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Abstract
Based on our previous research, we investigate spectral collocation method for
system of weakly singular Volterra integral equations. The provided convergence
analysis shows that global convergence order is related to regularity of the solution
to this system, and the local convergence order on collocation points only depends
on the regularity of kernel functions. Numerical experiments are carried out to con-
firm these theoretical results. Numerical methods are developed to solve nonlinear
system of weakly singular Volterra integral equations and high-order weakly singular
Volterra integro-differential equations.

Keywords Spectral collocation method · System of weakly singular VIEs ·
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1 Introduction

Systems of weakly singular Volterra integral equations (VIEs) appear for example in
the spatial discretization of partial VIEs [8]. Weakly singular equations are widely
applied in fractional calculus [9, 13, 14]. Many high-order weakly singular Volterra
integro-differential equations (VIDEs) can be transformed to be system of weakly
singular VIEs [3]. Waveform and time point relaxation methods were developed to
solve large systems of nonlinear systems of weakly singular VIDEs [4, 15]. Dis-
continuous piecewise polynomial collocation methods were investigated for solving
system of weakly singular VIEs of the first kind [12]. A hybrid collocation method
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[6] was developed for weakly singular VIEs. Collocation method was proposed to
solve fractional differential equations involving non-singular kernel [1]. Spectral
methods [5] are the numerical methods with high precision, which are widely used
to solve Volterra-type integral equations [7, 18, 19]. In [2], spectral method was
proposed to solve a system of fractional differential equations within a fractional
derivative involving the Mittag-Leffler kernel. In our previous research, we have
investigated the spectral collocation methods for weakly singular VIE with propor-
tional delay [11], and the system of VIEs with smooth kernel functions [10]. Based
on the findings, we investigate a spectral collocation method for a system of weakly
singular VIEs in this paper.

The system of weakly singular VIEs considered in this paper is

y(t) = g(t) + V (y)(t), t ∈ [0, 1], (1)

where
y(t) := [y1(t), y2(t), · · · , yM(t)]T , (2)

g(t) := [g1(t), g2(t), · · · , gM(t)]T . (3)

where AT means the transposed matrix of A. The integral operator V is defined as

V (y)(t) :=
∫ t

0
[h(t − s) · K(t, s)]y(s)ds

:=
⎡
⎣ M∑

q=1

V1q(yq)(t),

M∑
q=1

V2q(yq)(t), · · · ,

M∑
q=1

VMq(yq)(t)

⎤
⎦

T

, (4)

where

h(t − s) := [(t − s)−μpq ]M×M, 0 ≤ μpq < 1, 1 ≤ p, q ≤ M, (5)

and we assume that at least one of μpp, 1 ≤ p ≤ M is not zero. The kernel functions
are

K(t, s) := [Kpq(t, s)]M×M, (t, s) ∈ � := {(t, s) : 0 ≤ s ≤ t ≤ 1}. (6)

We define
h(t − s) · K(t, s) := [(t − s)−μpq Kpq(t, s)]M×M . (7)

The integral operator Vpq is defined as

Vpq(yq)(t) :=
∫ t

0
(t − s)−μpq Kpq(t, s)yq(s)ds, 1 ≤ p, q ≤ M . (8)

If the given functions are smooth on their own definition domain, then the solution to
system (1) is continuous but not smooth on their own definition domain (see Lemma 2
in this paper).

In this paper, we assume that the given functions possess continuous derivatives of
order at least m. Chebyshev Gauss-Lobatto points of order N are selected as collo-
cation points. We provide convergence analysis to show that the global convergence
order is log(N)Nμ−1 where μ = max{μpp : 1 ≤ p ≤ M}, and the local convergence
order on collocation points is log(N)N−m. If the solution to system (1) is smooth,
namely, y(t) possesses continuous derivatives of order at least m, then global con-
vergence order is log(N)N1−r−m, ∀ 0 < r < 1. These convergence analysis results
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show that the global convergence order depends on the regularity of the solution to
system (1) and the local convergence order depends on the regularity of given func-
tions (especially kernel functions). It is worth noting that N and m are independent of
each other. We carry out numerical experiments to confirm these theoretical results.
We also investigate the numerical experiments for high-order VIDEs with weakly
singular kernels which can be transformed to be a system of weakly singular VIEs.
Numerical schemes are developed for the nonlinear system of weakly singular VIEs
and nonlinear high-order VIDEs.

This paper is organized as follows. Numerical methods are demonstrated in
Section 2. Useful lemmas for convergence analysis are prepared in Section 3. Con-
vergence analysis is presented in Section 4. Numerical experiments are carried out in
Section 5. Finally, we end with conclusion and future work in Section 6.

2 Spectral collocationmethod

Numerical scheme for system (1) is derived in this section.
Let

ti := 1

2
(xi + 1), i = 0, 1, · · · , N, (9)

where {xi}Ni=0 is the set of Chebyshev Gauss-Lobatto points of order N in standard
interval [−1, 1]. System (1) holds at ti ,

y(ti) = g(ti) + V (y)(ti), i = 0, 1, · · · , N . (10)

Approximate yp(ti) by ypi . Then, y(ti) can be approximated by

yi := [y1i , y2i , · · · , yMi]T . (11)

Note that

yiLi(t) = [y1i , y2i , · · · , yMi]T Li(t) = [y1iLi(t), y2iLi(t), · · · , yMiLi(t)]T , (12)

where Lj (t) is the j th Lagrange interpolation basic function associated with points
{ti}Ni=0. Let

yN(t) :=
N∑

j=0

yjLj (t) ≈ yp(t). (13)

Then,

yN(t) :=
N∑

j=0

yjLj (t) =
[
yN
1 (t), yN

2 (t), · · · , yN
M(t)

]T ≈ y(t). (14)

Approximate (10) by

yi ≈ g(ti) + V (yN)(ti), i = 0, 1, · · · , N . (15)

Let

s(ti , v) := ti

2
(v + 1), v ∈ [−1, 1], (16)
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which can change the interval [0, ti] to the standard interval [−1, 1]. Use Gauss
quadrature formula to approximate integral terms in (15),

V N(yN)(ti ) :=
⎡
⎣ M∑

q=1

V N
1q (yN

q )(ti ),

M∑
q=1

VN
2q(yN

q )(ti ), · · · ,

M∑
q=1

V N
Mq(y

N
q )(ti )

⎤
⎦

T

≈ V (yN)(ti ), (17)

where

V N
pq

(
yN
q

)
(ti ) :=

(
ti

2

)1−μpq N∑
k=1

Kpq

(
ti , s

(
ti , v

pq
k

))
yN
q

(
s
(
ti , v

pq
k

))
w

pq
k ≈ Vpq(yq)(ti ), (18)

v
pq
k , w

pq
k , k = 0, 1, · · · , N are Gauss points and weights of order N , correspond-

ing to weight function ω0,−μpq (x) := (1 + x)0(1 − x)−μpq , x ∈ [−1, 1]. Finally,
we obtain a discrete system with unknown elements ypi, p = 1, 2, · · · , M, i =
0, 1, · · · , N ,

yi = g(ti) + V N(yN)(ti), i = 0, 1, · · · , N . (19)

Solving this system, we can obtain the numerical solution yN(t) to approximate y(t).
In order to solve discrete system (19) easily by computer, we write it in matrix

form. Let

yN := [y10, y11, · · · , y1N, y20, · · · , y2N, · · · , yM0, · · · , yMN ]T , (20)

and

gN := [g1(t0), g1(t1), · · · , g1(tN ), g2(t0), · · · , g2(tN ), · · · , gM(t0), · · · , gM(tN)]T .
(21)

Our goal is to write (19) into matrix form

yN = gN + KNyN . (22)

The row of KN corresponding to ypi and gp(ti) is

[ap10, ap11, · · · , ap1N, ap20, · · · , ap2N, · · · , apM0, · · · , apMN ],
where

apqj =
(

ti

2

)1−μpq N∑
k=0

Kpq(ti , s(ti , vpqk)Lj (s(ti , vpqk)wpqk,

and vpqk, wpqk, k = 0, 1, · · · , N are Gauss points and weights of order N ,
corresponding to weight function ω0,−μpq (x) := (1 + x)0(1 − x)−μpq .

3 Lemmas

Useful lemmas for convergence analysis are prepared in this section.
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Lemma 1 [3] Assume that v(t) is nonnegative function on [0, 1], and u(t) satisfies

u(t) ≤ v(t) + λ

∫ t

0
(t − s)−μu(s)ds, t ∈ [0, 1], λ > 0. (23)

Then, there exists constant C independent of u(t) and v(t) such that

u(t) ≤ Cv(t). (24)

Here after, denote by C(0, 1) the space of continuous functions on [0, 1], and
Cm(0, 1) the space of functions on [0, 1] possessing continuous derivatives of order
at least m.

Assume that A(t) := [apq(t)]P×Q is a matrix of P rows and Q columns, whose
element at pth row and qth column is apq(t). A(t) ∈ C(0, 1) means that apq(t) ∈
C(0, 1), 1 ≤ p ≤ P, 1 ≤ q ≤ Q. For A(t) ∈ C(0, 1), define

|A(t)| := max{|apq(t)| : 1 ≤ p ≤ P, 1 ≤ q ≤ Q}. (25)

It is clear that |A(t)| is a continuous function on [0, 1]. Let
‖A‖L∞(0,1) := max{|A(t)| : t ∈ [0, 1]}. (26)

It is worth noting that

|apq(t)| ≤ |A(t)|, t ∈ [0, 1], 1 ≤ p ≤ P, 1 ≤ q ≤ Q. (27)

The space of functions Cm,r(0, 1), where m is a nonnegative integer and 0 < r <

1, is equipped the norm

‖u‖Cm,r (0,1) := max
0≤k≤m

sup
0≤t≤1

|∂k
t u(t)| max

0≤k≤m
sup

0≤τ1,τ2≤1

|∂k
t u(τ1) − ∂k

t u(τ2)|
|τ1 − τ2|r . (28)

Specially,

‖u‖C0,r (0,1) := ‖u‖L∞(0,1) + sup
0≤τ1,τ2≤1

|u(τ1) − u(τ2)|
|τ1 − τ2|r . (29)

If u(t) ∈ Cm+1(0, 1), then for ∀ 0 < r < 1,

‖u‖Cm,r (0,1) = max
0≤k≤m

sup
0≤t≤1

|∂k
t u(t)| + max

0≤k≤m
sup

0≤τ1,τ2≤1

|∂k
t u(τ1) − ∂k

t u(τ2)|
|τ1 − τ2|r < ∞,

(30)
which means that u(t) ∈ Cm,r(0, 1). Therefore, we conclude that

Cm+1(0, 1) ⊆ Cm,r(0, 1) holds for ∀ 0 < r < 1. (31)

For u(t) = [u1(t), · · · , uM(t)]T , let u(t) ∈ (C0,r (0, 1))M means up(t) ∈
C0,rp (0, 1), p = 1, · · · , M , where r := min{r1, r2, · · · , rM}. Define

‖u‖(C0,r (0,1))M := ‖u‖L∞(0,1) + max
1≤p≤M

sup
0≤τ1,τ2≤1

{ |up(τ1) − up(τ2)|
|τ1 − τ2|r }. (32)

It is worth noting that

‖up‖C0,rp (0,1) ≤ ‖u‖(C0,r (0,1))M , p = 1, · · · , M . (33)
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Lemma 2 Assume that v(t) = [v1(t), · · · , vM(t)]T ∈ C(0, 1), and

u(t) = v(t) + V (u)(t), (34)

where the integral operator V is defined by (4) with continuous kernels K(t, s) ∈
C(�). Then, there exists constant C independent of v(t) and u(t) such that

|u(t)| ≤ C|v(t)|, (35)

and u(t) ∈ (C0,1−μ(0, 1))M , where μ := max{μpp : 1 ≤ p ≤ M}.

Proof From (34),

up(t) = vp(t) +
M∑

q=1

∫ t

0 (t − s)−μpq Kpq(t, s)uq(s)ds,

p = 1, 2, · · · , M .
(36)

Then,

|up(t)| ≤ |vp(t)| +
M∑

q=1

∫ t

0
(t − s)−μpq |Kpq(t, s)||uq(s)|ds,

p = 1, 2, · · · , M . (37)

Let

μ̃ := max{μpq : 1 ≤ p, q ≤ M}, (38)

and

|K(t, s)| := max{|Kpq(t, s)| : 1 ≤ p, q ≤ M}. (39)

In view of (27), from (37), we have

|up(t)| ≤ |vp(t)| + M
∫ t

0 (t − s)−μ̃|K(t, s)||u(s)|ds,

p = 1, 2, · · · , M .
(40)

Then,

max
1≤p≤M

|up(t)| ≤ max
1≤p≤M

|vp(t)| + M
∫ t

0 (t − s)−μ̃|K(t, s)||u(s)|ds, (41)

namely,

|u(t)| ≤ |v(t)| + M
∫ t

0(t − s)−μ̃|K(t, s)||u(s)|ds. (42)

By Lemma 1, we obtain (35).
From [3] (page 432), we have up(t) ∈ C(0, 1). From (1),

up(t) = vp(t)+
M∑

i 	=p

∫ t

0
(t−s)−μpi Kpi(t, s)ui(s)ds+

∫ t

0
(t−s)−μppKpp(t, s)up(s)ds.

(43)
It is worth noting that vp(t) + ∑M

i 	=p

∫ t

0 (t − s)−μpi Kpi(t, s)ui(s)ds is continuous

on [0, 1]. From [3] (page 348), we have up(t) ∈ C0,1−μpp(0, 1), p = 1, 2, · · · , M .
Then, u(t) ∈ (C0,1−μ(0, 1))M .
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The interpolation operator IN is defined by

IN(u)(t) :=
N∑

i=0

u(ti)Li(t), t ∈ [0, 1], (44)

where u(t) ∈ C(0, 1). For the matrix u(t) := [u1(t), u2(t), · · · , uM(t)]T ,
IN(u)(t) := [IN(u1)(t), IN(u2)(t), · · · , IN(uM)(t)]T . (45)

The identity operator is denoted by I .

Lemma 3 [16, 17] Assume that u ∈ Cm,r(0, 1). Then, there exists polynomial
PN(u)(t) of degree not exceeding N such that

‖(I − PN)(u)‖L∞(0,1) ≤ CN−m−r‖u‖Cm,r (0,1), (46)

where constant C is independent of u(t).

Lemma 4 (I) [5]If u(t) ∈ C(0, 1), then

‖IN(u)‖L∞(0,1) ≤ C log(N)‖u‖L∞(0,1). (47)

(II) If u(t) ∈ Cm,r(0, 1), then

‖(I − IN)(u)‖L∞(0,1) ≤ C log(N)N−r−m‖u‖Cm,r (0,1). (48)

(III) If u(t) ∈ Cm(0, 1), then

‖(I − IN)(u)‖L∞(0,1) ≤ C log(N)N1−r−m‖u‖Cm−1,r (0,1), ∀ 0 < r < 1. (49)

Proof It is clear that

‖(I − IN)(u)‖L∞(0,1) ≤ ‖(I − PN)(u)‖L∞(0,1) + ‖(PN − IN)(u)‖L∞(0,1). (50)

Note that IN(PN(u)) = PN(u). Then,

‖(PN − IN)(u)‖L∞(0,1) = ‖IN(PN − I )(u)‖L∞(0,1). (51)

By (47),

‖IN(PN − I )(u)‖L∞(0,1) ≤ C log(N)‖(PN − I )(u)‖L∞(0,1). (52)

By Lemma 3, if u(t) ∈ Cm,r(0, 1), then

‖(I − PN)(u)‖L∞(0,1) ≤ CN−r−m‖u‖Cm,r (0,1). (53)

Combining (50) with (51), (52), and (53) yields (48).
If u(t) ∈ Cm(0, 1), by (31), we have u(t) ∈ Cm−1,r (0, 1), ∀ 0 < r < 1. By (48),

we obtain (49).

Lemma 5 Assume that u(t) = [u1(t), u2(t), · · · , uM(t)]T .
(I) If u(t) ∈ (C(0, 1))M , then

‖IN(u)‖L∞(0,1) ≤ C log(N)‖u‖L∞(0,1). (54)
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(II) If up(t) ∈ Cm,rp (0, 1), p = 1, 2, · · · , M , then

‖(I − IN)(u)‖L∞(0,1) ≤ C log(N)N−r−m‖u‖(Cm,r (0,1))M , (55)

where r = min{rp : p = 1, 2, · · · , M}.
(III) If u(t) ∈ (Cm(0, 1))M , then

‖(I − IN)(u)‖L∞(0,1) ≤ C log(N)N1−r−m‖u‖(Cm−1,r (0,1))M , ∀ 0 < r < 1. (56)

Proof By (47),

|IN(up)(t)| ≤ ‖IN(up)‖L∞(0,1) ≤ C log(N)‖up‖L∞(0,1) ≤ C log(N)‖u‖L∞(0,1).

Then,
max

1≤p≤M
|IN(up)(t)| ≤ C log(N)‖u‖L∞(0,1),

which leads to (54).
By (48),

|(I − IN)(u)(t)| = max
1≤p≤M

|(I − IN)(up)(t)|
≤ max

1≤p≤M
C log(N)N−rp−m‖up‖Cm,rp (0,1)

≤ C log(N)N−r−m max
1≤p≤M

‖up‖Cm,r (0,1)

≤ C log(N)N−r−m‖u‖(Cm,r (0,1))M ,

(57)

which leads to (55).
Assume that u(t) ∈ (Cm(0, 1))M , namely, up(t) ∈ Cm(0, 1), p = 1, 2, · · · , M .

By (49), for ∀ 0 < r < 1,

|(I − IN)(u)(t)| = max
1≤p≤M

|(I − IN)(up)(t)|
≤ max

1≤p≤M
C log(N)N1−r−m‖up‖Cm−1,r (0,1)

≤ C log(N)N1−r−m max
1≤p≤M

‖up‖Cm−1,r (0,1)

≤ C log(N)N1−r−m‖u‖(Cm−1,r (0,1))M ,

(58)

which leads to (56).

Lemma 6 [11] Let

u(t) =
∫ t

0
(t − s)−rR(t, s)v(s)ds, t ∈ [0, 1], (59)

where v(t), R(t, s) are continuous on their own definition domains. Then, u(t) ∈
C0,1−r (0, 1) and ‖u‖C0,1−r (0,1) ≤ C‖v‖L∞(0,1).

Lemma 7 Let v(t) = [v1(t), v2(t), · · · , vM(t)]T ∈ C(0, 1) and
[up(t), u2(t), · · · , up(t)]T = u(t) = V (v)(t) with kernel functionsK(t, s) ∈ C(�).
Then, u(t) ∈ (C0,1−μ̃(0, 1))M and ‖u‖(C0,1−μ̃(0,1))M ≤ C‖v‖L∞(0,1), where
μ̃ = max{μpq : 1 ≤ p, q ≤ M}.
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Proof Let upq(t) := Vpq(vq)(t). By Lemma 6,

upq(t) ∈ C0,1−μpq (0, 1), and ‖uqp‖C0,1−μpq (0,1) ≤ C‖vq‖L∞(0,1). (60)

On the one hand,

|up(t)| =
M∑

q=1

∫ t

0
(t − s)−μpq |Kpq(t, s)||vq(s)|ds

≤
M∑

q=1

‖vq‖L∞(0,1)

∫ t

0
(t − s)−μpq |Kpq(t, s)|ds

≤ C‖v‖L∞(0,1). (61)

Then,

‖up‖L∞(0,1) ≤ C‖v‖L∞(0,1). (62)

Let μp := max{μpq : q = 1, 2, · · · , M}. On the other hand,

sup
0≤τ1,τ2≤1

{ |up(τ1)−up(τ2)|
|τ1−τ2|1−μp

}

≤ sup
0≤τ1,τ2≤1

{
M∑

q=1

|upq(τ1)−upq(τ2)|
|τ1−τ2|1−μp

}

≤ sup
0≤τ1,τ2≤1

{
M∑

q=1

|upq(τ1)−upq(τ2)|
|τ1−τ2|1−μpq

}

≤ M‖upq‖C0,1−μpq (0,1) ≤ M‖vq‖L∞(0,1) ≤ M‖v‖L∞(0,1).

(63)

Combining (62) with (63), by the definition of ‖ · ‖C0,1−μp (0,1), we have

‖up‖C0,1−μp = ‖up‖L∞(0,1) + sup
0≤τ1,τ2≤1

{ |up(τ1) − up(τ2)|
|τ1 − τ2|1−μp

} ≤ C‖v‖L∞(0,1), (64)

which means that up(t) ∈ C0,1−μp(0, 1). Then, we have u(t) ∈ (C0,1−μ̃(0, 1))M .
From (61),

|u(t)| = max{|up(t)| : p = 1, 2, · · · , M} ≤ C‖v‖L∞(0,1). (65)

Then,

‖u‖L∞(0,1) ≤ C‖v‖L∞(0,1). (66)

From (63),

max
0≤p≤M

sup
0≤τ1,τ2≤1

{ |up(τ1) − up(τ2)|
|τ1 − τ2|1−μp

} ≤ C‖v‖L∞(0,1). (67)

Combine (66) with (67),

‖u‖(C0,1−μ̃(0,1))M = ‖u‖L∞(0,1) + max
0≤p≤M

sup
0≤τ1,τ2≤1

{ |up(τ1) − up(τ2)|
|τ1 − τ2|1−μp

}
≤ C‖v‖L∞(0,1). (68)
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Lemma 8 [5]Assume that ∂m
t R(t) is continuous on its own definition domain, and

PN(t) is polynomial of order not exceeding N . Then,∣∣∣∣∣
∫ 1

−1
ωα,β(v)R(v)PN(v)dv −

N∑
k=0

R
(
v

α,β
k

)
PN

(
v

α,β
k

)
w

α,β
k

∣∣∣∣∣
≤ CN−m‖∂m

t R‖L2
ωα,β (−1,1)‖PN‖L∞(0,1), (69)

where v
α,β
k , w

α,β
k , k = 0, 1, · · · , N are Gauss points and weights of order N

corresponding to weight function ωα,β(v) on interval [−1, 1].

Lemma 9 Assume that uN(t) = [uN
1 (t), uN

2 (t), · · · , uN
M(t)]T , where uN

i (t), i =
1, 2, · · · , M are polynomials of order not exceeding N . Then,

‖(V − V N)(uN)‖L∞(0,1) ≤ CN−m‖∂m
s K‖L∞(�)‖uN‖L∞(0,1), (70)

where ∂m
s K(t, s) := [∂m

s Kpq(t, s)]M×M ∈ C(�), and V and V N are defined by (4)
and respectively, .

Proof Note that

(V −V N)(uN)(t)=
⎡
⎣ N∑

q=1

(
V1q−V N

1q

) (
uN

q

)
(t),

N∑
q=1

(
V2q−V N

2q

) (
uN

q

)
(t), · · · ,

N∑
p=1

(
VMq−V N

Mq

) (
uN

q

)
(t)

⎤
⎦

T

.

(71)

By Lemma 8,

|(Vpq − V N
pq)(uN

q )(t)| ≤ CN−m‖∂m
v Kpq(t, s(t, ·)‖L2

ω
0,−μpq

(−1,1)‖uN
q (s(t, ·))‖L∞(−1,1)

≤ CN−m‖∂m
v Kpq(t, s(t, ·)‖L∞(−1,1)‖uN

q ‖L∞(0,t)

≤ CN−m‖∂m
s Kpq(t, ·)‖L∞(0,t)‖uN

q ‖L∞(0,t)

≤ CN−m‖∂m
s Kpq‖L∞(�)‖uN

q ‖L∞(0,1)

≤ CN−m‖∂m
s K‖L∞(�)‖uN‖L∞(0,1).

(72)

Then,∣∣∣∣∣
M∑

q=1

(
Vpq − V N

pq

) (
uN

q

)
(t)

∣∣∣∣∣ ≤
M∑

q=1

∣∣∣
(
Vpq − V N

pq

) (
uN

q

)
(t)

∣∣∣

≤
M∑

q=1
CN−m‖∂m

s K‖L∞(�)‖uN‖L∞(0,1)

≤ CN−m‖∂m
s K‖L∞(�)‖uN‖L∞(0,1).

(73)

Finally,

‖(V − V N)(uN)‖L∞(0,1) = max
0≤t≤1

|(V − V N)(uN)(t)|

= max
1≤p≤M

max
0≤t≤1

|
N∑

q=1
(Vpq − V N

pq)(uN
q )(t)|

≤ CN−m‖∂m
s K‖L∞(�)‖uN‖L∞(0,1).

(74)

2686



Spectral collocation method for system of weakly singular Volterra

4 Convergence analysis

In this section, we provide convergence analysis for the numerical method in
Section 2.

Theorem 1 Assume that y(t) is the solution to system (1), and the corresponding
numerical solution yN(t) obtained by numerical method in Section 2 exists and is
unique.

(I) If g(t) ∈ (C(0, 1))M and ∂m
s K ∈ C(�), then

‖y − yN‖L∞(0,1) ≤ C log(N)Nμ−1‖y‖(C0,1−μ(0,1))M (1 + N1−μ−m‖∂m
s K‖L∞(�)),

(75)
and

max
0≤i≤N

‖(y − yN)(ti)‖ ≤ C log(N)N−m‖y‖(C0,1−μ(0,1))M ‖∂m
s K‖L∞(�). (76)

(II) If y(t) ∈ (Cm(0, 1))M and ∂m
s K(t, s) ∈ C(�), then

‖y − yN‖L∞(0,1) ≤ C log(N)N1−r−m‖y‖(Cm−1,r (0,1))M (1 + Nr−1‖∂m
s K‖L∞(�)), ∀ 0 < r < 1.

(77)

Convergence analysis result (75) shows that global convergence order is
log(N)Nμ−1 which is related to the regularity of y(t). Convergence analysis result
(77) implies that better regularity of y(t) will enhance the global convergence order
to log(N)N1−r−m, ∀ 0 < r < 1. Local convergence order on collocation points is
log(N)N−m which is only related to the regularity ofK(t, s) with respect to variable
s. It is worth noting that N and m are independent of each other.

Proof Subtract (19) from (10),

y(ti) − yi = V (y)(ti) − V N(yN)(ti), i = 0, 1, · · · , N . (78)

Change the right-hand side of (78) as

V (y)(ti) − V N(yN)(ti) = E1(ti) + E2(ti), (79)

where
E0(t) := y(t) − yN(t), (80)

E1(t) := V (E0)(t), (81)

E2(t) := (V − V N)(yN)(t). (82)

Multiply Li(t) to both side of (78) and sum up for i = 0 to i = N ,

IN(y)(t) − yN(t) = IN(V (E0))(t) + IN(E1)(t), (83)

which can be written as follows:

E0(t) = (I − IN)(y)(t) + (IN − I )(V (E0))(t) + IN(E1)(t) + V (E0)(t). (84)

By Lemma 2,

|E0(t)| ≤ C(|(I − IN)(y)(t)| + |(IN − I )(V (E0))(t)| + |IN(E1)(t)|). (85)
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Then,

‖E0‖L∞(0,1) ≤ C(‖(I − IN)(y)‖L∞(0,1)

+ ‖(IN − I )(V (E0))‖L∞(0,1) + ‖IN(E1)‖L∞(0,1)). (86)

From Lemma 2, y ∈ (C0,1−μ(0, 1))M where μ = max{μpp : 1 ≤ p ≤ M}. By
Lemma 5,

‖(I − IN)(y)‖L∞(0,1) ≤ C log(N)Nμ−1‖y‖(C0,1−μ(0,1))M . (87)

From Lemma 7, V (E0) ∈ (C0,1−μ̃(0, 1))M where μ̃ := {upq : 1 ≤ p, q ≤ M}. By
Lemma 5,

‖(IN − I )(V (E0))‖L∞(0,1) ≤ C log(N)Nμ̃−1‖V (E0)‖(C0,1−μ̃(0,1))M . (88)

By Lemma 7,
‖V (E0)‖(C0,1−μ̃(0,1))M ≤ C‖V (E0)‖L∞(0,1). (89)

By (66),
‖V (E0)‖L∞(0,1) ≤ C‖E0‖L∞(0,1). (90)

Combine (88) with (89) and (90),

‖(IN − I )(V (E0))‖L∞(0,1) ≤ C log(N)Nμ̃−1‖E0‖L∞(0,1). (91)

By Lemma 5,
‖IN(E1)‖L∞(0,1) ≤ C log(N)‖E1‖L∞(0,1). (92)

By Lemma 9,

‖E1‖L∞(0,1) = ‖(V − V N)(yN)‖L∞(0,1)

≤ CN−m‖∂m
s K‖L∞(�)‖yN‖L∞(0,1)

≤ CN−m‖∂m
s K‖L∞(�)(‖y‖L∞(0,1) + ‖E0‖L∞(0,1)).

(93)

Combine (92) with (93),

‖IN(E1)‖L∞(0,1) ≤ C log(N)N−m‖∂m
s K‖L∞(�)(‖y‖L∞(0,1) + ‖E0‖L∞(0,1)). (94)

Combine (86) with (87), (88), (91), and (94),

‖E0‖L∞(0,1) ≤ C log(N)Nμ−1‖y‖(C0,1−μ(0,1))M + C log(N)Nμ̃−1‖E0‖L∞(0,1)

+C log(N)N−m‖∂m
s K‖L∞(�)(‖y‖L∞(0,1) + ‖E0‖L∞(0,1)).

(95)
For sufficient large N ,

‖E0‖L∞(0,1) ≤C log(N)Nμ−1(‖y‖(C0,1−μ(0,1))M +N1−μ−m‖∂m
s K‖L∞(�)‖y‖L∞(0,1)), (96)

which together with the inequality ‖y‖(C0,1−μ(0,1))M ≥ ‖y‖L∞(0,1) yields (75).
From (85),

|E0(ti)| ≤ C(|(I − IN)(y)(ti)| + |(IN − I )(V (E0))(ti)| + |IN(E1)(ti)|). (97)

Note that (I − IN)(u)(ti) = 0 for u = y and V (E0). Then,

|E0(ti)| ≤ C|IN(E1)(ti)|. (98)

2688



Spectral collocation method for system of weakly singular Volterra

By (94),

|IN(E1)(ti)| ≤ C log(N)N−m‖∂m
s K‖L∞(�)(‖y‖L∞(0,1) + ‖E0‖L∞(0,1)). (99)

In view of (75) and ‖y‖L∞(0,1) ≤ ‖y‖(C0,1−μ(0,1))M ,

|IN(E1)(ti)| ≤ C log(N)N−m‖∂m
s K‖L∞(�)‖y‖(C0,1−μ(0,1))M

(1 + C log(N)Nμ−1(1 + N1−μ−m‖∂m
s K(t, ·)‖L∞(0,1))).

(100)

For sufficient large N ,

|IN(E1)(ti)| ≤ C log(N)N−m‖∂m
s K‖L∞(�)‖y‖(C0,1−μ(0,1))M , (101)

which together with (98) yields (76).
If y(t) ∈ Cm(0, 1), then by (56),

‖(I − IN)(y)‖L∞(0,1) ≤ C log(N)N1−r−m‖y‖(Cm−1,r (0,1))M , ∀ 0 < r < 1. (102)

Combine (86) with (91), (94), and (102),

‖E0‖L∞(0,1) ≤ C log(N)N1−r−m‖y‖(Cm−1,r (0,1))M + C log(N)Nμ−1‖E0‖L∞(0,1)

+C log(N)N−m‖∂m
s K‖L∞(�)(‖y‖L∞(0,1) + ‖E0‖L∞(0,1)).

(103)
For sufficient large N ,

‖E0‖L∞(0,1) ≤ C log(N)N1−r−m‖y‖(Cm−1,r (0,1))M (1 + Nr−1‖∂m
s K‖L∞(�)).

(104)
This is (77).

5 Numerical experiments

We carry out numerical experiments in this section.

Example 1 Let
g(t) = [g1(t), g1(t), g1(t)]T ,

where g1(t) = g2(t) = g3(t) = 1 + 2t1/2 + 3t2/3 + 4t3/4, and

K(t, s) =
⎡
⎣ 1 1 1
1 1 1
1 1 1

⎤
⎦ ,h(t −s) =

⎡
⎣ (t − s)−1/2 (t − s)−1/3 (t − s)−1/4

(t − s)−1/3 (t − s)−1/4 (t − s)−1/2

(t − s)−1/4 (t − s)−1/4 (t − s)−1/3

⎤
⎦ . (105)

The corresponding exact solution is y(t) = [1, 1, 1]T . We investigate the global
numerical errors

ξ(N) := ‖y − yN‖L∞(0,1),

where yN(t) defined by (14) is the numerical solution to VIEs (1). It is worth noting
that the solution y(t) ∈ Cm(0, 1) for sufficient large m. The convergence result (77)
shows that the global convergence order is log(N)N1−r−m, ∀ 0 < r < 1. Numerical
errors versus N are demonstrated in Table 1 and plotted in Fig. 1 which shows that
numerical solution possesses very high precision. IncreasingN , numerical errors stay
near the level 10−10.
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Table 1 Example 1: Error versus N

N 2 6 10 14 16 20

ξ(N) 1.33e−15 9.52e−13 5.91e−12 4.91e−11 3.11e−11 2.35e−11

In general case, it is impossible to obtain the expression of the exact solution to
VIEs (1). In order to effectively investigate the performance of numerical errors, we
define global numerical error

ε(N) := max
t∈[0,1] |y

N(t) − g(t) − V 30(yN)(t)|. (106)

The corresponding local error is

δ(N) := max
t∈{ti }Ni=0

|yN(t) − g(t) − V 30(yN)(t)|. (107)

Example 2 Consider system of weakly singular VIEs (1) with

g(t) = [sin t, cos t, et ]T , (108)

and

K(t, s) =
⎡
⎣ sin(t + s) cos(t + s) et−s

cos(t + s) sin(t + 0.5s) et+s

sin(t + s + 1) cos(t + s − 1) et−0.5s

⎤
⎦ . (109)

Case I:

h(t − s) =
⎡
⎣ (t − s)−0.1 (t − s)−0.1 (t − s)−0.1

(t − s)−0.1 (t − s)−0.1 (t − s)−0.1

(t − s)−0.1 (t − s)−0.1 (t − s)−0.1

⎤
⎦ . (110)
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Fig. 1 Example 1: Error versus N
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Table 2 Example 2: Errors versus N

N 2 6 10 14 16 20

ε(N) for Case I 5.21e−00 7.67e−02 1.02e−03 5.13e−04 4.85e−04 2.08e−04

δ(N) for Case I 1.81e−03 4.63e−11 1.71e−13 3.69e−13 8.53e−14 1.99e−13

ε(N) for Case II 1.27e+01 7.64e−00 2.72e−00 2.51e−00 3.03e−00 1.90e−00

δ(N) for Case II 6.37e−04 5.31e−10 1.07e−14 1.87e−14 4.89e−15 6.44e−15

Case II:

h(t − s) =
⎡
⎣ (t − s)−0.9 (t − s)−0.9 (t − s)−0.9

(t − s)−0.9 (t − s)−0.9 (t − s)−0.9

(t − s)−0.9 (t − s)−0.9 (t − s)−0.9

⎤
⎦ . (111)

This example is to provide to underline the role of μ in the performance of errors
decaying. From the convergence result, global convergence order is log(N)Nμ−1 and
the local convergence order is log(N)N−m. In other words, if μ is smaller, global
errors decay faster. The local convergence order on collocation points is independent
of μ but depends on m, the regularity index of given functions especially kernel
functions. Numerical errors versus N are recorded in Table 2 and plotted in Fig. 2
which shows that global errors corresponding to μ = 0.1 decay faster than the one
corresponding to μ = 0.9, while there is no significant difference for local errors
between two cases.

Example 3 Consider VIEs (1) with

g(t) = [sin t, cos t]T ,h(t − s) =
[

(t − s)−0.1 (t − s)−0.2

(t − s)−0.2 (t − s)−0.1

]
.
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Fig. 2 Example 2: Errors versus N
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Table 3 Example 3: Error versus N

N 2 6 10 14 16 20

ε(N) for Case I 3.14e−01 2.08e−03 5.13e−04 2.60e−04 2.45e−04 1.05e−04

δ(N) for Case I 2.01e−04 2.61e−13 4.44e−15 5.33e−15 1.78e−15 4.44e−15

ε(N) for Case II 3.46e−01 2.07e−03 5.12e−04 2.59e−04 2.45e−04 1.05e−04

δ(N) for Case II 2.78e−03 2.49e−04 6.56e−05 2.45e−05 1.58e−05 6.83e−06

Case I:

K(t, s) =
[

t1/2 + s t1/2 − s

sin(t1/2 + s) cos(t1/2 − s)

]
. (112)

Case II:

K(t, s) =
[

t + s1/2 t − s1/2

sin(t + s1/2) cos(t − s1/2)

]
. (113)

The convergence analysis result (76) shows that local convergence order log(N)N−m

depends on m, the regularity index of K(t, s) with respect to variable s. In order to
confirm this theoretical result, we carry out numerical experiments for two cases.
The kernel functions in Case I possess better regularity with respect variable s than
t , while it is opposite in Case II. Numerical errors versus N recorded in Table 3 and
plotted in Fig. 3 show that, ifK(t, s) possess better regularity with respect to variable
s, local convergence order on collocation points will be higher. Global errors of Case
I and Case II perform similarly to each other. This confirm the theoretical result that
global convergence order depends on the regularity of y(t).

Base on the common sense that high-order weakly singular Volterra integro-
differential equations can be transformed to be system (1), we consider the following
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high-order VIDE

y(n)(t) = g(t) +
n−1∑
i=0

aj (t)y
(j)(t) +

n∑
i=0

∫ t

0
(t − s)−μi Ki(t, s)y

(i)(s)ds, (114)

with y(i)(0) = ci, i = 0, 1, · · · , n − 1. Let yi(t) := y(i)(t), then

yi(t) = ci +
∫ t

0
yi+1(s)ds, i = 0, 1, · · · , n − 1. (115)

The system of VIEs corresponding to (114) is

y0(t) = c0 +
∫ t

0
y1(s)ds,

y1(t) = c1 +
∫ t

0
y2(s)ds,

· · ·
yn−1(t) = cn−1 +

∫ t

0
yn(s)ds,

yn(t) = f (t) +
n−1∑
i=0

ai(t)ci

+
n−1∑
i=0

ai(t)

∫ t

0
yi+1(s)ds,

+
n∑

i=0

∫ t

0
(t − s)−μi Ki(t, s)yi(s)ds. (116)

Write them in matrix form,

y(t) = g(t) +
∫ t

0
H(t, s)y(s)ds, (117)

where

g(t) := [c0, c1, · · · , cn−1, f (t) +
n−1∑
i=0

ai(t)ci]T , (118)

and

H(t, s) :=

⎡
⎢⎢⎢⎢⎢⎣

0 1 0 · · · 0
0 0 1 · · · 0
...

...
...

. . .
...

0 0 0 · · · 1
H0(t, s) H1(t, s) H2(t, s) · · · HN(t, s)

⎤
⎥⎥⎥⎥⎥⎦

, (119)

H0(t, s) = (t − s)−μ0K0(t, s),

Hi(t, s) := ai(t) + (t − s)−μi+1Ki+1(t, s), i = 1, 2 · · · , N .

The discrete system for (117) is

yi = g(ti) + Ṽ N(yN)(ti), i = 0, 1, · · · , N, (120)
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where Ṽ N(yN)(ti) is a matrix of dimension (n + 1) × 1, whose j th (1 ≤ j ≤ n)
element is

ti

2

N∑
p=0

yjp

N∑
k=0

Lp(s(ti , v
(0,0)
k ))w

(0,0)
k ≈

∫ ti

0
yj (s)ds,

where v
(α,β)
k and w

(α,β)
k are N-order Jacobi Gauss points and weights in interval

[−1, 1] corresponding to the weight function ω(α,β)(x) = (1 − x)α(1 + x)β . The
n + 1-th element of Ṽ N(yN)(ti) is

n∑
p=0

Ṽ N (yp)(ti),

where

Ṽ N(y0)(ti)=
(

ti

2

)1−μ0 N∑
j=0

y0j

N∑
k=0

K0(ti , s(ti , v
(−μ0,0)
k ))Lj (s(ti , v

(−μ0,0)
k ))w

(−μ0,0)
k

≈
∫ ti

0
(t−s)−μ0K0(ti , s)y0(s)ds, (121)

and

Ṽ N (yp)(ti) =ap−1(ti)
ti
2

N∑
j=0

ypj

N∑
k=0

Lj (s(ti , v
(0,0)
k ))w

(0,0)
k

+(
ti
2 )1−μ0

N∑
j=0

ypj

N∑
k=0

Kp(ti, s(ti , v
(−μp,0)
k ))Lj (s(ti , v

(−μp,0)
k ))w

(−μp,0)
k

≈ ∫ ti
0 (ap−1(ti) + (ti − s)−μpKp(ti , s)yp(s))ds,

p = 1, 2, · · · , n.
(122)

Example 4 Consider high-order VIDE (114) for the following two cases:
Case I:

y′′(t) = − cos t − 2t1/2 + cos ty(t) + ety′(t) + ∫ t

0 ((t − s)−1/2y(s)

+(t − s)−1/3 cos(t + s)y′(s) + (t − s)−1/4et−sy′′(s))ds,
(123)

with y(0) = 1, y′(0) = 0 . The corresponding exact solution is y(t) = 1, t ∈ [0, 1].
Case II:

y′′(t) = sin(t) + cos ty(t) + ety′(t) + ∫ t

0 ((t − s)−1/2 sin(t + s)y(s)

+(t − s)−1/3 cos(t + s)y′(s) + (t − s)−1/4et−sy′′(s))ds,
(124)

with y(0) = 1, y′(0) = 1.
It is worth noting that kernel functions and exact solution to Case I are sufficient

smooth. According to the convergence analysis result (77), global convergence order
is log(N)N1−r−m, ∀ 0 < r < 1. It implies that a high precision numerical solution
will be obtained. The given functions in Case II are sufficient smooth. Then, the
solution to Case II lies inC0,3/4(0, 1). The corresponding global convergence order is
log(N)N−3/4 which is slower than log(N)N1−r−m for Case I. The local convergence
order for Case II is log(N)N−m which is similar to global convergence order for
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Table 4 Example 4: Error versus N

N 2 6 10 14 16 20

ξ(N) for Case I 3.11e−15 1.11e−15 1.00e−15 2.22e−15 2.22e−15 3.00e−15

ε(N) for Case II 1.99e−00 1.34e−01 8.74e−03 5.32e−03 5.27e−03 2.38e−03

δ(N) for Case II 1.26e−03 2.41e−10 5.68e−14 7.11e−14 8.53e−14 4.97e−14

Case II. Numerical errors recorded in Table 4 and plotted in Fig. 4 confirm these
theoretical results.

Nonlinear system of weakly singular VIEs is
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

y1(t) = g1(t) + ∫ t

0

M∑
j=1

(t − s)−μ1j K1j (t, s, y1(s), · · · , yM(s))ds,

y2(t) = g2(t) + ∫ t

0

M∑
j=1

(t − s)−μ2j K2j (t, s, y1(s), · · · , yM(s))ds,

· · ·
yM(t) = gM(t) + ∫ t

0

M∑
j=1

(t − s)−μMj KMj (t, s, y1(s), · · · , yM(s))ds.

(125)

Corresponding numerical scheme is
⎧⎪⎪⎨
⎪⎪⎩

y1i = g1(ti) + S1(N, ti),

y2i = g2(ti) + S2(N, ti),

· · ·
yMi = gM(ti) + SM(N, ti),

, i = 0, 1, · · · , N, (126)
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Fig. 4 Example 4: Errors versus N
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Table 5 Example 5: Error versus N

N 2 6 10 14 16 20

ε(N) 1.25e−01 1.84e−02 5.13e−03 3.46e−03 3.54e−03 1.66e−03

δ(N) 5.59e−03 1.01e−04 1.33e−06 3.81e−07 2.07e−07 8.61e−08

where Sp(N, ti), p = 1, 2, · · · , M are defined as

Sp(N, ti) :=
M∑

j=1

N∑
k=0

(ti/2)
1−μpj Kpj (ti , s(ti , v

pj
k ), yN

1 (s(ti , v
pj
k )), · · · , yN

M(s(ti , v
pj
k ))) ∗ w

pj
k ,

v
pj
k , w

pj
k are N + 1-order Jacobi Gauss points in interval [−1, 1] corresponding to

weight function ω(−μpj ,0)(x) := (1 − x)−μpj (1 + x)0.

Example 5 Consider nonlinear VIEs (1) as follows:

y1(t) = sin t + ∫ t

0 ((t − s)−1/2 sin(t − s + y1(s) + y2(s) − y3(s))

+(t − s)−1/3 cos(t + s + y1(s) − y2(s) + y3(s))

+(t − s)−1/4 cos(ts + y1(s) − y2(s) − y3(s))ds/5,
y2(t) = cos t + ∫ t

0 ((t − s)−1/4 cos(t + s + y1(s)y2(s) + y2(s)y3(s) + y1(s)y3(s))

+(t − s)−1/3 sin(t − s + y2
1(s) + y2

2(s) + y2
3(s))+(t − s)−1/2 cos(ts + y2

1(s) + y2
2(s) − y2

3(s)))ds/5,
y3(t) = sin 0.5t + ∫ t

0 ((t − s)−1/3 sin(t ∗ s + y1(s)y2(s) − y2(s)y3(s) + y1(s)y3(s))

+(t − s)−1/2 cos(ts + y2
1(s) − y2

2(s) + y2
3(s))+(t − s)−1/4 cos(t − s + y2

1(s) − y2
2(s) − y2

3(s)))ds/5.
(127)

Numerical errors versus N recorded in Table 5 and plotted in Fig. 5 show that global
numerical errors decay slower that the local errors. This is similar to the linear case.

The nonlinear high-order weakly singular VIDE is

y(n) = f (t, y(t), y′(t), · · · , y(n−1)(t),

∫ t

0
(t − s)−μK(t, s, Y (s))ds), (128)

with y(i)(0) = ci, i = 0, 1, · · · , n − 1, where

Y (s) := [y(s), y′(s), · · · , y(n)(s)].
The corresponding system of VIEs is

y0(t) = c0 + ∫ t

0y1(s)ds,

· · ·
yn−1(t) = cn−1 + ∫ t

0yn(s)ds,

yn(t) = f (t, y0(t), y1(t), · · · , yn−1(t),
∫ t

0 (t − s)−μK(t, s, Ỹ (s))ds),

(129)
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Fig. 5 Example 5: Errors versus N

where yi(t) := y(i)(t), Ỹ (s) := [y0(s), y1(s), · · · , yn(s)]. Then, numerical scheme
is

y0i = c0 + ti
2

N∑
k=0

yN
1 (s(ti , v

(0,0)
k ))w

(0,0)
k ,

· · ·
yn−1,i = cn−1 + ti

2

N∑
k=0

yN
n (s(ti , v

(0,0)
k ))w

(0,0)
k ,

yni = f (t, yN
0 (ti), y

N
1 (ti), · · · , yN

n−1(ti), S(N, ti)),

(130)

where

S(N, ti) :=
(

ti

2

)1−μ N∑
k=0

K(t, s(ti , v
(−μ,0)
k ), Ỹ N (s(ti , v

(−μ,0)
k )))w

(−μ,0)
k ,

Ỹ N (s(ti , v
(−μ,0)
k )) :=

[
yN
0

(
s
(
ti , v

(−μ,0)
k

))
, yN

1

(
s
(
ti , v

(−μ,0)
k

))
, · · · , yN

n

(
s
(
ti , v

(−μ,0)
k

))]
.

Example 6 Consider nonlinear VIDE (128) as follows:

y′′(t)=sin

(
t+y(t)+y′(t)) + 1

5
cos

(∫ t

0
(t − s)−1/2 cos(t + s + y(s) + y′(s) − (y′′(s))2

)
ds

)
.

(131)

Table 6 Example 6: Errors versus N

N 2 6 10 14 16 20

ε(N) 8.31e−02 1.78e−02 2.05e−03 2.09e−04 1.25e−04 2.23e−05

δ(N) 6.66e−16 3.33e−16 4.44e−16 1.72e−15 3.33e−16 5.00e−16
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Fig. 6 Example 6: Errors versus N

Numerical errors versus N recorded in Table 6 and plotted in Fig. 6 show that global
errors decay slower than local errors. This is also similar to the linear case.

6 Conclusion and future work

In [11], we have investigated the spectral collocation method for a weakly singu-
lar VIE with proportional delay. In [10], we investigated the spectral collocation
method for a system of VIEs with smooth kernels. Based on the valuable research
findings in these work, we investigate the spectral collocation method for the sys-
tem of weakly singular VIEs in the present paper. The convergence analysis results
are that the global convergence order depends on the regularity of the solution lying
in this system, and the local convergence order only depends on the regularity of
given functions especially the kernel functions with respect to variable s. Numerical
experiments are carried out to confirm these theoretical results. Numerical examples
include system of linear and nonlinear weakly singular VIEs and linear and nonlinear
high-order VIDEs.

The convergence analysis result (76) shows that the high convergence order at
collocation points is obtained, only if that kernel functions possess better regularity
with respect to variable s. Based on this result, our future work will focus on the
piecewise fractional polynomial collocation method for weakly singular VIEs.
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