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Abstract

The integral version of the fractional Laplacian on a bounded domain is discretized
by a Galerkin approximation based on piecewise linear functions on a quasiuniform
mesh. We show that the inverse of the associated stiffness matrix can be approximated
by blockwise low-rank matrices at an exponential rate in the block rank.
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1 Introduction

Fractional differential operators are non-local operators with many applications in
science and technology and interesting mathematical properties; a discussion of some
of their features can be found, e.g., in [51]. The non-local nature of such opera-
tors implies for numerical discretizations that the resulting system matrices are fully
populated. Efficient matrix compression techniques are therefore necessary. Vari-
ous data-sparse representations of discretizations of classical integral operators have
been proposed in the past. We mention techniques based on multipole expansions,
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panel clustering, wavelet compression techniques, the mosaic-skeleton method, the
adaptive cross approximation (ACA) method, and the hybrid cross approximation
(HCA); we refer to [23] for a more detailed literature review in the context of clas-
sical boundary element methods (BEM). In fact, many of these data-sparse methods
may be understood as specific incarnations of H-matrices, which were introduced in
[29, 31, 35, 36] as blockwise low-rank matrices. Although many of the abovemen-
tioned techniques were originally developed for applications in BEM, the underlying
reason for their success is the so-called “asymptotic smoothness” of the kernel func-
tion, which is given for a much broader class of problems. We refer to [20] and
references therein, where the question of approximability is discussed for pseudod-
ifferential operators. Discretizations of integral versions of the fractional Laplacian
such as the one considered in the present paper, (1.6), are therefore amenable to data-
sparse representations with O (N log? N) complexity, where N is the matrix size and
B > 0. This compressibility has recently been observed in [61] and in [4], where an
analysis and implementation of a panel clustering type matrix-vector multiplication
for the stiffness matrix is presented.

The above discussion argued the compressibility of (discretized) fractional differ-
ential operators as a result of “asymptotic smoothness” of the kernel of the associated
integral operator. Fractional differential operators admit several other representa-
tions (see, e.g., [47, Thm. 1.1]), for example, semigroup theoretical characterizations.
Then, the Riesz-Dunford calculus may be brought to bear, which allows one to
express fractional operators as suitable contour integrals. We note that also inverses
of fractional operators can be obtained in this way. Compressed operators are then
obtained by approximating the contour integral by a quadrature, i.e., as a sum of
operators. For large classes of operators, these quadrature errors are O (e ="M '8) for
some b, B > 0, where M is the number of quadrature points [26, 40]. In turn, fully
discrete numerical schemes can be derived from this by discretizing the M operator
appearing in the quadrature. We refer to [8, 9, 21, 41, 42] for more details.

The purpose of the present paper is to show that also the inverse of the stiff-
ness matrix of a discretization of the integral version of the fractional Laplacian can
be represented in the H-matrix format, using the same underlying block structure
as employed to compress the stiffness matrix. One reason for studying the com-
pressibility of the inverses (or the closely related question of compressibility of the
LU -factors) are recent developments in fast (approximate) arithmetic for data-sparse
matrix formats. For example, 7{-matrices come with an (approximate) arithmetic
with log-linear complexity, which includes, in particular, the (approximate) inversion
and factorization of matrices. These (approximate) inverses/factors could be used
either as direct solvers or as preconditioners, as advocated, for example, in a BEM
context in [6, 30, 32, 33, 48] and in [49] in the context of fractional differential equa-
tions. Although our compressibility result for the inverse of the fractional Laplacian,
Theorem 2.5 does not prove that the use of an #-matrix arithmetic will be success-
ful; it indicates that the {-matrix format based on the standard admissibility criterion
considered here is a good choice to base the arithmetic on.

We point out that the class of H-matrices is not the only one for which inver-
sion and factorization algorithms have been devised. Related to H-matrices and
its arithmetic are “hierarchically semiseparable matrices” [50, 59, 60] and the idea
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of “recursive skeletonization” [34, 43, 44]; for discretizations of partial differen-
tial equations (PDEs), we mention [27, 44, 52, 56], and particular applications to
boundary integral equations are [18, 45, 53].

The underlying structure of our proof is similar to that in [23, 24] for the classi-
cal single layer and hypersingular operators of BEM. There it is exploited that these
operators are traces of potentials; i.e., they are related to functions that solve an ellip-
tic PDE. The connection of [23, 24] with the present article is given by the works of
[15, 16, 58], which show that fractional powers of certain elliptic operators posed in
R? can be realized as the Dirichlet-to-Neumann maps for (degenerate) PDEs posed
in RO+

1.1 The fractional Laplacian and the Caffarelli-Silvestre extension

In this section, we briefly introduce the fractional Laplacian; the discussion will
remain somewhat formal as the pertinent function spaces (e.g., H*(£2)) and lifting
operators (e.g., £) will be defined in subsequent sections.

For s € (0, 1), the fractional Laplacian in full space RY is classically defined
through the Fourier transform, (—Au)® := F~! (|§|* F(u)). As discussed in the
survey [47], several equivalent definitions are available. For example, for suitable u,
a pointwise characterization is given in terms of a principal value integral:

I'(s+d/2)

w42 (—s)’
The constant C(d, s) and d; in (1.1) below are given in [13, Thm. 3.1] and [47,
Thm. 1.1]. Caffarelli and Silvestre [15] characterized this operator as the Dirichlet-

to-Neumann operator of a (degenerate) elliptic PDE. That is, they proved with d :=
2170 (9)I/T (1 =)

(—Au)’ (x) = —dy lir£0+xd+1 Bvyyy (LU)(X, Xa41), x € RY, (1.1)
d+1

(—Au)* (x) = C(d, 5) P.V./ ) Z 1) J Cd sy = 2

Rd |x — y|PTE

where the extension Lu is a function that solves
div(rj);1'VLw) =0 inR{YY wLlu=u. (1.2)

In (1.1) and (1.2), the half-space is defined as Rf"ﬁl = {(x, xg41) | x € R, xg41 >
0}, its boundary R? x {0} is identified with R, and tr denotes the trace operator. In
weak form, the combination of (1.1) and (1.2) therefore yields

s /RM Xgi1 VLU - VL = / (—4Aw'v  Vve CF®RM. (1.3)

For suitable # and v belonging to Sobolev spaces as dictated by the double
integral (1.5), we also have (cf. [47, Thm. 1.1, (e), (g)])

d, /Rd deﬁ‘vcu VLy = /Rd(—Au)Sv (1.4)
_ Cd,s) (u(x) —u(y))(v(x) —v(y))
T2 e v — y|e ey 0
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which is a form that is amenable to Galerkin discretizations.

The fractional Laplacian on a bounded domain 2 C R? can be defined in one of
several non-equivalent ways. We consider the integral fractional Laplacian with the
exterior “boundary” condition u = 0 in £2¢, which reads, cf., e.g., the discussions in
[2,51]

ux) —u(y)
mdy, x e (16)

(—Au);(x) =C, s)P.V./

R4
and the understanding that u = 0 on £2¢. Important for the further developments is
that this version of the fractional Laplacian still admits the interpretation (1.1) as a
Dirichlet-to-Neumann map for arguments u € H*(£2), where

H(Q) = [u e HSRY) | u=0onR? \5}. (1.7)

For a measurable subset M of R?, we will use standard Lebesgue and Sobolev spaces
L*(M) and H'(M). Sobolev spaces of non-integer order s € (0, 1) are defined via
the Sobolev-Slobodecki norms

lu(x) —u(y)?

lx — y|d+2s dxdy.

2 2 2 2
||’/‘||HS(M) = ”””L2(M) + |”|HS(M) = ||u”L2(M) +/
MJIM

More generally, if necessary, we will identify subsets @ C R with @ x {0} ¢ RO+,
In particular, for u, v € H*(£2), the representations (1.4) and (1.5) are both valid.

2 Main results

2.1 Model problem and discretization

For a polyhedral Lipschitz domain 2 ¢ R? and s € (0, 1), we are interested in
calculating the trace u on £2 C RY of a function u defined on Ri“, where u solves

~div (%473 Vu) =0 iR,
—limy, o4 xé:ﬁsﬁxd_Hu =f ong2, (2.8)
u =0 onR?\ .

Our variational formulation of (2.8) is based on the spaces H $(82): Findu € H* (£2)
such that
1-2s _ 7S

/R‘j’j‘ Xg41 VLu - VLvdx = fs’z fvdx forallv e H*(£2). 2.9)
Here, L is the harmonic extension operator associated with the PDE given in (2.8).
It has already appeared in (1.2) and is formally defined in (3.18). We will show in
Section 3 ahead that the left-hand side of the above equation introduces a bounded
and elliptic bilinear form. Hence, the Lax-Milgram Lemma proves that the variational
formulation (2.9) is well posed. Given a quasiuniform mesh 7 on §2 with mesh width
h, we discretize problem (2.9) using the conforming finite element space

STy = |u € CRY) | suppu C 2 and ulx € PIVK € Th} c B (),
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where P; denotes the space of polynomials of degree 1. We emphasize that S& (Tn)
is the “standard” space of piecewise linear functions on §2 that are extended by zero
outside £2. Obviously, there is a unique solution uy € S& (Tn) of the linear system

f 200 -V Ly dx = /Q fondx forall vye S3(Ti).  (2.10)

X
d+
d+1
R+

If we consider the nodal basis (1//.,')j:1 of S& (Th), we can write Eq. (2.10) as
Ax =b.

Our goal is to derive an -matrix approximation of the inverse A~

Remark 2.1 Computationally, the bilinear form (2.10) is not easily accessible. In the
present paper, we use it only as a theoretical tool. For computational purposes, one
possibility is to employ (1.5). For this representation of the bilinear form, the entries
of the stiffness matrix A can be computed [1, 4].

2.2 Blockwise low-rank approximation

Let us introduce the necessary notation. Let Z = {1, ..., N} be the set of indices of
the nodal basis (1/’./)11'\;1 of S& (7). A cluster T is a subset of Z. For a cluster 7, we

say that B%t C R? is a bounding box if

@) B%t is a hypercube with side length R,
(i) supp(y;) C Bgr forall j € 7.

For an admissibility parameter n > 0, a pair of clusters (t, o) is called n-admissible,
if there exist bounding boxes B%T of T and B%a of o such that

max {diam(B§, ), diam(B§, )| < ndist (B, BY, ). @.11)

For a partition P of Z x Z and an admissibility parameter n > 0, a matrix By, €
RN*N is said to be a blockwise rank-r matrix if for every n-admissible cluster pair
(z, 0), the block By |; x¢ is of rank r. The next theorem is the first main result of this
work. For two admissible clusters, the associated matrix block of the inverse A~! of
the matrix associated to the linear system of problem (2.8) can be approximated by
low-rank matrices with an error that is exponentially small in the rank.

Theorem 2.2 Let n > 0 be a fixed admissibility parameter and q € (0, 1). Let (t, o)
be a cluster pair with n-admissible bounding boxes. Then, for each k € N, there exist
matrices Xzo € R and Yo € RICT with rank r < Cdim(2+n)d+lq_(d+l)kd+2
such that

- 14d
IA™ o xo — Xeo Y gll2 < CapxN @ g*. (2.12)

The constants Cgim and Capx depend only on d, $2, the shape regularity of Ty, and
ons.
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Theorem 2.2 shows that individual blocks of A~! can be approximated by low-
rank matrices. H-matrices are blockwise low-rank matrices where the blocks are
organized in a tree structure, which affords the fast arithmetic of 7{-matrices. The
block cluster tree is based on a tree structure for the index set Z, which we described
next.

Definition 2.3 (cluster tree) A cluster tree with leaf size njeor € Nis abinary tree T7
with root Z such that for each cluster t € Tz the following dichotomy holds: either
7 is a leaf of the tree and |t| < njeqr Or there exist two so-called sons 7/, t// € T
that are disjoint subsets of T with © = t/Ut”. The level function level : Tz — Ny is
inductively defined by level(Z) = 0 and level(z’) := level(t) + 1 for ¢/ a son of t.
The depth of a cluster tree is depth(T7) := max,cr level(t).

Definition 2.4 (far field, near field, and sparsity constant) A partition P of Z x 7
is said to be based on the cluster tree T, if P C Tz x Tz. For such a partition P
and fixed admissibility parameter n > 0, we define the far field and the near field as

Prar :={(r,0) € P : (1,0) is n-admissible},  Ppear := P\ Prar. (2.13)

The sparsity constant Cgp, introduced in [29, 38, 39], of such a partition is defined by

Csp = max{max o €Tz : T X0 € Pear}|, max |{t € Tz : T X 0 € Prar}|
teTr o€Tr
(2.14)

The following Theorem 2.5 shows that the matrix A~! can be approximated by
blockwise rank-r matrices at an exponential rate in the block rank 7:

Theorem 2.5 Fix the admissibility parameter n > 0. Let a partition P of T x I be
based on a cluster tree T1. Then, there is a blockwise rank-r matrix By such that

1/(d+2)

IA™" = Byll2 < Capx CopN 1/ depth(Tp)e ™" (2.15)
The constant Capx depends only on 2, d, the shape regularity of the quasiuniform
triangulation Ty, and on s, while the constant b > 0 additionally depends on 1.

Proof As it is shown in [29], [36, Lemma 6.32], norm bounds for a block matrix
that is based on a cluster tree can be inferred from norm bounds for the blocks. This
allows one to prove Theorem 2.5 based on the results of Theorem 2.2 (see, e.g., the
proof of [22, Thm. 2] for details). O

Remark 2.6 For quasiuniform meshes with O(N) elements, typical clustering strate-
gies such as the “geometric clustering” described in [36] lead to fairly balanced
cluster trees Tz with depthTz = O(logN) and a sparsity constant Cgp that is
bounded uniformly in N. We refer to [29, 36, 38, 39] for the fact that the memory
requirement to store By is O((r + niear) N log N).
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3 The Beppo-Levi space B} (R%")

In the present section, we formulate a functional framework for the lifting operator
L of (1.2). We will work in the Beppo-Levi space

BLRIH = [u e CPM®IY | Vu e Lg(R‘f‘)}

of all distributions C§°(R4")" having all first-order partial derivatives in L2 (RY™)
for

a=1-2s e (—1,1), (3.16)

where Lé (R‘_’ﬁl) is defined as the set of measurable functions u such that
> = | xilu@)Pdx < oo
LERY T Jpar TdH ‘
+

We denote by L2 bdd(RdH) the set of functions that are in Lé on every bounded

subset of RI™. By tr : C®(RLM) — C®(RY), we denote the trace operator
(tr u)(xq, ..., xq) :=u(xy, ..., xq, 0). The following result, which is an extension to
weighted spaces of the well-known result [19, Cor. 2.1], shows that the distributions
in B(i (Ri“) are actually functions. Its proof will be given below in Section 3.1.

Lemma 3.1 Fora € (— 1, 1), there holds Bl(Rd+l) c L? bdd(R 'H) Furthermore,
fora € [0, 1) one hasu € LO bdd(Ri+l)'

We additionally define the space
B (RY) := {u € L2.(RY) | Jul o ray < oo}.

From now on, we fix a hypercube K := K’ x (0, bg+1), K’ = ]_[;l:l (aj, b;). Then,

using Lemma 3.1, one can show that Bé (R‘f’l) and B* (R9) are Hilbert spaces when
endowed with the norms

. = [lull7; 4 + IVl

BI Rd+l) . LZ(K)

”u”2 L Rd+l) (317)

+ lulHS(Rd)

= JJul;

S(Rd) L2(K’

There holds the following density result, which can be found for bounded domains
in [46, Thm. 11.11] even for higher Sobolev regularity. In the present case of first-
order regularity and unbounded domains, we give a short proof below in Section 3.1.

Lemma 3.2 Fora € (— 1, 1), the set C®(RE™) N BLRE™) is dense in BLRL).

The trace operator can be extended to the spaces B(L (R‘f“]) as will also be shown
below in Section 3.1. Analogous trace theorems in Sobolev spaces on smooth and
bounded domains are given for s = 1/2 in [14, Prop. 1.8] and for s € (0, 1) \ %
in [17, Prop. 2.1].
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2900 M. Karkulik, J.M. Melenk

Lemma 3.3 For o € (— 1, 1), the trace operator is a bounded linear operator tr :
Boll (Ri"'l) — BS(RY), where s is given by (3.16).

We define the Hilbert space B] (Rd‘H) := ker(tr). The following Poincaré
inequality holds on this space. The proof will be given below in Section 3.1.

Corollary 3.4 For allu € B) ((R{™), there holds ||u]| @ity S IVl gy,

For a function u € H*(R?), we define the minimum norm extension or harmonic
extension Lu € Bl (R‘fr]) as

Lu = argmin ||Vu||L2(Rd+1) (3.18)

UGB] (Rd+] )
tr u=u

We can characterize Lu by

fRiﬂ x;,ﬁsvﬁu .Vvdx =0 forallv e B(L,O(R‘f“]),

3.19
tr Lu =u. ( )

In view of the previous developments, the minimum norm extension exists uniquely
and satisfies

Ll sy S Nl s ey (3.20)

Indeed, using the extension operator £ from Lemma 3.9, which is a right inverse of
the trace operator tr, the minimum norm extension can be written as Lu = fu +u
andu € B(L O(R‘fr]) is given by

/RdﬂxdﬁSVu Vvdx = — /R xdﬁsvgu Vvdx forallve B! O(R‘”])
a

This equation is uniquely solvable due to the Lax-Milgram theorem and Corol-
lary 3.4, and this also implies the stability (3.20). Due to (3.19), we see that a
variational form of our original problem (2.8) is actually given by (2.9). Next, we
show that problem (2.9) is well posed. We mention that ellipticity has already been
shown in [15, eq. (3.7)] using Fourier methods.

Lemma 3.5 Problem (2.9) has a unique solution u € H* (£2), and

Nl sy S M NE=s (22

where H™*(82) is the dual space of HS(.Q).

Proof Due to [2, Prop. 2.4], there holds the Poincaré inequality [lu|l 20y <

|M|Hs@§d) for all u € H* (£2). We conclude that ||u|lgsgay < |ulysgay for all
u € H*®(£2). Combining this Poincaré inequality with the trace estimate (3.28), we
obtain the ellipticity of the bilinear form on the left-hand side of (2.9). The continuity
of this bilinear form follows from (3.20). O
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3.1 Technical details and proofs

Define the Sobolev space H! (Rd+1) as the space of functions u such that

||ll|| 2 (ReH) + [Vl < 00.

L2 Rd+l)

We start with a density result, whose proof is based on ideas from [46, Thm. 11.11].

Lemma 3.6 For « € (— 1,1), the space COO(Ri'H) N H;(R‘f‘l) is dense in
HL®RI.

Proof By [28, Thm. 1], the space COO(R?;H) N Hol (Rf"ﬁl) is dense in HO} (R‘f“]).
Hence, without loss of generality, we may assume thatu € COO(R‘f]) N HO} (R‘f] ).
For h > 0, define the function u;, by

w(xy, ..., xg+1) ifh < xg41

u,(xg,...,x = .
n(x d+1) {u(xl,...,xd,h) if xg41 < h.

By construction, w;, € C(RET) n A} (RI) and

2
” uh||H|(Rd+l) = ”u_ uh”HD}(RdX(O,h))

— 2 2
- ||ll — Uy ”L‘%(Rdx((),h)) + ”Vu”Lé (Rdx(O,h))

2 2
5 ”u”HD}(RdX(O,h)) + ”uh”Lg(Rdx(O,h))' (321)

By Lebesgue dominated convergence, we have limp—¢ [[ull g1 (rd (0.1 = 0- Hence,
B .
we focus on showing limj—0 (U || 12 (v x (0,n)) = 0. To that end, we use a 1D trace

inequality: For v € C'(0, 00), we have v(h) = v(y) — hyv’(t) dt so that
h+1 h+1 h+1 y
[ amay <2 [ yeroraye2 [ ye| [ wanar
=h t=h

y=h
) h+1 . h+1 )
< ||v||L§(h’h+l) +/;_h ¥y wz/t W @) dt dy

2
dy

2 2
S, ”v”Lg(hJH»]) + ”v ”Lg(h,h+l)‘

Since there exists C > 0 such that for z € (0, 1], we have C~! < th

we can conclude

2 2 2
V)P < Clace [”v”Lg(h,thl) + ”v/”Lg(h,hH)] :

t“dt < C,

(3.22)

With this, we estimate

5 h ) hol-‘rl 5
lla | = /X“ / up(y, )~ dydxgi1= / u(y, h)“dy
LE (R4 x(0.h)) R a+1 Jyepa

(3.21) o

~ trace

a+1 2 a+1
h ”u”H](Rdx(h h+1)) ~ Ctraceh ”u”Hl Rd-H)
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As o + 1 > 0, we conclude that limp . [lup [l z2 rax(0,n)) = O- Since uy is only
piecewise smooth, we perform, as a last step, a mollification step. The above shows
that, given ¢ > 0, we can fix & such that

0= Wl () < e (3.23)

Let x, € C®(R*!) be of the form x;,(x1, ..., Xq+1) = Xn(xa41) for some ¥, €
C>(R) with supp X» C ([—h/2,h/2]) and X, = 1 on [0, h/4]. For § > 0 define
Us := xpw,+[(1— xn)upl*ps for a mollifier ps. Then, s € CPRITHN LRI,
cf. [28], and

llan — ﬁISIIHJ (re+1) = (1 = xn)un = [(1 = xn)unl * psll g1 a1y, (3.24)

Note that & is already fixed. Standard results about mollification, cf., e.g., [28], show
that the term || (1 — xp)up — [(1 — xp)up] * p5||Ha1(Rd+1) converges to zero for § —
0. Hence, choosing § small enough, we obtain from (3.23) and (3.24) that |ju —
u < 2¢, which proves the result.
5”H0}(R‘ff') = p

O

Next, we show that the trace operator tr extends continuously to weighted Sobolev
spaces.

Lemma 3.7 Let o € (— 1, 1). The trace operator tr has a unique extension as a
bounded linear operator Ho} (Rffr]) — L*(RY), and there holds the trace inequality

(1-a)/2 (1+a)/2
I ull 2y = Cor (lull2 i,y + 0l s - Ioarul(sres)  (325)

for all measurable subsets §2 C R4, where 24+ = 2 x (0,00). The constant Cy
does not depend on 2. If the support of  is contained in a strip R? x [0, by 1] with
ba+1 > 1, then there holds the multiplicative trace inequality

(1-a)/2 (1+a)/2
w2y < Colluls &7 - 100l e (3.26)

Proof In order to prove all statements of the lemma, we note that due to Lemma 3.6,
it is sufficient to show the multiplicative estimate (3.26) for smooth functions u €

C® @RI N HYRE™). The estimate (3.25) then follows with the aid of (3.25) by
multiplication with an appropriate cut-off function. Using the abbreviation v(x) =
u(xy, ..., x4, x), we note that due to Holder’s inequality

O] < v+ 1fg V'@ dil S v+ Y20 |2k,

A one-dimensional trace inequality and a scaling argument show for y > 0
—1 2y 2
I Sy P @ Pde+y [ o) dr.

Fort € (v,2y),wehave ] < y “t*ifa € [0,1)and 1 <27%y “t*if @ € (—1,0),
and we conclude

2 —l—a 2 1=,/ 112
|U(y)| Sy ”v”L‘%(R+)+y ||U ||L3(R+)
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-1
If [Vl 2w, # 0, we select y = [l 12 (m,) - ||U/||L(2¥(R+) and get

e (3.27)

2
OF < vl Y

LZ(R )

We note that (3.27) is also valid if ||v’||L3(R+) = 0 since our assumption suppu <

4 % 10, bg+1] implies in this degenerate case v = 0. Integrating u(-, 0) over £2 and
using (3.27) shows (3.26). O

Lemma 3.8 Let « € (— 1,1) and s be given by (3.16). The trace operator tr is
bounded as tr : Ho} (R‘f‘l) — H5(RY), and

| tr ulHY(Rd) N ||Vu||L2 (Rd+l) (328)
Proof Due to Lemma 3.6, it suffices to show (3.28) foru € C* (Ri“) N HO} (R‘f’l).
Combining (3.28) with Lemma 3.7 then proves that tr : Ho} (R‘f’l) — H'(RY) is

bounded. Upon writing y = x + r¢ with polar coordinates r > 0, ¢ € S~ :=
dB1(0) C RY, we obtain with the triangle inequality and symmetry arguments

lu(x, 0) — u(y, 0)|?
t dyd
| ru|HY(Rd) /]éd \/]A{d x—yl‘”zs y X
_ s, B —ue 0P
™~ Jrd Jra |x — y|d+2s yax

* Ju(x + 5¢, 5) —ux, 0]
/xeRd /(pesd 1 / 1425 drde¢dx.

The fundamental theorem of calculus gives

)
u(x +5¢.5) —u@,0) = / Vaulx + 3¢, 3) ¢ + da1u(x + 3. ) dy,
0

and the weighted Hardy inequality from [62, I, Thm. 9.16] (cf. also [54, (1.1)]) then
implies

© |u(x + 5¢, %) —u(x, 0) ©
/— : r12+2s S /_ rRIVaue+ 56, 5) ¢
r=0 r=0

+dg1u(x + 5, 5%

Hence,

[e¢)
2 < 1-2s r ryi2 < 2
| tr u|HS(Rd) S /xeRd /¢esd—1 / 0r [Vu(x+356, 5)| drd¢de||Vu||Lg(Ri+,),

which proves (3.28). O

Next, we will show that the trace operator tr : H}(RLT!) — H*(RY) is actually
onto. To that end, we generalize ideas from [25].
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2904 M. Karkulik, J.M. Melenk

Lemma 3.9 Leto € (— 1, 1) and s be given by (3.16). There exists a bounded linear
operator £ : H*(R?) — Hoi (R‘f‘l) that is a right inverse of the trace operator tr.
Furthermore, there exists a constant C > 0 such that for all h > 0

||€M||L2(Rd><(0 h)) < Ch ||M||L2(Rd).

Proof Let p € Coo(Rd) and n € C*®°(R) with suppn C (— 1,1)and n = 1 in
—1/2,1/2). We denote a point in R, i+l by (x, t) with x € R?. Define the extension
operator as the mollification u(x, t) = n(t)(ps xu)(x), where p;(y) (=1t~ d,o(y/t)
Since || p; * M||L2(Rd) S llull 2 (ray uniformly in 7 > 0 (cf., e.g., [3, Thm. 2.29]), we
immediately obtain the postulated estimate

h
2 2 2 2(1— 2
€T gty < IIIZ o0 /O 1Nl pr %1172 gy dt S 2l a

Since 7 is compactly supported, this also shows ”5””L§(R‘_’j‘) < llull 12 (ray- For the

desired statement that £ : HS (R?) — HO} (R‘_’ﬁl) is bounded, it suffices to prove
2 2 2
192t #1100 o5 )1 i) S Tl

To that end, we calculate

a,(pt*uxx):—dfd—l/R u(y)p( )dy —d—sz u(pr( . )(x y)dy.

Integration by parts shows fRd Vp(z) - zdz = — d, which yields

e () et () e
R t R :

Hence, we can write

O (pr xu)(x) = dt=471 [palu(y) —u)lp () dy
—t7972 [oalu(y) —u(x)1Vp x, ) (x —y)dy.

Next, we calculate for 1 < j <d

by, (pr 1) (x) = 1747 / u(y) (0, ) (ﬂ> dy.
R4 t

Integration by parts also shows that f(axj,o)(z) dz = 0, which yields

—d— xX=)
0x,; (o1 % u)(x) = 17" /Rd[”(” —u(x)] (x, ) <T> dy.
Due to the support properties of p, we conclude

18 (pr % w) ()| + [V (or x ) (0)] S 747! fB( )IM(X) —u(y)|dy,
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where B, (x) C R denotes the ball of radius  centered at x. Using polar coordinates
and Hardy’s inequality gives

00 00 2
[ (e e P 41920 w0 wP) ar 5 [ ( *'/ |u(y>fu<x>\dy) i
0 By (x)

0
[o¢]
lu(y) —u(x)l
/ e dy dt
0 B,(x) lx — yl

% lu(x) — u(x — 2)| )2
dz) d
/o ( B lelde? 0
2
(-1/ / \M(JC)—IM(X2 r¢))\d¢dr) dt
—0 Jpess—! rl-a/

[u(x) —u(x —1¢))|
/: (/dJesd I t=e/2 d¢) a

2
5/ lu(x) —u@)| dy.
R

|x — y‘d+2s

I\

N

Integrating this estimate over x € R? concludes the proof. O
We are in position to prove Lemma 3.1.

Proof of Lemma 3.1 The proof follows a standard procedure. Since it involves
functions in a half-space, we present some details.

Step 1: Let p € Ci° (RY*1) be a symmetric, non-negative function with supp p C
B1(0) and set p.(x) := e~ p(x/e). Introduce the translation operator 7, by
Th(x) := @(x — hegy1) withegi1 = (0,0, ...,0, 1) € R**!, Define for ¢ > 0 the
smoothing operator A, by A.¢ = p; * (T2.¢) and the regularized distribution u, by

(ug, @) := (u, A:0) = (u, pe * (12:9)),

where we view ¢ € Ci° (Rffr]) as an element of ¢ € C3° (R?*1) in the canonical

way. Note that u, € C*° (Ri“) by standard arguments and suppu, C R? x (g, 00).
We also note that

lim (v, 9) = (u,¢) Vg € CERLM. (3.29)
E—>

Step 2: For a € [0, 1), we claim
” —Ol/ZA (M/2 < V COO Rd-’rl 3 30
X1 a(xd+1(p)”L2(Rd++1) = ”(p”LZ(Ri‘H) p e Cy (RYT). (3.30)
To see this, we start by noting

sup x T2 (x =26 — )%? < 1. (3.31)

(x,2)

x>g, —e<z<e, x—26—7>0
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2906 M. Karkulik, J.M. Melenk

/2 Rd+l

We observe sz(p € Ci°(RY™) and supp A, (nglfp) c R? x (e, 00) and write

afﬁl/zA"3 (xd ‘/’)(x) SR /GB g)a)(z)(xdﬂ — 26 — z411)*?p(x — 28€441 — 2)dz.
Z e

From (3.31) and p, > 0, we get

2
”xd o Aa(xd+1¢)||L2 Rd+l) = ||A8(|¢|)||L2(Rd+l) = ||¢||L2 Rd+l)

Step 3: For a € [0, 1), we have for every ¢ > 0
”VUSHLg(R‘f') < C||V“||L3(Ri+‘)- (3.32)

To see (3.32), fix a bounded open w C R‘f’l. We compute for ¢ € C;°(w) and
& > 0, noting that xzflgo € C(w),

WEvueL o) = (Ve xiie| = |- e Vo)
= |- @ AVEe)| = |- W VAR en)

= |vu, A0

IA

—a/2 a2
IVull 2 sy gt As gL O 2 g,
Step 2
= ”Vu”Lg(R‘f")||(p||L2(a))‘
Combining this with the observation

2
<x34/,]vuaa ®)

2
I3 Vel 2 = sup (3.33)

pec@y?  19l2)
gives us ||Vu$”L§(w) < ”VUHU(R‘f')‘ The claim (3.32) now follows since w is
arbitrary.
d+1
RY

Step 4: For a € (— 1, 0], we have for every bounded open w C the existence

of C,, > 0 such that for ¢ € (0, 1]
”Vu8”L2(w) =< Cw”Vll”Lé(R‘f")-

The proof follows by inspecting the procedure of step 3 and essentially using step 2
with @ = 0 there.

loc (Rd+1) Fix a bounded, open, and connected
w C Ri“ with @ C RT'I. Fix a ¢ € C3°(w) with (¢, 1);2(,, # 0. Exploiting the
norm equivalence

Step 5: Steps 3 and 4 show thatu € H;!

Wl @) ~ IVV2g) + 1@ V) 2| Yo € H (o),
we infer from steps 3 and 4, and the observation lim,_,o(u,, ¢) L2w) = (u, @) that
(ug)ge(0,1] is uniformly bounded in H L(w). Thus, a subsequence converges weakly in
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H'(w) and strongly in L*(w) to a limit, which is the representation of the distribution
uonw.

Step 6: Claim: For any bounded open v C Rffr], we have u € Li (w). It suffices to
show norm bounds for bounded open sets of the form v = @ % (0, 1) with 0® c R4,
For that, consider again the regularized functions u, and assume, additionally (with
the aid of a cut-off function), that ug (x, xz41) = O for x441 > l and x € R4. Then
for x441 € (0, 1), we have

1
ue (x, Xg41) = — / B4+ 105 (x, 1) di. (3.34)

Xd+1
For o € (— 1, 0], we square, multiply by x7_ ;. and integrate to get
luel?s ) < Clldariuel]
eULE () = HEe L2 @)

Since [|d4+1well2(,) can be controlled uniformly in & € (0, 1] by steps 4 and 5,
the proof is complete for « € (— 1,0]. For ¢ € [0, 1), we square (3.34), use a
Cauchy-Schwarz inequality on the right-hand side, and integrate to get

2 2
”ué?”LZ(w) = Ca||8d+lua||L2(w)-

Again, steps 3 and 5 allow us to control the right-hand side uniformly in ¢. O

y of Rf'l by bounded sets

and a partition of unity (1/;(;) jeN subordinate to this cover. For u € B/ (Ri‘“), we

Proof of Lemma 3.2 We choose an open cover (Uj)]. c

have uyr; € Hoi (Ri“), and according to Lemma 3.6, uys; can be approximated

to arbitrary accuracy by a function ¢; € C®°RI™) N H}(REM) in the norm of
H!(RE!) and hence also in the norm of BL(RL!). By construction, only a finite

number of ¢; overlap, and hence, ZC;OZO pjeC*® (R‘f’l) N B(i (R‘f’l). O

Proof of Lemma 3.3 Using an appropriate cut-off function, this is a simple conse-
quence of Lemmas 3.2, 3.7, and 3.8. O

Proof of Corollary 3.4 Due to the density result of Lemma 3.2 and the definition of
the trace operator, it suffices to show

lallzz k) S It ullz2gny + [1Vallz2 k)

forallu e COO(R‘f]). Using the abbreviation v(x) = u(xq, ..., x4, X), we note that
due to Holder’s inequality,

2 2 X 2 2 1— (2
W@ < OF + 15V @ di? < O + x5, g,

Multiplying the last equation by x* and integrating over K finishes the proof. O
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4 7{-matrix approximability

For any subset D C Rf'l, define the space
Hp(D) = |u e HA\(D) | F e BLRIH), tr e 8§ (Th)  H(2) s.t.ulp = lp,
a(@, v) = 0forall v e B(L,O(Rﬁ“)}
and the space with additional orthogonality
Hpo(D) = {u e HY(D)|30 € BLRE™), tr T € S)(Th) C H* () st ulp =iilp.
a@,v)=0 V¥ve B} (R, and
a@@, v)=0 VveBLRI), tr veSL(Th) C H*(2). supp(tr v)cﬁde} .
where we define the bilinear form
a(u, v) := fRf’j‘ Xz Va-Vvdx.
Define the cubes with side length R (henceforth called “box”) by

Bg := B% x (0, R) c RY*!. (4.35)

We say that two boxes Bg, and B, are concentric if their projections on RY, i.e., the
corresponding cubes Bg] and B%Z, share the same barycenter and are concentric. For

h > 0, we define on Hol (Bg) the norm
h\? 1
2 2 2
lall} = <E> IVUIZ: (g + 21002 5,
We have the following Caccioppoli-type inequality.
Lemmad.l Let 2 C R bea Lipschitz domain. Let R € (0, 8 diam(£2)), § € (0, 1),
and h > 0 such that 16h < §R. Let Bg and B(14s)r be two concentric boxes. Then,

there exists a constant C > 0 depending only on $2, d, the y-shape regularity of Ty,
and s (i.e., a) such that for allw € Hp 0(B(1+5)r), there holds

1+6
IVullzz gy = € —5—llullln.q+s)r- (4.36)
Proof In the proof, various boxes will appear. They will always be assumed to be
concentric to Bg. Choose a function n € W1 (R4 with (tr )| € S& Th),n=1

on Bg, supp(n) C B(14s/4)g.0 <n < 1,and [Vnlleo < (8R)~!. We calculate

IVullZz gy < IVOWIT g o= fB x5V () - V() dx
(1+8)R

= / x4, u? (Vip)? dx +/ x4, Vu - V(n'u) dx.
Ba+s)r

B(+s)R
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We first deal with the last integral on the right-hand side. Due to the support
properties of 7 and the orthogonality properties of space Hp,,0(B(1+5)r), We see

/ X4, Vu - V(rtu) dx / X4, Vu. v (’ﬁs(tr<n2u) A tr(nzu))> dx
Bats)r (1+8)R

A

= 198l 280 - IV (FErORW) = e GPW)) 12500

where 7 is a cut-off function with support contained B?l +38/4)R X (0,356R/4) and
= 1 on B(1+5/2)R x (0,8R/2) such that |[V7|lco < (8R)~!. Furthermore, I, :

C(.Q) N H (£2) — Sé (7Tn) is the usual nodal interpolation operator (extended by
Zero outside §2). Then, using Lemma 3.9, we obtain

1V (7w = I ePw)) 25,0

< IV (£@6rPw) = 1y r6Rw)) 28500

+ (SR)_ ||5(tr(’7 u) — Iptr(n u))”Lz(B(]+35/4)R><(0,35R/4))
S le(w) — Iy e w) || s gay + GR) ™ [ tr(n?w) — Iy tr(pw| 2 gay.-
For r € [0, 1], it holds
lr(w) = Iy e (P gy S B D 10OPW G 4, 4.37)
KeTy,

and a short calculation, cf. [22], and an inverse estimate show that

1 1
2 2 < 2 2
| tI'(T] u)|H2(K) ~ (5R)2 ”V tI'(T]ll)||L2(K) + (8R)4 ” tI'll”Lz(K)
hZY -2

(BR)?

S IO s ) + g I rull7s 4

1
(BR)*

By the support properties of n, the sum in (4.37) extends over elements K N

Bays/mr # #. As h < (§R)/16, it holds UKQB(H—SM)R#QK C B(H—B/Z)R Then,
using h1/(§R) < 1, we conclude that
~ 2 2 h
IV (FE@Orw = 1w w)) i mg,m < G5y |50
2—s
T oR2 (6R)? raly 2Bsmp)”

Choosing a cut-off function 1, with 2 = 1 on B(14s/2)r and support contained in
B(14+35/4)r and employing the multiplicative trace inequality from Lemma 3.7, we
see

1—
lorull g < T0@Wl e = Culliulls goo IV ORWI 0,

(14+8/)R) (1+35/HR) ~

< - - s
~ (SR)I- ”u||L§(3(l+8)R) + ”u”Lﬁ(B(Hs)R)” ”LZ(B(H—S)R)
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Together with the boundedness of the trace operator asserted in Lemma 3.8, i.e.,
el s ray S 10lL2( 50 + IV O L2 (8,5 5)» this implies

h
2
/ Xnglvu . V(ﬂ ll) dx S ”vu”Lg(B(H_g)R) : ((S_R”u”Lg‘(B(H—S)R)
B(1+s)R

h 2—s
+3_R”V(nu)”L§(B(1+5>R) + (8R)2+(1—s5) ”u||L§(B(1+5)R)
2—s

s I—s
ST PN AL )

L2(B(1+5)R)

The four products on the right-hand side are estimated with Young’s inequality: the
first three ones using the form ab < sa’ + 4]—€b2 and the last one with exponents 2—ES

and % We conclude that there are positive constants Cq and C» such that

1
2 2
IV (5 = C1 (OR)? 22 (80
C —h2 Vul? : \V4 2
e (8R)? I u||L§(B<1+5>R) + E” (nu)||L§(B<1+5>R)'

Subtracting the last term from the left-hand side finishes the proof. O

Denote by ITy.g = (HLI(Bg), Il - lln.g) = (Ha0(Br), Il - llln,z) the orthogonal
projection. For g a shape regular triangulation of Ri“ of mesh width H, denote
by Iy : HO} (Ri“) — SY(Kp) the quasi-interpolation operator from [55], defined
as

Myv:= Y QN()¢,

nodes z of K

where ¢, denotes the nodal basis functions corresponding to the node z of g, and
Q?v is an averaged Taylor polynomial of order O of v about the node z. This operator
has the local first-order approximation property

lv = Mol 2 S HIVYIL (4.38)

(wk)’

where wg is the patch of elements touching the element K, cf. [55, Thm. 5.2].

Lemma 4.2 Let § € (0,1) and R € (0,4diam(S2)) such that 16h < §R. Let Bg,
B(145)r, and B(142s)r be three concentric boxes. Let w € Hy o(B(1+26)R) and sup-
pose that 16 H < §R. Letn € CSO(R”H'I) with supp(n) C B(45r andn =1 on Bg.
Then it holds

(i) (u— Iy g (na))|B, € ,Hh,O(l?R%é .
(i) M — 1Ty g T (q)llln,r < Cappr5= (% + &) Meellln, 1425 r:

Lo a+25)R 41!
(iii) dim W < Cypp (T) , where W := ITy pITgnHp,0(B1+25)R)-
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Proof To see (4.2), note that if u € H, 0(B(1425)r), then w € Hy o(Bg), and 11, g
maps into Hp,0(Br). To see (4.2), first note that due to the support properties of n
and the fact that ITj, g is the orthogonal projection, it holds

llw — ITh, g T (I g = 1Tn, g (pu — T (pu)l;; g < llnu — Tl g

Furthermore, due to the approximation properties (4.38) of [Ty and the assumption
16 H < §R, we obtain

2

2

2 2

H
< n - 2
~ <R2 + R2> ||V(nu)||L§(B“+$)R)
h*  H? 1

< — a4 = . 2 2
~S <R2 T R2) (82R2 ||u”L§(B<1+5>R) + ||vu”L§(B<1+5>R)> :

Applying Lemma 4.1 with § = 8/(14-8) and R = (1+8)R, i.e., (14+8)R = (1+28)R,
shows

1
i = T w5 & IV O — 5 )13, + 5 110 = T WIIZ 5,

’ (1+426)2
||V“||L§(B(]+5)R) S TIIIUIIIh (1428)R"

Together with the trivial estimate ||“”L§(B(.+5)R) < (1 +28)Rl[alllp,1+25)r We get
(4.2). Statement (4.2) follows from the local definition of the operator ITy. O

Lemma 4.3 Let g,k € (0, 1), R € (0,2diam(£2)), and k € N. Assume

- kqR
~ 64k max {1, Capp}’

(4.39)

where Capp Is the constant from Lemma 4.2. Then, there exists a finite dimensional

—~ —~ _1\d+1
subspace Wi of Hp, (B(1+«)r) with dimension dim Wy < Cgim (Hqu) k2 such

that for every w € Hp, 0(B(141)R), there holds

- k
min [[u—v|llx,r < g llullln, 140 R
ve Wy

Proof Define H = m Then h < H. Define §; := ﬂ for j =

0,..., k. Thisyieldsx = §o > 81 > .-+ > §; = 0. We will apply Lemma4 2 k times,
W1th R, = (1 +4;)R and S This may be done, as R. < 4diam(S2),

8.,' < 1/2,and

i= 2k(1+5)

R R ~
16H < < =4;R <
4kmax {1, Capp} = 2k(1+8;)
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Note that (1 + ZEj)ﬁj = (I +8;-1)R. The first application of Lemma 4.2 yields a

. . Eas . . (144)R d+1
function wy in a subspace Wy of Hp,(B(145,)r) With dim Wy < Capp( 17 )

such that

A

)

QO
N
s

li

= willla,a+spr = valllllllh,(uzgl)ﬁl
1

= 8Capp?|”u|”h,(]+80)R < qlllallln,1+s0)R-

Asu—w; € Hp(B(14s,)R), a second application of Lemma 4.2 yields a function w»
in a subspace W» of H,(B(1+s,)r) such that

2
lha — w1 — Wallln, 4R < glllw—Willln,a+s)r < g llAllln,1+80)R-

Applying k times Lemma 4.2, we obtain a function v = Z];: | W; that is an ele-
ment of the subspace Vi := Z§:1 W; of Hp(Br) and fulfills |[lu — v|[|p,r <
g lallln, 140 - O
Proposition 4.4 Let n > 0 be a fixed admissibility parameter and q € (0, 1).
Let (t,0) be a cluster pair with admissible bounding boxes B%t and Bgﬁ, that
is, ndist (B?er, B%o> > diam (B%r) Then, for each k € N, there exists a space

Vi C S3(Tw) with dim Vi < Caim(2 + m)@+1g=@TVk4%2 such that if f € L*(2)
with supp(f) C B%a N $2, then the solution uy, of (2.10) satisfies

i —1_k
min flup = vll2gp ) < Cooxh™'q" If 2059, (4.40)

Proof Set k := (1 4+ n)~!. We distinguish two cases.

Case 1: Condition (4.39) is satisfied with R = R;:
As dist(Bg,, Br,) > n_ldiam(BRT) = n—1+/dR;, we conclude

1

dist(B(14«)Rr,» Br,) = dist(Bg,, Br,) — KRT\/E = \/ERfi >
n(l+mn)

Hence, Luj, € Hp,0(B(1+«)r)- Lemma 4.3 implies that there is a space Wk
with
min [[|Lup = Villa.z, < " I1Lunllln, 40 R, -

ve Wy

Now

1 1
< — < —
ILunllln,a4or: S 1+ Rr)llﬁuhIIB;(Riﬂ) S+ RT)IIUf||L2(m,
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where the last estimate follows from (3.20) and Lemma 3.5. On the other
hand, employing an appropriate cut-off function and the multiplicative
trace estimate of Lemma 3.7 shows

1
ln =t ¥ll 20 ) < 7o 1Cun = Vlli e + 19 L = Vlz s,
R
< 7’|||£uh — Vil g, -

Combining the last three chains of estimates, we get the desired result if
we set Vi = tr Wg.

Case 2: Condition (4.39) is not satisfied with R = R;:
Select Vi := {v|3% |ve Sé (7},)}. The minimum in (4.40) is then zero
and '

d
RN\ [ 64k 1,C

kq
(]

Proof of Theorem 2.2 Suppose first that Cgim(2 + n)dtlg=@+DEd+2 >
min{|7|, |o|}. In the case min{|z|, |o|} = ||, we set X;; = I e RITI*I"l
and Yoo = A7 . If min{|z],|o]} = |o], we set X;o = A '|;x, and
Y., =1 e RI?I*? Now suppose that Cgim (2 + )¢~ @+Dkd+2 < min {|z], |o|}.
For a cluster T C Z, we define R” := {x e RV | x; =0V, ¢ t}. According to [57],
there exist linear functionals A; such that A; () = §;; and

14 W) ¥illLy2) S WL (supp(yi) » (4.41)
where the hidden constant depends only on the shape regularity of 7j,. Define
T 1 T
o : {R — Sy (Th) and A, : Ly(2) - R ’
X — Zjer XV W w

where w; = A;(w) for j € T and w; = 0 else. Note that h2 x|y ~ || D 2,2
for x € R" and that @; o A; is bounded in L»(£2). For A%, the adjoint of A7,
this implies [|AZ gy 1, 0) S h=/2. Let V; be the space of Proposition 4.4. We
define the columns of X;, to be an orthogonal basis of the space {A;w | w € Vi}
and Y;, ;= A~! |TTXUXw- The ranks of X;, and Y, are then bounded by Cgim (2 +
)@ Hg=@FDEd+2 Now, for b € R7, set f := A% (b). This yields b; = (f, ¥i)e
and supp(f) C Bpg, N 2. According to Proposition 4.4, there exists an element
v € Vg such that |lup — v”Lz(BgrﬂQ) < h_lqk||f||L2(B%”). This implies

|Acup — Azvl2 S

~

h=42| @7 0 Ar(un — V) Lyc2) S B2 un — Vil 80 ne)
ShT G fll 0y S H T g bl
For z := X5 X}, Arup, it holds

| Azup — 2zl < || Acup — Agvla S B 4G5 b2
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——||A~1 =B, ||, 2674 els AN
[A=L = BY,[|2, 17130 els NG
———exp(710r1/3) \\\
10-15 L I 1 1 \\
1 1.5 2 2.5 3 3.5
(block rank r)'/3
Fig. 1 Square domain. s = 0.25, 2674, and 17,130 elements
As Agup = A1 |:xobls, We obtain
1 T Iid
ICA™ |rxo — Xrang)b|<7”2 ,S N q"|bl.
As b € R? was arbitrary, the result follows. O

5 Numerical experiments

We provide numerical experiments in two space dimensions, i.e., d = 2, that confirm
our theoretical findings. The indices Z of the standard basis of the space Sé (Tn)
based on a quasiuniform triangulation of £2 are organized in a cluster tree T that is
obtained by a geometric clustering; i.e., bounding boxes are split in half perpendicular
to their longest edge until the corresponding clusters are smaller than njear = 20. The
block cluster tree is based on that cluster tree using the admissibility parameter n = 2.
In order to calculate a blockwise rank-r approximation B, of A~!, we compute the
densely populated system matrix A using the MATLAB code presented in [1] and
its inverse A~!. On admissible cluster pairs, we compute a rank-r approximation
of the corresponding matrix block of A~! by singular value decomposition, which
produces the best possible approximation of A~! in the Frobenius norm (in the given
blockwise rank-r format). It goes without saying that this way of computing the H-
matrix approximation to A~! has no practical relevance and is only done to illustrate
Theorem 2.5 and gauge the potential of the chosen format. In practice, the matrix A
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10710

——|| A7 = BY,||2, 2674 els
A= — B, |2, 17130 els
exp(710r1/3)

1 -15 1 I I
0 1 1.5 2 25

(block rank r)'/3

Fig.2 Square domain. s = 0.5, 2674, and 17,130 elements

100

10710

——||A~! = B, ||2, 2674 els
A=Y — B, |2, 17130 els
**’exp(fl(]rl/'“‘)

1 -15 L I I
0 1 1.5 2 2.5

(block rank r)'/3

Fig.3 Square domain. s = 0.75, 2674, and 17130 elements
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10°

10°°

-10 L
10
= A= B |2, s =025

AT =Byl s =05

[A~" —Bj[l2, s = 0.75

- exp(710r1/3)

10-15 I =
1 1.5 2 2.5 3 3.5

(block rank r)'/3

Fig.4 L-shaped domain. s € {0.25, 0.5, 0.75}, 6560 elements

has to be approximated during setup using kernel approximations for the far field by,
e.g., Taylor expansions, Chebyshev interpolation (see [36, Sec. 4]), or with black-box
techniques such as ACA [5] or HCA [12]. In practice, an H-matrix approximation
of A~! can be obtained using (approximate) inversion or factorization techniques
discussed in the introduction.

We carried out experiments for s € {0.25, 0.5, 0.75} on a square and an L-shaped
domain. On the square, we use a coarse mesh of 2674 elements, resulting in 358
admissible and 591 non-admissible blocks, and a fine mesh of 17,130 elements,
resulting in 5234 admissible and 5486 non-admissible blocks. On the L-shaped
domain, we use a mesh of 6560 elements, resulting in 640 admissible and 1332 non-
admissible blocks. Note that for a fixed mesh and cluster tree, Theorem 2.5 predicts
A~ — B, Il < exp(—br!/*). However, in our experiments, we observe that the

error behaves like A~ — B%, ll2 ~ exp(— 10r1/3). Hence, we will plot the error log-
arithmically over the third root of the block rank r and include the reference curve
exp(— 10r1/3). Recalling the proof of Lemma 4.2, one discerns a possible reason for
the discrepancy between the proved convergence O (exp(— br'/%)) and the observed
O (exp(— br'/3)): Lemma 4.2 constructs approximations by function defined on

Ri“ and later, traces on RY are taken (Figs. 1, 2, 3, and 4).

6 Conclusions and extensions

We have shown that the inverse A~! of the stiffness matrix A of a Galerkin dis-
cretization of the fractional Laplacian can be approximated at an exponential rate in
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the block rank by #H-matrices, using the standard admissibility criterion (2.11). The
following extensions are possible:

We restricted our analysis to the discretization by piecewise linears. However, the
analysis generalizes to approximation by piecewise polynomials of fixed degree
p-

We focused on the approximability of A~! in the #-matrix format. Computation-
ally attractive are also factorizations such as 7{-LU or #{-Cholesky factorizations.
The ability to find an approximate A ~ Lq; U has been shown for (classical)
FEM discretizations in [7, 22] and for non-local BEM matrices in [23, 24] with
techniques that generalize to the present case of the fractional Laplacian.
Related to H-matrices is the format of 22-matrices discussed in [10, 11, 36, 37].
Using the techniques employed in [10, 22-24], one may also show that A~! can
be approximated by #H2-matrices at an exponential rate in the block rank.

Funding information MK was supported by Conicyt Chile through project FONDECYT 1170672. JIMM
was supported by the Austrian Science Fund (FWF) project F 65.
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