1

h? 1 1
e+ RN 1sj<J. 0sns=N-1 28)

n+%_ n+% ~
v, —(uj )xi — 12(vj

J
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Taking the inner product of Eq. (2.7) with 2u”+ 2 and with 2u , we have

2

<U?, 2u”+%> = <uﬁft 12 xxt + Rn 2un+ >

]’l2 n-%—l
= — 17— =, 2u. .2

41
T3 01 200 ) 4 (R 2

ny2 : n+1 h* n+y ntl n n+i
=—||Mx||t—12 v, 20" 4 — c Vo2 —2R"TI) 4+ (R, 2u"T2)
h? h* h? 1
= —llulll — L v I7 + Taalv vrII7 + (vt 2R 4 (R, 2u"D),

and

n+l h2 n—i—l
<U;1’ Zuxi 2> = <u;5ct 12 xxt + Rn 2u :

h? ]
= lu} II,— <xx,,2u )+<R", )

h2 h? aql
= [lu")? - —< n_oynta +Zv”_+2 _zR"+£>+<R" 2u ”+2>

xxt’ XX

h2 4 ) 2
= i l7 +5 w7 — 144|| x;llt+ﬁ(vm,

Again considering Eq. (2.1), we have

n+2

2R"+z)+(R" 2u, ;).

h? .
_ _ W2 _ .
Vi = @ = 5 ODa R, 1)</, 1<n<N-1 (2.10)

Taking the inner product of Eq. (2.9) with 24" and with Z“ix’ similar to Eqgs. (2.3)
and (2.4), we obtain Eqgs. (2.5) and (2.6). This completes the proof. O

Lemma 2.5 For any grid functions u, p, v, w, R, S € U, per, satisfying

2

h .

b= e — SN+ Ry, 1S5, @.11)
hZ

wjz(Pj)xi_E(wj)xi+Sj7 l<j=/J, (2.12)

we have

(P)E,u)+(ufap>=0, (P&“xi)"‘(’/‘)%ﬁxi):(),
h2
(e, ) + (vg, p) = 5 (s, R) + (vg, §) = (S, ug) — (R, pg),

(g, uxz) + (vg, prx) = —(wg, R) — (v, ).
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Proof Using Lemma 2.1, we have

(0g, u) + (uz, p) = (pz, u) — (u, pg) =0, (pg, uxz) + (uz, pxz) = 0.

It follows from Egs. (2.11) and (2.12) that

h? h?
(wg, u) + (vz, p) = _<:0xi - wai + 5, u£> - <ux)2 - vai + R, ;0)2>

2
—E((w)e, uyz) + (vs, pxx)) — (S, uz) — (R, pg)

h? h? h?
=5 <<w)g, v+ vaj - R> +<v);, w + wa; - S>>

h2
= E((wx, R) + (vz, $)) — (S, uz) — (R, pz),

and

h? h?
(wg, uxz) + (vz, pxz) = <w;;, v+ U~ R>+ <v)e, w + TWsE S>
2

h
= E((wfv Ux)?) + (U)e, wx)?)) - <w)'c\r R) - (va S)

= _<w)?’ R) - <U)}, S)

This completes the proof. O

3 Construction of compact difference scheme

Let v = uyy, W = pyy, then the problem (1.1)—(1.4) is equivalent to

Uy — v+ py +uu, =0, xeR, re(0,T], 3.1
pr+u, =0, xeR, te(,T], 3.2)
V=uy, x€eR, te(0,T], 3.3)
w=p, Xx€ER, 1te€(0,T], (3.4)
u(x,0) =uo(x), px,0) =p(x), xeR, (3.5)

ulx,t)=u(x+L,t), pkx,t)y=pkx+L,t), xeR, te(,T], 3.6)
v(x,t)=v(x+L,t), wkx,t)=wx+L,t), xeR, te,T]. @3B7)

Define the grid functions

M'} ~ U? =u(xj, ty), ,07 %fﬁy = p(xj, ty), 07 ~ V;z =v(xj, 1),
w;? ~ Wj’-’ =w(xj, t),
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where 0 < j < J,0 <n < N. Considering Egs. (3.1)—(3.2) at the point (x;, t%) and
(xj,t;) and Eqgs. (3.3)—(3.4) at the point (x}, ;;), according to Lemma 2.3, we have

0 0 bR ) 0 3 o b o
(Uj)z—(V,-)z+(¢j))e—g(Wj ))e+1/f(U-,Uj)—71ﬂ(V~,Uj)=P
l<j<lJ, (3.8)

0 U 0 :

(@) + (U] );z—g(Vj =0, l=j=/J, (3.9
_ /2. _ h? _
(Uf)f - (V;’)H- (45?);2 - K(W}’)x + ¥ (U7, U,'-’) - ?w(vﬂ, U,’-') = Py

1<j<J,1<n<N-1, (3.10)

_ h2
@i+ U == (V=0 1<j<J l<n<N-1 (I}

VI = (Ui — Ewpx; +RY, 1<j<J, 0<n<N, (3.12)
h2

Wi=@pxi— Wi +5f, 1=j=J, 0=n=N, (3.13)

U} =uo(x)), ) =polxp), 0<j<1J, (3.14)

U” Uiy 97=9¢,, 0=5j=<J, 0<n<=N, (3.15)

V”_V]”H, Wi=Wwi, 0<j=<J, 0=<n<N, (3.16)

where max((Q))xl. [(@)el} = C2, max{|R}. |81} < Ch* and
Jn
0 0 n n ny . n n 2 4
max{|Pfl, 101, 1P]1. 1Q}1. IR, IR, IS]1) = C(x+ k.

Replacing the grid functions U}, ¢7, V!, W} by u’} v}, w} in Egs. (3.8)-

J’ i’
(3.16), respectively, and ignoring the small terms P0 Q0 P" Q" R7 S” we
construct the following linearized compact finite dlfference scheme for Egs. (3 1)-

(3.7):

W0 — 0+ (D — o he + w0y — oyt uty = 0
Pr = W)z = "~ Wis pU) Ty =0
1<j<l 3.17)
0 1 W o1
ODn+ @) = =@ =0, 1=j=1, (3.18)
WD — WD+ s — "y 4yl — gty = 0
jt it pj)x 6 (wj)x‘i"ﬁ(”jvuj) > W(Ujsuj) =0,
1<j<J, 1<n<N-1, (3.19)
_ oo
i+ @ps = =@ =0 1<j<J l<n<N-1 (320
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h? ,
h2
wj = (pei = Wer. 1<j<J. 0<n<N. (322)
uj=uo(xj). pj =poxp), 0<j<1. (3.23)
wip=ul . pj=pjy, 0=j=<J, 0=n=N, (3.24)
vy_v_H, w?:w?‘_u, 0<j<J, 0<mn<N. (3.25)

4 Conservative laws

Theorem 4.1 Suppose that ug(x) € H*(Q), po(x) € H'(Q) and (™, p", v", w") is
the solution of Eqs. (3.17)—(3.25), then it is discrete conservative in the senses:

J J
h ht
Mt = > Z ntl u'j) — Xj(v’“rl +v)+ — Zu'}(u?“)x

j=1

h v n n+l1 V" n+l n n+1
_EZ}m,)x;(uj )5 — 1442( D 17282(1) NG
j:

=M'=...=M =M, 0<n<N-1, 4.1

n+l .__
Myt =

N|>

J
Z "+‘+p;')=M§=...=M21=M§, 0O<n<N-1, 42

1 h?
E" = §<||u”+‘ 12+ 112+ 5 Q02 ) + S Q2+ 1)

4
1
1,2 2 142 2
——288(IIU§Jr 1%+ vl )+§(||pn+ 1=+ 10"

= E'=...=E'=E° 0<n<N-1, (4.3)

where

J J J
ht h3t
MY =) W)= v+ D ufe = S5 D @y
j=I1 j=1

j=1

T Z( Pavh = 1og Z(v‘))x(v xi-

h?
M =hY p) E= 1+ ) + Il 144||v 12+ 1°11%.
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Proof Multiplying both-hand sides of Eqs. (3.19) and (3.20) with % and summing up
j from 1 to J, we have

J

J J
h n+l n—1 h n+1 n—1 7]
DDA R =) S CARE I R R D AN

j=1 j=1 J=1

Applying Lemma 2.1 and (3.21), we have

J J J
h Zl v, u;’_-) = g Z; [u (u”)x + Wu ] = % Z; [u;f(u;{"‘l))? — u;{—l(u?)g],
j= j= Jj=
and
3 J ) J
DY vad = % Z[ Twh)e + W) |
j=1 j=1
h3 d n n h2 n n
= Z ]Zz; [(”j)xi(”j))? - E(Uj)xi(uj))?}
h J
= & 2D )s + — Z(v"» [v + —(v m]
j=1
= h—XJ:( ) (u"“) + —Z(v") ntl
12 = . T 44 i
+175 Z(v%(v"“)u

h3 _ ho
=T Z(u'} Dee @) = 2 D W)™ z)
j=1 j=1
7 J

h _
~ 1735 2 D),
j=1

then we have

Mt =M, MGt =M, 1<n<N-1 (4.4)

@ Springer
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Multiplying both-hand sides of Eqgs. (3.17) and (3.18) with /2 and summing up j from
1 to J, we have

3 J
<‘—u°>——Z<v —v°)+th<u1,u2>— S ol ut) =0,
=1

1 j=1

Q| S
'M~

J

QS
'M\

(0j = p) =0,
1

J
Similar to Eq. (4.4), we obtain

J J J J
ht h3t
Y () —h Y )+ v+ = Y uf i = == Y W)
j=1 j=1 j=1 j=1
J 7 J
h’t h't
== D Dav; — e D WD)
j=1 j=1

! ht < e < nr <
=2 ) — v+ Y ufDe — == D WD @i — — (]
j=1

j=1 j=1 j=1

~sea Z(v‘))x(u )i

J
Z (p; +p,)—2th,,

then we have Ml1 = M?, M21 = Mg. Hence, we have Eqgs. (4.1) and (4.2).
Taking the inner product of Eq. (3.19) with 2u”, of Eq. (3.20) with 2p" and
applying Lemma 2.1, we have

_ , _ h? o _
||u”||? - (v;?, 2u") + (p%, 2u") — F(wg’ 2u™) =0, 4.5)
2 i i h* i
10" I7 + (. 207) = = (0], 207) = 0. (4.6)

From Lemmas 2.4, 2.5 and taking R =0, S =0, we have

(W, 2u") = —|ut )7 - —||v I7 +m”” 12, (. 2u™) + (. 20") =0,
(Wi, 2u™) + (], 20") = 0
Adding Eq. (4.5) to (4.6), we have

—_— n —_——
117 + [t 117 + |I I 144I|v 17+ 110" 17

then we obtain

E't'=E", 1<n<N-1. 4.7

@ Springer



27 Page120f34 Adv Comput Math (2022) 48: 27

Taking the inner product of Eq. (3.17) with 2u? and of Eq. (3.18) with 2,05, similar
to Eq. (4.7), we obtain

h4

T R0+ 1% =0,

h2
U7 + N7 + 35 107 =

which implies
12 02 12 02 hz 12 02
e 117 A 1= A Ny 17+ Nl +E(|Iv 1=+ llv11%)

/’l4
—mwvinz + 10205 + e 1% + 110°)17
h2

/’l4
= 2(J1u®)% + 112211%) + G 0] - 7—2||v2||2 +2110°)12,

then we have E! = E°. Hence, we obtain Eq. (4.3). This completes the proof. O

5 Boundedness

Lemma 5.1 [7] Suppose that ug(x) € H (), po(x) € L*(2), then the solutions of
the problem (1.1)—(1.4) satisfy

lullz =€, luxlizz2 =€, el =€, ullze <C, 1€ (0,T],

for a constant C.

Lemma 5.2 [9] Suppose that ug(x) € H2(Q), po(x) € H! (R2), then there exists a
positive constant C = C(|lugl|2, ||pll1) such that

luxlle < C,  Nuxxllpz <C, pxll;z2 <C, te€(0,T]
Furthermore,
luxllee = C, lplle =C, 1€(0,T]
Theorem 5.1 Suppose that ug(x) € H*(Q), po(x) € HY(Q) and u(x, 1), p(x,1) €
Cj:?(Q x (0, TY), there exist sufficiently small positive constants 1y, ho such that

T < 109, h < hg, then the solution (u", p"*) of the compact scheme (3.17)—(3.25)
satisfies

[u"ll < C, Nuxll <C, |p"=C, |u"llo<C, 0<n<N.
Furthermore, we have

lutzll <C, Moyl <C, Nuillo <C, Np"lloo <C, 0<n<N.
Proof From Egs. (3.12)—(3.14), there exists a positive constant ¢ satisfies

max  {|U|, |[Uxl, |Uxxl, 18], [¢x], [@xxls VI, Vil [Vixls IW]L W, [Wie[} <c.
(x.)€QX(0,T]
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It follows from Eq. (4.3) and Lemma 2.2 that

h2
E°=E"! > (||u"+1 12+ 12 10" 4 S, 0snsN -1
There exists a positive constant h¢ such that A <hgy and E 0< B+ h% / 12)?2, we have

6V EY
"l <v2E®, |luf <V2E°, |p"I<V2E°, [v"|I< . 1=n=N.

Using Lemma 2.2, we obtain

VL LEO
flu” ||oo§—ll i< 5 1<n<N.

1
of Eq. (3.18) with —2p.- and

Taking the inner product of Eq. (3.17) with 2u
applying Lemma 2.1, we have

xx’

1 11 W2 11 1 1
B + (v, 20 8e) = (03, 2uie) + - (wg, 2ue) = (W, u), 2ugy)
h2 0o 1 %
+?<W(U ’MZ)’2MXJE> :O» (51)
YCTENE RN SN L Ry
10217 = (3 2056 + (03, 2055) = 0. (52)

Using Lemmas 2.4, 2.5 and letting R = § = 0, we have

0 3 0 2 0 h4 0 2

(v, 2ul) = Ul 17 + 2IIUXII, ~ Tag 10xzlly (5.3)
1 1 l 1 1 1 1

<10£25u;j>+<u; xfc> _0 <wA,fo>+<U)22,,0xzj> =07 (54)

Noticing

1 1
AUR ”.l')zg[vj(”j)f‘i‘(vjuj))?]:5[(01' +viDW)i+W)zuj—1l, 1<j<J.

Applying Cauchy-Schwarz inequality and Lemmas 2.1, 2.2, we have

1 1 2 1 1
(W@® u),2u?) < 3 <2||u0||oo||u§ [ llae —|| + [l Iloolluzlllluj);H)
c L 302 32
=3 (2 + %> (Nl 17 4 Nz 119, (5.5)
and
/’12 o 1 1 2 1 1
7(1/;(1) Ju2),2uly) < — 3 <2||v Iloollux (e szl 4+ llvg IImIIuZIIIIM)?XII)
°h? L 1
= < 2+7 (IIMx 1% + llu 2. 1%). (5.6)
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Letting

h? 5
F =l + ulel® + = lv? -

B 144IIvMII + g%,

and using Lemma 2.2, we have
=1 12 12 h? 1,2 12
Tz lugll” + llugz 17 + 1—8||vx|| + oy ™
Adding Egs. (5.1)-(5.2), substituting Egs. (5.3)—(5.6) to Egs. (5.1)—(5.2) and using

Cauchy-Schwarz inequality and Lemma 2.2, there exist sufficiently small positive
constants 1g, hg such that T < g, h < hg, we have

o~ o~ L 1

1 0
F' - 70 < <2+_f6> <6+12)cr(||u 12+ 11 + ey 1> +||ux;||)
at(F' + .79,

A

IA

where ¢; = (24L/~/6)(2+h2)¢/12. When ¢t < 1/3, we have Z° < (3+h3/12)¢2
and

F' < (14 3c110).7° < C.

Using Lemma 2.2, we obtain ||u -l <C, ||,ox|| <dC, ||u loo < C, ||p loo < C.

Taking the inner product of Eq. (3.19) with — 2umz and of Eq. (3.20) with — 2,0)”2,
we have

_ _ h2 _ _
I 7 + V7, 2ulz) — (., 2ulte) + — 5 (Wi, 2ul) — (Y™, u™), 2uly)
2 - -
+7<w(v", u"), 2u';) =0, (5.7)
2 i i Wi
o NIz — (s, 2p%5) + g<v}§, 2p5) =0, (5.8)

for 1 <n < N — 1. Similar to Egs. (5.3)—(5.6), we have
- ,  h? h*
(vf, 2ulyz) = ||M;j||;+_|| V2 —mll Viel?, 1<n<N-1, (5.9
(O, ule)+ul, piz) =0,  (wi ulz) + (v, pls)=0, 1<n<N—1, (5.10)

and

A

, , 2 o , ,
(Y@", u"),2ulz) < 5(2||M"||oo||uﬁ||||uﬁ;|| + " oo llue 5 1)

V2LEO . ;
= Clla Mz Il + ez 1D

V2LEO p 1 3=
= —3 (I|M§I|2+EIIMZIIZJrEIIuZ;IIz), (5.11)
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2 2
S W ", 2ul5) < S @I ool sl + e oo w1 1)
VLh? —
< Il
< 3VLEO(ul|* + llulz|1%). (5.12)
Letting
T = T a0 A 1 A 0P A e+ )

h? ht
+E<||v;z“||2 + ) - m(ﬂv:};‘ 12+ 10" )?), 0<n<N-I,

and using Lemma 2.2, we have
1 1,2 +12 12 h? 12
F = W A 1 A+ el Jrl—gllv)'c’+ I, 0<n<N-1

Adding Eq. (5.7) to Eq. (5.8), substituting Egs. (5.9)—(5.12) to Egs. (5.7)—(5.8)
and using Cauchy-Schwarz inequality and Lemma 2.2, there exist sufficiently small
positive constants tg, g such that T < 79, h < hg, we have

V2 _ V2 _ 1
2 2LE°r[(T+3 % + 5 +3 ||u§;z||2+5||uﬁ||2

4VLEOT (1t 1P N1 4+ a2+ a1 )

XX

jn—&-l _gmn

IA

IA

< ou(ZF"T + 2", 1<n<N-1,

where ¢ = 4,/L(3+ h% /12)c. When c;t < 1/3, applying discrete Gronwall’s
inequality, we have

T < expBerT)F! = expBer TN (T +. 7% <C, 1<n<N-1,

which implies [« || <C, [|pf*+!]| < C for 1 <n < N—1. Hence, we have [[u?*!]|
< C,||p" oo < Cforl <n < N—1byLemma2.2. This completes the proof. [J

6 Uniqueness
Theorem 6.1 The compact difference scheme (3.17)—(3.25) is uniquely solvable.
Proof Obviously, it is easy to know that u, po, v9, w0 have been determined from

Eqs. (3.21)—(3.23). The first level u!, p!, v!, w! are computed by Egs. (3.17), (3.18),
(3.21) and (3.22). Now, we consider its homogenous system

1 1 1 1 1 h2 1 1 0 1 h2 0 1
=+ S0y — Wi+ Sy up) — Yy up) =0,
l<j=/J, (6.1)
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1, 1, h ,

—pj+ s — Z P =0, 1=j=1, (6.2)
1 1 h* 1

vj = jes = 5 Wi, 1=j =, (6.3)
1 1 h* 1

wj = (pjxs = ;Wi 1=j <. (6.4)

Taking the inner product of Eq. (6.1) with u!, of Eq. (6.2) with p! and applying
Lemma 2.1, we have

I ‘||2—1<v1,u1>+1<p1,u1>—ﬁ<w1,u‘>=0, (6.5)
T 27X 12°*

1 12 1 1 1 h2 1 1

;HP Il +§<M;(7P )—EW);’/O ) =0. (6.6)

Adding Eq. (6.5) to Eq. (6.6), using Lemmas 2.2, 2.4, 2.5 and taking R = § = 0, we
have

1 1 h2
0=—(lu' I +l1p" = (o', u') = - <||u1||2+||p1||+||u;||2 + Euvlnz) . (67
Thus, it holds that [lu'|| = 0, ||p'| = 0, |lv!|| = 0 and |jw!| = 0 by Eq. (6.4), which
implies Egs. (3.17), (3.18), (3.21) and (3.22) determined u', p!, v!, w! uniquely.

Now, we suppose uk, ,ok, vk, wk for 0 < k < n have been determined. 1”1, p”‘H,
v" 1, w1 are computed by Egs. (3.19)—(3.22), we consider its homogenous system

1 1 h? 1
57 @ =D 4+ S0 e = e+ S, it -

2t/ 127
h2
Zw(vjﬂu?“) =0, 1<j<J, (6.8)
i n+1 + l( n—H)A _ h_z( n+1)A -0 l<i<]J (6 9)
2P TR AT AT == '
n+l _ . n+ly _ h2 n+ly _ 1 . 6.10
v; —(uj )xx_ﬁ(vj XXs <Jj=J, (6.10)
N Pt | < i 6.11
w; —(Pj )xx_ﬁ(wj XXs <Jj=J. (6.11)

Taking the inner product of Eq. (6.8) with u"*!, of Eq. (6.9) with p"*! and applying
Lemma 2.1, we have

1 1 1 h?

Sl P = ) (ot ) — S it e =0, (6.12)
27 27 277 12 *

1 n+1)2 1 n+1 _n+l h? n+1  _n+l

oI 4 ST o) = T e = 0. (6.13)
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Similar to Eq. (6.7), we have
1
0= 2—(||u”+‘||2 + 1" = T )
T

1 h?
> Z(Ilu"“llz + 1™+ a2 4+ = T,

18
then it holds that ||u"T!|| = 0, [[p"t'|| = 0, [v"*!| = 0 and |w"T!| = 0 by
Eq. (6.11), which implies Egs. (3.17)—=(3.19) determined u”!, p"+1, y+1 ol
uniquely. This completes the proof. O

7 Convergence and stability

Theorem 7.1 Suppose that ug(x) € H*(Q), po(x) € HY(Q) and u(x, 1), p(x,1) €
CIA(Q x (0, T). Let (U", ¢", V", W") be the exact solution of the Eqs. (3.1)~(3.7)
and (u", p", v", w") be the numerical solution of the compact scheme (3.17)—(3.25).
Denote

N =U"—u", nn=¢n_pn’ fnzvn_vn’ Snzwn_wn-

There exist sufficiently small positive constants ty, hg such that T < 19, h < hg, then
we have

le™ |+ lle? | + lles Il < C(x> + A%, 0"+ IIn2ll < C(x? + %),
le"lloo + ek loo + 1" loo < C(z% + h*).

Proof Substituting Egs. (3.8)—(3.16) from Egs. (3.17)—(3.25), we obtain the follow-
ing error system:

1 2 1 1
€D = Ui+ e = = EDe + W (U] UP) = Y uf)
h2 1 1
-5 [w(V‘-’, Ul -y, u;.)} =pP), 1<j=<J (7.1
0 3 h* 0 -
(nj)t'i‘(ej),\?_g(fj)x:Q" IS]S‘ls (72)

_ he o _ _
@i = (f7i+ )z = =€z + UG UR) — ¥, uf)

- ? v U ==y 1=jsd 1snsN-l (3)
_ W2
i+ —=(i=0} 1=j<J l<n<N-1 (7.4)
h2
fi=Evi =5 s+ R}, 1=j=J. 0=n=N, (7.5)
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h? .
£ = 0w — ZEDxe+ ), 1=j=J, 0=n=N, (7.6)
e}=0, nj=0, 0<j=<J (7.7)
ei=¢ei; mi=niy;, 0=<j=<J, 0=n<N, (7.8)
fjﬂ:f}lﬂ, 57=§7+J, 0<j<J, 0<n<N. (7.9)

From Eq. (7.7), considering Egs. (7.1), (7.2), (7.5) and (7.6) when n = 0, we have

Ll S = e+ p @l ey~ g v, ey = p9
ce = I+ 3mp = 5 Es pep) =5 v Vi) =P,

1<j<J (7.10)
1 1 h? ,

“nj e - Ui =05 1=j=</, (7.11)
1 1 hz 1 1 .

fi = (e — D+ Ry 1=j =, (7.12)
1 1 hz 1 1 .

£l = e — EDxe +8), 1=j<. (7.13)

Taking the inner product of Eq. (7.10) with e', of Eq. (7.11) with ' and applying
Lemma 2.1, we have

Love Yoo Loy R 0 1

Zletl™ = —{f e+ oz e) = Stz e) = (P ), (7.14)
Loy Loy oy R 0 1

Zlnl ol n) = Sz =(Q% ). (7.15)

Combining Lemmas 2.4, 2.5, we have

h4

h?

12 1 1 1 1
+ (R, fY + (R", "),

a7+ 5 RS + (R eh)

h2

(flely = —leli* - Ellflller
h2

&l ey + (flonh) = E«é;, RY + (fL, ") —(sh,el) — (R', ),

(ni.e') + (et.n') =0.
Adding Eq. (7.14) to Eq. (7.15), we have

/’14
144

(&}, RY + (L, 8"

h2
le 1% + ey 1> + Enfln2 — — A+ 1)
h2 htt
_ T Rl’ 1 Rl, 1 nt
SR+ (R e+
2

h
—1—2’«51, el + (R, nly)

+r((P% ey + (0% n')). (7.16)
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Taking the inner product of Eq. (7.10) with —e < and of Eq. (7.11) with — nxx
have

1 h? 0
—llely? + (fl el ——<nx, erg) + — (&l els) — (WU eh, ely)
T 12
2
+%<w(v0, e, el) =—(P%el;) (7.17)
and

1||n‘||2—1<e1 n‘->+h—2<f1 na) =—(0%nis) (7.18)
T X 2 x? Ixx 12 x° Ixx > ixx /! *

Applying Lemmas 2.4, 2.5, we have
(&L es) +(me) = —ELRY = (fL 1), (nf, e + (ef, mip) = 0.
It follows from Eq. (7.12) that

(flels) = (el - f1 + R el
h2
= Jle! )7 - —(fxl)za 4 —fx‘,; —R") + (R, ely)

= Jlel:II? +—I|f I —mllf |12 + fxx,R‘ +(R', els).

With the help of the above expressmn summing Egs. (7. 17), (7.18), we have

||e1||2+||e 12 +—||f ||2—m||f e+ lpl)?
= ——(f} R") — (R e m>+—<<s +(ff, 8!
—r((PO, e)wz) +(0°% )
T (wwo, eh), e — §<w(v°, eh), e}m>) : (7.19)

Summing Egs. (7.16), (7.19), we have
h? nr ot
1,2 12 12 1,2
lle I+ 2lle 17 + lleyzl +E”f l +<12 144> FAE

—mllf 1P+ I 17+ e 112

h* 1 gl 1 1 11 11 h*t 11 11
:E((Rvf)_(fxi’R>)+<Rve>_<R’exi)_E“S’e)?)_'_(R’n)?D

+<h4 M ><<sA1 RY+ (£, 8"+ (P’ ey + (0% 1)
144 "2 ) e x’ ’ ’

—(P%el) — (0% nls))
T ((WUO, '), erz) —

2

%wf(vO, eh, ei;)) : (7.20)
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Using Lemma 2.2, we have

h2 h2
142 12 1 2 1,2
+2 + F+ — + | = - — - f

' 1% + il
12 12 Lo 12 12 h? 12 12
> lle 17 + llexgll +§(I|€xll + 0 17+ iyl )+§(||f 1=+ I1f 119 (7.21)
It follows from Lemma 2.2 and Eq. (7.13) that

h? h?
IE™ % = (s, £") — < e é") + (8", E") < lInizIIE™ I + Ellsfll2 +IS"1IE"

2 ny2
gllé I* + 2|I77x|| + = IIS I 0<n <N,

we have
I€"1? < h2 ||nx|| += ||S"||2, 0<n<N. (7.22)
Similar to Egs. (5.5), (5.6), we have
0 1y 1 c L Lyl
(Y(U", e),e;5) < 3 2+% llex ezl (7.23)
n? 0 cn? Lot
(W(V e, erz) < r 2+ 7 llexlllexzll- (7.24)

Substituting Egs. (7.21)—(7.24) to Eq. (7.20) and applying Cauchy-Schwarz inequal-
ity, we have

1 h2
le' I + llel: 1> + 5<||e,£||2 + ' 1%+ Inki?) + §<||fl||2 + £
hz 1 1 1 1 1 1 1 1
= ZURTI+ UL MR + IR e 1l + 1R ezl
2
T 1 1 1 1
+5 (IS eI+ 1R Nl )

4

h*t Rt o ht*t  h’t
— R! R — st
+144||$ R+ =18 xll+<144+ )llf Sl

+r(IPOIle T+ 10 I I + PO Iz 1+ 1121 Int i
T L
+— (2 + %) Q2+ hD)llel el
h_2 12 1,2 h_2 1,2 12 12
< 3 U I+ IAD) + e R + IR + IR

L2 1,2 h't 1,2
+§(||exj” + el )+T&3||R Il
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h*t 1,2 h*t 12 h*t 1,2 12 1,2 12
—||R —_— — (| S R
+24 IR "+ 13 g1~ + 1 SN+ Nlex 17+ R+ lIny 117)

T
+—<2||P°||2 + e 1+ 102 4 I 1 + ezl + 1102117 + 1In' 1)
/’l4 2

& L s X h’t
+]2(2+7>(2+h)(lle I+ lleys )+<2T§8+§)(”f I+ 18M1%)

IA

T
5<||e1||2 +llel 1) + %mfln2 +IAH + 5(||e1||2 + 1'%

o w? )
+(288 )rllf [

w1 1 on e L

—F+—(2+—= )2 h2 12 1 2

+(24 )rllnxll +[2+24+12< +\/g)( + )j|r(||ex|| + e .11
+7)| PO)?

FAQR +10YP) + 5+”2+ LA ST
16 \24 288 6)"
nr nt
— st
+<12 288)T” I

Letting

1 h?
g = 5(||e1||2 + llel el 12+ 1n' 12 + Ik i) + %(nfln2 + 1 £HP),

there exist sufficiently small positive constants tg, i such that T < 19, h < hg, we
have

G < 319 + c(IR'P + 151D + 201 PO + (1 @112 + 11201,

where
2

hy ¢ 5
=14+ = 2 2+h ==
€3 +12+6(+«/_)(+0) =5+

h3  hito  hiny o
8 12 288 6
When c37 < 1/2, we have
G' < 2e4(IR'I? + 18112 + 4l PO + 20 (1 Q17 + 1102117 < C(22 + b2,
which implies

le'll + llexl + lerell < C@*+hY,  ln' Il + Iyl < C(@* + A%,

PR = T 4 nt,
Thus, we have

le'lloo + lleglloo + 10! lloo < C(x? + 1Y),

by Lemma 2.2.
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Now, we suppose that
ek + ekl + ek < c@® + m*, Ikl + Ikl < e + 1,
le¥ oo + ek loo + ¥ lloe < C (% + h%),

for 0 < k < n. Taking the inner product of Eq. (7.3) with 2¢" and the inner product
of Eq. (7.4) with 25", we have

le™ 17 — (£, 2¢") + (n}, 2¢") — < (6526 + (YU U — g @, u"), 2¢")
h? - S -
— WV U =g "), 26" = (P12, 1=n<N-—1, (725
o o _
I 17 + (g, 20" — {7 20") = (Q", 20"), 1=n<N-1. (7.26)
Applying Lemmas 2.4, 2.5, we have
(nf, ") + (el n") =0, (727)
_ h2 _
(ff' 2e")=—lle} ||2——I|f"|| +m||f”|| D) f” 2R")+ +(RY, 2¢"), (7.28)

_ _ h2 _ _ _
(€], ") + (f] ”>= 7z (& LORY) A+ (fE8M) — (", el — (R", ). (7.29)

X X

Substituting Eqs. (7.27)-(7.29) to Egs. (7.25), (7.26) and adding Eq. (7.25) to
Eq. (7.26), we have

n n 2
[le" I| + e} I| +—||f I —mllf || + 1" [I7
h? _ _opt _
= —(fA”,2R”) + (R7, 2¢") + 36(( 7R") + + (5, 8")
h2 _ _ _
__(< > < l’l’ n;))+<Pn,2€n>+<Qn72r)n>
h? S
—(YU", U™ =y ", u"),2") + — (w(V” U™ — ", u"), 2",
l1<n<N-1. (7.30)

Again taking the inner product of Eq. (7.3) with —2¢e)’c’_)E and the inner product of
Eq. (7.4) with —27;)’3;, we have
2

II€;|I%+(fA", 26;’;)—(77}’»26%)4-?( & 20— (WU, U =y ", u"), 2e;)

h? o )
7<1/f(V" U=y ", u"),2e")=—(P",2e"), 1<n<N-1, (7.3D)
2 -

IEIF = (eF, 205 + 47 2nie) = —(Q", 21y), 1<m<N-—1.  (132)
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Applying Lemmas 2.4, 2.5, we have

M}, el + (el nis) = 0, (7.33)
(f;",2e§’;) = |lef; |I +—||fx || —mllf ||

h? i
+12<f”,,2R )+ (R, 2e3), (7.34)
(€L ele) + (fF.miz) = —(EL R™) — (f1.S"). (7.35)

Substituting Egs. (7.33)—(7.35) to Egs. (7.31), (7.32) and adding Eq. (7.31) to
Eq. (7.32), we have

le2 11 + llefe 17 + —||f"||2 - mllf” 12+ NI 117
h? . n: .
= — e 2R — (RY, 2e50) + S (& R + (fF, S™)
YU U™ — ", u"), 2els)
h? . S . .
=WV U = Y " "), 2el) — (P, 265) = (0", 2,
l<n<N-1. (7.36)

Summing Eqgs. (7.30), (7.36), we have

||e"||%+2||e"||%+||e"-||?+h—2||f"||?+ B FAH
i ol =2 f 12 144

144||f || + " || +||nx||
h2 n n h2 h4 n n n n
=5 (fi' = £l 2R <?+%>(< 2R 4 (fF.S™)
h? _ L
——(( )+ (R", ) + (0", 2(n" — np))
_ _ h2 _
+<R}“ - @Ww",u") —y", u") + 7(w(V", u"
—y ", u") + P",2(e" — eﬁ;)>, (7.37)
for ] <n < N — 1. Noticing
(ff' =l 2R")

2 2
_ +1 -1 -1 +1 -1 -1
_<fn — ,2R?+;R" >_|_<f;l —fr ,2R:f+;Rj§ >

(7.38)

A

_ 2 - _ 2 -
2 = HR;'+;R" +2A L = 1 HR;;+;R£
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and
vV, Uj) =¥ (vj,u;)
= %[Vj(Uj)i + (ViUj)z —vj(uj)z — (vjujzl
= %[(Uj + Wi + (v + fHUDz —vjuj)e — (vjujil
= %[Uj(ej))? + fiWUjpz + (wje; + fiUj)z]
= %[(v,‘ +vjr)(e): + Wiiejr1 + (i + fi+0DW)e + (f)rUj+1].

Using Lemmas 2.1, 2.2, Theorem 5.1 and Cauchy-Schwarz inequality, we have
h? p - - h? - - -
?(w(V", U™ —y " u"),2e") = ?<f"U§’ + (f"U"z, €")
2

h _ _ _
= Z @I ool /1 + 10 oo LA Dl
/C\hz n n n
= S CIT+ 1L DI, (7.39)
and
2 - - -
SV U =y ), 2¢5)
o . . S
= ?(v"e;’ + UL+ "e" + UMz, ez)
h? . . - . -
< 5 IV loollegll + e ool + 20T oo £ I+ HU oo L £ D ez
N R _
= IRl lexel + == @I+ 1A Dl
o Th2 _
= OVLElIe" [lexill + == @I+ 1A D ezl (7.40)
Similarly,
_ _ Y _
W UM =y, u"), 26" < Q"I+ kDl (7.41)
(WU, U™ — ", u"),2e") < V2LEO|"|[||€" |
22.\ n n n
+5 @lle" I+ DDl (7.42)
Letting
G = 1" 4 e 1 201 A et 1) + et T et 11

H T 0 A T 2
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2 h4

h2 n+1)2 ny2 h n+1)2 ny2
+ﬁ(”f 1=+ 117 )+<E—m>(||fx 1=+ 1/ 1)

h4
—m<||f;‘;1||2 + £,
for1 <n < N — 1. Using Lemma 2.2, we have
G > 12 e A e et A e TP A e 1 A+ )2
L e i R (P
h2
+1—8(||f”“ 2 A1+ A2+ 112
Substituting Eqgs. (7.22), (7.38)—(7.42) to Eq. (7.37), we have
1
27

h2 n+1 n—1 2 i
— — YR+ 2R
; (nf SR+

(gn—&-l _ gn)

IA

2
1 —1
A - Y HR;’;Jr R,

)

- hz+h4 I S™ |
3 36 *
_ _ oo oo
+201" I + etz DUART T+ 1P 1) + - IET IR + - NETNIR" |

3 36
+6 + VDVLE e lel

'C\hz n n n n z‘\ n n n n
T3 CUATH A DA + ez D + 3 Cletll + llex DUl + lles D

+21 0" llln" |
2

h _ _ _
+?(||S"||I|€§|| + IR m D) + 21 Q% IHn I
2

IA

_ 4 _
;(nf"“n%nf" PRI + IR+ LA+ 1Y l||2>
2 8 _

+SIREI + S IR

h2 h4 ni2 2 n2 n o2 2 2
+<€+5>(Ilf;’ll 1S 4 20 17 + el I + IR + 1P 1)
+ln* + 2™

2t _ _
+ (5 + 5) IR™I> + 3+ V2)VLEO(Ie" 1> + e 1% + 10" + 110711
+ln™ 1 + )2

Ch? _ _
+?(4||f”||2 + UL+ ™1 + el 1)
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+||Q"||2+||Q§||2+T||R"||2+ ite IR2))?

Y IS™ 11>+ r*) ™ |1?
3 72 )
When sufficiently small positive constants 7, hg satisfy t < 1o, h < hg, we have

Gt @ < 2est (@ + 9 +2Ccet (X +hH?, 1l<n<N-—1,

where

BG++2)¢ [B6+hHL Th2 46 T 2 9
1 - _9 = _7 Y 24 9
¢s = maxgl+— 2 T T3 3tz

17  7h: Bt
L0y %o
3 6 36

According to the Gronwall inequality, when 2c5t < 1/3, we have

co =

c

@1 < exp(6Tcs) - [%‘ iy h4)2} <C@E*+m%?, 1<n<N-1,
Cs

where

gl

IA

h2
le 12 4 20l + el 1 + E(Ilfl 12 1A + It 1 + k)2
C(z? + h*?,

IA

by Eq. (7.7), then we obtain

le" T+ e+ e < e+ rhy, T 4 It < e+ hhy,
l1<n<N-1.
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Hence,
e oo + e oo + 17" oo < C (% + A%,

for1 <n < N — 1 by Lemma 2.2. This completes the proof. O

Theorem 7.2 Suppose that ug(x) € H*(RQ), po(x) € HY(Q) and u(x, 1), p(x,1) €
Cf:?(Q x (0, T]), then the solution (1™, p™) of the compact scheme (3.17)—(3.25) is
stable with respect to the initial conditions in the L*°-norm.

Proof Assume that (#", p", v, w") is the solution of the compact scheme (3.17)-
(3.22) with the initial conditions:
i) =uo(x)) +eo(x)), B =polxj) +e1(xj), 1<j<J,
where g9(x), £1(x) are perturbation functions. Setting
N =u — " f)ann—ﬁn f":vn—ﬁ" é.n:wn_a)n
Using a similar proof for Theorem 7.1, we can conclude that
18" 136 + 117" 13 < ClleollZ, + llenllZe),

which indicates that (¢, 7") is controlled by the initial conditions go(x), &1(x),
implying that the compact scheme (3.17)—(3.25) is stable in the L°°-norm. This
completes the proof. O

8 Numerical examples

In this section, numerical examples are presented to test the conservation and con-
vergence order of the compact difference scheme (3.17)—(3.25). Before presenting
experiments, we give an algorithm to solving the present compact scheme. Denote

T T T
ul=yuy, ) Pt =)y D) V=000, )
T
w' = (], wy,...,w)",

for 0 < n < N. The algorithm of the compact difference scheme (3.17)—(3.25) can
be described as follows:

Step 1. Solve v° and w” based on Egs. (3.3)-(3.5).
Step 2. Define kj = 5, k» = 147 and k3 = 2.
Forn=0,1,...,N —1,
— Ifn=0,leta =2k;andz = (u”,,o”,v",w”)T.
— Ifn>1,leta=k andz = (u”_l,p"_l,vn_l,w"_l)T.

Solve u"*!, p"+1 v+l wtl based on the following matrix-vector form

A1 B, —C1 D lln+1 A2 —-B; —C1 -D
B ¢ D O p”'H _ | -By ¢ -D O
B, O C O||vt |T| B O -C o |*
0O -B, O G witl O B, 0 -G
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End For.

Here, A1, A2, By, By, C1, C; and D are J x J circulate matrices defined by

a a2,1 0 as
a3’2 a az,z 0
A=
0 -~ azy-1 a ayj-
| a2,y - 0 a3y a
[ a —as, 0 —as, |
—a3,2 a —(12’2 0
A2: . . . ’
0 ceo—az -1 a —ap j-|
_—(,12’] 0 —asz.j a
0 3k O cee =3k ] -2 10--- 1
-3k, 0 3kp --- 0 | 1 -21--- 0
Br=1 ¢t Ba=gg o n i,
0 -+ =3k O 3k; 0o ---1-21
| 3ky --- 0 =3k O | 1 ---0 1 =2
[a 0 0---0 10 1 0 1
0a O0---0 1 1 101
Ci=|::: |, C=—]|: - 1,
1 . . . . . 2 12 . . . . .
0 0 a0 0 110 1
0--0 0 a 101 10
0 —k3 O k3
ks 0 —k3 0
D = RV
0 k3 0 —k3
—k3 0 k3 O
where

arj=ko(u +uj ) — k(W] +0]), a3 =~k +u_ ) + k@] + i),

forl<j<J,0<n<N-1.
For convenience, we denote the maximum errors and convergence orders as

Eg (b, D) =IU"(h, ) —u" (h, Dlles,  E5, ,(h, T)=1¢" (h, T) — p" (h, T)llcc,

En h En h
Order 1 =log, % ,  Order 2 =log, oo(ha 7;) '
E%.(5, %) En (k1)
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Example 1 We consider the following initial conditions [23]:

3wt -1 21
uog(x) = (U—) sech? x+x0) |,
v 4vu
3wE=1) 5 21
po(x) = ———— sech (x + xo0)
v? 4vu

Then the initial-boundary problem (1.1)—(1.4) has the exact solutions as

3 -1 1
u(x,t) = Msechz 3 (x —vt+x0) |,
v 4u
32 =1) o[ [vr—1
p(x,t) = ————sech ——x —vt+x9) |,
v? 402

where v> > 1 is a variable parameter that allows the existence of bidirectional

propagation and x is a dislocation parameter.

We chose v = 1.5, /2 and xo = 0. The comparisons of maximum error and
convergence order were reported in Table 1 and Fig. 1. It can be seen that the present
scheme has much higher convergence order and small error than the schemes [20, 23,
26]. Moreover, the results of convergence order computed by the present scheme in
space at T = 10 with v = ﬁ, h = 0.4, T = h? were listed in Table 2. The present
scheme is second-order accurate in time and fourth-order accurate in space as seen in
Tables 1 and 2. Furthermore, the results of M}, M} and E" computed by the present
scheme at different times with v = \/E, h=02,t = h?were displayed in Table 3.
To test the conservation of long-time discrete energy and mass, we calculated the
absolute errors of M}, M} and E" at different times withv = 1.5, T = 500, h = 0.2,
t = h? in Fig. 2. From Table 3 and Fig. 2, we see that the present scheme preserves
the discrete conservative laws very well, even for long-time simulations. The exact
traveling solitons and numerical solitons at different times with v = \/5, h =0.125,
T = h? were showed in Fig. 3. It can be seen that numerical solitons agree well with
the exact solitons.

Table 1 The comparison results of maximum error and convergence order at 7 = 1 with v = 1.5,
Q = [-20, 20] for Example 1

Scheme EL ., Order 1 ES , Order 1

Present Scheme h=51=02 6.4639¢-04 - 6.0505e-04 -
h=5t=0.1 1.2273e-04 2.3969 1.3652e-04 2.1479
h =5t =0.05 3.0636e-05 2.0022 3.0935e-05 2.1418

Zhao et al. [26] h=5t =02 8.6006e-04 — 0.0011 —
h=5t=0.1 2.2651e-04 1.9249 2.7354e-04 2.0077
h =57t =0.05 5.8060e-05 1.9640 6.8300e-05 2.0018
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-3
0012 : o 10
—#— Present Scheme —#— Present Scheme
—o—Wang et al. 1 [20] o ||—o—wang etal. 1 20)
Wang et al. 2 [20] Wang et al. 2 [20]
0.01 1| —e—wang et al. 3 [20] —&— Wang etal. 3 [20]
—#— Yimnet et al. [23] 7 f|—#— Yimnet et al. [23]
0.008 6t 3
El Sor
< @ 0.006 [ 3
W T
>
0.004 p 3t
A
0002 /‘ —
Wk
0 * ’ 0 > *
0 2 4 6 8 10 0 2 4 6 8 10

t t

Fig. 1 The comparison results of maximum error at different times with v = fz, Q = [—20,80], h
0.125, t = h? for Example 1

Table 2 The results of maximum error and convergence order at 7 = 10 with v = V2, @ = [—20, 80],
h=04,1t= h? for Example 1

ES Order 2 ES » Order 2
h=04 4.2584e-02 - 3.3637e-02 -
h=02 2.7761e-03 3.9392 2.1967e-03 3.9366
h=0.1 1.7413e-04 3.9948 1.3779¢-04 3.9948

Table3 M, M} and E" computed by the present scheme at different times with v = V2,9 = [-20, 80],
h =02t =h?for Example 1

T M} My E"

0 12.0003199286120 8.48527451034010 27.1529032353602
10 12.0003199187332 8.48527450284519 27.1529032341956
20 12.0003199248562 8.48527454360423 27.1529032334682
30 12.0003199152076 8.48527447685053 27.1529032319831
40 12.0003199317686 8.48527448569040 27.1529032311352
OET_ a2 °§_“' s 0;56455

g B W souse

Fig. 2 The absolute errors of long-time discrete conservation of M{, M} and E" with v 15,1 €

(0, 500], = [—20, 1000], & = 0.2, T = h? for Example 1
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Fig.3 Travelling solitons at different times with v = +/2, h = 0.125, T = h? for Example 1
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Fig.4 Profile of head-on collision of two solitons for Example 2
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Fig.5 Profile of catch-up collision of two solitons for Example 2
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Head-on Collison Catch-up Collison
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Fig.6 M], My and E" of two solitary collision at different times for Example 2

Example 2 We investigate the soliton-soliton collision with the initial conditions [9]:

2

uo(x) = Z UIU—_

i=1 !
2
3(v?

c—1 2]
po(x) = Z ’U—z) sech? ( U’4U2 (x +x,~))

i=1 i

k]

We analyzed the collision of two solitons by considering two cases:

Head-on collision: We take the parameters v = —vy = —1.1, x] = —xp = —20,
Q =[-50,50], T =40and h = 0.125, 7 = h°.
Catch-up collision: We take the parameters vy = 1.3, vy = 2, x1 = —xp = —10,

Q=1[—40,120], T =50 and & = 0.125, T = h2.

Numerical results computed by the present scheme were given in Figs. 4, 5, and
6. In Fig. 4, the two solitary waves for u disappear and the peak of the interaction
for p occurs at about T = 20. In Fig. 5, the higher wave catch up with the lower
wave as time goes on. Moreover, two solitary waves back to its original shape and
velocity and move forward without any changes after collision as seen in Figs. 4 and
5. M{’, Mg and E" of head-on collision and catch-up collision solitons at different
times were shown in Fig. 6. It is easy to see the present scheme keep the discrete
conservative law, which supports Theorem 4.1.

9 Conclusions

A new linearized fourth-order conservative compact difference scheme for the SRLW
equations is constructed based on the reduction order method. The discrete conser-
vative laws, boundedness and unique solvability of the present compact scheme are
proved in detail. The convergence order & (z2 + h*) in the L°°-norm and stability are

@ Springer



Adv Comput Math (2022) 48: 27 Page 33 0f34 27

strictly proved by the discrete energy method. Numerical experiments show that the
present scheme supports the theoretical analysis.
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