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Abstract

Given the scalar sequence { f;,}°°

mo that satisfies

k
fo=> agl', m=0,1,...,
i=1
where a;, ¢; € C and ¢; are distinct, the algorithm of Prony concerns the determina-
tion of the g; and the ¢; from a finite number of the f,,. This algorithm is also related
to Padé approximants from the infinite power series Z?io fjz’ . In this work, we dis-
cuss ways of extending Prony’s algorithm to sequences of vectors { f,,}>°_, in cV
that satisfy

k
fm:Zal.é-im7 m:Ov17"'v
i=1

where a; € CV and ¢; € C. Two distinct problems arise depending on whether
the vectors a; are linearly independent or not. We consider different approaches that
enable us to determine the a; and ¢; for these two problems, and develop suitable
methods. We concentrate especially on extensions that take into account the possibil-
ity of the components of the a; being coupled. One of the applications we consider
concerns the case in which

.
S m = Zaigi’”, m=0,1,..., rlarge,

i=1

and we would like to approximate/determine of a number of the pairs (¢;, a;) for
which |¢;| are largest. We present the related theory and provide numerical examples
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that confirm this theory. This application can be extended to the more general case in
which

.
S =Y pimi, m=0.1,....
i=1

where p;(m) € CN are some (vector-valued) polynomials in m, and {; € C are
distinct. Finally, the methods suggested here can be extended to vector sequences in
infinite dimensional spaces in a straightforward manner.

Keywords Prony algorithm - Padé approximants - Vector-valued rational
approximations

Mathematics subject classification (2010) 65F20 - 65F50 - 65H10

1 Introduction

Consider a function f(¢) that is a sum of exponential functions given as

k
f@ =3 yiexpnn), i #0, m distinct (L.D)
i=1
We wish to determine the y; and ;. To achieve this, we compute f(¢) at the equidis-
tant points t,, = to +mh, m = 0, 1, ..., with some fixed & > 0. This gives rise to
the system of equations

k
fltm) =Y viexp(ritm), m=0,1,.... (12)
i=1
Letting f,,, = f(tn), ai = yi exp(nitg), and {; = exp(n;h), these equations become
k
fm:Za;g‘i’”, m=0,1,.... (1.3)
i=1
Clearly, a;, ¢; € C,i =1, ..., k, are independent of m, and ¢; are distinct. We would

like to determine the a; and the ¢; from the f,,, from which, we will be able obtain
the y; and n; in general. Since there are 2k unknowns in this problem, we need 2k
equations, and these can be taken from (1.3). Let us choose those equations with
m=20,1,...,2k — 1, for example. The well-known algorithm of Prony [15] solves
these equations and obtains the a; and ¢; as follows:

1. Solve the k X k linear system

k—1
D fuij=—furke m=01.. k-1, (1.4)
j=0
for ug, uy, ..., ur—_1, and set uy = 1. '
2. Obtain ¢y, .. ., & as the roots of the polynomial equation le‘.:ouj;/ =0.
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3. With¢y, ..., ¢ available, solve the k x k linear system
k
daiglt =fu. m=0.1,... k-1, (1.5)
i=1
for ay, ..., ax. Written in full, this system reads
Via=f, (1.6)
where
1g) - ;1’]:—:
1 & - é‘zi
V=|.. : . oa=lana,....al", f=1fo fi..., fierl
1&g - ;If—l
(1.7)
Here V is a Vandermonde matrix. (Note that V is nonsingular since the ¢; are
distinct.)

The equations (1.4) that provide the u ; can be obtained as follows: Starting with

k k
u@) =Jec-aw = ut/, w=1,
i=1 j=0

and invoking (1.3), we have, form =0, 1, ...,

k k k
_ m+j
D uifwri =) uj ) aig]
j=0

j=0 i=1

k k )

J

=2 g ) uit;
i=1 j=0

k

=Y aif"u@)
i=1

= 0.

The a; can also be determined—without having to solve the system in (1.6)
numerically—by resorting to the connection between Prony’s algorithm with the
Padé table. We present a detailed discussion of this issue in the next section.

In Section 3, we introduce four procedures that extend Prony’s algorithm to
sequences of vectors { f,,}7_ [as opposed to sequences of scalars { i} in (1.3)],
and consider the numerical implementations of these procedures under different cir-
cumstances. In Section 4, we discuss the connection of these procedures with some
vector-valued rational approximation procedures and discuss an additional appli-
cation that is closely related to, and yet outside the realm of, Prony’s algorithm.
Specifically, the problem we are interested in involves the determination of a number
of those ¢; that have largest modulus. The approach of Section 2 involving rational
approximations is used throughout. In Section 6, we provide numerical examples that
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illustrate the use of the approach of Section 4 and that confirm the theory presented
there. The relation of Prony’s algorithm to Padé approximants was discussed origi-
nally by Weiss and McDonough [26]. The results of [26] were generalized by Sidi
[18, 19] to cover the cases in which

N
fn = Za,-(m){im, m=0,1,...,; a;(m) polynomials in m,

i=1

which occur when the polynomial #(¢) has at least one multiple root. Padé approx-
imants continue to play a crucial role in these generalizations too. For Padé
approximants, see Baker and Graves-Morris [1] and Gilewicz [7]. For a very effec-
tive procedure for computing Padé approximants, see Trefethen [25, Chapter 27]. For
a detailed summary that includes some of the results of [18] and [19], see also Sidi
[22, Chapter 17].

The algorithm of Prony and its various generalizations are discussed and applied
in a variety of contexts and in numerous areas. It is known (see [18]) that Prony’s
algorithm does not always have a solution when the set { f,,l}fnkz_o1 is arbitrary, that is,
when the f;, are not necessarily as in (1.3). This implies that the problem of deter-
mining the parameters ¢;, a; is not always stable numerically. To circumvent this
problem, Prony’s algorithm has been modified in several ways, giving rise to some
very effective methods that cope successfully with the problem of numerical insta-
bility. Among these, we mention the multiple signal classification method (MUSIC)
of Schmidt [17], estimation of signal parameters via rotational invariance techniques
(ESPRIT) of Roy and Kailath [16], fast ESPRIT algorithms of Potts and Tasche [14],
the matrix pencil method of Hua and Sarkar [10] and Golub, Milanfar, and Varah [8],
the annihilating vector method of Dragotti, Vetterli, and Blu [6], and the approximate
Prony method of Potts and Tasche [13]. Recently, Prony’s algorithm has also been
extended to the solution of sparse multivariate problems in the papers by Ben-Or and
Tiwari [2], Cuyt and Lee [4], and Cuyt, Lee, and Yang [5], for example. Another
interesting modification of Prony’s algorithm has been developed for sparse eigen-
function expansions in the works of Peter and Plonka [11] and Plonka and Tasche
[12].

2 Padé approximants and Prony’s algorithm

Let f(z) = Z?io f jzj be a formal power series. When it exists, the [m/n] Padé
approximant from f(z), which we denote f;, »(z), is defined as follows:

fon@ = 2D pem, Qem. QO=1. @D
’ 0(2)
@ = fan@ = 0" asz— 0. 2.2)
It is easy to realize that (2.2) implies

0 f(2) - P@) = 0" asz — 0. 2.3)
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Letting P (2) = Y iLopiz’ and Q(z) = Y_}_q;z/, qo = 1, it follows from (2.3) that
the p; and g; satisfy the m + n 4 1 linear equations

min(i,n)

> fisjgj=pi. i=0.1,....m, 2.4)
j=0
min(i,n)
> fiijgi =0, i=m+1....m+n, (2.5)
j=0
and that
S 0qi7 sm—j (@)
fn(@) = =% . (2.6)
where
r .
@)=Y fizd. r=01...; s =0ifr<0. Q.7
j=0

It is known that, if it exists, fi; »(z) is unique. It is also known that if f(z) is a
rational function (having no pole at z = 0) with degree of numerator and degree of
denominator (after complete reduction) being m and n, respectively, then f, ,(z) =
f (z); that is, Padé approximants reproduce rational functions from whose Maclaurin
series they are derived.

The algorithm of Prony described in the preceding section is related to fx—j x(z)
from f(z) = Z?O:()szj, with the f; as in (1.3), as follows: First, note that f(z) is
a rational function with degree of numerator equal to k¥ — 1 at most and degree of
denominator equal to k:

k

00 00 k k 00 )
f@=> fid =) ( a,.;g) =4y (@' =3 _‘”g_z. (2.8)
j=0 1 !

j=0 i=1  j=0 i=1

i=

Therefore, fir—1.x(z) = f(z). Let the partial fraction decomposition of fi_1 x(z) be
as in

@~ w
fie1a@) = 2= => —. (2.9)

where z; are the zeros of the denominator polynomial Q(z). Then the a@; and ¢; in
Prony’s algorithm are given as

G=z" a=-wz ', i=1,...k (2.10)

1

Itis easy to realize that the polynomial #(¢) in Prony’s algorithm and the denominator
polynomial Q(z) of fi—1.x(z) are related via

w@)=coe¢™ & wuj=q-;, j=01,...,k 2.11)
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As aresult, we do not need to solve the linear system in (1.6) to obtain the a; because
the w; in (2.10) can be computed from

L .
> =0 97! k=1 (@)

- k . i—
7=z Zj:O Jjgizi™!

. P(2)
Q@

wizRes.fk_l,k(z)L:Z[_ , i=1,...,k

=T

(2.12)
When expressed in terms of the u ; instead of the g, this can also be written as

L
Yj—ou iz sjm1(2)

T — , i=1,.. k. (2.13)
2 j—o(k — Jujzk

=7

w; =

3 Extensions of Prony’s algorithm to vector sequences
3.1 Introduction and a naive approach

Let { f,,}°°_, be a given sequence of vectors in CV such that

k
fn1=2ai§i’", m=0,1,..., (3.1)
i=1

where a; € CN \{0}and §; € C,i = 1,...,k, are independent of m, and ¢; are
distinct. Here, N can be arbitrarily large. We would like to determine the a; and the
¢; via our knowledge of the f,,.

Before proceeding to the solution of this problem, we present an application
that gives rise to a vector sequence of the form described in (3.1). Let f(x,?) be
a physical quantity that is known, or conjectured, to be of the form f(x,t) =
Zleyi (x)exp(n;t). Here x and ¢ may denote, for example, location and time,
respectively. The function f(x, r) is being measured at different locations x,, r =
1,..., N, and at different times t,,, = to + mh,m =0, 1, ..., for some & > 0. Thus,

k
f(xratm):Zyi(xr)exp(nitm)» m=0,1,...,

i=1
which, upon letting
Fm =11, tm)s ooy fOEN, )]

and

a; = [y;(x1) exp(ito), ..., vixn) expmito)l”, & =expih), i=1,...,k,

results in (3.1).

It is clear that we can apply Prony’s algorithm to the sequence {f,}>"_, com-
ponentwise. That is, we can apply it separately to each of the scalar sequences
{fi,m}ff:o’ i =1,..., N.Given the fact that the f,, satisfy (3.1), the ¢; produced for
each i are the same. Clearly, for this implementation, we need 2k of the f,,, precisely
as in the scalar case.
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This approach has a serious drawback, however. In the presence of errors
(noise and floating-point errors and others) in the given f,,, the polynomials
u(¢) and hence their zeros ¢; produced from each application of the (scalar) Prony
algorithm will be different. In addition, the possible coupling of the different com-
ponents fin,, i = 1,..., N, of the vectors f,, is lost in the process. Retaining
this coupling when it exists may have a beneficial effect, and we aim at this
below.

Throughout the remainder of this work, we use lowercase italic letters to denote
vectors and uppercase italic letters to denote matrices. In addition, we use the stan-
dard Euclidean inner product (-, -) and the vector norm || - || induced by it; thus

(x,y) =x*yand ||x] = Vx*x.
3.2 Vectorized algorithms for determining u(¢) = Z;"(=o"i§j

By applying Prony’s algorithm to the sequence { f,,} -, componentwise, we realize

that {1, ..., ¢ are the roots of the polynomial u(¢) = Z’;zou jg“j , whose coefficients
satisfy the vector equations

k
Y ujfpe; =0 m=0.1,.... (3.2)
j=0

Clearly, for each m, we have N scalar homogeneous linear equations satisfied
by the u ;. We aim at solving these equations by normalizing the u; suitably. After
determining the u ;, we solve u(¢) = 0 and obtain ¢y, .. ., ¢k, as before. With the ¢;
available, we next determine the a; as the solution to (3.1).

We now want to propose ways—different than that resulting from the naive
approach above—of determining a polynomial u(¢) that is good for all of the
sequences { fi m},,_o» such that we have only one set of ¢, ..., ¢ for all N com-
ponents fi,, i = 1,..., N, of the f,,, and the coupling of these components is
preserved. This can be done in different ways.

We differentiate between two cases: (i) ai,...,a; are linearly independent,
(ii) a1, . .., aj are linearly dependent.

3.2.1 Thecaseay,...,ax are linearly independent
When the vectors a; are linearly independent, which can occur only when k < N, it

suffices to consider only one of the equations in (3.2). Let us choose that with m = 0.
We thus solve the N x (k 4+ 1) homogeneous linear system

k
dYuif;j=0 & Fu=0, (3.3)
j=0
where we have defined
Fo=[folfil - 1fp1eCVPDw=Tug,ur, ..., 1" (34)
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In order for this approach to be valid, we need to show that the system of N equations
in (3.3) has a unique solution normalized such that u; = 1. With this normalization,
(3.3) becomes

k-1
Z”,/sz_fk & Fiu =—f, uw=T[upup,....,ux11". (3.5)
=0

Define the matrices A € C¥>* and V € C*** as in

1;1...§{<—1

1{2...%‘_1
A=lailaz| - |ax]l, V= - : (3.6)

1;k...§]f—1

Then the matrix Fy_1 in (3.5) is of the form
Fir_1=AV. 3.7

Since the matrix V is nonsingular because the ¢; are distinct, we have rank(F_1) =
rank(A) = k. Therefore, (3.5) has a unique solution for u’.
The solution of (3.3) can be achieved in one of the following ways:

1. Solution via linear least-squares: Setting u; = 1 in (3.3), we can use standard
least squares to solve (3.5) for u’. Thus,

min |Fru' + fil = o' =—F  f;. (3.8)
u/

Here K denotes the Moore—Penrose generalized inverse of the matrix K. This
amounts to forcing the vector Zl;zou jfj to be orthogonal to the subspace
span{fo, f1..... fr1}

Since Fj_1 has full column rank, we can solve (3.8) via QR factorization of
F i, namely, via

Fy = O,Ry, QO unitary, Ry upper triangular, (3.9
Q,=1q0lq,| - 1q;,1€CVED " grg. =5, (3.10)
and
roo 701 - - TOk
ryy - rik
Ry = . .|y ri>=0Vi<k (3.11)
Tkk

Noting that

Ri_
Oy =10r_119x]; Rp= [ﬂ%] . e =lroks riks - i1 x0T € CF,

(3.12)
we have that u’ ultimately satisfies the k x k nonsingular upper triangular linear
system

Rk_lu’ = —Pk> (3.13)

which can be solved by back substitution.
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This method turns out to be a special case of that derived from the vector-
valued rational approximation procedure called SMPE, which we describe in the
next section. The algorithm that uses the QR factorization described above also
resembles an analogous algorithm used in [13] for the scalar Prony problem.

2. Solution via singular value decomposition: Note that the least-squares problem
in (3.8) is unconstrained. We can also obtain the u ; (with a different normaliza-
tion) as the solution to the following constrained least-squares problem:

min || Fru| subjectto |u| = 1. (3.14)
u

The solution for u is now the right singular vector of F corresponding to its
smallest singular value (which is now zero, since the system Fyu = 0 is con-
sistent). Of course, this can be achieved via the singular value decomposition
(SVD) of Fy. The u; are now normalized via Zl;:omj 2=1.

Now, as suggested by Chan [3], the SVD of the N x (k + 1) matrix Fy can
be obtained in a convenient way from the SVD of the (k + 1) x (k + 1) matrix
Ry, that results from the QR factorization of Fj in (3.9)-(3.11).!

Let Ry = WXV* be the SVD of Ry, where all three matrices W, V, and
¥ are square, W and V are unitary, and ¥ = diag(og, 01,...,0%), 09 >
o1 > --- > oy being the singular values of Rj;. Then F; = UXV* is the
SVD of Fy because U = Q; W is unitary. In fact, the singular values and the
corresponding right singular vectors of Fy are precisely those of Ry. Thus, if
V =[vo|vy]| - |vg], then, fori =0,1,...,k, v; is the right singular vector
of Fy corresponding to the singular value o;.

Therefore, by the way the o; are ordered in the matrix X, oy is the smallest
singular value of F and, therefore, the solution to (3.14) is u = v. In addition,
o = 0 because the linear system Fru = 0 is consistent in our case. [Of course,
when errors are present in the f,,, then oy > 0 will hold in general. Nevertheless,
we can take the vector vy as our (approximate) solution for z.]

3. Solution via Gaussian elimination with partial pivoting: Setting uy = 1 in
(3.3), we have the N x k system (3.5). Choosing k linearly independent vectors
g1s--., 810 CV, and taking the inner product of these vectors with (3.5), we
obtain the k x k linear system

k—1
D @i fpup=—(g fo). i=1...k (3.15)
j=0
Letting
G=1[g gl |gleCV¥
we can express this system in matrix form as follows:
G*Fy_u' = —G* f,. (3.16)

Of course, we should also make sure that the matrix G is such that G*F;_; €
Ckxk is nonsingular; that rank(G) = rank(F_1) = k is not sufficient. Taking

'Note that Ry is a much smaller matrix to handle than Fy in case N >> k.
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the g; to be k standard basis vectors amounts to picking k of the N scalar equa-
tions from (3.5). A good strategy amounting precisely to this approach is to use
Gaussian elimination with partial pivoting on the matrix Fy. Thus, there exists
a permutation matrix P € CV*V depending on k, implying G* = P in (3.16),

such that

PFk_lu/:—Pfk, PFkZLkUk, (3.17)
where Ly is a lower trapezoidal matrix and Uy, is an upper triangular matrix. We
have

L= [L%} . L, e CRDXKED | pn o oN—k=Dx (kD)
k

L) being lower triangular with ones along its diagonal. (As a result of partial

pivoting, all entries of L below the diagonal are at most unity in modulus.) In

addition, Ly and Uy can be partitioned as in

L,_.|0 - Ui—1]| 0k
Ly = |71 } Iy e CN7H U:[ , o eCk (318
k [L;(/l I k k 0T ot k (3.18)
U—1 being nonsingular. With these developments, the first k of the N equations
in (3.17) give the k x k nonsingular upper triangular linear system

Ui_1u' = —0oy, (3.19)

which can be solved for u’ by back substitution.

This method turns out to be a special case of that derived from the vector-
valued rational approximation procedure called SMMPE, which we describe in
the next section.

3.2.2 Thecaseay, . .., ai are linearly dependent
When the vectors aj, ..., a; are linearly dependent, the methods proposed above

cannot be applied. This situation happens naturally when k > N. It may happen even
when k < N.2 The method we propose next is applicable in these cases; actually, it

can be applied always, whether ay, . . ., a; are linearly dependent or not.

Choose an arbitrary vector g and take its inner product with the equations in (3.2),
and consider those equations with m = 0, 1, ...,k — 1. This gives the k x k linear
system

k—1
Y @ fuepuj ==& fup)s m=0.1... k-1, (3.20)
j=0

2Such vector sequences can always be generated by a linear recursion of the form

m
ZAjfk+j=0, k=0,1,...,
Jj=0

where A; € CNxN, j=0,1,...,m, A, is nonsingular, and Ap # O. For details, see the note by Sidi
[24], for example.
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forug, uy, ..., ur—1, withuy = 1 as before. This amounts to equating the projections
along g of the k vectors ZI;.:O ujfm+j, m=20,1,...,k— 1, to zero. [As we will
see shortly, the vector g must be such that (3.24) must be satisfied.] To show that a
unique solution for the u is provided by this system, we need to show that the matrix
of this system, namely, the matrix

& fo) @& f0) - & fr)
(gvfl) (gva) (g’fk)

Tl = ' ' ‘ , (3.21)
(&, fk—l) (gv.fk) e (8, f.2k—2)
is nonsingular. Now, it can easily be verified that
Ty = Vdiagl(g. a).....(g.ap] V7, (3.22)

where V is the Vandermonde matrix defined in (3.6). Since all three matrices here
are k x k, we have that

k

detTy_; = [H(g,ai)] (det V)2, (3.23)

i=1

which is nonzero if and only if

k
[[g-an #0. (3.24)

i=1

Thus, fk_l is nonsingular provided (3.24) is satisfied.
This method turns out to be a special case of that derived from the vector-valued
rational approximation procedure called STEA, which we describe in the next section.

3.3 Determinationofaq,...,ax

With the u; and hence the ¢; determined, we turn to the problem of determining
the a;. We do this basically as explained in Section 2, by resorting to the Padé
approximant approach.

It is clear that the vector-valued rational function

X .
Zj:O “jZk Isj-1(2)

Z];':o ujzk=i ’

fro14(@) = (3.25)

where

m
sm(z)=ijzj, m=0,1,...; sux=0ifm <0, (3.26)
j=0
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is the [k — 1/k] Padé approximant to f(z) = Z?O:o f ij componentwise, and has
the partial fraction decomposition

k
frorx@ = ; - ﬁiz,»' (3.27)
In addition, by (2.8), we also have
f)= Xk: 4 (3.28)
= 1-dz

and, therefore,
fro1x(@ = f(2). (3.29)

Consequently,
G=z" a=-wgz !, i=1,..,k (3.30)

the w; being computed as in

k k—jg.
i—o Uiz Isj-1(2)

w;, = Resfk*l,k(z)}zza — 5{-1—(;{] - Jk_/_1 , i=1,...,k. (3.31)
j=o0\W& — Ju;z= - 7=z

Remark When everything—the determination of the ¢; and the a;—is taken into
account, it is seen that the necessary input for the algorithms described above is

e thek + 1 vectors fo, f1,..., fyincaseai, ..., a; are linearly independent,
e the 2k vectors fq, f1,..., fox_q incaseay, ..., ay are linearly dependent.

4 Prony-like algorithms for vector problems via vector-valued
rational approximations
4.1 Areduced Prony problem

In this section, we again consider vector sequences { f,}>°_ that satisfy
r
fm:Zaié‘im’ m:O,l,..., (4])
i=1

where a; € CV and ¢; € C are independent of m, ¢; are distinct, and r may be
very large, even infinite. Of course, when r = 0o, the methods we discussed in the
previous section cannot be applied for determining all of the ¢; and a;. Similarly,
when r is finite but very large, the application of the methods we discussed in the
previous section for determining all of the ¢; and a; becomes very expensive. In
view of this limitation, we change/reduce the classical Prony problem as follows:
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Approximate the k largest (in modulus) ¢; and the corresponding a;, instead of all r
of the pairs (¢;, @;). Ordering the ¢; such that

1Sl = 62l = -+ = 14, (4.2)

we would like to approximate the pairs (¢;, a;),i =1, ..., k, with k < r. Of course,
this amounts to approximating f,, in (4.1) by the sum Zle a;g".

We can achieve our goal by using some vector-valued rational approximation pro-
cedures when the ¢; are such that |{x| > |{k+1 |3 In particular, we can use SMPE,
SMMPE, and STEA, three procedures that were developed and analyzed in Sidi [20].
The connection of these procedures with Krylov subspace methods was shown in
Sidi [21]. SMPE has been applied by Wu, Li, and Li [27] to problems in reanalysis
of structures and by Wu and Zhong [28] to nonlinear differential equations with a
small parameter. For an extensive summary, see also Sidi [23, Chapters 12, 14]. We
introduce the essentials of this subject that are relevant to our aim next.

4.2 Vector-valued rational approximations

We start by recalling that the series Zjio f jzj represents the (rational) function

r

f@=3"1 ficz’ 4.3)

i=1

which can also be expressed as

,
f@=>" D= gowi=—aig, i=1, (4.4)
izl =3

Therefore, (4.2) implies

|z1] < fz2| -+ < lzr|. (4.5)
[Clearly, the numerator of f(z) is a vector-valued polynomial of degree at mostr — 1,
while its denominator is a scalar polynomial of degree r.] We apply the three rational
approximation procedures mentioned above to the sequence of the partial sums

Sm(Z)=ijzj, m=0,1,.... (4.6)
=0

All three procedures produce vector-valued rational functions s, x(z) that approxi-
mate f(z) and that can be expressed in the form

k k—j
Pax(@  2j—oujz Isnyj(2)
Gn.k(2) Zl;zo MjZkij

Sn.k(2) = o dnk(0) =up =1, 4.7

3A case of interest can be as follows: The first k of the ¢i, namely, ¢p, ..., {k, are on the unit disk,

while the rest are in the interior of the unit disk. Thus, f,, = £V 4+ f@, with £V = % | a; ;" and
f 53) = Y iy @ill". Of these, f f,,l) is what we need to obtain/approximate, while f ﬁf) is a transient,

that is, limy, o0 f@ = 0.
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where the u ; are scalars to be determined. It is clear that p, ;(z) is a vector-valued
polynomial of degree at most n + k, while g, x (z) is a scalar polynomial of degree k.
In addition, for any set of ug, uy, ..., ug—i,

x .
Y ioui? (@) = supj(2)]
Zl;zo ujzk=J
that is, 5,k (z) interpolates f(z) at z = O in the sense of Hermite n + k + 1 times,

thus has a Padé-like behavior; it is not a Padé approximant, however.*
Letting

= 0"t asz — 0; 4.8)

f@) —sni(2) =

Fn,pz[fn|fn+l|"'|fn+p] (49)
and
(g’fn) (gsfn+1) (g’fn+p)
o~ (gv fn+1) (ga fn+2) (gv .fn+p+l)
np = : : : , (4.10)
(g, fn+p) (g, fn+p+l) (8, fn+2p)
we turn to the issue of determining ug, uy, ..., ux—1 with the normalization u; = 1.
e  For SMPE: Solve by least squares
k—1
S furjui=—fuk & Fupo'=—fop  @1D
j=0
This amounts to solving the minimization problem
min [ Fp 10’ + foll = @' =—F  foue (4.12)
u
which amounts to forcing the vector ZI;;E) ujfutj+ fugx to be orthogonal to
the subspace span{f,, f,.1, .., fn1x_1}, and results in the system of normal
equations

k—1
Yo fijui=—fike i=01 k=1 fij=Fopi fur)). @13)
j=0

The solution for ug, u1,...,ur—1 can be achieved precisely as described
in (3.8)—(3.13), by replacing Fy_; there by F,_i. [Note that the equa-
tions in (4.11) are not consistent, hence do not have a solution in the regular
sense. |

40f course, in order for s, 1 (z) to be a reasonable approximation to f(z), the u; should depend on f(z).
Thus, in case only the f j are known, the u; should depend on the f Iz This is indeed the case for SMPE,
SMMPE, and STEA.
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e For SMMPE: Choose k linearly independent vectors gy, ..., g; and demand
that the projection of the vector ZI;;E) Sutjuj + fnyr onto the subspace

span{gy, ..., g} vanish. This results in the system of equations
k—1
D fijuj=—fike =01 k=1 fij= (81 Far))- (‘14
j=0
The solution for ug, u1, ..., ur—1 can be achieved precisely as described in

(3.17)-(3.19), by replacing F_; there by F, j—1.

e For STEA: Choose a vector g and demand that the projections of the k vectors
le;éfmﬂ-uj + fomom =n,n+1,...,n+k— 1, along g vanish. This
results in the system of equations

k—1

Yo fujuj=—fire i=0.1, k=1 fij=(& farir)) (415
j=0
The solution for uq, uy, ..., ur_; can be achieveq\ precisely as described in

(3.20)—(3.21), by replacing the matrix Tk,l there by T, r—1.

Once ug, uy, ..., ur—1 have been determined, the zeros ;“l.("’k), i=1,...,k, of
the polynomial u(¢) = lezo u; J (with uy = 1) are the required approximations
togi,i=1,...,k>

The linear equations in (4.13)—(4.15) that produce the u ; in (4.7) also result in the
(unified) determinant representation for s, ¢ (z) from SMPE, SMMPE, and STEA,
given as

Fsn(@) X spp1(2) - Psua(@)
fo,0 Jo,1 o fok
fi0 fia e flk
fi=10  fim11 o fr—1k Dk (2)
snx(2) = : : : =, (4.16)
" oo 0 qn,k(2)

foo  fo1 -+ Sok
fio fir o fix

k=10 fe—1.1 =+ fri—1k
with
(fn+i9 fn+j) fOl‘ SMPE,
fi.i =1 &it1> fuy)) for SMMPE, 4.17)
(& fnyir;) for STEA.

SIn Section 4.4, we show that the ¢; for each of the three methods can also be obtained by solv-
ing an associated generalized eigenvalue problem, without having to solve the polynomial equation

u(¢) = Z];:o u_,-{j =0.
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4.3 Montessus- and Konig-type convergence theory

The following theorem from [20] concerns the convergence properties of all three
interpolation procedures as n — oo with k fixed. We also note that an interesting phe-
nomenon takes place concerning the §; when the vectors a; are mutually orthogonal;
see (4.21)—(4.22) and also Remark 1 following the statement of the theorem.

Theorem 4.1 Let { f,,} and f(z) be as in (4.1)—(4.5), and that, for some k < r,
1Skl > 1Ske+1l < Mzl < |zrs1l-

Assume also that

ai,...,ay arelinearly independent for SMPE and SMMPE,

(g1, a1) (g1,a2) -~ (g1, ap)

(gzyal) (g21 llz) (g29ak)
. , 1 #£0  for SMMPE,

(gk9al) (gksaz) (gk9ak)
(g,a;)) #0, i=1,...,k, forSTEA.
Then the following are true:

1. Define Ky = {z : |z| < |zk+1l}. Then s, 1 (z) exists for all sufficiently large
n. It converges to f(z) as n — o0 uniformly in z, in every compact subset of
Ki \{z1, .., 2k}, such that

snk(2) = f(@) + O0(z/zk1]") asn — oo. (4.18)

2. The polynomial q, i (z) exists for all sufficiently large n and

k
lim gui(@) =[]0~ ¢2)
i=1

asin .
ani@ =[] =62 + O(Gks1 /&™) asn — oo. (4.19)

i=1
qn k(2) has k zeros zgn’k), R z,((n’k), that converge to the poles z1, ..., Zk, as in
20—z = 00t /G asn— oo, i=1,... k. (4.20)

In case the vectors a; are mutually orthogonal, that is, (aj,a;) = 0ifi # j,
these results for SMPE improve to read

k
ani@ =[]0 =62+ 0(&s1/al™) asn—o0  (421)
i=1
and
20 = 0 /G asn— 0o, i=1,.... k. (4.22)

1
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3. The residues of s, k(2) at its poles zl("’k), namely, wEn’k) = Res Sn,k(Z)|z=zgn4k),
converge to the residues of f(z) at its poles z;, as in
w"? = —zia; + 0(G1/G)") asn— 00, i=1,... k. (4.23)

Thus, there holds
ai = =0 /20" + 0(Igi1/6l") asn > oo, =1,k (424)
4. When k = r, we have
Zl(n,r) -7z = gi(”*r) =¢, i=1,...,r.
We also have
w' =w;, = w0 = e, =1,

That is, the ¢; and a; are reproduced exactly when k = r.%

Remarks:

1. By the relations & = 1/z; and ¢ = 1/z"" the results in (4.20) and (4.22)

concerning the convergence of the z?"’k) are, of course, the same as
k .
(" — g = 000G /61" asn— o0, i=1,....k (4.25)
in general, and
k .
&' — = 0(Gr1/GI1*") asn— o0, i=1,... .k, (4.26)

respectively, in the case of SMPE when the a; are mutually orthogonal. No

change takes place in (4.23)—(4.24), however.

k k
2. When |gy] = -+ = [gl, ™0, ... g™

same rate, namely,

converge to the respective ¢; at the

2 if (a;,a;) =0 wheni#j,

(n,k)
i 1 otherwise.

gV =5i=0ks1/011") asn — oo; C={

As for the residues, we have
k k
— PR = 4 £ O(g /0" asn — oo. 4.27)
(See the case described in footnote.?)

3. To determine the u;, we need only (i) f,,, » < m < n + k, for SMPE and
SMMPE, and (ii) f,,,n <m < n + 2k — 1, for STEA. On the other hand, for
$n.k(2) in all three cases, we also need f,,, 0 < m < n — 1. Therefore, we may
be led to think that these extra f,, will also be needed for computing the residues
of f .k (2). This is not the case, however, as we show next.

Letting

n+j
Sntj (D) =801 + "% j @), X =Y fi2 7,

i=n

SWe are thus back precisely at the vector versions of Prony’s algorithm developed in Section 3.
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Wwe can express §, x(z) in (4.7) as

. »
Yo X, (2)

Snk(2) = sp—1(2) + 2"

Qn,k(Z)
nZg:O /’lp,k(Z)le»p k k—j+p
=sp—1(2) +z @ , hp,k(Z)=ZujZ .
qn.k(Z i=p

As a result,

k
n Z[,:() hp,k(z)fn+p
45 42

Ressn,k(z)| _ b =2 )
=z 7=z (10
g ‘1

since the residue of 5,1 (z) at every z is zero. Thus, the residues of f, ;(z) at
the poles zE"‘k) donotdepend on f¢, f1,..., fn_1-

4. These results show that, by taking n sufficiently large and by fixing k, we can
use {f,,}+* in case of SMPE and SMMPE and {f,,}">t2*~! in case of STEA
to approximate (¢;, a;) by (g“l.("’k), aE"’k)), i =1,..., k. The rate of convergence
(as n increases) is best for ({1, a1), followed by (&2, a3), and so on.

5. The approach we have presented in this section is valid when the f,, satisfy

r
=) " +rmi ra=0(") asm— oo,
i=1

where
1¢1] > 62| = -+ > |&| > p  for some p > 0.
The first three parts of Theorem 4.1 hold in this case, both (i) when £ < r and
(ii)) when k = r with |{,41| = p. Part 4 does not hold.
6. The approach we have presented in this section is valid also when the f,, satisfy

o
S~ Za,{i’” as m — 00,

i=1
where
&1l > 152l =+, lim g =0,
1—> 00

by which we mean

s—1
H fm - Zaigim
i=1

Theorem 4.1 holds in its entirety in this case.

7. Inall cases, the vectors f,, can be in an infinite dimensional inner product space
(for SMPE) or a normed space (for SMMPE and STEA). In particular, f,, can
be functions f,(x) that are members of the L, space of functions with inner
product (f;, f;) = fabw(x)mfj (x) dx, for example. See [20] for details.

8. All the above concerning STEA is applicable when N = 1, that is, when the f,
(and, of course, the a;) are scalars. In this case, we are back at Padé approximants
hence Prony’s algorithm when £ = r in Theorem 4.1. In addition, everything

=0(¢|™) asm — o0, Vs=>0.
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that we have mentioned in the preceding remarks applies to this case without any
changes.

9. In Section 3, one of the methods we suggested for determining the vector
w = [ug, ui, ..., ur]’ was based on the SVD of the matrix Fy via (3.14). For
the reduced problem we have considered in this section, we now propose to
determine u via the SVD of the matrix F,x = [ f, | f 1] - | fnax ] as the
solution to the constrained minimization problem

min | F, xu| subjectto |[u| =1
u

precisely as described in Section 3. With u obtained this way, (i) we compute
the approximations {i("’k as the roots of the polynomial u(¢) = ZI;-:O uj ¢/,
(ii) we form the rational approximation s, x(z) precisely as in (4.6)—(4.7), and

(n,k) ,_(n,k)
—w; /g

(iii) we proceed to the approximation of the a; via a; ~ , where

wlgn,k) (k) __ 1/Cl-(n’k)'

i =

= Res s,k (2)],_ b, with z
1

4.4 Arelated generalized eigenvalue problem

b _

We have seen that the poles of the rational functions s, (z), that is, the zeros z,

1/ g“l.("’k) of the denominator polynomials g, x(z) in (4.7), are the required approxi-
mations to z; = 1/¢;,i = 1, ..., k. Since ¢, x(z), the denominator determinant of
su.k(z) in (4.16)~(4.17) is a constant multiple of g, (z), these zf”’k) = 1/§i("’k) are
also the zeros of g, x (z). Making the substitution z = 1/¢ in these denominator deter-
minants, we have that the ;i("’k) are the solution to ;kc}n,k(l /¢) = detM() = 0,
where

{0 {1 é—k
foo  for -+ fox

M) =| fro fir o fie | (4.28)

Je=1,0 fe=1,1 = fi—1k
Let us now preform the following elementary column transformations on M(¢),
which do not change the value of det M (¢):
Fori =k, k—1,...,1do
Multiply column i by ¢ and subtract from column i + 1 and overwrite
columni + 1.
end do (i)
As a result of these column operations, which do not change the value of
%Gk (1/7), we obtain £*G, 1 (1/¢) = det M(¢) = 0, where

1 0 0 0
foo  fo1—¢fo0 fo2—<¢for o fok — Cfok—1
M@ey=| o fii=Eho fie—=<¢fin o fik—Cfik-

Jie—1,0 fe—1,1 = $fe—1,0 fe—12 = Cfe—1.1 -+ Stk — $fi—1k—1
(4729)
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By expanding det M (¢) with respect to its first row, we finally obtain the following

generalized eigenvalue problem satisfied by ;i("’k), i=1,...,k
det(M| — {Mg) =0, (4.30)
where
foo  Sfo1 -0 fok—1
fio  fir o flee
My = ) ) : (4.31)
Se—1,0 fe—1,1 - fe—1x61
and
for  foz2 - fox
fir fiz o fik
M, = ) ) ) (4.32)

Se=1,1 fe=12 -+ fi—1k

This problem can be solved by using standard numerical techniques.

We next show that, when applying the SMPE approach, the generalized eigenvalue
problem we have just discovered can also be formulated more simply in terms of
the QR factorization of the matrix F, x, which we compute when implementing the
SMPE approach anyway.

Theorem 4.2 Let the QR factorization of the matrix F, ;. = [f,|f1l- 1 fnaxl
be given as

F,x= OyRy, QO unitary, Ry upper triangular,

with Q. and Ry precisely of the forms in (3.10)—(3.11). Then, in the SMPE approach,
the {i("'k), i =1,...,k, are also the solution of the generalized eigenvalue problem

det(N1 —¢Nyp) =0, (4.33)

where N is obtained from Ry by crossing out the last column and the last row, while
N1 is obtained from Ry by crossing out the first column and the last row, that is,

roo o1 -+ r0,k—1
STRRERI S
No=R;_1 = . . (4.34)
Fk—1,k—1
and
rolr o2 -+ T0,k—1 ok
ryy rz2 oo rik—1 ik
N = . (4.35)

Tk—1,k—1 Tk—1,k _
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Proof We start by noticing that
My=F,; (For-1, Mi=F,; Fpiip-1.
Invoking now the that F,, y_1 = Q;_;Rr—1, we have
Mo=(Qi_1R-1)"Q;_1Ri—1 = R;_Ri—1 = R;;_|No. (4.36)

Next, by the fact that

N
Fl’l+1,k—1 = [Qk—llqk] [*lr} ) € = [07 Os ey 07 I]T € Ckv
Tkkey,

and that Q;_,q; = 0, we have

N N
My = (Q; 1 Ri—1)"[Qr_1lq,] |:rkke1kT] = R;_|[1xk|0] |:1’kk 1}{ ] = R;_|N1.
4.37)
Substituting (4.36) and (4.37) in (4.30), and invoking the fact that Ry _ is square and
nonsingular, we obtain (4.33). ]

5 Computational aspects of the new Prony-type methods

We now summarize the computational aspects of the methods suggested by the
Montessus- and Konig-type convergence theories presented in Theorem 4.1 for the
vector-valued rational approximations s, x summarized in Section 4.2. With the
sequence of vectors {f,,} as in (4.1)—(4.2), to approximate the first k£ of the ¢{; and
the corresponding a;, we proceed as follows:

1. Determination of the u ;

o Whena,...,ay are linearly independent:

Input the vectors f,,,m =n,n+1,...,n+k.

— Solve the (usually inconsistent) N x k linear system in (4.11) for
ug, Uy, ..., Ug—1 by least squares as in (4.12) (using QR factorization of
the matrix F, x). Set uy = 1. This is the SMPE approach.

— Choose linearly independent vectors g1, ..., g, and form the k x k lin-
ear system in (4.14), and solve it for ug, uy, ..., ug—1. Set uxy = 1. This
is the SMMPE approach.

o Whena,...,a;are linearly dependent:

Input the vectors f,,,m =n,n+1,...,n+2k — 1.
Choose a nonzero vector g and form the k x k linear system in (4.14), and
solve it for ug, uy, ..., ur—1. Set uy = 1. This is the STEA approach.

2. Computation of the approximations ¢ i("'k) tog,i=1,...,k
With the u ; determined, compute the approximations g“l.(”’k) to the ¢; as the zeros
of the polynomial u(¢) = Y 5_qu;¢/.
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3. Computation of the approximations aE"’k) toa;,i=1,...,k
With the u; and the g“l.("’k) available, compute the approximations aE"’k) to the
a;,i=1,... k, via
.k w1 22p=0p k@ fuyp k—j+p
a; "' =—|z Z - P , hp,k(z)=2ujz .
2otk = pujzi=H =y b izp

(5.1

6 Numerical examples

In this section, we provide two examples that confirm some of the claims made in
Theorem 4.1.

Example 6.1 Consider the vector sequence {f,}, where f, = Z?:l a;g",m =

0,1,..., where
=-1=—1,5=i,4=1,8=-1/2, {s=-i/2, &7 =1/2, g =1/2,
and
a; =[1,1,1,1,1,1,1, 117,
a» =[1,-1,1,-1,1,-1,1, 117,
a; = [1,1,-1,-1,1,1, -1, —1]7,
as = [1,—-1,-1,1,1,-1, -1, 117,
as =[1,1,1,1, -1, -1, -1, —117,
as = [1,—-1,1,—-1,—-1,1, -1, 117,
a7 = [1,1,-1,-1,—-1,-1,1, 117,
ag = [1,—-1,-1,1,-1,1,1,—-1]7.

Note that the vectors a; are the consecutive columns of the Hadamard matrix Hg

and hence are mutually orthogonal.7 Note also that ¢q, ..., ¢4 are on the unit circle,
whereas s, ..., {g are on the circle with radius 1/2, hence in the interior of the unit
circle.

First, we applied the SMPE approach to this example with k = 8 as explained in
Section 3 and obtained all the ¢; with close to machine precision.

Next, we applied the SMPE approach with k = 4 and n = 5, 10, 15, 20. The
results of the computations are given in Table 1. Note that, Theorem 4.1 applies,
and, by (4.26) and (4.27), there hold lim,,_, o, £ = ; and lim,_, o, a"* = a;,
i=1,...,4, such that

{0 — g = 0@

i asn — 0o, since l=1/2,i=1,...,4.
al(n,k) 4= 00 1g5/¢il =1/

TFor Hadamard matrices, see Hall [9], for example.
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Table 1 Numerical results for Example 6.1

n n=>5 n=10 n=15 n=20

ler — ™Y 2.29¢ — 04 2.24e — 07 2.18¢ — 10 2.13¢ — 13
lar — a0 1.70e — 02 3.58¢ — 04 1.53¢ — 05 3.48¢ — 07
122 — &Y 2.29¢ — 04 2.24¢ — 07 2.18¢ — 10 2.13¢ - 13
laz — al" | 1.70e — 02 3.58¢ — 04 1.53¢ — 05 3.48¢ — 07
3 — oY 2.29¢ — 04 2.24e — 07 2.18¢ — 10 2.13¢ — 13
las — ad" ¥l 1.70e — 02 3.58¢ — 04 1.53¢ — 05 3.48¢ — 07
l2a — ™Y 2.29¢ — 04 2.24¢ — 07 2.18¢ — 10 2.13¢ - 13
las — a{"* | 1.70e — 02 3.58¢ — 04 1.53¢ — 05 3.48¢ — 07

8

Example 6.2 Consider the vector sequence {f,,}, where f,, = >
0,1,..., where

=== =i u4=1,0=-1/2, {=-i/2, &7 =1/2, (3 =1/2,

as in Example 6.1, and

i—@ig",m =

ap =[1,1,1,1,1,1,1,1]7,

ar = [2,2,2,2,2,2,2,21"

az = [1,1/2,1,1/2,1,1/2,1,1/2),

as = [-2,—-1,-2,—1,-2,—1,-2,—117,
as = [1,2,1,2,1,2,1,2]7,

as = [1,1,1,1,2,2,2,2]7,

a7 = [2,2,2,2,1,1,1,117,

as = [3,2,3,2,3,2,3,2]".

Note that the vectors ay, ..., ag form a linearly dependent set, a1, a3, and ag¢
being linearly independent. Actually, we have a» = 2a;, as = —2a3z, a5 =
3a; — 2a3, a7 = 3a; — ag, and ag = a; + 2a3. Thus, ay, ..., as form a linearly
dependent set too. Note also that, as in Example 6.1, {1, ..., {4 are on the unit circle,
whereas s, ..., {g are on the circle with radius 1/2, hence in the interior of the unit
circle.

First, we applied the STEA approach to this example with k = 8 as explained in
Section 3 and obtained all the ¢; with close to machine precision.

Next, we applied the STEA approach with k = 4 and n = 5, 10, 15, 20 also
choosing g = [1,1,..., 117. [Note that, with this choice of g, (g,a;) # 0, for
i =1,...,8, as required in the STEA approach.] The results of the computations
are given in Table 2. Note that, Theorem 4.1 applies, and, by (4.25) and (4.27), there

hold lim,,—, o0 ¢ = ¢; and lim, . o0 @™ = @;, i = 1,..., 4, such that

(n,k) —n
g - =02™) . .

as n — 00, since l=1/2,i=1,...,4.
a" _ g, — 02 1¢5/5il =1/
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Table 2 Numerical results for Example 6.2
n=>5 n=10 n=15 n=20

ler — ™Y 7.67¢ — 04 1.22¢ — 04 4.25¢ — 06 1.89¢ — 07
lar — a0 1.04¢ — 02 2.0le — 03 9.30¢ — 05 8.97¢ — 06
122 — &Y 3.23¢ — 03 2.40¢ — 05 3.09¢ — 06 3.70¢ — 07
laz — al" | 1.76e — 02 1.02¢ — 03 1.29¢ — 04 9.43¢ — 06
3 — oY 2.20¢ — 04 1.29¢ — 04 5.81e — 06 2.93¢ — 07
las — ad" ¥l 2.11e — 02 1.20e — 03 1.61e — 04 1.22¢ — 05
l2a — ™Y 2.04¢ — 03 6.40¢ — 05 8.24¢ — 06 5.04¢ — 07
las — a{"* | 6.53¢ — 02 3.95¢ — 03 2.28¢ — 04 1.43¢ — 05

Acknowledgments The author would like to thank Mr. Eitan Kaminski for carrying out the computations
for the examples in Section 6.
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