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Abstract In this paper, we develop both a fourth order explicit scheme and a com-
pact implicit scheme for solving the metamaterial Maxwell’s equations. A systematic
technique is introduced to prove stability and error estimate for both schemes.
Numerical results supporting our analysis are presented. To our best knowledge, our
convergence theory and stability results are novel, and provide the first error estimate
for the fourth order finite difference methods for Maxwell’s equations.
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1 Introduction

A negative-index metamaterial is an artificial nanomaterial successfully constructed
around year 2000, which exhibits a negative index of refraction for a range of fre-
quencies [6]. It has many interesting potential applications including solar cells,
subwavelength imaging, invisibility cloaks and reversible Cherenkov radiation. Since
2000, it has been a hot research topic and researchers from various areas have made
great progress in the study of metamaterial construction and its applications. Due to
the important role of numerical simulation in understanding wave interaction within
metamaterials, there has been a growing interest in developing efficient and rig-
orous numerical methods for solving Maxwell’s equations when matematerials are
involved. For example, research developing and analyzing finite element methods for
metamaterial Maxwell’s equations has achieved many interesting results (e.g., papers
[2, 3,8, 10, 15, 16] and the monograph [9]).

Due to its simplicity and robustness, the finite-difference time-domain (FDTD)
method, originally proposed by Yee back in 1966 [17], is still one of the most pop-
ular numerical methods used especially in the electrical engineering community.
Numerous references on the development and application of the FDTD method for
metamaterials can be found in the recent monograph on FDTD methods dedicated to
metamaterials by Hao and Mittra [6]. Compared to the enormous literature on appli-
cations of FDTD methods for solving Maxwell’s equations, rigorous analysis of the
FDTD methods is quite limited. The first rigorous analysis of the Yee scheme was
carried out by Monk and Siili [14] in 1994. In [12], Li, Liang and Lin developed
and analyzed a new energy conserving S-FDTD scheme for the Maxwell’s equations
in metamaterials. In [11], we proved the second order convergence in both time and
space for the Yee scheme extended to solve the metamaterial Maxwell’s equations on
non-uniform rectangular grids. Many studies (e.g.,[1, 4, 5, 13, 19, 20]) show that high
order FDTD methods for Maxwell’s equations in simple media are much more accu-
rate and efficient than Yee’s scheme [7, 18]. In particular high order spatial difference
schemes reduce the dispersion error and phase velocity anisotropy error.

Encouraged by the nice properties of high order FDTD methods for Maxwell’s
equations in simple media, in this paper we extend both the explicit fourth order
and compact fourth order difference methods to solve the metamaterial Maxwell’s
equations. One of the major contributions of our paper is that we manage to prove the
stability of both fourth order schemes in an elegant and systematic way. The novelty
of our analysis is to transfer the 4th-order implicit compact difference scheme to an
equivalent form of 4th-order explicit scheme so that similar analysis to the explicit
scheme can be carried over. To the best of our knowledge, this is the first rigorous
proof of stability and error estimate for fourth order FDTD methods. We believe that
similar ideas and results can be extended to higher order FDTD methods. Details will
be explored in our future work. Although applications are often in 3D, it is interesting
to consider the 2D case, and the analog can extend to 3D at the expense of more
complex notation.

The rest of the paper is organized as follows. In Section 2, we first present the
governing equations for wave propagation in Drude metamaterials, one of the most
popular metamaterial models. Then we introduce a fourth order spatial difference
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scheme to discretize those first order spatial derivatives to obtain the fourth order in
space and second order in time FDTD method for solving the Drude metamaterial
Maxwell’s equations. Finally, we establish the stability analysis and convergence rate
for the scheme. In Section 3, we first present the fourth order compact scheme for
solving the metamaterial Maxwell’s equations. Then we carry out a stability analysis
of the scheme and conclude with an error estimate. Section 4 is devoted to numerical
experiments that demonstrate the effectiveness of the proposed algorithms. Finally,
we conclude the paper in Section 5.

2 The explicit fourth order method

2.1 Metamaterial Maxwell’s equations

Consider the following 2-D metamaterial model [9] in the rectangular domain 2 =
[a, b] x [c, d] and time interval [0, T']:

ot = aalf - )

ot =2, @)

pot = 7y aany K., 3
1 odJ r

eoa)%,e B_tx eoa)e%)e = Ex, @
L o, L Jy = Ey, ®)

€wi, Mt  €ws,
I 9K, T

Row?, 3t jows,,

K. =H, (6)

subject to the perfect conduct (PEC) boundary condition, which in 2-D becomes:

EX(X,C,t) ZEX(-xvd’t)Zov Ey(asyvt):Ey(b’yvt)
=0, Vxela,bl, yeled], t€[0,T], @)

and the initial conditions

Ex(xv )77 O)ZE)C,O(xv Y), Ey(xv }’7 O):Ey,o(xv }’), HZ(x3 yr O):HZ,O(X9 )’),(8)
Jx(xs ys O):‘IX,O(-xv )’)» Jy(xs ys O)Z‘I)’,O(-xv y)s KZ(-xa y7 O):KZ,O(xs y)7(9)

where Ey o, Ey 0, Hz 0, Jx,0, Jy,0, and K o are some properly given functions.
To simplify the notation, in the rest of the paper we denote H := H, and K := K.
Furthermore, we divide the domain 2 by a uniform rectangular grid

a=x)<xy1<--<xy,=b, c=yy<y1<---<yn, =d,
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and divide the time interval [0, T] into N; uniform intervals, i.e., we

have discrete times f#;, = kr,T = NL,’k = 0,1,---,N;, grid points
xi = ihy,hy = b}\i“,i = 0,1,---, N, in the x-direction, and grid points
yj = Jjhy,hy = d—*y",j =0,1,---, Ny in the y-direction. Note that &, and A can
be different.

2.2 The fourth order explicit scheme and its analysis

Following the classic Yee scheme, we choose the unknowns E, (and Jy) at the mid-
points of the horizontal edges, Ey (and Jy) at the mid-points of the vertical edges,
and H (and K) at the element centers.

We use the following fourth order difference scheme to approximate those partial

derivatives ‘% in the metamaterial model:

27w, 1 —u, 1) — WU, 3 —u. 3 ;
5@y Uivlj “1—%,1) (uz+%,j uz—%,J) _ ou Lot
xon 24 ax lij x

where u; ; represents the approximation of u at point (x;, y;). On the boundary
nodes, we use one-sided difference approximations:

—22ui1 .+ 17u3 . +9us . —Su7 . +uo .
sWuy i = 2:J 2:J 2:J 2:J 3:J
o 24 :
5@ o —UN-9.j +5uNx_%’j _9“1\@—%4 - 17”NX7%,]' +22uNX7%’j
X MNX—I,] - .

24

Approximation of the derivative % by the operator 8§4) can be done similarly.
Note that these operators can be shifted by half grid points, i.e., i and j can be shifted
by % in the above formulas.

Application of the fourth order difference operators in (1)—(6) leads to the fourth
order explicit scheme:

n+1 _n
Ex,i+l,f Ex,i+l,j 1 n+i ntl
€0 = N AT A (10)
T hy i+l xit+d.j’
n+1 n
E)’fj+l T Ui+ 1 n+} n+i
e et Il AN AL an
T hy * i,jt+3 Vi j+35
n+% n+%
P S B P (P |
i3ty ity L) pnt +i8(4)En+l _ g (12)
X i+ Ll 41 Yy i+1 i+l i+L il
T hx Yits3.j+5 I’ly XylT5,]T73 7:J+3
SR S
1w+l Txitd n Ce “withj ' “xitdj gt 13)
- N )
€W, T €W, 2 Xty
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n+% n+% n+% n+%
1 AERPTD D NP § I a1 a1
i j+3 Yoi,j+3 + e Vi j+3 Yol j+3 _ En+1 (14)
= P
€W, T €W, 2 RENES
n+2 n+1 n+2 n+l1
1 A T S 3
2:JT73 7:JT3 + m 2:JT3 7:JT73 _Hn+2 (15)
=01
How?,, T How?,, 2 i+3.j+3

To avoid the complexity caused by the PEC boundary condition, in the rest of this
subsection, we will establish the discrete stability and error analysis for the scheme
(10)—(15) under the following periodic boundary condition assumptions: for any 0 <
i<Ny—1 0<j=<Ny—-1,

I’l+§ l’l*‘rj
E*  =E" |, , H }?  =H |, s (16)
X,i+73,0 x,i+5,Ny i+5,—7 i+5,Ny—5
1 1
n+§ n+§
E" 71=En 1. H . =H 1., 1 a7
¥,0,j+5 YNy, j+3 —5.Jt3 Nx—7,j+%

and their periodic shifts.
First, we define some energy norms:

2 i 2 2 i 2
IEE = D0 hehylE 1 P BN = )0 hehylEy 0

2

0<i<N,—1 0<i<N,—1
0=j=Ny-1 0<j<Ny—I

2 i 2 2 i 2

WHIE = Y hehylHy 0P WGl = )0 byl
0<i<N,—1 0<i<N,—1
0<j=N,—1 0=<j=<Ny—1

2 i 2 2 i 2

Iz = D0 hxhyldy, P KR = Y0 hahyiKyy 1P
0<i<N,—1 0<i<Ny—1
0<j<N,—I 0<j<N,-1

Lemma 1 Denote by C,, = 1/./€oio the wave propagation speed in free space, and
let

[SE

1 1
n+s n+3 1
Rl = § § hxhv H ]2, ]_HA |2A En+ ]+En.. 1
- i+3,j+3 i—7.j+ Y j+3 Vb j+3
0<i<Ny—10=<n<N;,-2
0=j=<Ny—1

3 1
1 1 n+5 n+5
Eztﬂ' G BT (HL A HE )] (18)
¥, J+3 Y j+3 i+5,j+3 i+5,j+3

Then we have

_1 1 _
Ry = € (oGN3 + 1) + eo(IEN 12 + 1EYID) |
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Proof Regrouping the products of Ry, we obtain

1 1
n+ n+s
Ri= > > hehy o e g BT
) +2 ]+2 i+l j+5 i—5.0+t7 Y., j+3
0<i<N,—10<n<N;-2
0<j=<N,—1
"+% n+1 n+ty n
i+3,j+5 y,i+l,j+3 i+5,j+5 i+l j+s
1 1
n+3 n n+s n
+(HE BN —H P B
i+5,j+7 y.itlj+3 i—5.j+7 Y.i.j+3

1 3
n+s n n+s n+1
t\H o B H B
i+5,j+5 »ijt+s i+5,j+7 y.i.j+3

|
— h h n+2 En+1 _ H +§ En+1
Z Z Nrmj+2 y.Ny,j+1 L+ Ty05+4
0<j<Ny—10<n=<N;-2

-1 1
N;—1 2
+ > by ENTL ol EY
+2,j+2 Vit j+5 i+5,j+5 yitlj+3
0<i<N,—1
0<j<N,—1

n+ n+s
+ Z Z /’l/’l 2 lEn -L_le- lEn m
—j 1+§ ny,rs]+2 —2.J+3 ,Vao,]+2

0<j<Ny—10=n=<N;-2

1
+ D hihy JEC o EMTE pNel
: +2 j+2 y,w+2 z+2 j+2 i j+5
0<i<N,-—1
0<j<Ny—1

Z -1 N1 3 0
= h h E t. .1 _H42 1 . 1E . s, 1
+2 ]+2 yi+l,j+5 ity,j+y; yitlj+s
0<i<N,—1
0<j=<N,-1

N3 N1
+ D hehy VEY - H 2 ENT ), (19)
+2,j+2 i j+5 i+5.J+7 y.i,j+3
OSiSNx_l
0<j=<Ny—1

where the first and the third sums are zero by using periodic boundary conditions.
Using the definition of the energy norms, the Cauchy-Schwarz inequality and
Young’s inequality, we have

N—1 N—1
hhH VE™ =C hha/H | - A€E!
> ,J+2 yitlj+s T Y > i+1 /+ 0%y it j+1
0<i<N,-—1 0<i<N,—1
0<j<Ny—1 0<j<N,—1

A

(& _1 _
< S ol HY 2+ ol [EY D).

Similarly, we can bound the rest three terms of (19). Substituting these estimates
into (19) completes the proof. U
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Lemma 2 Denote by

1 1
n+s3 n+x 1
Roi= 3 D hehy|[(HLZ  —HT (B HED
. l+§,]+§ l*j,]‘l’j Vi, j+2 )7vls/+7
0<i<N,—10<n<N;-2
0<j<Ny-—1

3 1
n+sx n+x
o D s N 0 A U I (20)
Yiit2,j+5 yi—1j+5 i+5.,j+5 i+5.j+3

Then we have

Ra = C, [uo(IHN 312+ | HEIR) + eo(UEY 1 +11EYD) |

Proof Expanding and regrouping the products of R, we have

1 1
n+ n+x
R2 = E E h h 2 En_‘._l. 1 H 12. 1E'}/H._l !
+2 J+3 vty i+3.j+7 yi-Lj+;
0<i<N,—10<n<N,—
OS]SN)*I

1 3
n+s n n+s n+1
T\H, s E T H BT
S.i+s Wity i+5.j+7 wi=lj+;
3 1
nt3 n+l nts n
T\H B T H s B
3ty Vit2j+s i—3.j+y Wij+z
+1 + &
n+z n+1 nty n+1
+(H BT —H BT ) = s 1)
i+5,j+5 »it2,j+53 i—5,j+37 Y.ijts; P
Using periodic boundary conditions, we see that

n+i n+
Si= Y X i (H BN —H P )0 ()
- ; Nyt 3 j+3 7y Ne—1j+3 JHE Ty L+
0<j<Ny—10=<n=<N;-2

Similarly, we have

1 1
n+z n n+z n
E E hyhy Hi+3' lE . — H I lE i 1ial
5.0+3 Y.ijt3 i+5,j+5 y.i—1l,j+
0<i<Ny—10<n<N,-2

0=<j=Ny-—1

1 3
n+s n n+s n+1
t\H B H L B
i+5,j+5 »i—1l,j+3 i+5,j+7 y.i—l,j+3

1 1
n+3 n n+s n
2: E: hihy |\ H l'lEN_l'l_Hl-lE,_1~l
Nx+3.j+5 ».Nx—=Llj+3 3.ty Y=Ltz

0<j<N,—10<n<N,—2

1 I
3 —1
+ > hehy(mE, EC o —HYE O EMTD
i+1+s -1+ i+1, ]+2 v.i—=1,j+5
0<i<N,—1

0<j=<Ny—1

N,—1 _
S by EY o —H O EYT )@Y
) +2 J+E Tyi-Lj+g i+5.J+7 yi—-lj+;3
0<i<N,—1

05j<Ny—1

hY)
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3 3
S3 = Z Z h h} |:( Vl+2 En+1 _ Hﬂ+2 El’l"r] >

it Lt it 4 i-3.j+
0<i<N,—10<n<N;-2
0<j<Ny—1

3 1

n+3 n+s
+(H"2 E™'  —H"Z |E'
i—5,j+7 y.ij+3 i—5,j+7 Y.i,j+3

43 3
S S SN I Y SR O e

0<j<Ny—10<n<N,—2 SNty NSy N
y— T
_Hn—t-i n+1 _ Hn+2 n+1
—3.j+175,0,j+1 —1+y v+
3 N 0
+ ) hihy H321E’ —H2 EY
5.J+2 yl]+2 l—§]+ Vi, jt3
0<i<N,—1
0<j=Ny-1
N’i% Ne—1 % 0
= Z hxhy H»%-lE--l_H-s-lEul- 24)
O<ien. 1 i—5,j+7 y.i.j+3 i—5,j+5 YL.j+3
=t =V
0<j<Ny—1

JH5 T YN+ -7
0<j<Ny—10<n<N,-2

1 1
n+s E +1 n+s E +1

_23- 1 ! i+l _32- 1 n it L 0, (25)
Ny—3,j+7 YNy, j+3 5.0+ ¥.0,j+5

where in the last step we used the periodic boundary conditions.
Using the Cauchy-Schwarz inequality to (23) and (24) completes the proof. [

n+i n+l
Sq = Z Z hyhy |:(HNX_25, 1En+1 - H 2/ EMl 1)

With the preparatory work of Lemmas 1 and 2, we can now prove the follow-

ing stability result for the fourth order scheme (10)—(15) with periodic boundary
conditions.

Theorem 1 Under the time step constraint

3h 3h, 1 1
rfrnin{ o 2 }

, , , (26)
28C, 28C, 2wpe’ 20pm
for any m € [0, N; — 2], we have
3
oY MIZ + NEF D) + pol H™ 2|13
1
TR Ry ¢ k2 @7)

a)pm

1 1 1 1
< 3|:60(||Eglli+IIE_?IIi)-i-/LoIIHZIIﬁ‘i‘60 21+ 7112 +

1
1,2
ke |
0@pm
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Proof Multiplying (10)—(15) by zhxhy(E:ﬂl it E" ) thehy (E™ |+
3 js

x,t+ zj+
1
n+s n+1
1), Thih (H + H_/ 1), fhxhy(J. .t ),
it ""2 itz i+3.J+3 Xit3.] Xoit3.]
n+3 +2 n+1
thihy(J 2, + J thihy (K" + K respectively, then
xhy( it i ) y( ird +2) p y
summing up each resultant over i fromOtoN l,and j fromOto Ny — 1, we have
1,12 2 4 n+ VH-l
coUIEFE-NEND = ) th hy<h sOHTE i) (28)
0<i<N.—1 z T
0<j<Ny—1
n+l1 n
<Ext+2 J +Ex,i+%.j>’
1 +l +l
1,2 2 4) 71 n
CRRCE DR e @9
0<i<N,—1 * Y2 e
0=j<Ny~1
En+1 + E"
yij+3 yij+y )’
3 1 1
po(lH" 2L —[IH" 21D = ) rhxhy( —SMET
0<i<N,—1 hx A RAE
0<j=<Ny-1
+i8(4)En+l Kn+1 H”+2 +H "+z
h z+—,j+% i+5.j+5 i+1j+3 i+3.j+3
1 n+ n+1 n+3 n+
—— (Il B e )+2 Sl T T
0@y, €0wy,
+3 n+l
— hh En+1 nr3 2
0<i§—1 T ity J"*’*%J_FJXJ%J ’
0§j21v'; 1
n+ n+i 2 n+3 n+l
le*_ll‘]y 2II*H-2 o2, Jy >+ Jy 22
0w, €0w
43 41
= > they B (02 4072 ),
oi vz \vig+s 0 Tyij+i
i ' —
0<j<Ny-1
202 12 Ty 2 !
3 (IK" 2|5 =11k II*)+27||K"+ + K2
@p H0W,
_ ”+% n+2 n+l
= 0<i<2N:_1 ‘L’hxhyHH_%,_._ <K+ Lt TE ) (30)
0=j=Ny—1

Adding (29)—(30), then summing up n from 0 to N; —2, we easily see that the sum
of the left hand side (LHS) satisfies the following:

LHS > e(IEY T = IENR) + eo(IEN I = 11EVIZ)

N,—1 1
U212 = 1215

_1 1 1
Fuo(HN 22— |[HZ|3) + —
€0y,

Ni—% 1 1
1y = D + ——— KM 12 = 11K 1D, 3D
pe Mprm
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and the sum of the right hand side (RHS) is:

T
- 5@ nty n+1 n
RHS ==y 2 2. hihy [ B i (Ey ey T Ey,i,j+§>

¥ 0<n<N,;—2 0<i<N,—1
0<j<Ny—1

1

1 n+3 n+s
+5(4) n+ H 2 I + H I
vty gty \ityits i+3.J+3

T ~
_ h h 8(4) 2 En-‘rl E"
+hv Z Z +%,j Xt j + xit+d,j
7 0<n<N;—2 0<i<N,—1
0=j=Ny—1

+56 ] HnJr3 T
xi+y.j+s i+3.J+5 ’+2 j+3

B 1

n+3 n+x
+7 E E hxhy ErHjll J .21 ._En~ 1 J .21 .
L X,i+5,j xi+3,]j X,it7,J x,i+3,]

0<n=<N;—2 0<i<N,-—1
0<j=<Ny—1

B 3 1

n+sx n+x
+7 § § hxhy En—f_l. 1] , 2 1 — E" . A 2 1
| ity Yijts Vi, jtg3 Y. j+s;

0<n<N;—2 0<i<N,—1
0=j=Ny—1

r 3 1
gt K1+2 2 s
T Z Z hxhy 'lz-l-nl-l ~12-1-nl<1
i+5,j+7 i+35.j+3 i+5,j+5 i+3.j+3

0<n<N;—2 0<i<N,—1
0=j<N,~1

5
= Z RHS;. (32)
k=1

By the definition of R and Lemmas 1 and 2, we have

RHS, — T (27R IR)
RS VR D Vi
tC, 28 n .
<% [oUUEY =312 + 1H 3P + eo(IEY 1 + I EYID)] .(33)
X

By symmetry, we can show that

8 1 -
==t 2 (oG EN TR+ IHD + oUEN T2+ IEND | 34
y

By the Cauchy-Schwarz inequality, we have

1 1

Ni—1 Ni—3 2
T § hohy |EMTL g2 g9 g2
X,it5.] xit3.]) Xita,J X,it3.]j

0<i<N,—1
0<j=<N,-—1

RHS;

< T
2

_ 1 N,—1 1
[eo(nEﬁ“ 1||§+||E§3||§)+Eow2 (R 2||i+||Jx2||i)].(35)
pe
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Similarly, we can show that

_1 1
RHS;=t7 Y hxhy[ENf_l gV o J? }

Vi j+3 v+ Vo j+y v+
0<i<N,—1 2 2 2 2
0<j<Ny—1
TWpe Ni—1,2 012 1 Ni=% 12 32
< UEN 2+ EANR) + —5 (15 12+ 171 |+ 36)
2 €0,
and
Nf_% Ny % 1
RHSs =1 E hyhy|H 2 (K''y .  —H? . LK-+1 1
; i+5,j+7 i+5.j+3 i+5,j+7 1t+3.)t3
0<i<N,-1
0<j=Ny—1
Tw 1 1 1
pm N—512 12 N2 12
< wo(llH™ 2]g + H 2|l + >— (K™ I+ K1) |- B7)
2 HOWS,,

Substituting the estimates (33)—(37) into (32), we obtain

7tCy  T1Cy | TWpm
6hy 6hy 2

RHS <

_1 1
)'MO(IIHN’ 22+ 1H?|)

<76rhC f‘;zw) ceo(IEN 2 + 1EQ )
(76rhiu fé;m) ceo(IEN 2+ [1EQ )
LA YT
2
t% oclu%e(I|JyN'%||i+“Jy%“i)
”"21”" .Mowim(nK"”HiJr K1) (38)

Using the constraint (26), we conclude the proof by combining the estimates (31)
and (38). O

To consider the convergence of the scheme (10)-(15), we define the following
solution errors:

gn

=E,(x; iyt —En En =F,(x; . 1, —En
X+, x( ity Vi n) Xty gt Tyl y( bV n) Viinj+3
1 1
n+5 n+s n n
=H(x., 1 1.t 1) —H 2 =Je(x. 1 it J
i+d 41 ( ,+7,y1+§, "+§) i+l i+l ;7%[ %,j x ( H'i’y]’ n) i %,j’
1 1
n =7 . n n+3 _ n+5
. =Jy(x L 1,1 JU =K., 1,y.,1,t , 1)—K .
‘7y,t,1+% ¥ i Yj+y n) vy’ it hth ( ity Vit ”+7) i+3.j+%
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Theorem 2 Suppose that the initial errors
0 0 7 (%
g = g =
xitg T vty i+%.j

are all zero. Then under the time step constraint (26), we have the following optimal
error estimate

1
max | eo(||EM12+11EM 2 H 2|2
somax (o€ I + ol H" 211

1/2
1 1 +l +l
2 — (I 212+ 1Ty 2||,Z>} <CT(t*+hi+h3),
€W

0Wpm pe
where the constant C > 0 is independent of T, T, hy and hy.

Proof Using the solution error definition and scheme (10), we have

€n+1 _¢cn
x,itd,j xitdj —LS(“)’HH% +jn+%
T hy ? i+4.j xi+t,j
E.(x., 1,y —FE(x. 1,y 8
= €0 ! ity ) s " ity v —i8(4)H(x. 1, i, 1)
T hy y l+§’ J n+§

T Vit )
- [1 /t"“ O H(x, 1oy, Dt — 8@ H(x 1.yt )}
t )y, y z+§’yl’ hy y l+%’y1’ n+i
1 Int1
+|:]x(xi+é,yj,tn+é)—;/tn Jx(xH_é,yj,t)dli|=Err1+Err2, (39)

where in the last step we used the integration of (1) at point (x, 1y ) with respect

to ¢ from ¢, to ;1.
By the Taylor expansion, we easily see that

Erri = O)DI0sHlloo,  Erry = 0|82 Jx|loo-

By exactly the same technique, from scheme (11) and integration of (2) at point
(xi, y j+d ) from t = t, to t = 1,41, we can obtain the second error equation:

5n+1 n

| _g S| 1
Y j+3 Yl j+3 + -
T hy

1 In+1 1 @
= [—;/t 8xH(xi’yj+%’t)dt+E5x H(xi,yj+;,tn+;)}

n

1 1
n+s5 n+x
 + T

4
SO |
i,j+5 Yl j+3

1 In+1
+[Jy(-xl'v y]+%,tn+%)_;/; Jy(-xiv y]+é7t)dt}

= Errs + Erry = O(h;‘)llastHOO + 0(772)||3t2~]y||0<>- (40)
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Next, using scheme (12) and integration of (3) we can obtain the third error
equation:

1
H4 1 . I_H, 12 1 1 l
it3.J+3 its.J+3 4@ gntl _78(4)£n+1 +,Cn+1
T B ¥ Tyvitditd o hy Y Twmithavd D Uiedi+y

(41

- - ”*2( 0 Ey +dyEx — K)(x
T

t
n+2

l+1, ;,t)dt

h
+K(xi+%,yj+%, In+1)
= 0135 Eylloc + O D185 Exlloo + O (@182 K ||oo- “2)

L w Lw
o8 By (1 b ) — 8 B (X 1 L Tnt)
R

Again, using scheme (13) and integration of (4) we can obtain the fourth error
equation:

n+s jn+% jn+2 jn+%
1 x,i+%,j x,i+%,j r. X 1+2 J x,i+%,j En_H (43)
eoa)2 T eow%e 2 xit+dj’
1 t)H»é F
= _/ Y E-—5 (1. yj. 0dt
T tyH»% éoa)pe
Fe Jx(xi_;’_%’ ijtn+%)+Jx(xi+%v yjstn_i_%)
- E ('x 1, j s t 1)
GOw%e ) Xyl YVjsInt
2 2
= 0|02 Exlloo + O(T)10,2 Jxloo- (44)

Similarly, using scheme (14) and integration of (5) we can obtain the fifth error
equation:

n+2 n+%

ntld ntd
VAL A AN

S| P | 1
Yo, j+5 Yo, j+5 v, /+ Yo, j+5
5 : : 5 : TN CL)
€0Wp, T €0y, 2 Vibj+s

1 [n+§ r
— 2 ¢ .
= ;/ Ey—GOTJy (x,,yﬂ_%,t)dt
trH»% pe
T, H@i Yyt )+ @y 010,,3)
Eow%e 2

= 0(®)|182Eylloc + O@H19,2dy]lc0- (46)

- Ey(xiv yﬁ%, In+1)

@ Springer



226 J. Lietal.

Finally, using scheme (15) and integration of (6) we can obtain the sixth error
equation:

]Cn+2 ’Cn+l IC”+2 +Kn+l
1 i+3.+% ity jts U ittty i+ n+2
5 + 5 —7-{, il 47
HOWS,y, T HOWS,, 2
1 T2 F
=—/ (H— K)(.XH_I, 1,t)dt
T In+1 ,U/()Cl)pm
Fm K(xi+%v yj+%vtn+2)+K(xi+%ﬂ yj+%vtn+1)_H(x )
e >
= 0(@)19,2K oo + O )13, Hl oo (48)
The rest of the proof follows the stability proof of Theorem 3 by mul-
. . n+1 n n—+1
tiplying (39)—(48) by thy hy(é’x,wl‘j + 5 ) ) thyh (5 4l + yzj+;)
n+ n+z n+2 n+2 n+2
rhxhy(’i‘{iJr g4l + 7-{,+2 ) Thyh, (J x ) thyh (j jd

n-rs n+2 n+l
L Thehy (K +/C respectivel ,then summing up each resul-
jy,i,./+$) xhy( i+l il +') p ¥ gup

tant over { from O to N, — 1, j from 0 to Ny — 1, and n from O to N; — 2, we
obtain

1 1
eo(||6”f*‘||i — 1N +eo<||6N'*1||i —UEND) + mo(IHN 2 (1F — [1H2 (12

_1 1
Moy g2 TR
pe pe
+ AN = 1M1
pm
7tCy  TtCy  Twpm N_Ll o L5
< . HN T2 H?2
_<6hx N R 2+ 11H2113)
7tCy Tw 4 0 C, T 10 0112
<6h"+ 2’”) co(IEN 12 +11€Y)] )+(6h" 2’”)-@(”5;“ E+IEND
Tw N—f N——
+—==. . (AR RSN ALT: vy T2 4177 1)
2 e 2 €ow
Tw
2"m- — (RN Z + 1K)
M@y,
N—2
(r +hE+ P+ 6T Y [eoCERE + NESTE + 1ENE + 1€ 1)
n=0
1 3 1
Fuo(IH 2|5+ IH" 21D + ——— (K" + 1K 2115
HOWS,
+ + + +
oz 1T TR TR 1 1) )}, (49)
pe

where the last three lines are obtained by using the Cauchy-Schwarz inequality to
those extra Err; terms.
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Note that the last three lines can be bounded further by choosing the maximum
over all n:

CT 5 .4, .42 2 2 32
LASTy = —— (" +hy+h))"+2T4 pmax [60(||<‘3,'Z||*-|-||5§’||>,<)-1-M0||7'l"Jrz Is

1
1112
—IIK" L +
EQw

2
Oa)pm pe

1
+

el aal
KAk 112+ IIJy+2II§):| : (50)

Substituting (50) into (49), then using the time step constraint (26) so that the rest
terms above the last three lines of (49) can be bounded by corresponding terms on the
left hand side of (49), then taking the maximum of left hand side terms and choosing
8T small enough, we complete the proof. O

3 The fourth order compact scheme and its analysis

Considering the Taylor expansions:

i 8_u a_u 8_14 =8_u ﬁ& +O(hi)
24 \ 9x li—1,j axlij  9xli+1,j axliyj 24 09x31i,j
and
Uil j —HWi—lj  Ou h? 83u 4
—=— 2 = — | 4+ Z—— 4+ 00h),
hy axlij 24 9x31ij ()
we obtain
- (Ou Uiyl j Wil
5 [ — =20 2 4 OmY, 51
x(ax> i I + O(hy) (5D

where we denote by qu,‘,j = 2—14(u,~_1,j +22u; j +u;y1,;). Equation (51) means that

a tridiagonal linear system has to be solved in order to obtain the derivatives g—z 1
i.j
the grid points.
Applying the above implicit scheme for approximating the derivatives in the meta-
material Maxwell’s equations (1)-(6), we obtain the following fourth order compact

difference scheme:

ntl o pn |
xi+y,j  xi+y,j  OH|nt3 n+} 52
€0 =<1 1. T ( )
T Ay li+3.j X,it3,]
n+l _n :
| | 1 1
Vi j+s5 Y j+a OH |nt3; n+s
€0 T T o i IRk NPE (53)
NES yooj+z
1
n+x n+x
H 12 - —H 12 1
o i+5.j+5  itsts __8Ey n+1 +8E,C n+1 _ gt (54)
- . . . . 1.1
T ox li+dj+l Oy li+dj+l itzts]
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3 1 1

n+s n+s n+% n+s
1 il i sl T 1t
X,itz,] X,it7,] e X,it7,] Xit3.J  p+l (55)
- )
6()0)1276 T Eow%e 2 x,it3,]
n+3 n+} n+3 nt+d
1 P l_ . F . P
Y., j+3 yii,j+3 + e yiij+3 Yo, j+3 — pntl (56)
== )
€W, T €0ws, 2 yiiij+g
n+2 n+1 n+2 n+1
1 K'+l '+l_K'+l '+l F K‘+l +l+K+l '+l 3
i+3.J+; i+3.J 2 4 m i+3.J+3 113.J z_H’”? (57)
= .
MOw%m T Mow%m 2 i+5.j+3

where all the spatial derivatives have to be obtained from (51) or some shifts in i
and/or j.

To establish the stability analysis of the compact scheme (52)—(57) by a technique
similar to that developed for the explicit scheme (10)—(15), we can rewrite (52)—(57)
into the following equivalent form:

R R s g ta = ot
SXS}En_'fll — 8, 8yE" | Oy 2 —&H 7 1
X,i+5,] X,i+5,] i+5,j+3 i+5,j+3 3 3 +3
€0 = —6:8yJ % ., (58)
T hy X.it5.J
1 1
S 3 s 3 = n+5 R n+x
S8 E"TL 5,3y SH' 2 —=8H
Yoi,j+7 Tonhjts i+5,j+7 i+5,j+7 s s 3
€0 = —8:8yJ 2 1, (39
T hy yob,j+
3 1
S 5 g t5 S 5 N t3
Bxa)’H- ]2 ]_8X8VH» l2 1 y ntl .1 — Oy n+]- 1
" i+5.j+3 T+t yitlj+5 Yl jt+3
0 - _
T hy
5 n+1 _ 5 gn+l
X o1 X N
X,it+5,j+1 X,i+5,j s 5
2 - LEA 5x5y1(lfl++j e (60)
y 2:J7T72
3 1 3 1
s 3z t3 s 3z t3 sz 3 sz t3
8x8yJ T =88y 2 8x8yJ T 88T
1 X,i+3,]J X,it+5,] n Fe X,i+5,] X,ita,j
€ow, T €ow, 2
= 85, E"T (61)
Xit5,j
55,010 55,000 55,071 455,007
Loy 7 SOl . Fe %+ 7 7Y 04
€W, T €w?, 2
Y 1
= 58,E"TL (62)
Y yig+y’
TS 2 Y n+1 Y n+2 Y n+1
Sxdy K" —5,:6,K 88y K +8,:8,K
| R N e R S A D R N T I I
How?,, T How?,, 2
3
B |
= §:8,H . (63)
*ey l+%,]+%
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To prove the discrete stability for scheme (52)—(57), we introduce some new
energy norms:

E:llf= ) haehylBe8yE 1 (P NEIG= D0 hehyl8:8,E, 11,

0<i<N,—1 0<i<N,—1
0<j<Ny—1 0<j=<Ny—1
IHIG= Y hehyid.5,H P Wellz= D0 hehyi88yd
#— x/y|0x0y i+%,j+% , xllg= xlylOxOpdy iy L1
0<i<Ny—1 0<i<Ny—1
0<j=Ny—1 0=<j=<Ny—1
2 is g 2 2 i s 2
Wsllg= D hahyl8edyd ;1P IKIE= )0 hahyl8edyKipy 1l
0<i<Ny—1 0<i<N,-—1
0<j<Ny—1 0<j<Ny—1

First, we like to show that the energy norm ||u| |§ is equivalent to the energy norm
[|u||2 for any index function u;,;.

Lemma 3 Denote C, = % and C* = % Then for any periodic index function
uj j,0<i <Ny—1,0<j=<Ny,—1, wehave

Co D hylyuijP< D heyluijP<C* Y hhyldyu P, (64)

0<i<N,—1 0<i<N,—1 0<i<N,—1
0<j<Ny—1 0<j<Ny-1 0<j<N,-1
S 2 2 < 2
Co Y hylbauijP< Y hehylui jP<C* Y hehy |8 P (65)
0<i<Ny—1 0<i<N,—1 0<i<N,—1
0<j<Ny—1 0<j<Ny—1 0<j<Ny-1

Furthermore, from (64) and (65), we have

2 2 < 2
Mull = D hehyluij? <C* Y hehylbou |
0<i<N,-1 0<i<Nx—1
0<j<Ny—1 0<j<Ny—1
2 N 2 2 2
<€ ) hehyl8ybeu P = (CHlull3,
0<i<N,—1
0<j<Ny—1
_ - 1 _
2 2 2
el = 3 hehyl8beui P < — 3 hehylByuijl
0<i<Ny—1 * 0<i<N,—1
0<j<Ny—1 0<j<Ny-1
1 1
2 2
S 2 P = Sl
* 0<i<Ny—1 *
0=j=N,-1
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Proof By the Cauchy-Schwarz inequality, we easily have

. 22 1 1
Yo BailP= Y 15w+ gui g+ pui P

0<i<Ny—1 0<i<Ny—1
0<j=<Ny—1 0<j<N,-1
2\* L, (1) , (12 )
< 3 Z |:<ﬁ) |Mi,j| +<ﬁ> |l/ti,j+1| +<ﬂ> |u,-,j,1|
0<i<Ny—1
0<j<Ny—1
222 42 , 81 5
23'—242 Z |ui,jl =5 Z lui j1°, (66)
0<i<N;—1 0<i<N,-1
0<j<N,—1 0<j<Ny,—1

where we used periodic boundary conditions in the last step. This concludes the proof
of the first part of (64).
Similarly, by the Cauchy-Schwarz inequality, we easily have

_ 2 1 1
S wl= 5 B (g - g - st P

0<i<N,—1 0<i<N,—1
0<j<Ny—1 0<j<Ny—1
<2 > ISP +2 [ 1 % ©7)
< ) L=
, yELg , 2410 T gttt T -
0<i<N,—1 0<i<N,—1
0<j=<Ny—1 0<j<Ny—1

By the Cauchy-Schwarz inequality again, we have

2 1 1
2 Z |24 ij — 24 Uj j+1 — 24141] 1|

0<i<N,—1
0<j=<N,-—1
2 1\? 1\? 5
<6 Z [( ) luj ;2 +<24> Jui 112 +(24) i j-1l
0<i<N -1
0=j=Ny—1
36 , 1 )
= Ga7 Z lui ;| =16 Z lui 17, (68)
0<i<N,—1 0<i<N,-—1
05 <Ny—1 0=j=Ny—1

where we used periodic boundary conditions in the last step.

Substituting the estimate (68) into (67), we conclude the proof of the second part
of (64).

By symmetry, (65) holds true. O

First, we give a bound for a partial sum appearing in the stability proof of the
scheme (58)—(63).
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Lemma 4 Denote by

e Y Y

0<i<Ny—10<n<N,;—

0<j<N,—1

+ (Sx En+‘1

x,t+%,j+l_

Then we have

~1 1 —
Ry < VCC, [moUIHY 3 + I HE D) + eo(1EN I3+ 1EAR)]

Proof Expanding the products of R and regrouping them, we obtain

Ri= Y > hxhy[(SxHin K
2

0<i<N,—10<n<N;—
0<j<Ny—1

- n+l1
+248" xitd,j-1

n

2B

) (G

S 1 s pn+l
5 En+ _
+< i+l xit+d.j
< n+ 3 n+i
5 o+ 8cH
24 l+ Jts

= Z Z hxhy[ii<m
2

0<i<Ny—10=n=N;—
0=j=<Ny—1

N
\S]

— s n s
+24 <5xEx it L+t
22 (< n+1
+ﬁ ( XEx,i+%,j+l
22 Sy E" 5 H
+ﬂ Txitg.gt
1 S n+1
+ﬁ (8'xEx.i+%,j+1
1 < n
+ﬂ ( )‘Ex,i+%,j+1 x
+i '_En+l
24 \ 7 Txitd
1 /-
P E”
o ( \
+ L (5,
24 \ " Txitl -1t
1 N n+1
+ﬁ ( xEx.H—%,j—l
1 s pn+l
+ﬂ ( XEx,i+%,j+1

z+2 J+3

1
n+§

i+1.+3

n+%

i+l

n+%

Xt =1 i )

n+%
i+t
n+%

i+1j+t
n+%
i+%,j*§

LS En +ig En
24 x,i+%,j+l 24°F x,i+%,j—]

I—SXE+7

| — 8 E"

n+1
P il

n+2
l+ j**

1

< n+s5
H. 12, 1
i+3.+3
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U (s _ _
+ﬁ ( XEX,i+%,j+18XHi+%,j+% — (Sx

1
n+sz n+1

1 /- 3 _

n+1 n+3 n+1
+ 8x sl x4 01 .1 SxE s 1
24 X,i+5,j+1 i+3.j+3 X,it5.J

1

g o+l n+sz s pn+l

+— 5x 1 x4 1.1 5x -1
24 X,it5,j+1 i+5,j+3 X,i+5,]j

n+%
Xt d 1 il

Note that terms in S, S3, S9, S10, S13 and S14 are different by one in j, hence all
these sums are zero by using periodic boundary conditions. By the same arguments,
the sums Sg and S7 are also zero since those terms differ by two in j.

The rest of the terms in (70) differ by one in n, and can be summed up as follows:

2: 22 (= N1 N=1 - _ 1
Si= hxhy._ SxE Ly 0 »tlz- 1 xEO. 1. (SxH.21 1)
O<i<N.—1 24 X045, 741 i+35.j+3 xi+t j+l i+1,j+1
sis —
0=j=Ny—1
2 (s Wik s N1 N4
Sa= Z hihy > 5xE0~ L SxHE L =8 ET 5. H. ’1 2,
. T 24 X, i+5,] i+5,j+3 X,it75,] i+3.j+3
0<i<N,—1
0<j<N,—1
(s N1 < N-1 . _ 1
Ss= ). hehy o (SE P _SE° | §.H’ :
5 0<i<N,—1 24\ i T i s T i g T i g4
Si<No—
0<j<Ny—1
1 /- _ 1 ~ Nl
E 0 2 N;—1 }
8 et T 2T iy i gy T i 1 iy )
== —
0Z)j=Ny—1
E: 1 (o N-1 N—1 < _ 1
_ o !
S = hyhy-— ! H'"T? o
! oeicr T AT i iy xitd 1 ikl = )
<i<N.—
0=j<Ny—1
1 /- _1 Nl
0 2 N;—1 i~
Sp= > hihy—(8&EY | . 8H _ .
12 e Y o\ x,z+%,j+1 x i+%,j+% X x,i+%,j+1 X i+%,j+%
<i<Ny—
Ogjij;—l

Substituting the above estimates into (70), we have

_ _ 22 _ N,—1L 1 - N,—L 1 - N,—L
_ Ni—1 il =3 o t—3 L t—2
Ri= ) huhy |:8XEx,i+%,j+l (245"Hi+%,j+% YR T 248"Hi+%,j—%)
0<i<N,~1
0<j<Ny—1
5, E° 25 out + L5 om +i5 H?
Trit gt \ 247 sy T 24 ik ggrd T 247 iy
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SH% 225 5, E° L5 g0 L5 k9
+ox i+1j+ 24 X+t + 247 x4t + 247 Txith -1
N—1

- - 1 - 1.
. 22 N—1 s N1 s N1
8tz+2, jt+3 (24(8)‘Ex,i+;,] + 248xEx,i+%,j+1 + 243xEx,i+5,j1>}

N-lo 55 N—3 % 0 N TH
Z hxhy<8E . ]H(sy(sx}LIiJr%J+1 (SXEX’I,JF%JHS},(SXH.

1 .,1
= l+7,]+7
0<i<Ny—1 2 272
0<j<Ny-—1
5 0 S5 0 B A L
+8H>, |8 ‘ S;H'' 2 8,5 EY ZR 71
* z+%,]+% yux X,it+5,] * l+%,]+% yox xt+2,] Lk- (71)

Using the Cauchy-Schwarz inequality, the definition of the energy norms and
Lemma 3, we have

1
— 1 - — N,—=
Riy= Y hhSEVT 55H
. X,it7,j+1 i+7.J+3
0<i<N,—1
0<j<Ny—1

= CVCr Y hihy J?SXEM‘& sy H

OSiSNx_l
0<j=<Ny—1

N—} -
(eollEx" 2117 + wollHN D).

- CyvC*
2

Similarly, we can bound the rest three terms of (71). Substituting these estimates
into (71) completes the proof. O

With the above preparation, we can obtain the following stability for the compact
difference scheme (58)—(63) with periodic boundary conditions.

Theorem 3 Under the time step constraint

. 3hy 3hy 1 1
7 < min , , , (72)
28CyA/C* 28C,~/C* za)pe 2(»()pm
then for any m € [0, N; — 2], we have
3
eo<||E'"+1||§+||E’"+1||§)+uo||H'"+z||§
+ +3 1
+—— (I 2||#+||J’" 213+ ——— K" 2)3 (73)
p¢ Mowpm
1 1 1 1
< 3| eUIEG + 11EYR) + mol IH2 13 + 21+ 1211 + K|
|: # # # Ow%;e X g y H# /J«Ow%m #

Proof Multiplying ~ (58)~(63) by  thyhy(5:8 ,E”Jrl + Sy E" ),

2,/ Xty
5 5 pn+l T 5 onts
rhxhy((Sx(SyE;’,i’H% + 5x5y jal)s Thihy (88, H +% + sx(syHH;j#),
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n+2 n+2 n+2 s n+2
thihy (8:8,J" bt 5.8y Wi ) T chy (8 ayJ PR ST
Thyhy(8xy K”+2 il + 8:8y K":l +1) respectively, then summing up each
2’ 2 2:J7T2
resultant over i from 0 to N, — 1, and j from O to N, — 1, we have
co(IEYIE — 111D (74)
N
Ol ey 70 g n+;
= > thh - =88yt 2 y
0<i<Ny—1 y >
0<j<Ny—1
<35E"+‘ + 8,8, E" )
X z+2,] X l+2 J
co(1EZTIZ = 1ESD (75)
— n_;’_l _ n_,’_l
5yHi+%2,j+%_8”Hi—%2,j—% sz o+l
= > thihy|- - =88y
0<i<Ny—1 x B
0<j<Ny—1
S5 opntl S5 opn
x <8x6yEy’iyj+% +3x3yEyJ’j+é> :
< n+1 Q n+1
nt32 n+di2 yEysi+1J+%_8yEysi’/+%
uo(IH 2 |G—[H" 2| )= > thehy |- P
0<i<N,—1 x
0<j<Ny—1
. n+1l _Sx n+1l
x,i+§,j+1 X,i-‘rz,j _ - n+1
+ m BSKIN
S5 H'E 488 H? 76
KA OO g g T OO i+%,j+% ’ (76)
nt3 n+i ntl
5 ([ Mi—1x 2D+ —5 [P +J 2113
pe Zan)pe
_ n+1 TS ”"'% ”"‘%
= > thihydb VENL (5x5>‘1x1+2 . +5x5y1x7i+5’j>, (77)
0<i<Ny—1
0<j<N,—1
n+3 n+t n+i
(I Jy i -1y 2D+ —o IIJ +J 2|1z
pe 26060pe
_ a4l o aal
= thyhy 8.8, E" (8.5, 2 8:8,077 ), 78
0<i<XN:—1 P iy UV g 010 Vi j+y (78)
0=j<Ny—1
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1 n+2)2 n+12 Tl n+2 n+1)2
= (K215 = K" ) + 5 1K™ 4 K"
w HOW
N n+1 ) (79)

n+2 N
+ 6,8, K"
Y Tip L s

S hnsd i (5
T
VY Ly UV i g

0<i<Ny—1
0=j<Ny—1

pm

Adding (74)—(79), then summing up »n from 0 to N; — 2, we easily see that the sum
of the left hand side (LHS) satisfies the following:
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and the sum of the right hand side (RHS) is
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By the definition of R and Lemmas 4, we have

T
RHS, = h—Rl
y

- T/ C*C,

_1 1 _
= S5 oM HN G+ 1H ) + oI EY TG+ HEAD |- 82)
)

By symmetry, we can show that

u/ﬁc
=

X

RHS < o HY 313+ [1H2 1) + oIl EY 1 + 11EDIID)] .83)

By the Cauchy-Schwarz inequality, we easily have
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Similarly, we can show that
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Substituting the estimates (82)—(86) into (81), we obtain

+

* *
RHS < TtCy/C n TtCy C TWpm
- 6h, 6hy 2
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Using the constraint (72), we conclude the proof by combining the estimates (80)
and (87). L]

Remark I Using Lemma 3 and Theorem 3, we can obtain the other form of stability
for the scheme (52) and (57): For any m € [0, N; — 2], we have

3
eo(nEm*‘ni FUETND) + pol | H™ 2|12

+ m+3 1
— (1 2||2+||J 212) + ——— 1K™ 2|2 (88)
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Using similar techniques to those developed for the error analysis in Theorem
2 and the stability analysis developed for the compact scheme, we can prove the
following optimal error estimate for the compact scheme: For zero initial errors

1 1
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4 Numerical results

To justify our theoretical analysis, we have implemented both fourth order schemes
to solve the model equations (1)—-(6) with added source terms gy, gy, f:

oE, oH I+
€ = — — ,
0 Y dy x T 8x
0E, _ O0H I+
O T T ax T e
oH 0E, OE
M08—=—3—y+ ax - K+
t X y (89)
0/ ToJy + €ow’, E
= —1e¢ € e 9
a1 edx 0WpeLx
Jy 2
W = —Fe.]y + eowpeEy,
oK ’
? = —FmK + ,bL()C()pmH.
In our test, we choose the physical domain Q = [0, 2]2, and coefficients as

follows:

e=pno=1, I'y=Te=m, Wpm = Wpe =T,
so that (89) has the exact solution:

E— Ec\ _ [ cos(4mx)sin(4my)e ™

“\E, ) \ —sin(4nx)cos(4my)e ™" )’
H = cos(4mx) cos(4my)e ™,
Jy 72t cos(4mx) sin(4my)e
J = = ]Tt 5

Jy —72¢ sin(47x) cos(4my)e™

(90)

K = 7%t cos(4mx) cos(dmy)e ™,

which leads to the source terms as follows:

gx = (21 + 37) cos(4mx) sin(dmy)e ™,

gy = —(%t + 37) sin(dmx) cos(dmy)e ™, 91)
f = (=97 4 %) cos(47 x) cos(dm y)e ™.

First, to demonstrate the convergence rate under the periodic boundary conditions,
we use iy = hy, = h with varying & from 1/8 to 1/256 and a fixed time step T = h?
to solve the model problem till 7 = 2 by both the fourth order explicit and compact
difference schemes. The obtained errors for fields E,, Ey, H; at T = 2 in discrete
energy norms are presented in Tables 1 and 2 for the explicit and compact difference
schemes, respectively. Tables 1 and 2 clearly justify the optimal convergence rate
O(t% + h*) as we proved.

Second, we recalculate our model problem to check the convergence rate under
the practical PEC boundary condition with the same meshes as used above for the
periodic boundary condition case. The obtained errors for fields E,, Ey, H; at T = 2
in discrete energy norms are presented in Tables 3 and 4 for the explicit and compact
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Table 1 The errors obtained by the fourth order explicit scheme with periodic boundary conditions and

T =h?

h IEx — Ex.pll« rate IEy — Eynll« rate |H — Hll« rate
1/8 9.0071 x 1073 - 9.0071 x 1073 - 2.6508 x 1072 -
1/16 1.4801 x 1073 2.6053 1.4801 x 1073 2.6053 8.2667 x 107+ 5.0030
1/32 9.8937 x 107 3.9031 9.8937 x 107 3.9031 4.8686 x 107 4.0857
1/64 6.2658 x 107° 3.9809 6.2658 x 107° 3.9809 3.0727 x 10~ 3.9859
1/128 3.9283 x 1077 3.9955 3.9283 x 1077 3.9955 1.9284 x 1077 3.9940
1/256 2.4571 x 1078 3.9989 2.4571 x 1078 3.9989 1.2066 x 1078 3.9984

Table 2 The errors obtained by the fourth order compact scheme with periodic boundary conditions and

T =h?

h IEx — Exnll« rate IEy — Eynll« rate I|H — Hpll« rate
1/8 9.7266 x 1073 - 9.7266 x 1073 - 1.5724 x 1072 -
1/16 9.7586 x 10~* 3.3172 9.7586 x 10~* 33172 5.1118 x 1074 4.9430
1/32 6.2924 x 107> 3.9550 6.2924 x 107> 3.9550 3.0795 x 1073 4.0531
1/64 3.9546 x 107° 3.9920 3.9546 x 1070 3.9920 1.9369 x 1076 3.9909
1/128 2.4747 x 1077 3.9982 2.4747 x 1077 3.9982 1.2136 x 1077 3.9963
1/256 1.5472 x 1078 3.9996 1.5472 x 1078 3.9996 7.5904 x 10~ 3.9990

Table 3 The errors obtained by the fourth

order explicit scheme with PEC boundary conditions and

T =h?

h |Ex — Exnll« rate HEy_Ey,h“* rate |H — Hpll« rate
1/8 43416 x 1072 - 4.3416 x 1072 - 7.0865 x 1072 -
1/16 2.5276 x 1073 4.1024 2.5276 x 1073 4.1024 3.5087 x 1073 43361
1/32 1.0501 x 10~* 4.5892 1.0501 x 10~* 4.5892 1.3862 x 107* 4.6617
1/64 5.8430 x 107° 4.1676 5.8430 x 10° 41676 4.6463 x 107° 4.8989
1/128 3.7091 x 1077 3.9776 3.7091 x 1077 3.9776 1.9511 x 1077 4.5737
1/256 2.3744 x 1078 3.9655 3.7091 x 1078 3.9655 1.1137 x 1078 4.1308

Table 4 The errors obtained by the fourth order compact scheme with PEC boundary conditions and

T =h?

h IEx — Ex.pll« rate IEy — Eynll« rate |H — Hpll« rate
1/8 2.4513 x 1072 - 2.4513 x 1072 - 6.6895 x 1072 -
1/16 9.3067 x 1074 4.7191 9.3067 x 1074 47191 1.2040 x 1073 5.7959
1/32 6.6841 x 107 3.7995 6.6841 x 107 3.7995 9.8290 x 107 3.6147
1/64 3.7749 x 107° 4.1462 3.7749 x 1070 4.1462 3.7535 x 107° 47107
1/128 2.3163 x 1077 4.0265 2.3163 x 1077 4.0265 1.4206 x 1077 47237
1/256 1.4792 x 1078 3.9690 1.4792 x 1078 3.9690 7.1359 x 107° 43153
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difference schemes, respectively. Tables 3 and 4 clearly show the optimal conver-
gence rate O(z2 + h*), though how to prove this rigorously is still open. We will
pursue this further in our future work. Also in the future we plan to extend these
fourth order schemes to some perfectly matched layer models [9, Ch.8] and carry out
simulations for practical wave propagation in metamaterials.

5 Conclusion

For the first time, we established the theoretical analysis showing that the fourth order
methods can achieve optimal convergence when applied to metamaterial Maxwell’s
equations. Note that the Drude metamaterial model is more complicated than the
simple Maxwell system, which brings more challenges in analyzing the fourth-order
scheme for the Drude model. Exactly the same results and analysis can be extended to
the standard Maxwell system in free space. We believe that similar ideas and results
can be extended to higher order FDTD methods and 3D Maxwell’s equations at the
expense of more complex notation. Interesting simulations of wave propagation in
metamaterials will be explored by using high order difference methods in the future.
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