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Abstract

In this paper, we develop an adaptive finite element method for the nonlinear steady-
state Poisson-Nernst-Planck equations, where the spatial adaptivity for geometrical
singularities and boundary layer effects are mainly considered. As a key contribu-
tion, the steady-state Poisson-Nernst-Planck equations are studied systematically and
rigorous analysis for a residual-based a posteriori error estimate of the nonlinear
system is presented. With the regularity of the linearized system derived by tak-
ing G-derivatives of the nonlinear system, we show the robust relationship between
the error of solution and the a posteriori error estimator. Numerical experiments are
given to validate the efficiency of the a posteriori error estimator and demonstrate
the expected rate of convergence. In further tests, adaptive mesh refinements for
geometrical singularities and boundary layer effects are successfully observed.
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1 Introduction

In this work, we consider the steady-state Poisson-Nernst-Planck (PNP) equations

=V D;(V¢; + Bziec;VY) = F;, i =1, ..., K,

K
V- (ee0VY) — 3 ziee; = Y, M

i=1

which describe the nonlinear coupling of the electric potential ¢ and the ionic con-
centration ¢; of the ith species. The first equation is called the Nernst-Planck equation
for species i and the second one is the named the Poisson’s equation. Here, D; and
z; are the diffusivity and valence, respectively. 8 = 1/(kpTups), with kp the Boltz-
mann constant and T, the absolute temperature. e is the elementary charge, ¢, and
&o are the relative and vacuum dielectric permittivities, F; denotes the reaction source
term, and F/ is generally due to the fixed charges. The Debye length is then defined
as {p = [eren/(B Zlel zl.zech’ )11/2 with cf’ the ith bulk concentration. Further-
more, the boundary layer effects can be described by the dimensionless parameter
€e=2Up/ lo)? with Iy the characteristic length of the considered domain.

Despite the fact that the PNP system has been well known and widely studied for
over a century because of its physical applications such as semiconductor studies [11,
24, 47] and electrodiffusion problems [20, 34, 45], it is attracting more attentions as
being used to describe the dynamics of ion transport in biological membrane channels
[43, 55, 60, 65]. Recently, modified models beyond mean field theory such as incor-
porating ionic steric effects, correlation effects and inhomogeneous dielectric effects
have been extensively studied with great interests [32, 37, 38, 44, 66]. For early theo-
retical analysis, Jerome [35] and Hayeck et al. [28] proved the existence of solutions
for steady-state PNP according to Schauder fixed point theorem, while Mock [49],
Brezzi et al. [10], and Gajewski [23] gave out the conclusion of uniqueness under
some local constraints. Due to the strong coupling and high nonlinearity, the ana-
lytical or asymptotic solutions of PNP equations have been only studied for simple
1-D [27] or single-ion-species cases [51]. More analytical results for steady-state
PNP equations are referred to [5, 26, 42, 52] where only 1-D cases are considered.
As a result, the steady or unsteady PNP equations are in general solved numerically
with regular computational domains.

A variety of numerical methods have been used extensively for solving PNP equa-
tions, which can be broadly categorized as using finite difference method [7, 13, 19,
33, 41, 71], finite element method [25, 29, 36, 43, 53, 54, 72], finite volume method
[46, 61], the boundary element method [72], and the spectrum method [30]. Among
those numerical approaches, finite element methods have been known to perform
well for more irregular geometries and complicated boundaries. With the increas-
ing computing capabilities and numerical improvements, the PNP model has been
applied recently in simulating large systems such as practical biophysical system;
nevertheless, the computational costs of classical methods with uniform meshes are
still expensive. Additionally, the boundary layer effect due to thin Debye layer, the
singularity of Dirac charge distribution sources, and geometrical singularities cause
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significant difficulties in obtaining required numerical accuracy when standard meth-
ods are used. Although singular perturbation treatments have been applied to the PNP
system for thin Debye layer limit [42], very few efficient numerical analysis aiming
at overcoming those singularities has been proposed to the best of our knowledge.
As a special equilibrium state of PNP equation, the nonlinear Poisson-Boltzmann
(PB) equation with Dirac charge distribution has been systematically discussed and
adaptive finite element approximations have been developed in previous works [16,
31]. Later on, a parallel adaptive finite element algorithm of the steady-state PNP
has been developed with using an a posteriori error estimator which is similar to
that in PB [62]. However, PB has reduced the strongly coupled system into a sin-
gle equation and simplified the nonlinear difficulties of PNP system itself. Besides,
the above-mentioned singularities and boundary layer effects require more general
adaptive numerical analysis for PNP equations.

The analysis of adaptive finite element methods has made important progress in
understanding the basic principles in recent years. Typical adaptive algorithms pro-
vide an automatic feedback routine with successive loops of the structure: SOLVE —
ESTIMATE — MARK — REFINE, of which “ESTIMATE” is to find out where
correction is needed through the a posteriori error estimator 1, so as to prepare for
grid-marking and mesh refinement. The adaptive finite element method is able to
drive local refinement by a posteriori error estimation and achieve the mesh adap-
tation, which can well resolve the geometrical singularities, boundary layer effects,
and so on. Meanwhile, the a posteriori error estimates determine the error control that
depends on the numerical solutions only. A posteriori error estimation varies for dif-
ferent equations [14, 22, 56] and multiple a posteriori error estimates can exist even
for the same problem [3].

In this work, a posteriori error estimates are mainly considered for analyzing the
PNP equations, however, the nonlinearity and strong coupling of the system lead
to great difficulties in obtaining the estimates as following the classical a posteriori
error estimation of the residual type [58] where the a posteriori error estimates can
be achieved by considering the original equation system directly. Fortunately, a gen-
eral solution for the a posteriori error estimates of nonlinear elliptic equations was
developed by Verfiirth [57] decades ago and was further discussed by Ainsworth and
Oden in Ref. [3]. Solving PNP equations becomes a singular perturbation problem
with the small dimensionless parameter € that describes the boundary layer effects.
Although there are many studies on the a posterior estimation of linear singular per-
turbation problems with considering the boundary layer effects [2, 4, 15, 18, 69, 70],
to solve corresponding cases with nonlinear and strongly coupling problems is chal-
lenging as satisfying the robustness of the estimation. Here, the robustness means the
estimators yield upper and lower bounds on the error such that the ratio of the upper
and lower bounds is bounded from below and from above by constants which are
independent of any mesh size and the small perturbation parameter € [59]. The cur-
rent work proposes the a posteriori error estimate of PNP equations and proves both
its reliability and efficiency. Furthermore, the robustness of the estimator is demon-
strated with defining an improved e-dependent norm of error inspired by the coupling
between unknowns in PNP equations.
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The paper is organized as follows. We begin in Section 2 by defining the PNP
system, its variational form, and the finite element spaces to be used. In Section 3,
we develop the a posteriori error estimate with demonstrating its reliability and effi-
ciency. In Section 4, numerical experiments are reported to show the accuracy of
the adaptive method and agreements to theorems of the a posteriori error estimation.
Conclusion remarks are finally made in Section 5.

2 Preliminary

Let £ C R? be a bounded convex Lipschitz domain. We use standard notations for
Sobolev spaces Wl’z(.Q) = H! (£2), and the associated norms and seminorms. Here,
Hi(2) = {ve H(R) : vlyp = 0} and H~'(2) = (H}(£2))* which means the
dual space of HOl (£2). In all proofs, a < b means a < Cb where C is a constant.

2.1 PNP system and its variational form

For simplicity, the 1:1 symmetric system is considered in this work, i.e., K = 2,
71 = —z2 = l and D1 = D, with ¢; = p and ¢; = n denoting the positive and neg-
ative ionic concentration, respectively. The general steady-state PNP is then reduced
to the dimensionless form as follows:

—Ap =V - (pVY) = fi,
—An+ V.- (V) = f, 2)
—€AYy =p—n+f3,
with € being defined below Eq. (1). In this work, we take € € (0, 1] where small €
values correspond to cases with boundary layer effects, or namely thin Debye layer
effects. Alternatively, the system (2) can be written as a general system F(u) = 0
with u(x) = (p(x), n(x), ¥(x)), and is satisfied by p(x), n(x) and ¥ (x) € H'(£2)
on the two dimensional domain considered in current work, i.e., x = (x,y) € £2.
Let f(x) = (f1, f, f3) € (L*(£2))3. For simplicity, we consider the following
homogeneous Dirichlet boundary conditions,
p:nzwzo,onag. (3)
Hence, the weak formulation of system (2) is,
—Ap =V - (pVY) S
/ (vi,v2,v3) | —An+V-(VYy) | dx = / (vi,v2,03) | f2 |dx, (4
2 —eAY —ptn 2 f3
then, u = (p,n,¥) € (H}(£2))? is the weak solution of (2) if and only if Vv =
(v1,v2,v3) € (HOl (£2))3, u satisfies,

<Fu),v>= / (Vp-Vui+pVy - Vo +Vn - Voo —nVir - Vuy +eVyr - Vs
Q
—pu3 +nv3 — flvy — fova — favz)dx
=0. (5)

@ Springer



Adaptive finite element approximation for steady-state... Page50f27 49

Note that F is a nonlinear operator here from (H] (2))* to (H~!(£2))3.

Next, we propose the linear problem by introducing the G-derivative (Gareaux
derivative [68]) operator D F'(-) at u as follows,
<Fu+ép)—Fu),w >

g

<DF(u)¢p, w >= Jil% , Vo, w e (Hy(2)%,  (6)

which leads to the following linear problem:
To find ¢ = (¢1, ¢2, ¢3) € (Hy(£2))*, VR € (L*(£2))?, such that,
< DFu)p,v>=<R,v>, VYve (Hol(.Q))3, @)
where u satisfies (5). The well-posedness of the linear problem (7) has been verified
in [8].

2.2 Finite element discretization

Let the regular partition of £2 be 7T, with the mesh size 0 < & < 1 [9] and the
corresponding finite element space be V;, = {v € H(; (£2) : vl; € Pi(v),VYT € Tp}.
We define uy, := (pn, np, ¥p) € (Vi)3.

The finite element approximation of (5) is to find u;, € (V)3 satisfying,

< F(up), vy >=0, Yv, = (.1, o2, vn3) € (Vi) (8)
which based on (5) gives

< F(up), vy, >
= / (Vpn - Vop 1+ ppVg - Vo1 +Vag - Voo —np Vg - Vg o
2

+eVyy - Vops — ppvps +npvp3 — five — faveo — f3op3)dx. (9)

3 The construction of an a posteriori error estimator

The e-dependent norm, || - ||¢ g2, is defined as referring to the energy norm, i.e.,
Vo € H' (%),
) 5 \1/2
1Bllee = (1612 +elolig)
and
2 2 2\ /2
lulle.z = (1213 o + Il o +112)
See similar treatment in [59]. We further define
< fiv>] |< F,v>|

[ fll-e.o = sup o NIFll—e2 = sup
O#UGHOI(Q) ”v”e,ﬂ O#DE(HOI(Q)P ”vué,.Q

., (10)

Vf e H'(£2)and VF € ((Hj(2))%)*.
In order to obtain robust a posteriori estimate, we go one step further to define an
improved energy norm as follows,

lullv,2 = llulle,.2 + [lull -
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The key part of the process “ESTIMATE” in adaptive finite element algorithm is
to find an a posteriori error estimator 1 and establish the relationship between 1 and
the absolute error of solution, e = u — uy, := (e, €3, €3) € (H(} (£2))3, as following:

Cn < ellx < Cn, (11)

with the constants C and C independent of u;, and f. Here, the lower and upper
bounds are called the efficiency and reliability of the a posteriori error estimator,
respectively.

In order to prove inequality (11), we split the process into two steps, which are
the a posteriori error analysis for upper and lower bounds on the error, respectively.
Furthermore, we show C and C do not depend on €, that is, the error estimation is
robust.

3.1 Upper bounds of the error

Before illustrating the upper bounding relationship, we show the regularity of the
linear problem (7).

Lemmal [f p, n € L°°(£2), we have the regularity conclusion for Eq. (7) as follows,
Ipll.c < MillRI—c.o. VR € (L2(2)), (12)

where the constant M| depends on the exact solution of system (2) but is independent
ofp, R and e.

Proof Egs. (5) and (6) lead to the variational form of Eq. (7) as
< DF(uw)¢,v >
= / (Vo1 - Vur + pV@3 - Vo + ¢V - Vo + Ve - Vup
—S;Vq)g -Vuy — VY - Vo + €V3 - Vuz — ¢p1v3 + povz)dx.  (13)

Based on the regularity of ¢ and embedded theorem [1, 40], we have ¥ €
W1() for 2 C R, thatis, |Vl ywieoo) S 120y S Ip—n+f3ll 1200y < 0.
Owing to Cauchy — Schwarz and Holder inequality, we have

| < DF(u)¢p, v > |
S idihelvilie +dslielvilie + o122 lvilie
+g2lelvlie +1¢3lielvalie + 1920 2(0)v2l 120
+elgslielvslie + 191l 22 I3l 2@y + 1020 2(2) V31l 22y
S lglhelviie, (14)
where the e-dependence has been eliminated due to the assumption p, n € L*(£2).

Besides, we have the one-to-one mapping DF (u) : (Hj (2))* — (L*(£2))° due
to the conclusions in [8]. By the bounded inverse theorem there exists an inverse
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DFw)~! : (L*(2))® — (Hj(£2))3, and by the Hahn-Banach theorem there exists
a linear extension G : (H™'(£2))* — (H; (2))? satisfying G| (;2(g)s = DF (u)™!
and |G| = ||DF(u)~'||. Moreover, ||[DF(u)~"| < M; where the constant M;
depends on the exact solution of system (2) only and is independent of €. Thus,
VR € (L*(2)) c (H™'(2))°,

Igll.e =IGRl1.e < IDF@) ' |IR|-1.0 < Mi|R|-1.0. (15)

Then, with ||@le. 2 < l[§l1.2 and ||R|-1,2 < |[R||—¢, 2, we have the inequality
(12). O

Theorem 1 If p, n € L°°(82), and the error e is small enough, that is || Ve3 | L~ (2) <
1/(2</2M)), then,

lelle,o < 2M1||F(up)|l—¢ - (16)
Here, M is the same constant in Lemma 1.

Proof The definition of G-derivative [68] indicates that, Vw € (Hj (2))*,
1
/ <DF(u+tee,w>dt =< F(up),w>— < Fu),w > . a7
0
By means of the fact that < F(u), w >=0, Yw € (HOl (£2))3, we have
1
< F(up),w >= / < DF(u+te)e,w > dt, (18)
0
and thus,
1
<DF(u)e, w >= / <DF(u)e — DF(u + te)e, w > dt+ < F(up),w > . (19)
0

We now define < DF (u)e, w >=< Ti, w > for convenience. The inequality (12)
now leads to |leflc,.o < Mi||R||-¢ g as taking ¢ = e.
Next, the integral part in (19) is estimated, i.e.,

| < DF(u)e — DF(u +te)e,w > |

=2t

/ (e1Ve3 - Vwi — epVes - Vwy)dx
2

IA

2V21|[Vesll L2 (lletl] 2o IVWi 200y + et 2y Vw2l 2(2))
2V2t || VesllL @) lelle.2llwlle.o. (20)

A

@ Springer



49 Page 8 of 27 T.Haoetal.

where the Cauchy — Schwarz and Holder inequality are used, and hence

lelle,e
< Mil|R][|-¢,2
1
< M; sup / < DF(u)e — DF(u +te)e,w > dt|+ | < F(up), w > |
lwlle,e=1 0
<My sup (V2| VesllLxolelleellwle.e) + MillF@p)l-c.e
lwle,e=1
= V2M\||Vesll L) llelle.o + Ml F @)l —c 0. (21

Notably, we shall have llellez S |F@a)|—c.c if [Veslima) < 1/(v2M1)),

however, we restrict the condition as ||Ves|| =) < 1/ (2\/§M 1) for convenience,
and obtain
lelle,o < 2M\ || F(up)|l-c 52- (22)

This proves the inequality (16). U

To build the relationship between F(u;) and the a posteriori error estimator 7,
some notations are given as follows. For a regular triangle partition 7, of £2, AV},
represents the set of all vertices divided in £2, &, represents all edges contained in
Tn, and T, = £,\052 contains the inner edges of 7;,. We set wy = UTmT’;éz T,
wg = Ugegr T'» and g = UT’EwE UT”OT’;&@ T"”. hg = diam(B) denotes the
diameter of any set B. Let E be the shared edge of T and T, ie, E=TnN f, andng
represent the outward normal vector of E in T, we define the jump across the edge by

[Vv-ngl:=Vv-ng|lr — Vv ngl;z, VveHol(.Q), (23)
and VE € 052, we set [Vv-ng] = 0 for convenience.
Next, we define F (uy,) by, Vv = (v1, v2, 13) € (HO1 (2))3,

< i‘(uh), v >

= / (Vpr - Vo + pp Vi - Vi + Vi - Vg —np Vi - Vg
2

+ eV - Vs —ppvs + npv3)dx — Y / (fr.vi+ frove+ frava)dx, (24)
TeT, T
with the mean value of f; over T being fr; = fT fidx/|T|, i =1,2,3. Here, |T|
denotes the area of T'.
LetA7; (i = 1,2, 3) be the area coordinates of the reference element 7', we define
the bubble functions by and bg as follows,

2TAT AAT 2AT 3, eT,
by (x) = TIAT2AT 3, X (25)
0, x e 2\T,
4)\]‘]’]')»7'1,/(, x eTi,
be(x) =1 4rn Ay m, X € Th, (26)

0, x € 2\wg,
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where j and k are the indices of E’s two vertexes associated with 77 while / and m are
those with 75, and wg = T1UT,. The space of vector bubble functions is then denoted
by ¥, := (Y)? with Y0 = span{bru, bgPw : Yu € Py(T), Yw € Pi(E), VT €
Tn, YE € Iy}. Here, P1(T) and P;(E) are spaces of linear polynomials on 7 and E
respectively and P : L°°(E) — L°(T) is a continuation operator.

Two lemmas are now given before showing Theorem 2.

Lemma 2 (The estimation of Clément interpolation [17, 59])

Let Ry, be the Clément interpolation operator for a regular partition, then, Yv €
Hy(2)

0 »

lv—Rpvllp2ry < Mahrlvlva,, YT €T, 27
lv— Rpvllopy < MshiIvllnz,. VE € & (28)
lv = Ruvll2ry < Maarvlea,. VYT € Th, (29)
v — Ruvllogpy < Mse Vool YE €&, (30)

where as = min{1, hse ~1/2} and S represent the edge E or element T. The constants
My, ..., M5 only depend on the reference element and regular partition.

Proof Inequalities (27) and (28) can be found in [17] and [59]. The main steps for
the proof of inequalities (29) and (30) are briefly stated as following.
According to the definition of the Clément interpolation operator, we have

v — Rpvll 2y S Wl 2@y S Mlleiy s
and
—1/2
lv = Ravll 2y S hrlvliay S hre vl

which lead to inequality (29).
Additionally, we have

lv— Ruvll 2y

2
<Y i@ = Raw)llo.e
i=1

—1/2 1/2 1/2
5 hT/ ”U - th”Lz(T’) + ||U - RhU”LZ(T/)”V(U - th)”LZ(T/)
—1/2 _ 1/2 1/2 1/2
S hT/ aT’”v”e,wr/ +og ||v||€,{,jT,|v|1’@T,
-1/2 12 _1/4
Sy Par e, + o e vlles,,
—1/4 1/2
S e VAallPIvlle,,, 31)

where A; (i = 1, 2) is the area coordinate corresponding to the two vertexes of E and
T’ € wg. This proves the inequality (30). The second inequality in (31) is based on
trace inequality and scaling techniques. [
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Lemma 3 (Bubble function space [3, 57]) Yu € P1(T) and YVw € P1(E) where
T € Tpand E € I,

vCillullp2iry < Ibrulip2ery < lullp2er) (32)

~ J7 ubrvdx

C2||””L2(T) < sup —/—— = ”””Lz(T)’ (33)
very(ry  Nvllzzr)

~ [ whg Ptds

Gillwll2gy = sup =——— < lwll 2y, (34)

rePE) Tz

Cah7 lull 2ry < IV Grwllp2ry < Cshylull2r), (35)
Cohy'! lbEPwl 2y < IV(bEPW)| L2y < Cyhy! lbePwlip2r),  (36)
IVl 2y < Cshy lull 2r), (37)
lbE Pwll 2¢ry < Cohyl 1wl 12k, (38)
Crollull 2ry < 167l 2y < el 27 (39)
Crillull 2y < 16> Pull oy < el p2gy- (40)
where the constants C Ly eees c 11 depend on the reference element and regular partition

only.

Theorem 2 There exists a constant Mg depending on the reference element and
regular partition only, such that,

IF@p)ll-e,2 = Me(n + ), (41)

12
where the estimator n = < > i+ Y n%) and the oscillation term ¢ :=

TeTh EeT,
1/2
> 8% . with
TeTh

g = hlIV - (onVYm) + froallisy + A7V - nV¥m) = fralljag,
+agllng = pn = frallia iy,
ng = helllVpn - nel +paVn - nel I3 +hell[Vi, - nEl

V- mEW s g+ € gl eV - nEll 2 g )

2
2 2 2 2
= Iy Y fi = frilljagy + @7l = fr3ll5ay-
i=1

Proof We define Ry := (Radp1, Rucb2, Rudp3), ¥ = (¢1. 2. $3) € (HJ(2))°,
with R;, a Clemént interpolation and have R; € L((HJ(£2))*, (Vi)?). With ¥ =
(HO1 (£2))3, we denote by Y} and (Idy — R,)* the dual spaces of Y, = (V)3 and the
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dual operator of (Idy — R},), respectively. L(Y, Y},) is a Banach space of continuous
linear maps of Y in Y.
Let v, = Ry ¢ in Eq. (8), thus,

< F(up), ¢ >
= < F(up), ¢ — Ry >
= < Fun). ¢ — Rup > + < F(u) — F(up), ¢ — Ry >, (42)
and,
IF (p)ll—e.0

< 1y — Rp)*Fup)ll—c.o + I1(0dy — Ry)*(F(up) — F@p))ll-c.0. 43)

with the two terms on the right-hand side (RHS) of the above inequality being
discussed one by one in the following.
The first one is

I (Idy — Ry)* Fup) |—c.c
= s |3 [1ean - i) - 0@ - Rig)
pe¥.lgleo=1' ;o7 T
+(=Any + V- 0y V) — fr2) (@2 — Rugo)
+(—AYn — pn +nn — fr3)(@3 — Rpp3)]dx
+ Y fE[([vPh -ngl+ [pn Vi - ne) (@1 — Ragp)

EeZ,NnaT

+([Vnp -ngl — [pVin - ngl) (92 — Rug2) + €[V - npl(gs — Rh¢3)]dSH

sup S hr IV eV + fr iz 1910
$e¥ lglco=1 ' 17

H V- maVYn) = fra 2 Ié2lle,)
+or | np — pr = fr3 g2y 193lle.5r
1/2
+ D hA Vel + pnVYn - nE] |2l I
EeT),
+ 11 [Van - ngl = [V - nel 2y I2lla;)

_ 1/2
e ol | etV mE] ey I3l |

sup { > el g, + 162015 5, + I3l g,
$<¥ lgleo=1" 727,

+ 3 el 5, + 162013 5, + ||¢3||§,mE)1/2}

EeTy
SR (44)
where the first inequality here is shown by combining inner edges of any triangle

T and using inequalities (27) and (28). Cauchy-Schwartz inequality is utilized for
giving the second and final inequalities.

A

A
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49 Page 12 of 27 T.Haoetal.

Similarly, the second term on the RHS of (43) is
I(Zdy — Rp)*[F (up) — F@p)ll—c.0
swp | 3 [ Wi~ r@ = R + (2 = fr2) b2~ Ruo)

pe¥.Idlca=1"' [T
+(f3 = fr3) (@3 — Rugo)ldx|
S s 3 (rlfi = fraliae o,

Y. lplea=1 {7

+hrlf2— fr,zlle(T)||¢2II1,wT +arlfz — fr,alle(T)||¢3||e,wT>
<e. (45)
Therefore, the results with two terms lead to the conclusion
| F(@p)ll-e,20 < Ms(n + &), (46)

with Mg independent of uy, , f and €. U

Similarly to the analysis in inequalities (20) and (21),

A

lelli,e < M IR|I-1.0 < V2M, IVesllo2yllell,e + 1 F@p)l-1,2
ﬁMlIIV%IILOO(:z)IIeIIl,Q + IF@p)ll-e,0- 47

IA

With Theorems 1 and 2, the following a posteriori error estimate is yielded for the
equation system (2).

Theorem 3 If p, n and e satisfy the conditions in Thm. 1, then

lelle.o < M7(n+¢), (48)
lells,o < Mg(n + &), (49)

where the constants M7 and Mg depend on the exact solution of (2) but are indepen-
dent of e, uy,, € and the mesh size.

3.2 Lower bounds of the error

The special bubble function is defined before showing the lower bound in Theorem
4. Given any number u € (0, 1], we denote by F), : R? — R? the transformation
which maps x = (x, y) on (ux, y). Let B, =diag(u, 1), Fi,(x) = B,x*. VT €T,
we set invertible affine map on reference element T that Fr (%, §) = Br (%, V' +b =
xTeT, V&, ) eT.

According to the above definitions about the transformations of coordinates, we
have the bubble function by = b (£, §) = by (F,/'(uk, 9)) = by o F ' (ux, 3) =
b P for any (%, y) € E, where b P is the edge bubble function on T . and f“ﬂ =
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F,(T). Weseth g, =0on T\ T, for simplicity and define the function on wg =
T1 U T» with w € H'(E) as follows.

bE,MPw, X € Tl,

b pw(x) = { (50)

bg ., Pw, x € T,
and bg ;| = bE i, |E = bEIE.

Lemma 4 (Special bubble function [59]) For any T € Ty, E is one of its edge, then
Yw € Pi(E),

1/2
b Pwllp2iry < Moh /> 12wl g, (51)
-1/2 _
IV (b u Pl 27y < Miohy 2 P llwllg, (52)

where the constants My and Mo depend on the reference element and regular
partition only.

Proof On the reference element f"

1o, Pl 2y = 104, Pl 27y S ldet Bul' 2 Ibg Pl 27,
1/2) A ~
S Idet B "Ph bl o gy S 11D s ), (53)

and

Vs P2y = IVGz , PO 2, S IdetBul 2B T IV (b PO o)

172 —1,.4
w2 bl s

T PR (54)

IZANRZAN

Based on the scaling techniques and the regularity of 7', inequalities (51) and (52)
are proved. O

Theorem 4 There exist constants M1 and M1, depending on the reference element
and regular partition only, such that

nr < Mu( sup | < F(up),v> 7|+ lleler +er), VYT €Ty, (55)
ve¥plr vl r=1
and
ne < Mia( sup | < Fup),v> 7|+ lelle,wy + €wg), VYE €Iy, (56)

veY 7. llvls,r=1

1/2
where &y, :=( > 8%) .

Tewg
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Proof The inequality with n7 is considered first, i.e., we have
hrlIV - (paVYm) + frallizry
= hr||Apn +V - (prV¥p) + fT,1||L2(T)

Shro sup | <Apu+ V- (puV¥) + fra.bré > 1l 1l L,
$eP1(T)\{0}

S osup | < Apu+ Ve (paVym) + fra.bre > 1l brol] 1
$€P1(T)\{0}

S sup | < F(up), (br$,0,0) > 7|
$€PIHNO). Ibr ¢l r=1

< sup | < Fup),v > 7l (57)

veYlr, vl r=1

where (33) is applied for obtaining the first inequality, and inequalities (32) and (35)
are used for getting the second inequality.
Analogously, we have

hellV - V) = frollegy S sup | < Fap)v>1l. (58)

veYplr,llvllsr=1

Denoting y := br(ny — pn — fr.3), we have
1/2
Iby*n = pu = fr )y,

= [0 =m0y = = pry = €90 — w1 Vyldx + [ (5= frarydx
T T
< llnn = nllp2ry Iy 2y + Ion — pll2eny I 221y
+ellV(Yn — 1/f)“LZ(T)”v)’”LZ(T) + 13— fT,3||L2(T)||)’||L2(T)
< (lnp — n||L2(T) + 13— fT,3||L2(T) +llpn — p||L2(T))||nh — Ph — fT,3||L2(T)
+ehz IV @ = W2y lng — pr = Frallze,

where the last inequality is obtained by inequalities (32) and (37). Together with the
inequality (39) and areh;1 < 61/2, it reads

arllny — pr — fT,3||L2(T)

S llnn—=nll 2y + arll f3— fralizay + lpn—pli2ay + €IV @R =)l 21
S llelle.r +arllfs = frallpar)- (59)

Thus, the inequality (55) is proved with the definition of n7 and er.
On the side of ng, VE € Zj, we have

1/2
RPNV pr - ngl + [paVn - nelll 2

Shft w118l | / (I pu - m) + p Vo - m Db Pods|
3€P1(E)\{0} E

S nh? s lbgPSI )| / (IVpn - mE) + [PV, - ngDbi Pods|
8€P1(E)\{0} E
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< hr sup ||bePS||7) | < F(up), (bpP8,0,0) > 4,

S€PL(E)\{0}

- (=App =V - (prVY) — fr,1)be Pédx

LX(T)

WE
< Cosup < @, v > o1+ helIV - (onVm) + fralliaa
Tewg | veYulr, vl 7=1
<> sup | < Faup),v>rl, (60)

Tewg VYl o[« =1

where h1 represents the maximal diameter of T in wg. Inequalities (34) and (38) are
applied for showing the first and second inequality, respectively, and (36) is used to
have the fourth inequality here.
Similarly, we derive
n 2NV - ng) — [na Vi - gl 2

<> sup | < Flup),v>rl. 61)

~

Tewg VYT, lIvlls,7=1

Letr = bg €[V, - ng] with the constant u to be determined later, with Green
formulation, Lemma (4) we have

/(E[Vl//h -nglrds
E
= / eV, - Vrdx

= / eV, — ) - Vrdx —i—f (p — pn)rdx —/ (n —np)rdx

WE E

£y [ [ = srawax = [ o —nh+fr3)rdx}

Tewg

< eIV — Wl 2 € NVl 20 + (||p—ph||Lz(wE)+||n—nh||Lz(wE)
+ 3 W= Sralea Iz + (D0 Iin=pa= frallize )17 2

Tewg Tewg
-1 2 —1 2
S Z[ V29— )l e 20y P e mE

+(||p — Pill gy + 11 = 1420

1/2
+ D0 1= Srallea ) w21V vn - mell
Tewg
1 2
+ 3 lmn = pn— frallzaym b eV - ng ||L2(E>] (62)
Tewg
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We then choose y; = el/zhglalg < 1 and have

_ 1/2
e Va2 elVyn - nplll 2,

S IV = Wl 2t + [np — Pull2wgy + 10 = 14l 20y

+ Y (fs = frallze + lnn — pn — fT,anz(T))]aE

Tewg

S lelews + Y arllfs = fralliza. (63)

Tewg

where the regular mesh, inequalities (40) and (59) are used. Now, inequality (56) is
proved with the definition of g and e7. O]

Theorem 5 If p, n and e satisfy the conditions in Thmn. 1,
sup | < Fwp), v > 7l < Misllell. + pr), (64)

veYy|r, vl r=1

3
where p% = hzT SSSfi — fr.il |i2(T)’ and M4 depends on the exact solution of (2)
i=1
but is independent of uy, f, € and the mesh size.

Proof We rewrite inequalities (14) and (18) as
| < DF(w)¢,v > | S ldlle.rlvller + ldllrllvliir < Mizldllrlvlr, (65)

and
1
< F(up),w >=< DF(u)e, w > —/ < DF(u)e—DF (u-+te)e, w > dt. (66)
0

When [|Ves|ze(2) < 1/(2v2M)),

sup | < F(up), v > 7| < Misllelle.r +2[Veslle@)llellst

veYlr, vl r=1

IA

(I/(My3) +1/2My))llell«,T- (67)
Then
sup | < F(up) — Fuy), 8 > | (68)
se¥ulr I8l r=1

= s UG f0si G ra+ (= frasids

$e¥ulr. 18]l r=1

A

Cswp k(I = el I8y + 1 = frollaa Iy
SeYplr, I8l r=1

/3 = frallze I6slh.r )

< pr-
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Here, § = (81, 82, 83). To prove the first inequality in (68), the following inequal-
ities are used.

||5i||L2(T) S ||bT5i||L2(T) S hT||V(bT5i)||L2(T) Shrldilhve, i=1,2,3. (69)
Furthermore,

sup | < F(up), v > 7|
ve¥lr. ol r=1
=< sup | < F(up),v> 7|

veYlr, vl r=1

+  sup | < Fy) - Fp,v>rl, (70)

vEthT’Hv”*,TZI

thus, inequality (64) is proved. U

According to the above analysis, we have the robust lower bound of error as
follows.

Theorem 6 If p, n and e satisfy the conditions in Thm. 1,
nr < Mis(llell«.r + pr +er), VT € Tp, (71)

and
ne < Mig(llell«,wp + Pwp + &wg)s YE €1, (72)

where M5 and M¢ depend on the exact solution of (2) but are independent of e, uy,
€ and the mesh size.

Remark 1 Together with the left inequality in (16) as taking the domain to be T,
inequalities (71) and (72) lead to the conclusion that n < |lell«.2 + p + & where
o= Qret, p3)!/2. On the other hand, inequality (49) gives [le[.o < n + e.
As f; is piecewise H* (0 < s < 1) over Ty, the oscillation term p = O(h!*")
[50], i.e., a higher order term of |le||., . Specifically, || fi — fr.illL2(r) S hlfillers
Vfi e HU(T),and || f; — fr.i lL2(ry = 0 when f; is a piecewise-constant function on
Tn. Thus, we have the desired result at the leading order as inequality (11) shows, i.e.,
Cn < |le|lx.2 < Cn, with constants C and C independent of e, uy,, € and the mesh
size. However, more thorough discussions need to be done carefully for the general
case with f; € L>(T).

4 Numerical experiments
During the numerical procedure, we involve the well-known cycle of the adaptive

method, that is “SOLVE — ESTIMATE — MARK — REFINE.” The details of the
four steps are stated as follows.
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SOLVE: An adaptive two-grid finite element method [39, 67] is applied to solve the
nonlinear system, see pseudocode in Table 1. In the process of finite element dis-
cretizations, we use the edge-averaged finite element (EAFE) scheme in [64] which
was discussed later in [8, 48] for the PNP system.

ESTIMATE: The a posteriori error estimator 7 introduced in Section 3 is applied to
estimate the error.

MARK: The maximum marking strategy [12, 21] is utilized for remarking the grid.

REFINE: The newest vertex bisection method [6] is used to refine the marked grid.
Simultaneously, the new grid is created.

We run the above loops to produce adaptive meshes until the criterion for the fixed
maximal degree of freedom N is arrived, i.e., N = (9(105). All examples are in two
dimensions and simulations are performed with the finite element software IFEM.
The first and second examples with € = 1 are aimed to validate the a posteriori error

Table 1 Algorithm of the two-grid method for solving the steady-state PNP equations

Algorithm 1 Solve the steady-state PNP equations
Let 7 be the kth level of grid in the adaptive cycle, Y}, be the corresponding finite element
space, and (pp, , np, . ¥n, ) be the finite element solutions on 7z, k > 0. 7o and 7; are given
and (ppy, npy) = 0.
Step 1: On the kth level of grid, 7.
Set (P(O), n®) = (Phys Py )-
(1) Run the iteration:
For! > 0, find (pU*D, n0+D 4+ such that ¥(vy s, v2 iy, V3,00) € Vg
VoD Vg ) = (PO va ) + 0D v3 ) = (f3. v3m)-
and

(VP Vo) + UV D Vo) = (fiL v,

(VaHD Vo, ) — FOVYED Vs 1) = (o, va,n)-
(2) Examine the stop criterion:
If [y D — @Dl 20y < Tol, (here we set Tol = 1075),

(s s Yng) = (pUFD n Dy (4D break.
Else,
set [ <— [ + 1, continue with the iteration.

Step 2: Prolong the solution on the grid 7k to Tg+1.
Construct the prolong operator based on Ty and 7x41[63].
Prolong (p, , nny , ¥, ) to grid Tr1, and set the prolong result as (PprosNpros ¥pro)-
Step 3: To find (ppy, > Phyyy s Yigy) sSuch that V(i gy s V2 mg s V3m0) € Yigy»
VY VUi ) = (Ppros V3ney) + Mpros V3m,) = (35 V30
and

(Vony> Vo) + Pt V¥pros Volg,) = (f1, Vin,)s

(Vane s Voane,) = (i Vipro, Voo ) = (2, va.my)-
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estimation theory and show the application of the adaptive method for geometrical
singularities, respectively. The third example discusses the boundary layer effects
withe < 1.

Example 1 We take
p = sin(2wx) sin(2mwy),
n = sin(37x) sin(37y), (73)
Y = sin(rx) sin(wy),

as an exact solution of the PNP equation system (2) with € = 1 in the L-shaped
domain, £2 = [—1,1] x [—1, 1]\ [0, 1] x [—1, 0], with homogeneous boundary
conditions. Consequently, functions fi, f> and f3 on the RHS are determined by the
exact solution.

The problem is solved by the adaptive algorithm and Fig. 1 shows the result with
the degree of freedom N = 951 and the error |le||;2(p) ~ 7 X 1072, Panels (a-c)
show the numerical solutions of p, n and ¥, and panel (d) shows the correspond-
ing adaptive mesh refinements. The nonuniform grids illustrate the fact that the a
posteriori error estimate works here; nevertheless, we do not observe obvious adap-
tivity, which is caused by the fact that the synthetic solution we choose is sufficiently
regular, i.e., the adaptive algorithm is not highly required for solving it efficiently.

Furthermore, we run the algorithm until N = 2 x 10° and test the a posteriori
error estimation theory by the exact solution. With N increased adaptively, the error
analysis is shown in Fig. 2 where both H! and L? errors of the solution and the
a posteriori error estimator 1 are presented. For N > 10%, the H! and L? errors
converge to O(N~'/2) and O(N~!), respectively, which are as expected for linear
finite element interpolations. For large number of N, i.e., N > 103, n converges to
O(N~1/2), embodying that the error of the numerical solution is well controlled by
the a posteriori error estimator 1 of which the reliability and efficiency are hence
numerically shown.

Example 2 In order to demonstrate the adaptive performance of the estimator n for
geometrical singularities, we choose fi = fo = f3 = 1 and rewrite the problem (2)
with € = 1 as follows,

—Ap =V .- (pVy) =1,

—An+V-nVy) =1, (74)

—AYy —p+n=1,

by which we need find p(x), n(x), ¥ (x) € H(} (£2) with the same computational
domain as in Example 1.

To illustrate the adaptive mesh refinements clearly, we report the mesh grid for
N = 1243 in Fig. 3 (panel (d)). The corresponding numerical results for p, n and
Y presented in panels (a, b, ¢) are quite smooth, however, it is evident to observe
the adaptive mesh refinements near the corner point (0, 0), which indicates the well
performance of the a posteriori error estimator 1 proposed in current work. More
specifically, we calculate the numerical value of the indicator 1 versus N and present
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Numerical solution of p Numerical solution of n

Fig.1 The numerical solution of p, n, ¥ (a, b, ¢), and the final mesh grid (d) for Example 1 with N = 951
and |le]|;2() ~ 7 x 1072

Fig.2 The numerical errors are compared with analytical results. The H' error of the solution (diamond)
and the a posteriori error estimator 7 (circle) both converge to O(N =172y for large N. The L2 error of the
solution (cross) converges to O(N -h
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Numerical solution of p Numerical solution of n
0.2
0
-0.% =

(d)

Fig. 3 The numerical solution of p, n and ¥ (a, b, ¢) and the mesh grid (d) of Example 2 for N = 1243
andn~7x 1073

it in Fig. 4. No H! or L? errors are shown because we have no analytical solution
here. As expected, the a posteriori error estimator converges to the optimal order from
the related theory, i.e., ON~V2y,

Example 3 In this example, we consider the effect of boundary layer or the thin
Debye layer thickness, i.e., the general steady-state PNP (2) as follows: to find
p(x), n(x), ¥(x) € Hy(£2), such that

—Ap =V - (pVY) = fi,

—An+V.-@mVy) = f, (75)

—€AY —p+n=f3,
withO <€ < 1,and 2 = (0, 1) x (0, 1). We take

p =n= e_x/\/g+e_y/\/g’

= eI 4 oI, (76)

as an exact solution of (75) and typically choose ¢ = 10~!, 1073 and 107>. The
functions f1, f> and f3 on the RHS are determined by the exact solution.
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Error

102

N

Fig.4 The a posteriori error estimator 7 for Example 2 which converges to O (N - 2)

For small values of €, the exact solutions (76) shall predict obvious boundary layer
effects near x = 0 and y = 0. We run the adaptive algorithm for e = 10!, 1073 and
1075 and show the results in Fig. 5. In panels (a, b, ¢), the consistent convergence of

_ O(N70.5)
ol —A—1) | 10ty
10 M:;:LZH*,Q
\\\\\ 0
10" ~- 10
e=10"1 @
a
10_2 ‘4 ‘5 10_1 ‘4 ‘5
10 N 10 10 N 10
—~—e=10""°
270 —-o-c=10"
E ——e=10""!
1 >0
Q
39
=
@, Z : ij |
(d)
107 ‘ 3 ‘ ‘
10* 10° 5% 10* 10° 2% 10°

N

Fig.5 (a, b, c) The a posteriori error estimator 7 and errors for Example 3 which converge to O (N - 2).

(d) The corresponding efficiency indexes
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the e-dependent error and 7 for each case is observed as increasing N, i.e., O(N~1/?).
As well known, an error estimator is considered to be efficient if the efficiency index
n/llu — unllx, and its inverse remain bounded for all mesh sizes. Panel (d) here
indicates that the error estimator is always efficient as the parameter € gets smaller
and smaller. Additionally, n/|lu — unll+.o = O(1) for all three cases, which shall
demonstrate the robustness of our error estimator.

In order to illustrate the adaptivity of the mesh refinements, the corresponding
mesh grids for typical degrees of freedom are presented in Fig. 6. Through panels (a,
b, ¢) where degrees of freedom are close to each other, the adaptivity can be demon-
strated as more condensed grids near the boundaries are visualized as € is decreasing.
In panel (c), we observed the much more condensed grids near the origin point (bot-
tom left) than other parts of the boundaries, i.e., x = 0 and y = 0. This is attributed
to the limited number of total grids (N = 632) and the priority of refinement near
(x,¥) = (0,0). As N is increased to be large enough, the mesh refinements are well
observed near both x = 0 and y = 0, as shown in panel (d).

N TSRRRRD

-~
Il
(&2
N
o

(a) e=10 (b)e=10"°

=
I
o
3
=3

(c) =107, N = 632 (d) e =107, N = 18649

Fig.6 The adaptive mesh grids for cases with different € in Example 3
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5 Conclusions

In this paper, the residual-based a posteriori error estimator has been adopted for the
adaptive analysis of steady-state PNP equations where the nonlinearity and strong
coupling are focused. During the theoretical study of the a posteriori error estimation,
we have established the robust relationship between the a posteriori error estimator
and the error of solution with the help of the regularity of the linearized system that
is derived by taking G-derivatives of the nonlinear system, so as to demonstrate the
efficiency and reliability of the error estimator.

We have successfully shown the rationality of theoretical conclusions by numer-
ical results. The efficiency and reliability of the a posteriori error estimator are
confirmed numerically in Examples 1 and 3. The adaptive performances with treating
geometrical singularities and boundary layer effects are given in Examples 2 and 3,
respectively. Nevertheless, in view of more thorough investigations that have not been
done here, we only consider this work as a very starting point of adaptive methods
for the PNP system. On the numerical side, to the authors’ best knowledge, the con-
vergence and stability of the entire adaptive algorithm for steady-state PNP has not
been studied systematically, despite some of the existed methods [39, 67]. Last but
not least, the general estimation analysis and the adaptive method for time-dependent
PNP are of many more interests. Notably, the general adaptive method that includes
the temporal adaptivity is more challenging and is our ongoing work.
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