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Abstract

This paper presents a general framework for the coercivity analysis of a class of
quadratic finite volume element (FVE) schemes on triangular meshes for solving
elliptic boundary value problems. This class of schemes covers all the existing
quadratic schemes of Lagrange type. With the help of a new mapping from the trial
function space to the test function space, we find that each element matrix can be
decomposed into three parts: the first part is the element stiffness matrix of the
standard quadratic finite element method (FEM), the second part is the difference
between the FVE and FEM on the element boundary, while the third part can be
expressed as the tensor product of two vectors. Thanks to this decomposition, we
obtain a sufficient condition to guarantee the existence, uniqueness, and coercivity
result of the FVE solution on triangular meshes. Moreover, based on this sufficient
condition, some minimum angle conditions with simple, analytic, and computable
expressions can be derived and they depend only on the constructive parameters of
the schemes. As a byproduct, some existing coercivity results are improved. Finally,
an optimal H! error estimate is proved by the standard techniques.
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1 Introduction

The finite volume method (FVM) is one of the major numerical methods for solving
partial differential equations (c.f. [2, 22, 28, 29, 32]), since it preserves the local
conservation law. The finite volume element method (FVEM) is one type of FVM,
and its mathematical progress can be found in [23, 26, 44] and the references cited
therein.

The coercivity result is one of the most challenging works for the analysis of
FVEMs, especially for the high-order schemes. For the linear FVEM on triangular
meshes, its element stiffness matrix can be regarded as a small perturbation of linear
FEM for variable coefficient, then the coercivity result can be proved (c.f. [1, 4, 18,
19, 40]), and the error estimates were presented in [1, 4, 12, 13, 18, 19, 38, 40] for
incomplete references. Recently, [16, 17, 47] studied the adaptive linear FVEM on
triangular meshes, and [35] studied the conditioning of linear FVEM on arbitrary
simplicial meshes.

Unlike the linear scheme, the existing quadratic scheme is constructed by two
parameters « and 8, where o € (0, 1/2) on the element boundary and 8 € (0, 2/3)
in the interior of element (c.f. [40]). For the coercivity result of quadratic FVE
schemes, its mathematical progress still lags far behind compared with the linear
FVEM. For example, for the first proposed quadratic scheme (o, ) = (1/3, 1/3),
by assuming that the maximum angle of each triangular element is not greater than
90°, and the ratio of the lengths of the two sides of the maximum angle belong to
[+/2/3, </3/2], Tian and Chen [31] presented a coercivity result. In 1996, Liebau
[25] studied the scheme («, 8) = (1/4,1/3), and required that the geometry of
the triangulation triangles is not too extreme. In 2009, Xu and Zou [40] improved
some earlier coercivity results, the minimum angle should be greater than or equal
to 7.11° for the scheme proposed in [15] (¢, B) = (1/6, 1/4), 9.98° for the scheme
proposed in [25] (o, B) = (1/4,1/3), and 20.95° for the scheme proposed in [31]
(e, B) = (1/3,1/3). In 2012, a general framework for the construction and analysis
of higher-order FVMs was established in [8] by Chen, Wu, and Xu. For a specific
quadratic scheme, its minimum angle condition can be obtained by a computer pro-
gram, and the coercivity result is the same as [40] for the schemes in [15, 25, 31].
Later, the relationship of the uniform ellipticity, inf-sup condition, and uniform local
ellipticity of high-order FVMs was presented in [10]. In 2017, by introducing a novel
mapping from the trial function space to test function space, Zou [49] proposed an
unconditionally stable quadratic scheme with («, 8) = (3 — V3) /6, (3 — V3) /6).
Recently, Zhou and Wu [46] analyze a family of quadratic schemes with a parameter
B and « is fixed as (3 — \/§) /6, and improved the minimum angle condition in [36]
to 1.42°.

Based on the coercivity result of quadratic scheme on triangular meshes, one can
study its convergence properties and apply it to solve more complicated problems,
e.g., [7, 14, 21, 33, 34, 36, 37, 39, 41, 42]. The relevant studies of hybrid FVMs
and Hermite FVMs were presented in [5, 8, 9, 11] and the references cited therein.
On the other hand, for the coercivity analysis on quadrilateral meshes, we refer the
reader to a non-exhaustive literature [6, 20, 23, 24, 27, 30, 43, 45, 48]. From another
viewpoint, one can postprocess the continuous Galerkin finite element solution, to
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obtain a finite-volume-like solution which satisfies the conservation law on each dual
cell. For example, in 2013 Bush and Ginting [3] postprocess the linear FEM, while
in 2017 Zou, Guo, and Deng [50] consider the high-order FEM.

In this work, we intend to generalize the coercivity analysis in [46] to any scheme
parameter pair («, 8), which cover all the existing quadratic schemes of Lagrange
type. In this case, some new difficulties arise. Firstly, there are two scheme param-
eters « and B need us to consider, while [46] only concentrate on one scheme
parameter 8 and « is fixed as (3 — +/3)/6. Therefore, the representation, compu-
tation, and analysis of the element stiffness matrix are more complicated than [46].
Secondly, the analysis technique in [46] heavily depends on the orthogonality on the
boundary of triangle. However, here we consider a class of schemes with two scheme
parameters « and §, and the orthogonality on the boundary of triangle does not hold
when o # (3 — /3)/6.

In order to overcome these difficulties, in this paper, we introduce a novel mapping
from the trial function space to the test function space. Precisely, we first convert
the FVE element bilinear form to a quadratic form with respect to a 6-by-6 singular
element matrix. With the help of the mapping, a weak orthogonality on the boundary
of triangle holds for any «, then this element matrix can be split as three parts: the
first part is the element stiffness matrix of the standard quadratic FEM, the second
part is the difference between the FVE and FEM on the boundary of triangle, while
the third part is the difference in the interior of triangle and can be simplified to the
tensor product of two vectors. Then, the analysis of this element matrix can be further
transformed to that of a 5-by-5 symmetric matrix. Thanks to this finding, we obtain
a sufficient condition to guarantee the existence, uniqueness, and coercivity result of
the FVE solution on triangular meshes. Under the coercivity result, the optimal H '
error estimate is proved.

Compared with the prior works, the present work has some contributions. Firstly,
we present a general framework to study a class of quadratic FVE schemes with two
parameters « and 8, covering all the existing quadratic schemes of Lagrange type [15,
25, 31, 36, 46, 49]. Secondly, for any quadratic scheme which determined by « and
B, we proved that the coercivity result is valid on equilateral triangular mesh. Thirdly,
in order to ensure the coercivity result of these schemes on general triangular meshes,
we obtain the corresponding minimum angle condition with a simple, analytic, and
computable expression, and moreover the minimum angle only relies on the scheme
parameters. As a direct consequence, some existing coercivity results are improved,
see Table 1. Throughout the analysis, two factors play important roles, i.e., the proper
choice of the mapping from the trial function space to the test function space, and the
weak orthogonality properties.

Here we mention a closely related work [8] where a general framework was pro-
posed to analyze high-order FVE schemes on triangular meshes. Specifically, for
the quadratic FVE schemes, there exist some similarities and differences between
the present work and [8]. Firstly, both works adopt the element analysis approach.
Secondly, the mappings from the trial function space to the test function space are
different. [8] uses a fixed mapping while this work uses a special one depending on
o, leading to different bilinear forms. Finally, the coercivity condition obtained in
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Table 1 The minimum angle conditions for some special quadratic FVE schemes

(o, B) Existing results Our results

(%, 1), in 1991, [31] 20.95°, in 2009, [40] 10.08°
20.95°,in 2012, [8]

(4.4).in1992,115] 7.11°, in 2009, [40] 7.11°
7.11°,in 2012, [8]

(i,% , in 1996, [25] 9.98°, in 2009, [40] 4.14°
9.98°,in 2012, (8]

(% SEv3-y 214643 ) in 2016, [36] 5.24°,in 2016, [36] 1.42°

1.42°, in 2020, [46]

[8] does not have an analytic expression and it can only be verified by a computer
program.

We organize the rest of the paper as follows. In Section 2, we present a class of
quadratic finite volume element schemes. In order to prove the coercivity result, we
first give some preliminaries in Section 3. The coercivity analysis of these schemes
on equilateral triangular mesh and general triangular meshes is presented in Sec-
tions 4 and 5, respectively. In Section 6, we provide some analytic expressions to
approximate the minimal angle condition. In Section 7, we discuss the minimum
angle condition for some special quadratic schemes, and give a simple and analytic
expression of this angle. The optimal H' error estimate is shown in Section 8 and the
conclusions are given in Section 9.

In the sequential discussion, to avoid repetition, we sometimes write “A < B”
to indicate that A can be bounded by B multiplied by a constant irrelative to the
parameters which A and B may depend on. Analogously, “A 2 B” means that B can
be bounded by A, while “A ~ B” stands for the fact that we have both “A < B” and
“B<A”

2 A class of quadratic FVE schemes
We consider the following elliptic equation

—V-&Vu) = f, in£2, 2.1)
u=0, onads2, 2.2)

where 2 C R? is a bounded polygonal domain, f € L?(£2), and « is a piece-
wise smooth function that can be bounded above and below, i.e., there exist positive
constants kmin and kmax, such that

Kmin < K(x,y) < kmax, forae. (x,y) € £2.
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For the polygonal domain £2, the primary mesh T;, := {K} is a conforming tri-
angular partition of §2, where h = maxgc7, hx and hg is the diameter of K. We
assume that « is smooth inside each cell and 7}, is shape regular, i.c., there exists a
positive constant 8y, independent of 7 and K, such that

Ok >6p >0, VK eT, (2.3)

where 0k is the minimum interior angle of K. With respect to the primary mesh 7y,
the standard k-th order finite element space of Lagrange type is

UF ={up € C(2) : unlx € P, YK € Tps unlag =0}, (2.4)

where Py is the set of all polynomials of degree not greater than k. Obviously, we
have U ;,‘ - HO1 (£2). Throughout the paper, we choose the trial function space Uj, as
Uy == U?.

Next, we introduce the construction of the dual cells. To this end, for any triangular
element K € 7y, let N and £k be the set of six nodes (three vertices and three edge
midpoints) and the set of three edges of K, respectively. Moreover, let

N, = U Nx, N;?:./\/’h\aﬂ, En = U k.

KeTy, KeTy,

For any K = AP P,P; € T, see Fig. 1, we denote by Q the barycenter of K
and M; (i = 1,2,3) the midpoint of the line segment P; P; 41, here and hereafter
i denotes, without special mention, a periodic index with period 3. For each o €
(0,1/2), Pf, and Pf, ; are the two points on the line segment F; P; 11, subjected
to

|PiP‘a'+1| _ |P,'0_[H,l‘Pi+l| _

i,

2.5)

|P;Piyil  |P;Piyil

Fig. 1 Partition of the triangular element K
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For each g € (0, 2/3), the point Pl.’i. 41 1s located at the line segment P; M,
satisfying
B
|PiPi,i+1| _

U nil (2.6)
| P;M; 1]

Using these notations, we obtain a partition of K, consisting of three quadrilaterals
and three pentagons, see Fig. 1. For each node P € N, the dual cell associated with
P is a polygonal domain surrounding P and denoted as Vp. If P = P; is a vertex
of K, then the contribution of K to Vp is the quadrilateral P; Pl.‘j‘i 41 Pl.’i. 41 Pfi 4o If
P = M; is an edge midpoint of K, then the contribution of K to Vp is the pentagon

a o B B
P PPt i QP -

The dual mesh ’Th’ consists of all dual cells, i.e.,

T, ={Vp: P Ny},

see Fig. 2 for an example of 7.
The corresponding test function space is defined as

Vi = Span{yrp : P € N},

where ¥ p is the characteristic function associated with Vp. Then, for any vy, € Vj,
we have v, = ZPGN,;’ vpyp with vp = v, (P). Moreover, there holds dim U, =

dim V, = #A?.

Fig.2 The primary mesh 7;, (solid lines) and its associated dual mesh 7,/ (dotted lines)
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The quadratic finite volume element solution of (2.1) and (2.2) is a function u;, €
Uy, satisfying the following local conservation law

9
—/ cas = | fdxdy, VPeN,
aVp on Vp

where n is the unit normal outward to dVp. Consequently, the above quadratic finite
volume element method can be reformulated as: Find u; € U}, such that

ap(up, vp) = (f,vn), Yo, €V, 2.7
where
u 1
ap(u, vp) = — Z vp Ka—ds, ue Hy($2), vpb eV
PeNy Wp n

and (f, vp,) denotes the standard L? inner product of f and vy,

Recalling the construction of the dual mesh, one can see that the above problem
depends on two parameters « € (0, 1/2) and 8 € (0, 2/3). Therefore, (2.7) actually
leads to a class of quadratic finite volume element schemes. When («, ) is endowed
with specific values, we recover all the existing schemes listed below.

- Ifa=p8=1/3,(2.7) reduces to the FVE scheme in [31].
- Ifa=1/6and B = 1/4,(2.7) leads to the FVE scheme in [15].
— Ifa=1/4and B = 1/3, (2.7) reduces to the FVE scheme in [25].

- If
_3-V3 6++3-v21+6V3
= 3 ,

g - P=

(2.7) is identical to the quadratic FVE scheme in [36].

- fa=8=03- \/5)/6, (2.7) reduces to the FVE scheme in [49].

— Ifa=(3—+/3)/6and B € (0,2/3), (2.7) reduces to the family of FVE schemes
studied in [46].

o

In the subsequential discussion, we shall study the quadratic finite volume element
scheme (2.7) for any o € (0, 1/2) and B € (0, 2/3).

3 Preliminaries

In this section, we first introduce a novel mapping from the trial function space to the
test function space, then present a sketch of the standard element analysis to prove
the coercivity result.

3.1 A novel mapping from the trial function space to the test function space

For a given w # 0, let I1,, be an interpolation operator that maps uj;, € U, to I1,uj €
Vi, given by

Hyup(P) = up(P;)
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and

. © (P + un(Pis1)) + oun(M;), 3.1)

where P;(i = 1,2,3) and M;(i = 1, 2, 3) denote the vertices and midpoints of the
triangle K, respectively. Obviously, I1,, is a bijection from the trial function space
Uy, to the test function space Vj,. We remark that if @ = 1 (resp. @ = 2/+/3), then
I1, reduces to the mapping in [23, 31, 36] (resp. [46, 49]).

In the following coercivity analysis, w plays an important role and it is determined
by the scheme parameter «. Here, we give two choices below.

H,up(M;) =

— In Section 4, for the discussion of the equilateral triangular mesh, we choose

w € (a)_, a)+) , 3.2)

where
2
:_ 4(1£3a(l—a))
3(1 —2a) ’
— In Section 5, for the discussion of the general triangular meshes, we choose
2
w=—
3(1 —2a)

Suppose that ;, i = 1, 2, 3 are the three linear nodal basis functions correspond-
ing to P;,i = 1, 2, 3. Then, for any u;, € Uj,

w

(3.3)

3 3
unl =Y un(P)gp, + Y un(Mi)¢p;,, YK €T,

i=1 i=1
where

op, =Ai2Ai — 1), op =4hiAig1 34
are the quadratic nodal basis functions corresponding to P; and M;,i = 1, 2, 3. Some
properties of ¢p. and ¢y, are listed in the following Lemma whose proof is trivial
and we omit it here.
Lemma 3.1 For each ¢p, and ¢y, defined in (3.4), we have

H,¢p (Pj) =6j, Jj=12,3,

l—w
H,¢p, (M) = I1,¢p,(M;12) = — Hy¢p,(Mit1) =0,

and
Hw¢Mi(Pj) = Hw¢M,- (Mi+1) = Hw¢Mi (Mi+2) =0, J= 1,2,3,
Hu)(bMi (Ml) = w.

Moreover, we have

3 3 3 3
Y op+Y du =Y Mopp + Y Hopy, = 1.
i=1 i=1 i=1 i=1
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3.2 The sketch of the element analysis for the coercivity analysis

To prove the global coercivity result
anCup, Moun) 2 lunlt,  ¥un € Un, (3.5)
it suffices to prove
af(uh, Myup) 2 |uh|%,,(, Yu, eU,, VK e€T,,

where
uy

af (up, Doup) = — Y Muyup(P) K —r ds. (3.6)
PeN,, AVpNK on
For any uj, € Uy, in each K, we define the vector
w=(up(Pr), - un(Pe)), 3.7

where P43 := M;,i =1, 2, 3. Hence, there holds

6 6
af un, Toup) = af | Y un(P$p,. Y un(P)u¢p, | =u" Agu,  (3.8)
j=1 i=1

where Ag = (a;j)6x6 With

aij = af (¢p;, Mudp,). (3.9)

Thus, the proof of (3.5) reduces to the spectral analysis of the element matrix A .
3.3 Preliminaries for the spectral analysis of Ag

Lemma 3.2 Assume that Ty, is shape regular, then for each K € Tp,

lupli,x ~ IGull, VYu, € Up, (3.10)
where
100 0 -1 0
010 0 0 -1
G=]J]001-1 0 0], 3.11)
000 1 -1 0
000 O 1 -1
u is defined in (3.7) and || - || denotes the Euclidean norm.

Proof The proof of (3.10) can be found in Lemma 1 of [31] or Lemma 3.4.1 in
[23]. O

Lemma 3.3 The element matrix Ak defined in (3.8) is singular and

6 6
Y aw=Y a;j=0 i j=1--6 (3.12)
k=1 k=1
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Proof Foranyi =1, --- , 6, it follows from (3.9) and Lemma 3.1 that

6 6 6
Y aiw =) af (¢p. Mudp) = ajf (Z PP de)P,-) = af (1, M) = 0.

k=1 k=1 k=1

On the other hand, forany j = 1,--- , 6,

6 6 6
> a =Y af (¢p,. Mutr,) = aff (¢>P,., ank) =af (¢p;, 1) =0,

k=1 k=1 k=1
where we have used the fact that k V¢p, - n is continuous inside K in the last equality.
Thus, (3.12) is proved and A is singular. O

Lemma 3.4 Let
5 -1 -1 -2 2
-1 5 -1 -2 —4

-1 -1 5 4 2
T=2|2, 20 0 4 2 (3.13)

—1 -1 -1 =2 2
~1 -1 -1 -2 —4

and define
1 T T
Bk = 5T (Ax +A%)T, (3.14)

where Ak is given by (3.9). Then, we have

1
G'BG = 5 (Ax +4%). (3.15)

Proof By (3.13) and (3.11), we have

1
TG=1- -1,
6

where [ is the identity matrix and 1 is a 6 x 6 matrix with all entries equal to 1. Then,
using this identity, (3.12) and (3.14), we reach (3.15) by direct calculations. O]

Lemma 3.5 Ifk = 1 on K, then, for a;; defined in (3.9), we have

aij :/ Vop, - nlludp, ds—/(A(ij)Hw(f)pi dxdy. (3.16)
0K K

Proof Recalling (3.9) and (3.6), we find that (3.16) is a direct consequence of Green’s
formula. O
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Lemma 3.6 Forany K = AP P, P3 € Ty, we have

1 1

VA; - VA1 = ———cotbi1r, VA;-VA = ——(cotb; cot 6; s

i i+1 2|K| i+2 i i 2|K| ( i1+ l+2)
A¢ 2 (cotB;yr1 + cotB;ip) A¢ 4 to

.= —— (cot0; cot 6; s = ———cotb;
P; |K| i+1 i+2 M; |K| i+2
and
2|K| v
n=—————Vii,
T RPl T

where n; denotes the unit normal outward to the edge P;Piy1 of K, and 0; =

/P17 P; Py is the interior angle of K corresponding to vertex P;.

Proof The proof can be found, e.g., in Lemma 3 of [46].

O

From (3.15), one can see that its right-hand side is the symmetric part of Ag. In
order to investigate the spectral property of A, we shall study Bx for the equilateral
triangular element and general triangular element in Sections 4 and 5, respectively.

For simplicity of exposition, we introduce the following notations,

1
a) = — AT Q’)Pids,
[P Pit1lJp P e

1
a = ———— Ai+111,¢p,ds,
[P Pit1lJp Py e

i,

a3 = — | I,¢pdxdy.

K| Jx
By Lemma 3.1 and through some straightforward calculations, we have

1

a; = Z(Zaw—a)—i—l—Zaz—{—Za),
1

ap = Z(2ota)—a)+l+2a2—2a>,

1
as :a,Ba)—l—g(l—a)),

(3.17)

(3.18)

(3.19)

(3.20)
(3.21)

(3.22)

where o, B, and w are defined by (2.5), (2.6), and (3.1), respectively. The above
results indicate that a, a, and a3 are independent of index i. Moreover, it follows

that
; I,¢ppds = ! I,¢p._  ds = a; + ay,
|Pi Pi1lJp Py, ' |Pi Piv1lJp P, o
; A,y ds = ; M1 ypy.ds = l —a) —a,
|Pi Piv1lJp P ' |Pi Piv1l)p P ' 2
1

- Myp,ds = 1 — 2a; — a5,
|Pi Piv1lJp Py ¢

1 1
W/K Hw¢M’dXdy = 5 — as.

(3.23)
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4 The coercivity result for the equilateral triangular mesh

In this section, for any @ € (0, 1/2) and 8 € (0,2/3), we assume that w satisfies
(3.2) and prove that the coercivity result of these schemes is valid on the equilateral
triangular mesh.

Lemma 4.1 If « = 1 on K and K is an equilateral triangle, then for any given
a € (0,1/2) and B € (0,2/3), Bk is a positive definite matrix if and only if @
satisfies (3.2).

Proof From (3.16), (3.4), Lemma 3.6, (3.17), (3.18), and (3.19), a direct calculation
yields that

by by by by by b3
by by by by by by

1 by by by by b3 b3
A[( = —= )
V3| bs bs bs by bg b
bs bs bs bg b7 bg
bs be bs bg bg by
where
by = 6a; — 2a> — 4as, by = ay + S5a; — 4a;3,
by = —4ay + 4ay + 4as, by = —16a> + 4aj3,
1 2
bs = —§ —2a; — 2ay + 4az, bg = 5 —4a; — 4ar + 4as,
16 8
b7=?—8a1 — 8ay — 4as, b8=—§+8a1+8a2—4a3.

From the equality (3.14), still by straightforward calculations, we obtain that

1
CTBxC = —B,

V3

where

0 -1 0 -1 -1

-1 1 1 0 0

C= 1 0-1 1 O
-1 -1 0 -1 -1

o 1 1 1 1
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and
5—8a; —8ay; 3 —8a; —8ay Sa; —Tay —2 %—4a1—4a2 %—5(11—9@
3—8a;—8a; 5-8ay—8a §—4daj—4day 5—13a1—ay 3 —1lay—Ta,
By =| 5a1 —7a2—2 3 —4da;—4az S5—8a;—8ay 3—8a;—8a X —5a1—9a
3

%—4a1—4a2 5—13a; —a 3—8a; —8a; 5—8a;—8ay 5 1la; — 7az

Y —5ay—9ay 3 —1lay—7a ¥ —5a;—9a; 3! —1lay —7Tay £ —8ay —8ay — 4a3

Using Matlab, we find that
det(Br(1:1,1:1)=5-28(ai +a2) =1+40( —2a),
det (Bl (1:2,1:2)) =16 —32(a; + az) = 160 (1 — 2a),
det (]B%’K(l :3,1: 3)):3 (5—8a1—8ay) pi(a1, az) =3 (1+4w(1—-2)) p1(a, az),
det (B (1:4,1:4)) =9 (pi(ar, a2))?
and
det (By) = 12(2a1 + 2a2 — 3a3) (pi (a1, @2))> = 120a(2 — 3B) (pi (a1, a2))?,

where

1
pilar, ap) = —27a} + 18ajaz — 3a3 + 13a; — 15a; — —

12°
From (3.20) and (3.21), we find that

2

Therefore, for any given o € (0, 1/2) and g € (0,2/3), ]B%’K is a positive definite
matrix if and only if (3.2) holds. Since C is a nonsingular matrix, thus the proof is
complete. U

1 2
pi(ar,az) = -3 (— — ot) (w—o ) (w—oh),

From (3.2), we see that for any given o € (0, 1/2) and 8 € (0, 2/3), there exists
at least one w such that B is a positive definite matrix. Thus, we have the following
Theorem 4.1.

Theorem 4.1 Assume that Ty, consists of equilateral triangles, k is piecewise con-
stant with respect to Ty, or alternatively, k is piecewise W% with respect to Ty, and

the mesh size h is small enough. Then, for the scheme (2.7) with o € (0, 1/2) and
B € (0,2/3), we have the coercivity result (3.5) with w subjected to (3.2).

Proof The proof is similar to that of Theorem 1 in [46] and we omit it here. O

5 The coercivity result for general triangular meshes

Throughout this section, for any o € (0, 1/2) and 8 € (0,2/3), we shall assume
that w satisfies (3.3). Thanks to (3.3), a certain weak orthogonality holds for any «.
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Consequently, we are able to obtain a sufficient condition to ensure the coercivity
result of the schemes on general triangular meshes.

5.1 The properties of Ax and Bk

Lemma 5.1 Assume that A(Kl) = (al.(}))6><6 is the element stiffness matrix of the
standard quadratic finite element method, given by

1 _
4ij = / Vor, - Vop,; dxdy. .1
K
Then, we have
3(rp+1r3) r3 ry —4r3 0 —4r
3 3(r1 +r3) r —4r3 —4r; 0
) 1 ry ry 3(r1+r) 0 —4r; —4r
AP =~ ., (5.2)
61 —an —4rs 0 8(ri+r+r) —8r —8r)
0 —4r; —4r; —8r 8(r1+r+nr) —8r3
—4ry 0 —4ry —8r —8r3 8(ri+r2+r3)
where
ri=cot, i=1,2,3 5.3)

and 0; = LP;j42P; Piy1 (i = 1,2,3) are the three interior angles of K.

Proof By (3.4), Lemma 3.6, and straightforward calculations, we can verify (5.2).
O

Lemma 5.2 For any @ € (0,1/2) and B € (0, 2/3), if only if o satisfies (3.3), we

have
1
= -, 5.4
al +ap 3 54
/(uh —Myup)ds =0, Yu, €U, Veek, (5.5)
e

and

/vh (s — Hpppr) ds =0, Yuv, e UL, Veeé&, (5.6)
e

where U}} and U;% are defined by (2.4), M’ is the midpoint of ¢’ € &,. Moreover, (3.3)
implies (3.2) if and only if

1 4 1
C(EI()ZZ(E<1— 5 2—]),§> (57)
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Proof From (3.20), (3.21), and (3.3), there holds

1 1
ay+ax = 7 Qow—w+1) = G’
which verifies (5.4). For each edge e € &, let its two vertices be P; and P,, and the
midpoint M. Thus, to verify (5.5), it suffices to verify the cases u;, = A1 and Aj),.
From the definition of I71,, we see that

1
Iy (P) =1, Iyri(P2) =0, IyA(M)= 3
Then,
1 1
/.Hw)nl ds =ale] + =(1 — 2a)|e] = =|e| = /M ds.
e 2 2 e
As for u, = A1\, we have
1
yup(P1) =0, Hyup(P2) =0, Myup(M)= i
Hence, it follows from (3.3) that
1 1
/kuh ds = —w(l —2a)le| = —|e| = /uh ds.
e 4 6 e

Next, to prove (5.6), it suffices to verify (5.6) for v, = A; and M’ = M (namely
drpr = ¢ur). Note that in this case

1
/vhqu ds = 4/A%A2ds = —|e|.
e e 3
From (3.23) and (5.4), we get

1 1
/evhanbM ds = (5 —a —az) el = 5ol

which verifies (5.6).
Finally, if w given by (3.3) satisfies (3.2), we have

2 (1 - my <1<2 (1 +Ba(l - a))z,

which implies (5.7). The proof is complete. O

Lemma 5.3 For the basis functions ¢ p, and ¢y, defined in (3.4), we have

‘/1\{ (¢P,' - Hw¢P,~) dXdy = —az |K| s /K (¢M, - Hw¢M,) dXdy =a3 |K| .
(5.8)

Proof A direct calculation yields that

1
/(bpl.dxdy:(), /¢M,.dxc1y=—|1<|, i=1,2,3.
K K 3
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It follows from (3.19) and (3.23) that

1
/ I1,¢p, dxdy = a3 | K], / Iy¢m; dxdy = (5 —03) K|, i=1,23.
K K

The desired equalities in (5.8) follow immediately. O

Lemma 5.4 For the r; defined in (5.3), we have
rirp+rirs +rr =1, 5.9
2.2 2.2 2.2 _
riry +riry +ryry = 1 =2rirar3(ry +r2 4+ r3), (5.10)
r13r2+r13r3+r§r1+r§r3+r§r1+r33r2 = (r12 + r22 + r32> —rirr3(ri+ra+r3) (5.11)

and
r 4 +r3 > V3. (5.12)

Proof Note that

1 —tan6; tan 6,
tan6; + tan6,

which leads to (5.9). (5.10) and (5.11) follow from the relations

tanfz = —tan(0) + 6L) = —

r12r22 + r12r32 + r22r32 =(rirp +rir3 + r2r3)2 —2rirr3(ry +ry +r3)

and

r13r2 + r%rg + r%rl + r§r3 + r33r1 + r33r2 = (riry +rir3 +rar3) (rlz + r% + r%) —rirar3(ry +r2+1r3),

respectively. The proof of (5.12) can be found in Lemma 6 of [46]. ]

Lemma 5.5 Assume that (3.3) holds and k = 1 on K. Then, for A defined in (3.8)
and (3.9), we have
Ag =AY + wAQ + ;A (5.13)

where A(Kl) is given by (5.2),

—ry =13 T 7 r+r3 —2ry —r2—r3 r+r
12 —ry—n ) rn+rnr3 r+r3 —r1—=2rp —r3
5 3 3 —ry—ry —ry —r2 —2r3 ry+r r+nr
AP =4
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

(5.14)
AQ =g @ (ie, &n7) with

E = (_1’ _17 _19 17 1’ I)Tv
n=2(+r3y, ri+r, r+r, —2r3, —2r, —2m)T.
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Consequently, for Bg defined in (3.14), we have

det (Bg) = %(rl +ry+r3)p(ry, ra, 13), (5.15)
where
p(ri,ra,r3) = A+ Brirprs(ri +r2+r3) +C (V12 +r3+ r32> (5.16)
and

A = 2C — (12a3 — 1)(12a3 + 9a3 — 2)°,
B = —486a2 (4a; — 3a3)?,

C=-9 (18a§ + 12a5 — 1) (96a§a3 — 1642 + 8ayas — 3a§) 617

Proof 1t follows from (3.16) that

aij = f Vop, - nll,¢p, ds — / (A¢p;) Myuopp, dxdy
0K K
= / Vép, -nop, ds—/ (A¢pj)¢pi dxdy~|—/ Vop, -n (qubpl. - (l)pi) ds
0K K 0K

_/K (A¢p;) (Mupp, — dp;) dxdy
- / Vop, - Vor, dxdy—i—/ Vép, -n (Mudp, — ¢p,) ds
K 3K

- (A¢P,-)/K (Mwdp, — ¢p,) dxdy,
where we have used Green’s formula in the last equality. Consequently,
A =AY +AY +Een. E=E). 1=0).
where Ag) = ((li(jl))6x6 is defined in (5.1) and given by (5.2), Ag) = (51»(‘]2))6X6 is
given by
a; = /BK Vor, - n (Mupr, — dr) ds,

and the last part is the tensor product ofg and », given by

~ 1
si=m/[((¢p,.—nw¢p,-)dxdy, nj=IK|(Agp,), i.j=1,---.6.
From (5.8), (3.4), and Lemma 3.6, we obtain
E=a(-1, -1, -1, 1. 1, DT =at,
n=2(+r, ri+r, ri+r, —2r3, =2r, =2r)".

By direct calculations, we deduce from (3.4) that

1 1 1
)\i‘pP,'dS = — _ )‘-i+l¢P,~d5 =0, i=123.

|Pi Pis1lJp P, 6" |PiPis1l)pp.,
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Consequently, for i = 1, 2, 3, it follows from (5.4) that
1

| Pi Piv1lJ)p Py
1

|Pi Piv1lJp Py
By (3.4), Lemma 3.6, (5.5), and (5.18)

/ V¢P1 - ny (Hw¢P1 - ¢P1) ds
PP

Ai (Mupp, — ¢p,) ds = —ay,

Aiv1 (Mopp, — dp,) ds = a. (5.18)

K|
(43] — 1)VA .(——w> M,bp, —bp,) ds
/Pan 1 1 T (Mupp, — dp,)

4ry

[P P2 Jp, p,
= —4ayr;.

M (Mwpp, — dp,) ds

Similarly,

Vop, -n3 (Mypp, — ¢p) ds = —4ayrs.
PP

Therefore, we have
~2
agl) = /BK Vop, -n (Hw¢P1 - ¢p1) ds = 4ar(—ry — r3).

By the same arguments,
~(2 ~(2 ~(2
aiz) = 4dayry, ai4) =4day(ry + r3), afs) =4day(—2r1 —ry —r3).
By the symmetric property of the index r;,
~2 ~2 ~2 ~(2
ai?,):R(aiz)’ {r17r37r2})7 a§6)=R(a§4)’ {r17r37r2})9

where R (a, {r;, rj, r¢}) is an index replace function such that ry, 72, and r3 in a are
replaced by r;, r;, and 7, respectively. Moreover, we have

APy =RrR(P(AQ0.), 3.1.2.6.4.5)), (2.3, 11})

and
ARG =R(P (AP0, 2.3.1,5.6,4]), (s, n.m2}).
whege\t foral x 6 vector A, A= PA,{i1, i2, - ,ig}) is a permutate function such

that A(j) = AG;), j =1,---, 6. It follows from (5.6) that

@ =0, ie{456), je{l,- .6}

In other words, we obtain that A% = a3A'Y with AY defined in (5.14), and (5.13)

is verified.
Finally, using Matlab, we get from (3.14) and (5.13) that

16 —~
det(Bg) = %(m +r2+r3)pry, r2, r3),
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where
P(ri,ra,r3) = Arirars(ri +r2 +r3) + §<r12r22 +rir3 +r§r32>
+C (2 rirs +rdr e 4 g 4 rdn) (519)
and

-~

A=24+B+C, B=A, C=C, (5.20)
and A, B, and C are defined in (5.17). Then from (5.19), (5.10), (5.11), and (5.20),

p(ri,r2,r3) = A+ Brirar3(ri+r2+r3) +C (ﬁz +r5+ "32) = p(r1,72,13),

where the polynomial p is defined by (5.16), thus (5.15) is proved and the proof is
complete. O

5.2 The coercivity result

For any triangular element K, without loss of generality, we assume that 61 < 6, <
63, then 0 < 7/3,r; > 1/+/3 and

7'[—91 91 2
r1 > rp = cotfy > cot > = an? =\/1+rf—r. (5.21)

In other words, (71, 1, r3) is defined in

D {( Vimz o it << 1_”“}
= ry,r,r3)irr = ——, ry —ryrsrn=r,rn= .
V3 ! ri+r

Then, we denote

Omin = arccot sup {ry : p(ri,r2,r3) >0, Y (r;,r,r3) € D}, (5.22)

where the polynomial p is defined in (5.16), and suppose that Og is the mini-
mum interior angle of K. In order to present the coercivity result, we introduce the
following two geometric assumptions.

(A1) For any K € Tj, there holds

91{ > emin-
(A2) There exists a positive constant &g, independent of /4, such that
Ok > Omin +c0, YK €T
Thus, we have the following Lemma 5.6.
Lemma 5.6 Assume that the diffusion coefficient k is piecewise constant with respect

to Tp. For any o € Iy (defined by (5.7)) and B € (0, 2/3), let w satisfy (3.3). Then,
for each By defined by (3.14), we have the following results.

(1) If (A1) holds, then Bk is a positive definite matrix.
(2) Under the assumptions (2.3) and (A2),

u'Bgu > |ul?, YueR.
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Proof Note that « is piecewise constant with respect to 7y, we can assume further
that, without losing generality, x« = 1 on K. If (A1) holds, then it follows from (5.15),
(5.12), and (5.22) that

det(Bg) > 0. (5.23)

Moreover, we suppose that u;, i = 1,---,5 are the five eigenvalues of Bk, then
they satisfy the equation F(rq, rp, r3, ) := det(ul — Bg) = 0, where I is the unit
matrix. Note that F(r1, r2, r3, 1) is a polynomial about the four variables ry, 2, r3,
and w, then F(ry, r2, r3, i) is smooth enough. Therefore, pu; relies on ry, r2, and r3
continuously. For any o € Iy and 8 € (0, 2/3), from Lemma 5.2 and Lemma 4.1,

we get that w;, i = 1,---,5 are all positive provided r| = rp = r3 = 1/\/§. On
the other hand, we have det(Bg) = ]_[l-s=1 wui for any K. Thus, from (5.23) we obtain
that u;, i = 1,---,5 are all positive by view of continuity argument. That is, Bg is

a positive definite matrix.
Finally, by (3.14), (5.13), Gershgorin disk theorem, and (2.3), we have, for the
spectral radius of Bg,

o Bx) S Iril+ [ra| + Ir3] < cotbo.
Under the assumption (A2), we obtain that there exists a positive constant Cg, such
that
p(ri,r2,13) = Cg.
Consequently, we deduce from (5.15) and (5.12) that

1
WTBru > —03C 2 2 v e RS,
24300 Byl

and complete the proof. U

Theorem 5.1 Assume that k is piecewise constant with respect to Ty, or alternatively,
K is piecewise W% with respect to Ty and the mesh size h is small enough. For any
o € Iy (defined by (5.7)) and B € (0, 2/3), let w satisfy (3.3). Then, we have the
following results.

(1) (Existence and uniqueness) Under the assumption (A1), (2.7) has a unique

solution.

(2) (Coercivity) Under the assumptions (2.3) and (A2), the coercivity result (3.5)
holds.

Proof The proof is similar to that of Theorem 1 in [46] and we omit it here. [

6 Some analytic expressions for O,in

In this section, for any o € Iy (defined by (5.7)) and 8 € (0, 2/3), we are going
to find some analytic expressions to approximate the minimum angle condition 6y,
which defined in (5.22). From (5.17), one can see that B < 0, and here we consider
twocases: A>0,B=0,C <0and A >0,B<0,C <.
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6.1 Case1:A >0,B=0,C <0
Lemma 6.1 Let 6; (i = 1,2, 3) be the three interior angles of a triangle, satisfying
01 < 6, < 63. Then for a given rq,

g(r)=ri+r2+nr

is a strictly increasing function with respect to ry, where r; is defined by (5.3).

Proof From (5.9), we have

1—1"1}"2

(rp)=ri+nrn+ ,
§ ri+nr

which yields that
dg r22 +2rirp —1
dro (11 +1r)?
By (5.21), we deduce that

01
0 tan 5 0 %
2 2 Y1 2 2 Y1 2 Y1
2 —1>tan" — +2 — 1 =tan“ — l—tan" — ) —1=0,
ry 4 2rir; > tan > + tan 0y an 2 +< an 2)

and the equality holds if and only if r, = tan(6;/2), namely 6, = 83, which implies
g(r) is a strictly increasing function. O

Theorem 6.1 Assume that 61 < 6, < 63 and A, B, and C are defined in (5.17),
subjectedto A > 0, B =0 and C < 0. If r| satisfies

ri € (D7, D),

L1 A A
pEt=_[(/2-Z+,/-1-2],
3 C C

where

then we have

p(rl,rz,rg)zA+C(r12+r22+r32) > 0. 6.1)
Consequently, if D;” < 1/ V3, there holds
Omin = arccotDlJr. (6.2)

Proof If A > 0, B =0, and C < 0, then from (5.9)
p(ri,ra, r3) = A+C(r12+r22+r32) =A=2C+C(ri+r+r3)

Thus, from Lemma 6.1, for any given rq, the polynomial p attains its minimum at the
point (ry, r, r3) = (r1, r1, (1 — rlz)/(2r1)). Consequently, we obtain (6.1) provided

p(riri, (1 =r)/@2r) > 0,
which is equivalent to 1 € (D, DT). Finally, we get the minimum angle (6.2)
provided D < 1/+/3. O
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6.2 Case2:A> 0,B< 0,C< 0

Theorem 6.2 Assume that 61 < 6, < 63 and A, B, and C are defined in (5.17),
subjectedto A > —C > —B/5 > 0. If r| satisfies

A+C 2C¢ .
2 .
max{D;',D;,D‘;} <n <m1n{—B+C,?,D2,D3,D5}, (6.3)
where
B+5C+/(B+5C)2-7BQ2C — B
pt = Bt V(B +5C)? — 7B( ). 64)
7B
. B+C—-2A4+/(B+C—-2A)2—(5C—B)3B+5C)
D — .65
5C — B
D4 and Ds are the smallest two roots of
—3Bx’+ (2B+9C)x>+ @A+ B —2C)x+ C > 0, (6.6)

and satisfies Dy < Ds, then we have

p(ri,m,13) = A+ Brirprs(ri+r+r3) +C (rl2 +ri 4 r32> > 0. (6.7)

Consequently, if

max{D;',D;,Dét} < 1/3, (6.8)
then 12
. A+C 2C _ _
emin = arccot (mln {—m, ?, D2 s D3 , DS}) . (69)
Proof We first claim that
re = r >3l (6.10)

For the case where 63 < 7 /2, namely r3 > 0, by (6.10) and (5.9), we have
p(ri, 12, 73) = A+Bri(rirs+rars+rir)+C(ri+rira+rars+rirs) = A+C+(B+O)rf,

which verifies (6.7) by recalling (6.3).
Consider the case where 83 > m /2, namely r3 < 0, then we have 0 = 7 — 6, —
03 <m/2—0,ie.,r; > 1. Let

=2 =205 6.11)
r r

It follows that
p(ri,ra,r3) = A — Brfar(l +0o—1)+ Crl2 (1 +ol4+ 12)
= rl2 (C — Brlzr) o — Br?t(l —T7)0 +A+ Crl2 (1 + rz)

£ 4(o, 7). (6.12)
Note that

1
rp = cotbr = cot(r — 601 — 63) > cot(w/2 — 01) =tanf; = —,
ri
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and from (6.11) and (5.9)

1
_ 1 14+ %
-1 o 2
Nt = Mo 7 ©6.13)
riry +rj o+1 l+o’
which implies that for any given ry, g (o, 7) is defined in the curve
1+ %
B
C=1(01): —<O‘<1‘L’—1— !
] l1+o

From (6.13), it is easy to verify that 7 is a strictly increasing and upper convex func-
tion with respect to o. Thus, for any given ry, the curve C is contained in the right
triangle K = AP P2 P3 (see Fig. 3a) with

5_ (L) s_(, L_1 (111
'= rlz’ ’ T\ 2 2r12’ T r1272 Zrlz.

Moreover, we have

Recalling B < 0 and (6.3), we deduce that
B
C—Brlzr<C—Er12<0,
which implies that, for a fixed t, g(o, 7) is a quadratic function with respect to o,
opening downward. As a result,

min g(o,7t) > min_gq(o, 1) = min _ _ g(o,1). (6.14)
(0,7)eC (o,1)eK (o,7)eP P3UP| P,

On the line segment Pl Fg, namely o =1/ r12, there holds
2 2 2 C
g/} ) =r}B+ O =B (1+1})t+A+Cri+
rf
Obviously, it is a quadratic function of t and opens downward, which implies that

min _q(o, 1) = min _ ¢g(o, 1). (6.15)
(o,7)eP P3 (0,7)e{ Py, P3}

On the line segment 131 ﬁz, we have the relationship

and

1 1 1
q(o,7) = —ZBrla +4r1 (SC 2Bl’1>0’ +4 (B—2C+23r12> J+A+Cr12+4—2,
"

which implies that

dg 340,15 2 1 2
T = —ZBrio? 431} (5C—2Br1>a+z(8—2C+2Brl>.
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Note that B < 0, r; > 1 and using (6.3) once again,

d 1 1
dq :—(4C—B—Br12><—(4C—Br12—Br12):2C_Br12<O
do lo=1/r7 2 3

and

dg 1 4, NP 7 N (pe) - o

Y| = mriamssertsacm)=-Tn (1 -0:)(1-05) <0

where D2i is defined in (6.4). It follows that

dg

<0,
do

(0,1’)651 Fz
which implies that p(o, (6 — 1 /rlz) /2) is a strictly decreasing function of ¢ when

1 /rl2 < o < 1. Consequently,

min _q(o,7) = min_ g(o, 1)
(o,1)eP1 P, (0,1)=P>

and combining the facts (6.14) and (6.15)

min_g(o,7) = min _ q(o,1).
(o,7)eK (o,7)={P2, P3}

At the point 133, note that 5C — B < 0 and (6.3), we find that

L € ((sc Byt +202A - B—C)?+ (3B + SC))
S 5- 73| = - B)r —B-0O)r
1 rl2 2 2r12 4r12 ! 1

_ _5‘;;123 (- 07) (7~ 5) >0,

where D;E is defined in (6.5). At the point FQ,

11 1
g (1, S —> - (—3Br? + 2B +9C)rt + (4A + B — 20)r? +C) >0,

2 2r12 4ry

where the last inequality is obtained by (6.3) and (6.6). Recalling (6.14), we have

min o, 7) > 0.
(o,1)eC q( )

Note that (6.12), then (6.7) is verified. The minimum angle (6.9) follows from (6.3)
and (6.8) immediately, and completes the proof. O

Remark 6.1 In Theorem 6.2, for any given rq, the polynomial p is defined in the
curve C. In order to analyze the property of p more easily, here we study its property
in a right triangle K = AP; P, P; which contained C, see Fig. 3a. In fact, if the
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Py P Py Ps

Py

(2) (b)
Fig.3 The curve C and its associated region (a) a right triangle to approximate C (b) a smaller region to

approximate C

minimum angle (6.9) is not the optimaINand cot Omin > /2, then one can choose other
appropriate smaller region instead of K, e.g., see Fig. 3b, where

D 1 5o [1 1 2 b, (1 1_ 2

Pl - (?7 0)5 P2_ (ja 3 3’_12)5 P3_ <r125 3 3’_12)5
p,— (3 3_ 4 P — L_ 1 po— (1 1_ 1
P4— (Z» 7 7r12>’ PS— (l» ) 2r12>’ P6— <27 2 2)’12)'

7 Discussions of minimum angle for some existing schemes

In this section, we will discuss the minimum angle condition for some special
schemes. Precisely, we have given the analytic expressions of these minimum angle
conditions, and improved some existing minimum angle conditions.

7.1 The family of schemes witha = (1 — 1/J§)/2 and B € (0,2/3)

Theorem 7.1 Let o = B = (1 — 1/+/3)/2, then the minimum angle Oy in (A1) can
be expressed as

Omin = 0.

Proof Note that o € I (defined by (5.7)), then from (3.3), (3.21), and (3.22), we get

2
w=—, a=0, a3=0.
V3
By (5.17)
A=4 B=0, C=0,
which implies that p(ry, r2,r3) =4 > 0 and O, = 0. O
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Remark 7.1 Theorem 7.1 indicates that whena = 8 = (1 — 1/ \/5) /2, (2.7) leads
to an unconditionally stable quadratic scheme on shape regular mesh 7, which is
consistent with the result in [49].

Theorem 7.2 Let @ = (1 — 1/+/3)/2, then for any B # «, the minimum angle 6min
in (A1) can be expressed as

Omin = tl\/2 A—!-\/IA 7.1
min = arcco § _E — _E , (7.1

A=20+(9F-2)", C=-27p% E=§(1—3a)(,3—a). (7.2)

where

Proof Since a € Iy, then from (3.3), (3.21), and (3.22), we find that

By (5.17)
A=20+(9F-2)°, B=0, C=-271p~
It follows from (7.2) that

5 ﬁ—l(ﬁ_ 3—\/§)€<_2\/§—3’ o)u(o, %) VB e (O,a)U<a, g)

6 9

which implies that C < Oand A = 27(,5 —2/3)? — 8 > 0. Moreover, we have

A 1 /2 2
20 _(2-9) <1,
c 27\ B

which yields that
b | ( \/2 A \/ | A) 1 1
== - 1= = < —.
3 C C A A 3
NOHY Sy
Recalling the Theorem 6.1, then we complete the proof. O

Remark 7.2 By a simple calculation, the minimum angle (7.1) is the same as (18)
in [46]. Consequently, for the quadratic scheme proposed in [36], here the minimum
angle is the same as [46], namely 1.42°.

7.2 Theschemeox =1/4and 8 =1/3

This scheme was proposed in [25], we improved the minimum angle 9.98° in [8, 40]
to 4.14°.
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Theorem 7.3 Let « = 1/4 and B = 1/3, then the minimum angle Oy in (A1) can

be expressed as
575
Omin = arccot Y ~ 4.14°. (7.3)

Proof Note that o € I, then from (3.3), (3.21), and (3.22), we obtain
4 1

2 = —— a3=0.
37 BT Tee B

w =
By (5.17)
82657 3 575

=——>\ B=———, C= .
16384 32768 32768
Then, the polynomial in (6.6) can be expressed as

L Gr—s75) <3x —1152x + 1)

32768
Thus, we have
576 — /331773 575
4 = D5 = —
3 3
and
) A+C 2C D-.D-.D D
min , , = Ds.
"B+C B TR >
Note that
max { DS, DY, D4} = Dy < 1/3
and Theorem 6.2, we get the desired result (7.3). O]

7.3 Theschemex =1/6and B =1/4

For the scheme o = 1/6 and 8 = 1/4 proposed in [15], we find that the minimum
angle is 7.11°, which is the same as [8, 40].

Theorem 7.4 Let « = 1/6 and B = 1/4, then the minimum angle 6y, in (Al) can
be expressed as

161 + 24/6479
Omin = arccot % ~7.11°. (7.4)

Proof Note that o € I, then from (3.3), (3.21), and (3.22), we have
1 1

= 1, = -, = —_—
@ “=g3p BT
From (5.17)
15935 B 25 1195
T 9216 T 55206’ T 55206°
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Then, the polynomial in (6.6) can be expressed as

O (3x —239) <5x —322x + 1)

55296

which implies that

161 2«/647 161 + 2+4/6479

5 5
and
min A+c 2CD Dy,Ds; =D
B C B 23, Us e = Us.

Note that

max { DY, DY, D4} = DI < 1/3
and Theorem 6.2, the minimum angle (7.4) is obtained. O

7.4 Theschemea =8 =1/3

This scheme was proposed in [31], we improved the minimum angle 20.95° in [8,
40] to 10.08°. The result is given below.

Theorem 7.5 Let « = B = 1/3, then the minimum angle Oy in (Al) can be

expressed as
95 o
Omin = arccot 3 ~ 10.08°. (7.5)

Proof Since a € Iy, then from (3.3), (3.21), and (3.22), we deduce that

=2, az:—i, a3=—1.
36 9
By (5.17)
_Mo L9
243° 54’ 243

Then, the polynomial in (6 6) can be expressed as
% (3x —95) (957 = 291x + 2).
It follows that

97 — /9401 D 95

D= ——+——, ==
4 6 T3
and
. A+C 2C D-.D-.D D
min , , = .
TBtrC BT 3
Note that

max { DS, DY, D4} = Dy < 1/3
and Theorem 6.2, we have

Omin = arccot / D3 ~ 10.46°.
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Finally, we get the desired result (7.5) by the analysis in Fig. 3b of Remark 6.1. [

8 H! error estimates

Theorem 8.1 Assume that Ty, is shape regular and k is piecewise W1-* with respect
to Ty. Assume also that the exact solution u € HO1 £2)N H3(2). Then, foranya € Iy
(defined by (5.7)) and B € (0, 2/3), under the assumption (A2), we have

lu — uplt < W2 |ulls. (8.1)

~

Proof The proof is similar to that of Theorem 2 in [46] and we omit it here. O]

Remark 8.1 1f Tj, consists of equilateral triangles, then it follows from Theorem 4.1
that the optimal H' error estimates (8.1) hold for any o € (0, 1/2) and 8 € (0, 2/3).

9 Conclusions

This paper provides a general framework for the coercivity analysis of a class of
quadratic FVE schemes on triangular meshes. This class of schemes have two param-
eters o € (0, 1/2) and B € (0, 2/3), which cover all the existing quadratic schemes
of Lagrange type. By the element analysis and a novel mapping from the trial func-
tion space to the test function space, we obtain the geometry assumption (A1) (resp.
(A2)) that ensures the existence and uniqueness (resp. the coercivity result) of these
schemes. Moreover, we give some minimum angle conditions with simple, ana-
lytic, and computable expressions. By these results, the minimum angle conditions
for some existing schemes are improved, which is summarized in Table 1.
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