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Abstract

We present the nonconforming virtual element method for the fourth-order singular
perturbation problem. The virtual element proposed in this paper is a variant of the
CO-continuous nonconforming virtual element presented in our previous work and
allows to compute two different projection operators that are used for the construc-
tion of the discrete scheme. We show the optimal convergence in the energy norm for
the nonconforming virtual element method. Further, the lowest order nonconforming
method is proved to be uniformly convergent with respect to the perturbation parame-
ter. Finally, we verify the convergence for the nonconforming virtual element method
by some numerical tests.

Keywords Nonconforming virtual element - Fourth-order singular perturbation
problem - Polygonal mesh
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1 Introduction

Let @ C R? be a convex polygonal domain with boundary 3$2. We consider the
following fourth-order singular perturbation problem of the form:
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U= g—r“l =0, onadf, .

{ e2A%u — Au=f, inQ,
where f € L?(2), n is the unit outward normal vector along the boundary 32 and
¢ is a real number such that 0 < ¢ < 1. It is obvious that the differential equa-
tion (1.1) formally degenerates to the Poisson equation when ¢ tends to zero. Hence,
problem (1.1) is a plate model which may degenerate toward an elastic membrane
problem.

For fourth-order problems, C!-continuity must be required in the construction of
conforming finite elements, that makes the element complicated. By contrast, non-
conforming finite elements are of great interest. However, some of them are not
uniformly convergent for problem (1.1) with respect to the perturbation parameter
&, such as the well-known Morley element [25]. Hence, some modified elements for
problem (1.1) have been proposed in order to obtain the uniform convergence. For
example, Nilssen et al. [26] presented a nine-parameter C* triangular element. Wang
et al. [30] derived a modified Morley element method by using the triangular Morley
element or rectangular Morley element, where the discrete variational formulation
was changed by the linear or bilinear approximation of finite element functions in
the lower part of the bilinear form. Later, Wang and Meng [29] extended this method
to three dimensions. In fact, the non-C° rectangular Morley element was shown to
be uniformly convergent in the energy norm with respect to the perturbation param-
eter in [28], where a C” extended high-order rectangular Morley element was also
presented. Chen et al. [17] proposed two non-C nonconforming elements with dou-
ble set parameters. An anisotropic nonconforming element was constructed by the
double set parameter method in [16]. Following [26], Guzman et al. [20] presented a
family of nonconforming elements by adding bubble functions to Lagrange elements.
For further works on nonconforming plate elements with uniform convergency, see
the references [12, 13, 31]. In addition, see [6, 21] for a C? interior penalty method
or a tailored finite point method.

Recently, the virtual element method (VEM) has aroused a vast concern because
of its high flexibility of the mesh handling and properties of the scheme by avoid-
ing an explicit construction of the discrete shape function. The VEM can deal with
the polygonal meshes, see [4] for the basic principle of VEM. The nonconforming
VEM is also developed in [3] where the nonconforming virtual element is first con-
structed for Poisson problem. Especially for the fourth-order problems, it is much
easier to treat the C'-continuity and construct the virtual element with any order
of convergence. For example, Brezzi and Marini proposed a conforming VEM with
any order of convergence for the plate bending problem in [9]. In [33], we pre-
sented a nonconforming VEM for the plate bending problem, where a C°-continuous
nonconforming virtual element was constructed for any order of accuracy. Like the
classical nonconforming finite elements, it relaxes the continuity requirement for the
function space to some extent. Further, the fully nonconforming virtual element for
fourth-order elliptic problems was designed in [2, 34] by different ways, which can
be taken as the extension of the well-known Morley element to polygonal meshes.
However, the Morley-type virtual element [2, 34] should not be uniformly conver-
gent for problem (1.1) with respect to ¢ like the Morley element, since they both
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contain the same types of the degrees of freedom. As a generalization of Morley-type
virtual element [2, 34], a uniform construction of the fully A" -nonconforming vir-
tual elements of any order k is developed for the m-harmonic equation in R” with
constraints m < n and k > m in [15]. Besides, we also mention that the nonconform-
ing virtual element presented in [3] has been applied to solve other problems such
as general elliptic problems[11], convection-diffusion-reaction problem [5], Stokes
problem [10, 23], linear elasticity problem [32], and parabolic problem [24, 36]. For
further development on nonconforming VEM, we refer to the recent paper [35] where
the divergence-free nonconforming VEM for the Stokes problem is presented.

In this paper, we develop the nonconforming VEM for the fourth-order singu-
lar perturbation problem (1.1) based on the C%-continuous nonconforming virtual
element presented in [33]. Specifically, taking inspiration from the idea of [1, 18],
we enlarge the original shape function space and then use a projection operator to
impose a restrictive condition for the enlarged shape function space. Accordingly, the
modified virtual element space has the same dimension as the original one and the
original degrees of freedom are unisolvent for the modified virtual element space.
Moreover, we are able to compute two different projection operators that are used for
the construction of the discrete scheme. Then we follow the argument in an abstract
framework from [33] and prove the optimal error estimate in the energy norm asso-
ciated with the bilinear form for the proposed nonconforming VEM. It is worth
mentioning that, for the lowest order case k = 2, the error estimate for the proposed
nonconforming method is proved to be uniform with respect to parameter €. Finally,
we verify the convergence for the nonconforming VEM by two numerical tests. The
first one confirms the optimal convergence for the problem without boundary layers,
and the other reflects the uniform convergence for the problem with boundary layers.

Throughout the paper, let S be any given open subset of Q. (-,-)s and || - ||s
denote the usual integral inner product and the corresponding norm of both L?(S)
and L?(S)?, respectively. For a positive integer n, we shall use the common notation
for the Sobolev spaces H™(S) and Hé” (S) with the corresponding norms || - ||, s
and | - |5 (see, e.g., [19]). If § = €, the subscript will be omitted. For a given
nonnegative integer k, P (S) denotes the space of polynomials of order k or less.

For an edge or element S, we denote |S] its length or area, A g its diameter, and Xg
its barycenter. For integer [ > 0, let M IS denote the set of scaled monomials

M; = {(XZS’“)B; Bl sz},

where B = (B1, ..., Bg) is the nonnegative multi-index, |B| = B; + --- + P4 and

B =B

2 The continuous problem

In order to define weak solution of problem (1.1), it could be convenient to split the
associated bilinear form a(u, v) as

a(u,v) = 82aA(u, v) +av(u,v) = 82(D2u, Dzv) + (Vu, Vv).
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In addition, af (u, ), aé( (u, v), and aX (u, v) are the restrictions of bilinear forms
aa(u, v), av(u, v), and a(u, v) on the subset K, respectively. The weak formulation
of problem (1.1) reads: find u € HO2 (€2) such that

a(u,v) = (f,v), Yve H}R). (2.1
Associated with the bilinear form a(u, v), we define the energy norm || - || by
Ioll® = &*[vl5 + [vl3.

Obviously for v € HOZ(Q), it is indeed a norm. With this choice of norm, it is easy to
see that the bilinear form a(-, -) is bounded and coercive, i.e., there exist two constants
M and « such that

a(u,v) < Mlullllvll, ¥u,ve HX (),
a(v,v) > alvl’,  Yve HI(Q),

where « = M = 1 in the present setting. Hence, Eq. (2.1) has a unique solution, see,
e.g., [19].

3 The nonconforming virtual element

We present the local shape function space for the C%-continuous nonconforming vir-
tual element from [33]. For k > 2 and a convex polygon K with n edges, the local
shape function space VhK is defined by

VK = (v e HA(K): A% € Pioy(K), vl € Pr(e), Avle € Pra(e), Ve C 9K,

with the usual convention that P_; (K) = P_»(K) = {0}.
As is shown in [33, Section 4.1], a function in VhK can be uniquely determined by
the following degrees of freedom:

e The values of v(a), VY vertex a, 3.1
1

e The moments W /qus, Vg € Mj_,, Vedgee, (3.2)
e e

0

e The moments /q 5 v ds, Vg e M;_,, Vedgee, 3.3)
e e
1

e The moments h_2/ qudx, Vq € ./\/l,f_4, (3.4)
K 'K

where n, denotes a given unit normal vector of edge e. Here, the dimension of VhK
and the total number of the above degrees of freedom are

NE =n@k—1)+ %(k —2)(k —3).

Following some ideas in [1, 18], we introduce a new space WhK to be used in place
of VhK . To this end, we enlarge VhK to

—_—~

VE ={ve H*(K); A% € Proa(K), vl € Pi(e), Avle € Pr_a(e), Ve C 3K},
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Then the dimension of VhK is
—_~ 1
N =n@k—1+ 5k(k -1

and a function in VhK can be uniquely determined by the following degrees of
freedom:

e The values of v(a), VY vertex a, (3.5
1

e The moments 0 /qus, Vg € M;_,, Vedgee, (3.6)
e e

0

e The moments /q 5 v ds, VYqe M;_,, Vedgee, 3.7
e e
1

e The moments h_2/ qudx, Vq € /\/l,f_z. (3.8)
K 'K

Using the degrees of freedom (3.5)—(3.8), one can exactly compute af W, q)
when Y € VhK and ¢ € Py(K). Then we can define a projection operator
nk . vK — Py(K) € VK by finding the solution TTX ¢ of

ax(Myy.q) = ax(¥.q).  ¥q € P(K),
My = v,
Jox VIORWds = [y Virds,

for any given ¢ € VX, such that TTK v = v for v € Px(K) and I1X is computable
from the degrees of freedom (3.5)—(3.8), where the quasi-average v is defined by

~ I
w=;;w<ai>,

anda; (i = 1,2,...,n) are the vertices of K. For the details, see [33].

Finally we restrict VhK to a subspace WhK having the same dimension as the origi-
nal V,X, but where the moments of orders k — 3 and k — 2 of w and TIX w coincide
forw € Wf . More precisely, we set

Wi ={we VK @-nfw gk =0, Vg e Pa(K)/PatiO). 39)
where the symbol P;_»(K)/Pr_4(K) denotes the subspace of P;_»(K) containing
polynomials that are LYK )-orthogonal to P;_4(K).

Following the discussion in [33, Section 4.3], it is easily verified that the projection

II § from WhK to Px(K) can still be exactly computed by using only the degrees of
freedom (3.1)—(3.4). Then we have the unisolvence result.

Lemma 3.1 The degrees of freedom (3.1)—(3.4) are unisolvent for WhK .
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Proof Without checking the independence of the additional 2k — 3 conditions in
Eq. (3.9), the dimension N of WK satisfies at least

NE zﬁg{—(2k—3)=n(2k—1)+%(k—2)(k—3), (3.10)

where n is the total number of edges of K.

For any given function w € W,{( with the vanishing degrees of freedom (3.1)—
(3.4), it is immediate to see that HIA( w 1is zero since Hf w is exactly computed by the
degrees of freedom (3.1)—(3.4). Thus, from the definition (3.9) of WhK , it yields that
the moments of degrees k—3 and k—2 of w are also zero on K. This implies w is zero
as a function in VhK with the vanishing degrees of freedom (3.5)—(3.8) and, together
with inequality (3.10), the dimension of W,{( isequalton(2k — 1)+ (k—2)(k—3)/2.
Therefore, the degrees of freedom (3.1)—(3.4) are unisolvent for WhK . O

Remark 3.1 According to the definition of W}{( , forw € W}{( , the L2-projection
PkK_ ,w onto the polynomial space Py _»(K') is computable by the degrees of freedom

(3.1)-(3.4).

In Fig. 1, we show the degrees of freedom for the first two low-order elements

with k = 2 and 3. For any w € W}{(, when k = 2, we have w|, € P»(e) and
Awl, € Py(e), and when k = 3, w|, € P3(e) and Awl|, € Pi(e), on each edge
e C 0K.

Let {7n}n be a family of decompositions of 2 into polygonal elements and &
denote the set of edges of 7, where h stands for the maximum of the diameters of
elements in 7. We also assume that each polygon K € 7T}, is convex such that the
definitions of shape function spaces in Section 3 are meaningful. Following [4], we
make the following assumption on the family of decompositions:

HO There exists a positive constant r such that, for every h, and every K € Ty,

e the ratio between the shortest edge and the diameter i g of K is bigger than
r?
e K is star-shaped with respect to all the points of a ball of radius > rhg.

Fig.1 Local degrees of freedom for the first two low-order elements. k = 2 (left) and k = 3 (right)
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For any K € Tj, ng (tg) always denotes its unit outward normal (counterclock-
wise tangential) vector along the boundary d K. We shall use the notation n, (t.) for
a unit normal (tangential) of an edge e € &, whose orientation is chosen arbitrarily
but fixed for internal edges and coinciding with the outward normal (tangential) of 2
for boundary edges.

For an internal edge e shared by K, L € T}, such that n, points from K to L, we
defined the jump of function w through the edge e by

[wl = (wlK)le = (wlL)le-

For the boundary edge e, set [w] = w/e.

Observe that for w € WhK , the restriction of w to the boundary of K is uniquely
determined by the degrees of freedom (3.1)—(3.2), where K is an element in 7j,.
Therefore, for every decomposition 7, and k > 2, we define the global virtual
element space W), as

9
W, = {weH(}(Q); wlk € WK, VK € T, fq[[ 2 1ds = o,
e e

on
Vg € Pr_s(e), Ve € 5h}-

According to the previous discussion, the global degrees of freedom for W), can then
be taken as

o The values of w(a), V internal vertex a, (3.11)

1
e The moments h_ /qwds, Vq € Mj_,, Vinternaledgee, (3.12)
e Je

0
o The moments /anwds, Vq € Mi_z, V internal edge e, (3.13)
e

e

1
o The moments h_2/ qwdx, Vq e M,ff4, V element K. (3.14)
% VK

Note that here W, §Z HOZ(Q) but Wy, is CY-continuous. Thus, the virtual element
space Wj, is nonconforming. As it happens for the local space WX, the dimension
of W), coincides with the total number of degrees of freedom (3.11)—(3.14), which is
given by
(k 2)2(k 3) Nk
where Ny is the number of internal vertices of 7, Ng is the number of internal
edges, and Nk is the number of elements. The unisolvence for the local space W}{<
given in Lemma 3.1 implies the unisolvence for the global space W,.

Next we define an interpolation operator in Wy having optimal approximation
properties. To this end, for each element K € 7Tj, we denote by x; the operator
associated with the ith local degree of freedom, i = 1,2, ..., N@. It follows easily
from the above construction that for every smooth enough function w, there exists a
unique element w; € W;{( such that

N =Ny +2(k —1)Ng +

’

xiw—w) =0, i=12. Nj.
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For the interpolation error, we have the following estimate, of which the proof is
given in the Appendix.

Lemma 3.2 For every K € Ty, and every w € HS(K) with2 < s < k + 1, it holds
that

lw— wl”m,K =< ChSK_m|w|s,K’ m=0,1,2.

Remark 3.2 'We mention the works from [7, 14] where the interpolation error for the
H'-conforming virtual element [4] is rigorously proved by different ways. However,
it is not clear whether those techniques used in [7, 14] can be applied for the interpo-
lation error analysis for the C%-continuous H?-nonconforming virtual element. Thus,
in the Appendix, we display another way to estimate the interpolation error for the
virtual element presented here.

In what follows, we need a lower order estimate for the interpolation error, but the
dependence on the function is weaker. As is shown in [26], following the standard
trace inequality

1 1
lwllyz < Clwllwl? 5, VK €7, (3.15)

and the Bramble-Hilbert argument, we obtain
L1
lw = willy < Ch2w}wl3. forw € HY(Q). (3.16)

where K is the reference polygon defined by the transformation x = hgX.

Remark 3.3 The proof of trace inequality (3.15) is immediate. To this end, we estab-
lish a virtual triangulation 7 of K such that 7 is regular and quasi-uniform, and
the size of each triangle is comparable with that of K with h % = 1, which is due to
the mesh assumption HO. Note that each edge of K is a side of a certain triangle in
Tz. Thus, for each edge é of K, we have the following trace inequality:

2 A
lwl; = Clwlk, lwlig;» éCIKe, K€ Tg,

where the constant C depends only on the mesh regularity parameter r and the quasi-
uniformity, but is independent of /. Therefore, we have

2 2
lwiZe = > Iwl}<C Y lwlklwli.k < Clwlglwl, z-
ecak ecak

In addition, we need to introduce a local approximation with optimal approxima-
tion properties. In view of the mesh regularity assumption HO, we have the following
result. For the details, see [8].

Lemma 3.3 For every K € T, and every w € HS(K) with2 < s < k + 1, there
exists a polynomial w, € Py (K) such that

lw—wrllmkx < Chy "lwls,xk, m=0,1,2.
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4 The discretization and error analysis

We are now in a position to construct a symmetric and computable discrete bilinear
form aj (-, -). To start with, we define I1& : WX — Py (K) ¢ WK as the solution of

“.1)

ag (Y. q) = ag (V. q). Vg € Pe(K),
n§y =y,

where i € W}{( . The projection 1'[§ is computable by the degrees of freedom (3.1)—
(3.4). Indeed, we have

d
a& (. q) = (VY. Vo)x = — / Aqdx + / A yds. (42
K gk Ong

K

Note that Ag € Py_»(K), then the first term in the right hand side of Eq. (4.2) can
be obtained from the degrees of freedom (3.4) and

/quﬁdx=/KqH§¢dX, Vg € Pr_o(K)/Pr_4(K),

once the projection H’g has been computed. The second term in the right hand
side of Eq. (4.2) is computable as we can easily compute ¥ on each edge e by the
degrees of freedom (3.1)—(3.2). Hence, all terms in the right hand side of Eq. (4.2)
are computable using only the degrees of freedom of .

For each polygon K € T, we define

K 2 K, K K 2, -2 K K K
ay, (vp, wp) = e“ap (MMa vy, Mawp) +e7h ™ S™ (v — My vy, wp — TTAwp)

+a¥ (& vy, 18wy + 5K, — & vy, wy — T8 wy), Yo, wy e WK,

where the term SX (., -) will be chosen to be a symmetric and positive definite bilinear
form satisfying

CoaX vy, v) < W 2SK (v, v) < Crak (p, v), Yoy € ker(TTX),  (4.3)

Coas (vp, vi) < S¥ (up, i) < Cra& (vp, vi), Vo, € ker(M1E).  (4.4)

By using the properties of Hg and Hg , the standard arguments [4, 9] show that
the bilinear form af (-, -) satisfies the k-consistency and stability, i.e.,

® [-consistency: for all p € Px(K) and vy, € WhK , it holds that
ajy (p.vw) = a® (p, vp).

e stability: there exist two positive constants o, and o*, independent of / and ¢,
such that

aa® (uy, vp) < af (i, vp) < a*a® (p, ), Yo, € WE.
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The remaining thing is the choice of the bilinear form SX (-, -) based on the degrees
of freedom such that (4.3—4.4) is satisfied. Observing that the degrees of freedom are
of the same dimension, we set

K
NW

S wn wn) =D xi o) xi (wp,).

i=1

In the usual way, the global bilinear form ay (-, -) is given by
K
ap(vp, wp) = Z aj, (vp, wp), VYo, wp € Wy,
KeT,
For the convenience of discussion, we reformulate the bilinear form a(-, -) as
a(vy, wp) = Z aX vy, wy)
KeT,

such that it makes sense for vy, wy, € Wy,.

The definition of the right hand side is simpler than that in [33]. For k > 2, we can
simply take f, on each element K as the L?-projection of the load f onto the space
Pr_»(K), that is,

filk = PELf, K eTh

Now we introduce the discrete problem: find u; € W, such that

ap(up, vp) = (fo,vn), Yo, € Wy 4.5)

Since W), € HOZ(Q), the VEM (4.5) is nonconforming. Note that the right hand side
is computable by the degrees of freedom (3.1)-(3.4), since

o) = Y (PELfook = Y (f PEyunk

KeTy, KeT,

and PkK_ Vi is computable according to Remark 3.1.
In order to measure the error, for any s > 0, we introduce the broken H*-seminorm

2 2
onlZp =Y loali g, va € Wi,
KeT,

and then define the discrete energy norm ||vy, ||, = 2y, |%’ ptvn |%’ h)%, the restric-
tion of which on an element K is denoted by ||vs| . It can be shown that for the
space Wy, || - |l» is indeed a norm, see [33] for the details.

Following the arguments in [33], we have the following convergence theorem.

Theorem 4.1 The discrete problem (4.5) has a unique solution u, € Wj. More-
over, for every approximation uy of u in Wy, and for every approximation uy of u in
discontinuous piecewise k-order polynomial space, we have

N —unlln = Clllu —urlln +llu = uzlln + 1f = fullw; + En), (4.6)
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where C is a positive constant depending only on o, o™ and

(f = fn.on) a(u, vy) — (f, vp)
lf— fh||W}’l = sup —————, Ep = sup .
wew,  lvrla wheW, llvsln

For || f — fnll w;» We have the following estimates:

(fns vk — (Fromkx = (PELfionk — (f, vk
(PELf — foon— Pfonk
ChE N flit xllvnlle,  Yon € Wi (4.7)

IA

Hence, for k > 2, this ensures the optimal O (h*) error bound for data approxima-
tion.

In view of the following analysis, for k = 2, it is useful to obtain a variant
of this estimate (4.7), which is lower order with respect to & but requires a weaker
dependence on the function f. In fact,

(fr vk — (Fogx = (P& fLomk — (f, vk
= (P& f— foon— Pfonk
< Chiliflixlvallk, Yun € Wi (4.8)

The optimal interpolation error and approximation error estimates have been pre-
sented in Lemmas 3.2-3.3. From Theorem 4.1 and (4.7), we know that what remains
to do is to estimate the consistency error for the nonconforming VEM, which will be
presented in the following lemma.

Lemma 4.1 Assume that u € H*t1(Q). Then we have the estimate
Ep < Ceh*Mulles1,

where Ey, is the consistency error from inequality (4.6).

Proof The proof is the same as in [33, Lemma 5.2]. In order to be convenient for the
following discussion on the uniform convergence, we still give the proof.
For any v, € W), from Green’s formula [19, 22], it holds that

dv
/ AulAvpdx = / Au—"ds —/ VAu - Vupdx,
K gk Ong K

/ ) u 9%y 9%2u 3%v,  8%u 8%y, d
Kk \ 9x19x29x19x2  9x? 9x3  9x; 9x}

/ 9%u v,  9%u vy, d
= — e — —— S
ok \ Ingdtg oty 9tk dng
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Noting that W;, C H (), then it implies

9%u\ ov

2 § : h
E— _d
/ ( 8t2> ong y

a(u,vy) — (f, va)

KeT,
0°u v,
&2
= A ds. 4.9
Z/(u aﬂ)“aﬂ“ 4.9)
eeé'h
Since 5
/ il Ve € &,
e ONg
setting w|, = Au — ﬁ, then we have
2 vy _ _ vy
£ /ew[[ane]]ds = /(w Pe 2w)[[ (a )]]d

th
2 _ pe
< e?w Pk_zwuen[[—ane B (G )Mler (410

where P denotes the L>?-projection onto the space I, (¢) on edge e.
Using standard approximation estimates [19], it implies that, for each internal edge
e=03KTNoK~,

_3
lw — P¢ywlle < CH 2 lulliy k+uk-» (4.11)

IA

A

avy, ! L
5, ~ s (G ) e < ChEQl} o + Il 08 @12

For boundary edges, the adjustment is obvious.
Hence, combining (4.9)—(4.12), the proof is concluded. ]

Combining Lemmas 3.2-3.3, (4.7), Lemma 4.1, and Theorem 4.1, we obtain the
convergence for the nonconforming VEM (4.5) as follows.

Theorem 4.2 Assume f € L*(Q) N H*"1(Q) and u € HZ(Q) N H*(Q) with
k > 2. For the nonconforming VEM (4.5), we have the following error estimate

C (e =1+ houlerr + 1*) flle—1,

_ 4.13
CH* eluliat + lul) + B4 Flle—r. (4.13)

llue —uplln < {

From Theorem 4.2, we see that for problems without boundary layers, the estimate
(4.13) ensures the first-order convergence of the lowest order VEM. Further, it arrives
at the second-order convergence as ¢ tends to 0. However, the estimate (4.13) is not
uniform in ¢ for problems with boundary layers. Hence, we shall treat the dependence
of |ul» and |u|3 on ¢ in the remaining.

Let 4 be the solution of the following boundary value problem:

—Au’ = f, inQ,
u® =0, onaQ.

The following a priori regular estimate was presented in [26].
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Lemma 4.2 If Q is convex, then
uly + eluls < Ce7' I fIl and  |u—u®ly < Ce' 2| £
forall f € LX().
Theorem 4.3 Assume f € L*(Q) and u € HOZ(Q) N H3(Q) is the corresponding

weak solution of Eq. (2.1). For the nonconforming VEM (4.5) with k = 2, we have
the following error estimate

e — unllny < CRYVZ|£1.

Proof We first show that
e — urlly < CRVZ £ (4.14)

From the triangle inequality, Lemma 4.2, and the regularity 1], < CIfIl, we
obtain

0 0 0 0
lw—usly < lu—uw —@—u)l+1lu —@)h

IA

1 1 1
Chrlu —u®|} lu —u®|3 + Chlu®l

IA

11 1 1 1
Ch2ed | flIZ(|ul} + [u®3) + Chllf|
ChEst | fIZ (e T £ 17 + I £I12) + ChI £
ChE|I Il + ChIfI
Ch3|If1,

IN TN IA

A

where we have also used the fact that ¢ < 1, 2 < 1 and inequality (3.16).
For e|lu — uyl2,, by applying Lemmas 3.2 and 4.2, it is not difficult to see that

1 1
elu—urlon = elu—urly,lu—usls,

1 1
Celul2h?u)?
Cehte™3| £l 2631 £

1
Ch2| Il

INIA

IA

Similarly, we can obtain
Nl — urlln < CHVZ| £ (4.15)

As in the proof of Lemma 4.1, we show that

u\ 8
Au — —;t ﬂds
9K oty ang

9%u vy
Au — vl [—1ds.
e otz /) on,

au, vy) — (f, vn)

Il I
™ 2
T —
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Fig.2 The uniform rectangular (left) and unstructured polygonal (right) meshes

92u

Setting w|, = Au — 2%, then for the internal edge ¢ = K™ N 9K ~, we use the

2>

trace inequality (3.15) and the estimates (4.12) to obtain

82/w[[

av

8—nz]]ds =
<
<
<
<

e’ /(w — PEwI

8vh
on, 0 an,

eavh

Nlds

avy, avy

2 K e

e lw— Py w — — P —

I 0 ||e||[[8 ) 0% e]]”e

1

2 2 7 .3 2 2 1
CellwlZ|wl? ghZ (lvnll} g+ + lonl3 x-)2

1

1 1
20,12 7 4 2 2 1
Ce?lul3 g lul? gh2 (lall3 g+ + lvall3 x-)2

1

1

l £ kS
Chielul; lul? ¢ Noallx

where K is K™ or K. For boundary edges, the adjustment is obvious. Then we have
the estimate

1
Ep < Chz|fl,
which, together with (4.14-4.15) and (4.8), concludes the proof. ]
Table 1 The relative error on the rectangular meshes for Example 5.1
h
\ 0.353553 0.176777 0.088388 0.044194 0.022097 0.011049 Rate
e
20 0.823790 0.764662 0.461869 0.243241 0.123256 0.061835 0.9952
272 0.331237 0.460695 0.353670 0.206225 0.107778 0.054513 0.9835
24 0.301400 0.064592 0.024436 0.014416 0.007656 0.003889 0.9773
276 0.350617 0.096449 0.024485 0.006796 0.002405 0.001054 1.1902
2-8 0.352104 0.097687 0.024683 0.005979 0.001302 0.000303 2.1035
2-10 0.352371 0.097978 0.024970 0.006259 0.001553 0.000378 2.0387
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Table 2 The relative error on the polygonal meshes for Example 5.1

h
\ 0.355304 0.197791 0.102512 0.049521 0.023756 0.012230 Rate
I3
20 1.134582 0.915272 0.516979 0.268102 0.138576 0.069649 1.0362

272 0.322225 0.319815 0.196424 0.103555 0.053761 0.026952 1.0400
24 0.320965 0.073840 0.024606 0.011891 0.006268 0.003062 1.0790
276 0.361906 0.100991 0.029972 0.010308 0.004418 0.002124 1.1031
278 0.361873 0.097818 0.025555 0.005947 0.001276 0.000513 1.3724
2-10 0.362132 0.098193 0.025956 0.006340 0.001570 0.000381 2.1328

5 Numerical tests

In order to confirm the theoretical results developed in this paper, we carry out some
numerical tests for two different kinds of meshes, which are the uniform rectangular
and unstructured polygonal meshes, see Fig. 2. For the generation of the polygonal
meshes, we use the code PolyMesher [27]. For simplicity, we use the lowest order
element (k = 2) to solve problem (1.1) on the domain € = (0, 1) x (0, 1) in all
tests. The relative error is computed in the discrete energy norm

1
(ah(uh —up, up — u1)>7
ap(uy,uy)

For each fixed ¢, the convergence rate with respect to & is computed by using the
numerical results over the last two meshes.

Example 5.1 [26] Consider problem (1.1) with f = &2A%u — Au and u =
(sin(rrx) sin(ry))2. We compute the relative error for different values of & and mesh
size h. The numerical results for the rectangular and polygonal meshes are listed in
Tables 1 and 2, respectively.

As the exact solution u of Example 5.1 has no boundary layers, from Tables 1
and 2 we see that the nonconforming VEM (4.5) ensures the first-order convergence

Table 3 The relative error on the rectangular meshes for Example 5.2

h
\ 0.353553 0.176777 0.088388 0.044194 0.022097 0.011049 Rate
€
100 0.077916 0.055992 0.032847 0.017397 0.008867 0.004509 0.9757
107! 0.084437 0.054721 0.048862 0.029083 0.015255 0.007726 0.9816

102 0.526614 0.367667 0.220245 0.126494 0.071078 0.037377 0.9273
1073 0.593512 0.481776 0.360651 0.247767 0.152596 0.077915 0.9698
1074 0.600000 0.494843 0.383800 0.284407 0.203865 0.141750 0.5243
1073 0.600642 0.496133 0.386085 0.288087 0.209448 0.149928 0.4824
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Table 4 The relative error on the polygonal meshes for Example 5.2

h
\ 0.355304 0.197791 0.102512 0.049521 0.023756 0.012230 Rate
I3
100 0.217230 0.162498 0.094796 0.050149 0.026121 0.013336 1.0125
107! 0.058715 0.063935 0.045202 0.027532 0.013086 0.006316 1.0972

102 0.442064 0.303586 0.189184 0.113090 0.067755 0.036239 0.9425
1073 0.504951 0.393573 0.307208 0.201594 0.120931 0.060807 1.0355
1074 0.511565 0.404339 0.330023 0.231290 0.163008 0.112622 0.5569
1073 0.512223 0.405411 0.332291 0.234325 0.167683 0.119197 0.5140

rate for all ¢ € (0, 1). More precisely, as ¢ becomes small, it yields the second-
order convergence rate. Hence, these numerical results are in fact consistent with the
theoretical results presented in Theorem 4.2.

Example 5.2 [28] Consider problem (1.1) with f = 2xp and u = e(e /e +
e %2/e) — xlzxz. The corresponding Dirichlet boundary condition holds. We note that
the exact solution u has boundary layers for sufficiently small ¢. We compute the
relative error for different values of ¢ and mesh size #. The numerical results for the
rectangular and polygonal meshes are listed in Tables 3 and 4. From Tables 3 and 4,
we can see that the nonconforming VEM (4.5) ensures the 1/2-order convergence as
& — 0. This is consistent with the theoretical result presented in Theorem 4.3.
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Appendix

First by using the bubble functions, we show some inverse inequalities for the local

virtual space VhK onevery K € Ty, of which the definition can be found in Section 3.
Similar ideas can be found in [14, 15]. These inverse inequalities are used to prove
the interpolation error estimates for the C°-continuous H2-nonconforming virtual
element.

Lemma A.1 For every given K € Ty, it holds that

1A%k < ChilllAv]k, Vv e VK. (A1)
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Proof For a given K € Ty, let A, € P1(K) be the function associated with the edge
e of K defined by setting A, = —a(X — X.) - Dk /|e| such that A, = 0 on e, where
the constant o > 0 is chosen to make sure [|A.||co,x = 1. bk is the bubble function
on K obtained by multiplying all the edge functions A., so bx vanishes on d K and
bg >0in K wherglve have also used the fact that K is convex. With the help of b,

for any given v € VhK , we have
ClA|% < (bg A%v, A%)k = (A(bx A%v), Av)g < |bg A*vl k[ Av] k.

Observing the fact that A%v € P;_»(K), we use the inverse inequality on polynomial
space [7] to obtain
I1a%v]% < Chi?lA%vlik [ Avlik,

which leads to the inverse inequality (A.1). O

Further, we use the edge bubble function to prove the so-called trace inverse
inequality for the local virtual space VhK onevery K € Tp.

Lemma A.2 Forevery given K € T, and e C 0K, it holds that

_1 —~
IAv]. < Ch’llAv]k, Vv e VK. (A2)

Proof For any given edge e of K, let b, = bg /1. where bk is the bubble function on
K and A, the edge function defined in the proof of Lemma A.1. Obviously it holds
that b, = 0 on 8K\£¢and b, € P,_1(K) in K, where n is the number of edges of K.

For any given v € VhK , the norm equivalence on polynomial space on edge yields

[Av]le < CllbeAv]e, (A.3)

since Av € Py_s(e) on e. Moreover, we observe that
A(b.Av) € H'(K)in K, b,Av € Pyip_3(e)one, boAv=0o0ndK\e,
beAv € CO(3K) on dK.

Thus, we have b,Av € H 1 (K). Further, the trace inequality and the Poincaré-
Friedrichs inequality [7] imply

1
beAvlle < ChiylbeAvly k,

which, together with inequality (A.3), leads to

1
[Av]le < Chyl|beAv] k. (A4)

Let A = beAVhK and w = b,Av € A. Because A is a finite dimensional subspace
of L2(K), it holds
Clwl} x < (bxVw, Vu)k,

where the constant C is independent of hg. Generally, for a finite dimensional
subspace VK < L?(K), it holds the norm equivalence

1 1
clbgdlix < Il < Clbgdlx, Vo e VE.
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Using the generalized scaling argument, it is easy to show the constants ¢ and C are
indegendent of k.
By using integration by parts, we have

C|w|%’,( < (bgVw,Vw)g = —(Vbg - Vw, Vw)g — (bg Aw, w)g.
For Aw, it holds the following identity:
Aw = Ab,Av + b, A?v +2Vb, - V(Av)
= Ab,Av + b, A% +2b,'Vb, - (b,V(Av))
= Ab,Av + b, A*v +2b,'Vb, - (Vw — AvVb,).
Thus, we have

Clwli x < —(Vbg - Vw, w)g — (bx AbeAv, )k — (bxbe A%v, w)k
—2AeVb, - Vw, w)g + 2(A. Vb, - Vb Av, w)g.

For all the terms on the right hand side of the above inequality, the inverse inequality
on polynomial space and Lemma A.1 imply

—(Vbg - Vw, w)g < Cihg' lwli kllwlix < iawﬁ,,( +CCinwlk.
—(bg AbeAv, w)g < CohP | Av]kllwlik,

—(bkbeA?v, w) < |lbgbelloo k 1A%k |wlk < C3hg* [ Av]kllwlk.

20, Vb, -V, wik = Cali ol kil < 3Clwl} i + 7 Crdlul,
2(AeVbe - Vb Av, w)g < Cshi? | vk |wlk-

Collecting up the above inequalities, we obtain

%awﬁ,K < CcTICinCwllk + Cahi I Avlik lwlik + CshllAvlik wllx
+CT' il wlg + CshillAvlk [wiik.
Therefore, observing w = b, Av, we obtain
lbeAvl1 x < Chig'l|Avlk,

which, together with inequality (A.4), yields (A.2). O]

We introduce the global space for the H'-conforming virtual element [4] defined
by

Up = {w e HN(Q); wik € UK, VK € T},
where
UK ={w e H*(K); Aw € Pr_a(K), wle € Pr(e), Ve C K).

In [4], it has been shown that the following interpolation error estimates holds.
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Lemma A.3 For every w € H(} () NHS(Q) with2 < s < k+ 1, there exists a
interpolation function w§ € Uy, satisfying

wi(a) = w(a), Y vertex a,

/wfqu = /wqu, Vg € Mj_,, Vedgee,
e e

/ wigdx = / wgdx, Vq € ./\/l,f_z.
K K
Further, it holds
lw = w§llmk < CH* ™wlsx, m=0,1, YK T
Next, we show an inverse inequality for the local virtual space U, ,{( onevery K €
Tr by using the bubble function defined in the proof of Lemma A.1.

Lemma A.4 For every given K € Ty, it holds that
vk < Chi'lolik, Vv e UF. (A5)

Proof For any given K € T and v € U,{(, let ¢ = Vo, then |¢|; xk = |v|2,x and
A¢ = V(Av). Further, we have

C|¢|%,K < (bgVo,VP)g = —(Vbg - Vo, P)gk — (bxk Ad, P)k.
Here the constant C in the first inequality can be also shown to be independent of g
by the similar argument in the proof of Lemma A.2. Thus, the inverse inequality on
polynomial space and the fact that Av € Pr_»(K) imply

vk = I¢l7 &

CIVbk oo,k 1#11,x + 1ADIKOIP Nk
Clhy' 1911k + 121K 11k
Clh' vh.k + |1Av] Kl K
Chi'(Whk + IAvIK)Ivl1k

—1
Chy vl2,x vl K,

NI IA A

IA

which leads to the inverse inequality (A.5). O

With the above preparations, we show an approximation result for the global
virtual space V}, which is defined by the local space VhK as follows:

~ ~ 9
Vi = {we B wik € VE, VK € T, /q[[aTw]]ds =0, Vg € Prae), Ve € &,
e (4
To this end, we define the interpolation w; € V, for any w € HOQ(Q) by requir-

ing that the values of the degrees of freedom (3.5)—(3.8) of w; are equal to the
corresponding ones of w. Then we have the following interpolation error estimates.
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Lemma A.5 Forevery w € Hg(Q) N H(Q) with2 < s <k + 1, it holds that

lw—wrllmx <Ch° " wlsxk, m=0,1,2, VK €T

Proof From Green’s formula [19, 22] it holds that

( 2w 9w 92w 32w 9%w 82w)
dx

m&K=(mmAmK+/
K

A d 32
:fwAzwdx— w wds—i—/ v Aw——;u ds
K 9k Ong 9k Ong oty
dw 92
+/ _w w ds
gk Otx Otgong
where K € 7T,. For the details, see [33, Remark 4.2]. Thus, for any given K € 7j,
we have

dx10x2 9x19x2  9x7 dx;  9xj Ox]

o L L o~ 0AWS —w)p)
lw§ — w1|%’K = / (w§ — wl)Az(w; — wy)dx —/ (wf — W) ——L———ds
K 9K ong

c_ 7 200C _ 7
~I—/ (W — W) (A(wf—ﬁ)[)— 0~ (wy w1)>ds
0K

dng atx

/ d(w§ — i) 02 (w§ — o) o

9K dtg dtgong s

Observing the fact that w{ and w; belongs to P (e) on each edge e of K and are

uniquely determined by the same degrees of freedom (3.5)—(3.6) of w, we have

d(w§ — ) _ 32 (w§ — wy)
atg ’ Atk

w?—zD[:O,

=0, onodkK.

Then we obtain

d(w§ — wy)

lw§ — W13 ¢ = f (w§ — ) A*(w§ — wy)dx +/ A(w§ — p)ds,
K K

on K
which, together with the interpolation properties of w;, implies

- ~ 9w — w
|w§_w1|%,]( = f (llﬁ—w)Az(w?—wl)dx—F/ y
K

A(w? —wy)ds. (A.6)
ok ong

For the first term in Eq. (A.6), we use the inverse inequality (A.1) and Lemma A.3 to
obtain

/ (w§ —w)A*(w§ —wdx < flw — wilk[|A*w§ —Bp)lk
K

IA

IA

Chidllw — willg A WS — w7k

Chi iy, k [w§ — g2 k. (A7)

IA
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For the second term in Eq. (A.6), we use the trace inequality, Lemmas A.2—A.4 and
Lemma 3.3 to obtain

d(w§ —
8[11(

IA

/ Wi =)\ e — pds < |

w) ¢ -
g lellACw; —wp)lle

IA

N I -
Chy? (hg” lwi —wl g +hglw] — w2 k) [Aw] — 1)k

IA

71 ~ ~ -~
C(hy lwi —wl,x +w§ —wrl2,kx + lwe —wl,g)|wf — Wyl x

—1 —1 ~
< Clhg lwi —wlix +hy lwi —weli,x + lwe —wlz2,g)|w; — W2k
—1 . —1 . ~
< Clhg lw—wili kg +hyg lw—wgli gk + |w—wglax)wf — rl2x
< Ch P |wls g lw§ — bylok. e C K. (A8)

Substituting (A.7)-(A.8) into (A.6), we obtain
c J—

~ —2
lwi —wrla,x < Chy “lwls k,

which, together with the triangle inequality, inverse inequality (A.5), Lemma 3.3, and
Lemma A.3, yields

lw—wrl2x < |lw—wrlox + lwy —wila,x + W) — Wrl2x

-1 ~ ~
< lw—wrl2k + Chy |wy —wili g + wj — Wyl x

1 -
< |lw—wgl2xk + Chy (lwy —wli g + lw—wili,x) + [w;—wrl2x
< Chi P wls .

By using the Poincaré-Friedrichs inequality [7] and the interpolation properties of
wy, we further obtain

lw—wrlx < Chglw—1irl1.x < Chk|w — rlax < Ch|wls .
The proof is complete. O

Finally, we show the proof of Lemma 3.2 as follows.

The proof of Lemma 3.2 Observing the fact that the projection operator Hg is
uniquely determined by the degrees of freedom (3.11)—(3.14) of w; which are also
the degrees of freedom of w;, we have

K ~ K K

By similar arguments in the proof of Eq. (A.6), the interpolation properties of w; and
wy imply

- 2 - 2, ~
wr —wrly g = Wy —wyr, A% (W —wy))k-

@ Springer



19 Page22of 23 Adv Comput Math (2020) 46: 19

For convenience, let ¢ = A2 — wy) € Pr_a(K). Recalling the definition (3.9)

of WhK , the property of Hg, the Poincaré-Friedrichs inequality, and inverse inequality
(A.1), we obtain

[y — wil5 x = (@1 —wr. ¢ — P o)k
= (b — IKw;, ¢ — PX o)k

(W — Ky, ¢ — PE o)k

< llio; — X @sliklle — PE4olk

< Ch¥ o — K wrlo k 101k

= Ch%|() — wr) — TK (b — wye b 1A% (07 — wp) &
< Clwr —wrlrx|A(W —wp)llx

< C(lw —Wyl2,x + |lw — w2, k)W — wrl2 k.,

which, together with Lemma 3.3 and Lemma A.5, leads to

- )
W — w2,k < Chy “|lwls k.

By using the triangle inequality and Lemma A.5, we obtain

52
lw —wyl2,x < Chi “|wls k.

By using the Poincaré-Friedrichs inequality [7] and the interpolation property of wy,
we further obtain

2 ‘
lw—wrllg < Chglw— w1k < Chglw —wilyxk < Chilwls k.

The proof of Lemma 3.2 is complete.
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