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Abstract This paper studies inf-sup stable finite element discretizations of the evo-
lutionary Navier—Stokes equations with a grad-div type stabilization. The analysis
covers both the case in which the solution is assumed to be smooth and consequently
has to satisfy nonlocal compatibility conditions as well as the practically relevant sit-
uation in which the nonlocal compatibility conditions are not satisfied. The constants
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in the error bounds obtained do not depend on negative powers of the viscosity. Tak-
ing into account the loss of regularity suffered by the solution of the Navier—Stokes
equations at the initial time in the absence of nonlocal compatibility conditions of
the data, error bounds of order O (h?) in space are proved. The analysis is optimal for
quadratic/linear inf-sup stable pairs of finite elements. Both the continuous-in-time
case and the fully discrete scheme with the backward Euler method as time integrator
are analyzed.

Keywords Incompressible Navier—Stokes equations - Inf-sup stable finite element
methods - Grad-div stabilization - Error bounds independent of the viscosity -
Nonlocal compatibility condition - Backward Euler method

Mathematics Subject Classification (2010) 65M60 - 65M12

1 Introduction

Let @ ¢ RY d e {2,3}, be a bounded domain with polyhedral and Lipschitz
boundary 9€2. The incompressible Navier—Stokes equations model the conservation
of linear momentum and the conservation of mass (continuity equation) by

u—vAu+ u-VY<u+Vp = fin (0,7) x Q,
V.-u=0in (0,7) x 2, (D
u(0,-) = uo(-)in €,

where u is the velocity field, p the pressure, v > 0 the viscosity coefficient, u
a given initial velocity, and f represents external forces acting on the fluid. The
Navier—Stokes equations (1) are equipped with homogeneous Dirichlet boundary
conditions # = 0 on 9L2.

The interest of this paper is the case of small viscosity or, equivalently, high
Reynolds number. To this end, a Galerkin finite element method augmented with a
grad-div stabilization term for (1) is considered. Grad-div stabilization adds a penalty
term with respect to the continuity equation to the momentum equation. It was origi-
nally proposed in [15] to improve the conservation of mass in finite element methods.
There are a number of papers analyzing the grad-div stabilization for steady-state
problems, e.g., [20, 26, 27]. On the one hand, it is known that while grad-div stabi-
lization improves mass conservation, the computed finite element velocities are by
far not divergence-free [23]. On the other hand, it was observed in the simulation of
turbulent flows that using exclusively grad-div stabilization resulted in stable simula-
tions, compare [22, Fig. 3] and [28, Fig. 7]. This observation is one of the motivations
for the present paper: to derive error bounds for the Galerkin finite element method
with grad-div stabilization whose constants do not depend on inverse powers of v.
The analysis will be performed for pairs of finite element spaces that satisfy a discrete
inf-sup condition. Error bounds with constants independent of v were previously
obtained in [14] for the evolutionary Oseen equations. Contrary to the present paper,
the wind velocity in the convective term of the Oseen equations is divergence-free
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and this property considerably simplifies the analysis. Besides extending the analy-
sis from [14], more realistic conditions on the initial data are assumed in the present
paper, conditions which affect the regularity near the initial time.

An analysis of inf-sup stable elements with divergence-free approximations of the
Navier-Stokes equations is presented in [29]. There, error bounds independent of
negative powers of v were proved for the Galerkin method without any stabilization,
utilizing ideas, e.g., from [14]. Adding a grad-div stabilization term as in the present
paper allows the use of more general, not necessarily divergence-free, finite elements.

Some related works analyzing stabilized finite element approximations to the
Navier—Stokes equations include [7], where the continuous interior penalty method
is studied and [3, 11], where the local projection stabilization (LPS) method is stud-
ied. It is discussed in [25] that the case of the Navier—Stokes equations with grad-div
stabilization but without LPS method can be considered as a special case of the anal-
ysis presented in [3]. Notice however that the error bounds in [3] depend explicitly
on inverse powers of the viscosity parameter v, unless grids are taken sufficiently
fine (h < /v, where h is the mesh width), whereas this is not the case in the present
paper. In [6], error bounds for stabilized finite element approximations to the Navier—
Stokes equations are obtained depending on an exponential factor proportional to the
L*°(2) norm of the gradient of the large eddies instead of the gradient of the full
velocity u in the case that €2 is the unit square and the boundary conditions are peri-
odic. An analysis of a fully discrete method based on LPS in space and the Euler
method in time is carried out in [2]. The error bounds in [2] are not independent
of negative powers of v. In all these papers, some stabilization terms are added to
the Galerkin formulation. In particular, all these methods, save the method studied
in [25], include a stabilization for the convective term. The aim of the present paper
consists in deriving error bounds that are independent of inverse powers of the vis-
cosity parameter for finite element approximations that do not include a stabilization
of the convective term.

In the present paper, optimal error bounds with constants that do not depend
explicitly on inverse powers of the viscosity parameter will be obtained for the L2(£2)
norm of the divergence of the velocity, which measures the closeness of the veloc-
ity approximation of being divergence-free, and the L*(£2) norm of the pressure,
assuming that the solution is sufficiently smooth. In addition, an error bound for
v!/2 times the gradient of the velocity is proved. This error bound is optimal in the
viscosity-dominated regime, although it is a weak term in the convection-dominated
regime. Note that all error bounds might depend implicitly on the viscosity through
the dependency on higher order Sobolev norms of the solution of the continuous
problem.

In Section 3, it will be assumed that the solution satisfies nonlocal compatibility
conditions. The analysis is valid for pairs of inf-sup stable mixed finite elements of
any degree. In the case of first order mixed finite elements, the error bound for the
pressure can be proved only in two spatial dimensions.

Due to the increasing use of higher order methods in computational fluid dynam-
ics, the question of optimal approximation of the Navier—Stokes equations under
realistic assumptions of the data has become important. The regularity customar-
ily hypothesized in the error analysis for parabolic problems generally cannot be
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expected for the Navier—Stokes equations. No matter how regular the initial data are,
solutions of the Navier—Stokes equations cannot be assumed to have more than sec-
ond order spatial derivatives bounded in LZ(£2) up to the initial time = 0. Higher
regularity requires the solution to satisfy some nonlocal compatibility conditions that
are unlikely to be fulfilled in practical situations [17, 18]. Taking into account this
loss of regularity at + = 0 locally in time, the optimal rate of convergence of the
grad-div mixed finite element method is studied in Section 4. The analysis of [2, 3,
6, 7, 29] assumes that the solution satisfies nonlocal compatibility conditions. To the
best of our knowledge, the present paper is the first one where error bounds indepen-
dent of the viscosity parameter are proved without those assumptions, and the best
bounds that we obtain are not better than O(hz). In the literature, [12, 13, 17, 18],
error bounds up to (’)(h5| log(h)]) have been obtained for both standard and two-grid
mixed finite element methods without assuming nonlocal compatibility conditions.
But contrary to the O (k%) bounds in the present paper, the error constants in those
O(h’|log(h)|) bounds depend on v,

In Section 5, the analysis of the fully discrete case is presented. For the time inte-
gration, the implicit Euler method is considered. Again, both the regular case and the
case in which nonlocal compatibility conditions are not assumed are analyzed. In this
last case, the errors are shown to be O (/2| log(At)Il/2 + (A1)1/2), where At is the
size of the time step.

Section 6 provides numerical studies supporting the analytical results and a
summary finishes the paper.

2 Preliminaries and notation

Throughout the paper, W* 7 (D) will denote the Sobolev space of real-valued func-
tions defined on the domain D C R? with distributional derivatives of order up to s
in L? (D). These spaces are endowed with the usual norm denoted by || - [|ws.»(p). If
s is not a positive integer, WP (D) is defined by interpolation [1]. In the case s = 0,
itis WOP(D) = LP(D). As it is standard, W*?(D)? will be endowed with the prod-
uct norm and, since no confusion can arise, it will be denoted again by || - [|ws.r(p).
The case p = 2 will be distinguished by using H* (D) to denote the space W*2(D).
The space H (D) is the closure in H'(D) of the set of infinitely differentiable func-
tions with compact support in D. For simplicity, || - ||s (resp. | - |5) is used to denote
the norm (resp. seminorm) both in H*(2) or H* (2)?. The exact meaning will be
clear by the context. The inner product of L2(2) or L%(2)¢ will be denoted by (-, -)
and the corresponding norm by || - ||o. The norm of the space of essentially bounded
functions L°°(2) will be denoted by || - |lo. For vector-valued functions, the same
conventions will be used as before. The norm of the dual space H~'(Q) of HOl ()
is denoted by || - [|_1. As usual, L?() is always identified with its dual, so one has
Hy(Q) C L*(Q) C H™'(Q) with compact injection.
Using the function spaces V = H(} (Q)4, and

0 =13 ={qeL*@: @ 1=0],
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the weak formulation of problem (1) is as follows: Find (u, p) € V x Q such that
forall (v,q) € V x Q,

0w, ) +v(Vu, Vo) + (u - Viu,v) = (V-v,p)+ (V-u,q) = (f,v). (2)
The Hilbert space
HY ={ueL>Q? | V-u=0, u-nlyg =0}
will be endowed with the inner product of L%(£2)? and the space
VIV —{ueV | V.u=0

with the inner product of V.

Let IT : L*(Q)¢ — HY be the Leray projector that maps each function in
L?(2)¢ onto its divergence-free part (see e.g. [10, Chapter IV]. The Stokes operator
in  is given by

A : DA c HY - YWY A= _TIA, DA) = HX Q) n v,

The following Sobolev’s embedding [1] will be used in the analysis: For 1 < p < d/s
let g be such that ql = % — fi' There exists a positive constant C, independent of s,
such that

1
q
If p > d/s the above relation is valid for ¢ = 0o. A similar embedding inequality
holds for vector-valued functions.

Let V), C V and Q) C Q be two families of finite element spaces composed of
piecewise polynomials of degrees at most k and [, respectively, that correspond to a
family of partitions 7, of €2 into mesh cells with maximal diameter 4. In this paper,
we will only consider pairs of finite element spaces satisfying the discrete inf-sup
condition,

1
”U”Lq/(Q) =< C”””W”#’(Q)? > ;3 LS Ws’p(Q)- (3)

inf  sup N vn ) > o, 4)
an€Qn vyevy, IVonrllollgnllo
with Bp > 0, a constant independent of the mesh size /. For example, for the MINI
element itis k = [/ = 1 and for the Hood—Taylor element one has / = k — 1. Since the
error bounds for the pressure depend both on the mixed finite element used and on
the regularity of the solution, and in general it will be assumed that p € Q N H*(Q)
with [ > k — 1, in the sequel the error bounds will be written depending only on k.
It will be assumed that the family of meshes is quasi-uniform and that the
following inverse inequality holds for each v;, € Vj,, see e.g., [9, Theorem 3.2.6],

ei(i-1)

where 0 <n <m < 1,1 < g < p < 00, and hg is the size (diameter) of the mesh
cell K € Ty.
The space of discrete divergence-free functions is denoted by

VIV = (v € Vi | (V-vr,qn) =0 Vg € O},

ne
lvpllwmr k) < Cinvhg lvpllwna k), (5)
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200 J. de Frutos et al.

and by Aj : V}?iv — V,?iv is denoted the following linear operator
(Apvn, wp) = (Yo, Vwg) Yo, wy € VAV, (©6)
Note that from this definition, it follows for v;, € VhdiV that
14,2 onllo = IV onllo,  1VA, Pwullo = lloallo.

Additionally, two linear operators Cp, : Vhdiv — V,fiv and Dy, : L3(Q) — Vhdiv are
defined by

(Chvp.wp) = (Vv Vowy) VYo, wy € VY, @)

(Dip.vn) = —(p,V-vr) Vo € VIV, ®)

In what follows, TT{" : L2(Q)¢ — V" will denote the so-called discrete Leray

projection, which is the orthogonal projection of L?(2) onto Vhdi"

(Hgi"v, wh> = (v, wy) VYwy € Vhdiv. 9)

By definition, it is clear that the projection is stable in the L2(£)? norm: || Hgivvno <
llvllo for all v € L?(£2)?. The following well-known bound will be used

I =T llo+A (=TI 0ll < CR/ o)l Yo e VIVNHITHQ)Y, (10)

forj=0,...,k.
Denoting by 7, the L%(£2) projection onto Q;, one has that for 0 < m < 1
lg = 7hgqllm < CR* gl Yg € HIYH(Q), j=0,..... (D

For simplicity of presentation, the notation m;, will be used instead of 7, p for the
pressure p in (1).
In the error analysis, the Poincaré—Friedrichs inequality

lvllo < ClIVollo Yo € Hy ()%, (12)

will be used.
In the sequel, I,u € V, will denote the Lagrange interpolant of a continuous
function u. The following bound can be found in [5, Theorem 4.4.4]

lw — Ihulwmrky < Cindh" " ulwnrky, 0<m<n<k+1, (13)

wheren > d/p when 1 < p <ocoandn > d when p = 1.
In the analysis, the Stokes problem

—VvAu+Vp =g inQ,
u=0 ond<, (14)
V-u=0 in,

will be considered. Let us denote by (u, pr) € Vi x Qp the mixed finite element
approximation to (14), given by

v(Vuy, Vo) — (V- v, pp) = (g, 00) Yo €V,
(V-up,qn) =0 Van € Q.
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Following [16, 21], one gets the estimates

lw —uplly < C ( inf |lw— vyl +v~" inf [Ip— 61h||0> , (15)
vyeVy qn€0n
lp = pullo < C (v inf lu—wulli+ inf |Ip —thlo>, (16)
vyeVy qan€Qhn
lu —upllo < Ch < inf [lu—wvuly +v7" inf |Ip— 61h||0> . (17
vy eV qn€0Qn

It can be observed that the error bounds for the velocity depend on negative powers
of v.

For the analysis, it will be advantageous to use a projection of (u, p) into Vj, x Qj,
with uniform in v, optimal, bounds for the velocity. In [14] a projection with this
property was introduced. Let (u, p) be the solution of the Navier—Stokes equa-
tions (1) withu € V N H*L(Q)?, p € 0 N HX(Q), k > 1, and observe that (u, 0)
is the solution of the Stokes problem (14) with right-hand side

g=f—-0u—(u-V)u—Vp. (18)

Denoting the corresponding Galerkin approximation in V;, x Qj by (sp,[;), one
obtains from (15)—(17)

lw —sullo+hllu —splli < CH/ M ulljp1, 0<j <k, (19)
Ilallo < Cvh!lulljv1, 0<j <k, (20)

IA

where the constant C does not depend on v.

Remark 1 Assuming the necessary smoothness in time and considering (14) with
g=0(f—0u— @ Viu—Vp),

one can derive an error bound of the form (19) also for d;(u — s},). One can proceed
similarly for higher order derivatives in time. In Section 4, where boundedness of
derivatives up to t = 0 is not assumed, the bound (19) is also valid, but then the quan-
tities assumed to be bounded up to t = 0 are tV=V/2|u(t)|| j41, tYTD2 130 () | j 41,
t9ED2)10,u ()| j+1, etc. Note that for a given #p > 0, the assumptions in the present
section hold for r > ¢, and those of Section 4 for 0 <t < 1y.

Following [8], one can also obtain the following bound for sy,

V(@ =sn)llc = ClIVat|oo, 21

where C does not depend on v.

The method that will be studied for the approximation of the solution of the
Navier—Stokes equations (1) is obtained by adding to the Galerkin equations a control
of the divergence constraint (grad-div stabilization). More precisely, the following
grad-div method will be considered: Find (up,, pp) : (0, T] = Vj, x Qp, such that

O, vy) +v(Vuy, Vog) +b(uy, up, vp) — (pp, V - vp,)

+(Voup, gp) +u(Voup, Vovg) = (f, vp), @2)
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202 J. de Frutos et al.

for all (vy, gn) € Vi x Qp, with u, (0) = Ihug. Here, and in the rest of the paper,
b(u, v, w) = (B(u,v), w) Yu,v,we Hj ()7,
where,
B(u,v) = (u-V)v+ %(v ‘u)v Yu,v e HH(Q)!
Notice the well-known property
b(u,v,w)=—-b(u,w,v) Vu,v,wevV, (23)

such that, in particular, b(u, w, w) = O forallu, w € V.

3 The regular continuous-in-time case

In this section, error bounds for the continuous-in-time discretization are derived for
the case in which regularity up to time ¢t = 0 is assumed. Some of the lemmas are
written in such a way that can also be applied in Section 4 for the analysis of the
situation without compatibility assumptions.

3.1 Error bound for the velocity

Using test functions in V,?iv and applying definitions (6)—(9), one finds that (22)
implies that u), satisfies

et + vApuy + By (up, up) + pCpuy = o (24)
where
By(u,v) = TI8VBu, v), u,ve HH(Q),

and Cy, is defined in (7). Notice that H‘;liv can be extended from L2(2)4 to H~1(Q)
in such a way that By, (u, v) is well defined for u, v € HO1 (Q)7.
The following two lemmas will be used in Sections 3 and 4.

Lemmal Letwy : [0,T] — V;fﬁv be an arbitrary function piecewise differentiable
with respect time. Let uy be the mixed finite element approximation to the velocity
defined in (24). Define the truncation errorsty  : [0, T] — V}Idiv andty : [0, T] —>
L%(2) such that the following equation is satisfied

orwp + vApwy + By (wp, wp) + uCrwy = H;,livf +ti,n — Duta, (25)
where Dy, has been defined in (8). Then, if the function

lwi () 113

m (26)

g(t) = 1+2[|Vwy (1) loo +
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is integrable in (0, T), i.e., Vwy, € L'(0, T; L®) and wy;, € L*(0, T; L), the error
e, = uyp — wy can be bounded as follows

t
len()l3 + /0 K0 (20| Ven@)IF + 1IV - ex()I) ds

! ) 2
< K00 e,0)13 + / ek <||t1,h||%+ ;IIQII%) ds,
0

where

t w 2
K(t,s):/ <1+2||th||oo+ I 2“'“) dr.
s 0

Proof Subtracting (24) from (25), taking the inner product with e, € Vhdi", and
performing some standard computations yields

1 llenlld + vIVenlld + ullV - enll3 +b(wp, wi. en) — b(un, up. ey)

27
=(tl,hveh)+(t27v'eh)' ( )

Observe that
b(wy, wy, ep) —b(uy, uy, ep) = —b(ey, wy, ep) —b(uy, ey, e) = —b(ey, wy, €),
(28)

where in the last step it was used that, due to (23), b(uy, e, e) = 0. Applying
Holder’s inequality one finds

1
2
|b(en, wh, en)| < [IVwpllocllenlly + EHV'eh”O”wh”oo””eh”O

2
lwall5

IA

"
IVw lloollen g + ZIIV cenllg+ lenll- (29

Thus, from (27), using the Cauchy—Schwarz and Young’s inequalities, taking into
account the definition of function g in (26), and rearranging terms, it follows that

d 2 2 2 2 2, 2, 0
Ellehllo +2v[|Venllg + u1llV - enlly < gllenlly + lI£1,allg + ;I|l2||0~

Multiplying by the integrating factor exp(—K (¢, 0)) and integrating in time, the result
follows in a standard way. O

The following lemma will be used in the proof of the main results of the paper.

Lemma 2 There exists a positive constant C such that for any wy, € Vj and v €
V N H*(Q)? the following bound holds

I1B(ws, wi) — B, V)llo < C (Iwnlloo + IV - wpll 20101y + 1012) llwn — vl
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204 J. de Frutos et al.

Proof Since V;, C L*®(2) and by the well known Sobolev embedding H?(2) C
L>®(Q2) (see e.g., [1]), it follows that B(wj, wy), B(v,v) € L%(2). Then, the
application of the Holder inequality yields

| B(wp, wp) — B(v,v)llo = |B(wp, wp —v) + B(w, —v,v)|lo

1
< lwnllocllwn = vl + 31V - wal 2 oy s = vll 200

1
+ llwn — vl 20 VY 20701 () + EIIV “(wp — V) lollv]lco-
The statement of the lemma follows from (3). ]

The proof of the error estimate is based on the comparison of the Galerkin approx-
imation to the velocity uy in (22) with the approximation s; defined at the end of
Section 2. The pair (sp, [) € Vi x Qy, solves

v(Vsp, Vop) — (I, Vo) — (V50 qn)
= (f7 vh) - (al‘uﬂ vh) - b(ua u, vh) + (pa V. vh)'

Adding and subtracting terms gives

(30)

dish + vAnsh + Bu(sn, s1) +uCrsp = T — IV (3,u — d,s),)

— (Bn(u,u) — By(sp,51)) — Dn(p — 7wp) + wCp(sp).

Taking into account (7) and V -u = 0, one can see that Lemma 1 can be applied with
W, =Sp, b1y = H%‘V(rl + 13), and ) = 13 + 14, Where

T1 = ou — 08y, To= B(u,u)— B(sp,Sp),
3 =p =T, 7 = pn(V - (sp —u)).

Let u satisfy the hypothesis in Theorem 1 below. In order to apply Lemma 1, the
integrability in (0, T') of the function g defined in (26), with w, = s, has to be
proved. To this end, it will be shown that the two terms ||sh||C2>o and ||Vsy |l are
bounded by an integrable function in (0, 7). For the latter, one can simply apply
(21). For the former term, one first observes that from the assumed regularity of u it
follows that u is continuous and, hence, || (#)|lcc < C||2t||oo for some C > 0. Then,
one can write

Ishlloe < I8h — @)oo 4+ 11 @)oo < Cinvh ™2 |5 — Iy @) llo + ||u]lco,

where in the last inequality inverse inequality (5) has been applied. Applying (13),
(19), and (3), one gets

[$hllco < Cllull2,  [IVSallo = CllV|lc, (32)

3D

where the constants are independent of v.
Thus, by applying Lemma 1 with e;, = uj, — s, one obtains

len (2 +[oeX S (2v]|Ven ()12 + wllV - en(s)II2) ds

33
< KO gy 13+ f3eK 0 (1 + 72l + 2lrs + 1) ds.

From (11) and (19) (see also Remark 1) one gets
T3 + 7allg < CR*(UIplI + 1 iz, ). (34)
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and
lz1 + w205 < Ch*dul; + 2 172115 (35)
For 75, the application of Lemma 2 gives
I72ll0 < C (Ishlloo + IV - $all 20/ gy + lell2) e — spll1. (36)
To bound ||V - sl 24/@-1)(g). one finds with the inverse inequality (5) that
IV - shll 2ara-1 ) < Ch™2(IV - sullo,
and with (19) it follows that
IV - sl 2ara-v gy < ChV2|IV - (u = sp)llo < Ch'? [|ul, . 37)

Altogether, from (36), using also (32) and that & is bounded (at least from the
diameter of 2), one obtains

lz2llo < Cllully llw = sl < CA* llally ulliss - (38)

In view of (32), one has 1 < exp(K (¢, s)) < Cexp(L(T)) with

Lo — /T< ||u(s>||%)
(T) = 142 |Vu(s)|ls + ds, 39
0 2

where C is independent of v. From (33), (34)—(38) and taking into account that
llen(0)|| < Ch*|lul|x, one derives the following error estimate for the velocity.

Theorem 1 For T > 0 let us assume for the solution (u, p) of (2) that

ue L*0,T, H*1(Q) N L0, T, WH°(Q)) N L™®(0, T, H*(R)),
u(0) € H™25(Q) d,u € L*>©0, T, H*(Q)), and p € L*©0, T, H*(Q)/R) with
k > 1. Then there exists a positive constant C depending on

2

T (llp@l
llu(0)]|7 +/O (THWR + 3@ + (n + Ilu(t)lli)llu(t)llirl) dt, (40)

but not directly on inverse powers of v, such that the following bound holds for ej, =
up, —spandt € [0, T]

t
len ()13 + /0 WIVer($)I3 + ilIV - en(s)I3) ds < Cexp(L(T)R*,  (41)
where L(T) is defined in (39).

Remark 2 Note that Theorem 1 is formulated for the most common choice of inf-
sup stable finite element spaces where the polynomial degree of the velocity space is
larger by one than the degree of the pressure space. In this situation, the constant C
in (41) depends on w1 and on p, see (40). Thus, the asymptotic optimal choice of
the stabilization parameter is & ~ 1, which is a well-known result for this situation.
For pairs of inf-sup stable spaces with the same polynomial degree, like the MINI
element, the same regularity with respect to the polynomial degree for velocity and
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pressure is usually assumed and the estimates for proving the error bound can be
adapted accordingly. In particular, one gets instead of (34)

T3 + wlg < Ch* R Ipl,, + w2 lulis)

such that equilibrating the two terms containing p gives the choice p ~ h, which is
known from the literature [20]. However, also choosing  ~ 1 or u ~ h? leads for the
MINI element to optimal error bounds with constants independent of v. Altogether,
there is some freedom for the choice of u and choosing this parameter to be a constant
is a valid option also for the MINI element.

Remark 3 By writing
(wp —u) =ep+ (sp —u),

applying the triangle inequality, Theorem 1, and (19), it follows that the bound (41)
holds true changing ej, by u; — u.

3.2 Error bound for the pressure

The error bound for the pressure will be obtained now using the same arguments as
used in [14].

Applying the inf-sup condition (4), substituting in the numerator (22) and (30),
adding and subtracting terms, and using the Cauchy—Schwarz inequality, it follows
that

Bollpr — mrllo < viiVepllo + 1By, up) — B(sp, sp)ll—1 + 19:enll -1
+ wllV-epllo+ llTill-1 (42)
+ llT2ll=1 + llzzllo + llzallo + Iz llo.

Note that, due to (41), the presence of the terms v||Vey|lo and 1|V - e on the
right-hand side of (42) limits the maximum convergence rate to O(h*). The same
convergence rate is obtained for the term ||74|o, which is estimated with (19).

The fifth term is bounded with (35)

ITill-1 < Cllzillo < CA* [l .
and the sixth term, using (38), by
lzall—1 < Cllizallo < ChM|lulla [lully - (43)

For the second term on the right-hand side of (42), the skew-symmetry of b(-, -, -)
gives

| B(p, up) — B(sn, sp)ll-1 = supyg),=1 1b@n, en, ¢) + blen, s, §)|
= supg,=1 0(un, ¢, en) + blen, ¢, sp)l.

Using now Holder’s inequality and the Sobolev embedding (3), one finds the bound

(44)

A

|b(un, ¢, en)l < llenllolunlloccli@lt + llenllollV - wnll 2a/a-1 @) 1Pl 20 ()
C (lunlloo + IV - wnll 2011 () llenllolillr-

A
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For the second term on the right-hand side of (44), arguing similarly, one gets

|b(en, @, sn)| < llenllolisnllccli@lls + CIIV - enllollsnll L2dr@—n o)l
such that
| B(wn, un) — B(sn, sn)ll-1
< C(lunlloo + IV - unll p2ara-1 gy + Isullos) lenllo  (45)
+Clisnll L2a/a—1 @) IV - enllo.

Next, the terms between parentheses will be bounded. Applying (5) and (32), one
finds

l#nlloo < llenlloo + lIsalloo < Ch™2(lenllo + lishlloo

46
< C (2 leyllo + lull). (46)

Recalling (5) and (37) yields

IV - upllp2aa-n@) < IV -enllp2aa-nqy + IV - Skl p2a/a-1(q)

< Ch='2|V - epllo + Ch2 Julla. “47)

Remark 4 The right-hand side of (46) is bounded for 7 — 0 always for d = 2. It
follows from (41) that for d = 3 the term is bounded for k > 2. Note that most inf-
sup stable pairs of finite element spaces have velocity spaces which are at least of

second order so that this is not a big restriction. On the other hand, one can deduce

from (47) and (41) that the term fot IV - uh(s)||22d/(d_l)(m ds is bounded.

With (45) and using in addition (5), (32), and (37), one obtains
| B(wpn, un)—B(sp, sp)ll-1 < C |lully (lenllo + IV - enllo)
+C (h P lenllg +h 21V - enllo) lenlo- (48)

Next, the third term on the right-hand side of (42) will be bounded. Arguing
as in [14], it will be shown first that ||0,e;||—; can be estimated by bounding

A, "/*8,eplo. From [4, Lemma 3.11] it is known that
lcenll—1 < Chlldrenllo + CIA™"*Tden 0. (49)
where IT is the Leray projector defined in Section 2. Applying [4, (2.15)] one gets
_ —1/2
IA='2T18,enllo < Chlldsenllo + 1A}, " *8renllo. (50)

with Aj defined in (6). With (49), (50), the symmetry of Aj, and the inverse
inequality (5), one obtains

13renll—1 < Chldenllo + ClIA;, *drenllo

ChllA? A, P denllo + CllA;, *8renllo
ChIV(A;, *8enllo + Cll A, drenllo
CllA;, P denlo-

IA
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~1/2

Taking into account that [|A, Hgi"gno < |gll-1, for all g € L2(Q)4, see

[4, (2.16)], and arguing as in [14], the following estimate for ||A;1/28teh llo can be
derived

1A, P orenllo < vilA, enllo + 1Bn, wn) — Bisn, s)ll-1 + CullV - enllo
+10: (@ — sp)ll -1 + [|1B(w, u) — B(sn, sn)ll-1
+CullV - (u—=spllo+ Cllp — mnllo.
(5D
All velocity-related terms on the right-hand side were already estimated in this
section.
The pressure terms in (42) and (51) are estimated with (11) and (20). Then, arguing
exactly as in [14], one concludes the following estimate.

Theorem 2 Under the assumptions of Theorem 1 there exists a positive constant C
such that the following bound holds

T
Bs / I(pn — T DIIg dt < Ch*, (52)
0
where in the case d = 3 the bound is valid for k > 2.
Remark 5 By splitting

ph— p = (pp — ) + (Th — p),

applying the triangle inequality, Theorem 2, and (11), it follows that the bound (52)
holds true replacing p, — 7, by pr — p.

4 The continuous-in-time case: analysis without nonlocal compatibility
conditions

It is well known that, no matter how regular the data are, solutions of the Navier—
Stokes equations cannot be assumed to have more than second order spatial deriva-
tives bounded in L?(2) up to initial time = 0, since higher regularity requires the
data to satisfy nonlocal compatibility conditions which are not likely to happen in
practical situations [17, 18]. The analysis of this section takes into account the lack
of regularity at = 0.

Along the section it is assumed that inf-sup stable mixed finite elements of sec-
ond order are used, for example the Hood—Taylor element consisting of continuous
piecewise quadratic polynomials for the velocity and continuous piecewise linear
polynomials for the pressure.

It shall be assumed that for some 7" > 0

Mi = max |lu(t)|l; < +oo, My = max |u(t)|, < +oo. (53)
0<t<T 0<t<T
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Also, according to [17, Theorems 2.4 and 2.5], and assuming the right-hand side f
in (1) is smooth enough, it shall be assumed that, for k > 2,

M = max 1“2 (Ju@) e + 10w @) l—2 + POl g1 g) < +00,  (54)

0<t<T

and, for k >3

T

Kt = /0 2 (@ 15w o+ PO Gt 5 H 135 PO G0 ) ds < F00.
(55

Remark 6 Observe that in view of Remark 2, for the case k = 1 in Theorem 1 (which

covers the case of the so-called MINI element) the constant C in (40) and the function

L(T) from (39) depend on M3(1 + T(u™' + n+ M3)) + K3 and T + 2T /2 K3 +

TM22 w~1/2, respectively, where no negative powers of ¢ appear. Thus, in the absence

of nonlocal compatibility conditions at 1 = 0, the analysis of the previous section

applies to the case k = 1, but it does not apply to the case k > 2 since ||8,u(t)||,% is
not integrable near r = 0.

4.1 An auxiliary function

For the analysis, the auxiliary function &y, : [0, T] — V}, satisfying
drity + vApity =TI (f = Vp) = By(u,w), 1, (0) = I"wop,  (56)
will be considered and the following notations will be used
2 =TNu —ay, 0, =Wu — s,

Notice that in view of the triangle inequality, (19), the approximation property of the
L3(Q) projection, and (54)—(55) it follows that for 0 < ¢ < T,

h3—J _
10n(O1; = My~ J= 0,1, (57)

IA

t
/0<||0h||§+s2||asoh||§)ds C(K3+K2) ", j=0.1,  (58)

for some positive constant C independent of v. Observe also that projecting (1)
onto V,f“’, using the definition of s; with (14) and the right-hand side given in (18),

yields
div divg , _ rdivef
I, 0;u + vApsy + Bp(u,u) + I, Vp =11, 77,
so that
Mou + ATy = T8 — By, u) — TNV p + vAL6),.

Subtracting now (56) and applying the commutation of the Leray projection and the
temporal derivative, one finds that the error z, satisfies

0:zn + VApzp = vAR0,, z7,(0) =0. 59)
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Lemma 3 There exists a positive constant C independent of v such that the error
n = szu — @y, of the discrete velocity ay, defined by (56) satisfies the following
bounds for0 <t < T:

A

t
lza ()13 + /0 liza(s)I1? ds < CK3h*, (60)

IA

t
~1)2
1A 2O + /0 1212 ds < CK2HS, 61)

Cc —j
lzn@1lj = 775 (K3 + Ks + M) i/, j=0,1. (62)

Proof Multiplying (59) by zj, integrating on €2, applying the Cauchy—Schwarz
inequality, and Young’s inequality gives

1 d 1/2 1/2 v v
5 77 anllg + v vzl = (A Pz, AP0 < 5 1Vl + 5 170415

Using integration in time and taking into account that z;(0) = 0, it follows that

t t
liza ()13 + v /O IVzi(s)3 ds < v /O VO, ()3 ds.

Now, applying (58) and the Poincaré—Friedrichs inequality (12), the bound (60) fol-
lows directly. Repeating these arguments but multiplying by A;lzh instead of z,
gives (61).

To prove (62), multiply (59) by tA;1 0:zj and integrate in 2 to get

vd
2dt

Integrating between 0 and ¢ and integrating the term arising from v(¢9;z;, 65,) by
parts, one gets

—1/2 2 v
o4y Poa| 55 (112813) = v@aiza 1) + 5 Nzl

t 2
-1/2 v
/s”Ah o ds + St 12013
0 0 2

t ) t
= vi(zn(1), 0,(1)) — V/O (zn, Op +5050)) ds + 5/0 Izall§ ds.

Applying the Cauchy—Schwarz inequality and Young’s inequality to the first two
terms on the right-hand side and rearranging terms it follows that

t 2
—1/2 v
/sHAh Poga| ds+ 21zl
0 0 4

t t
< o104 O+ [ (10415 -+ 5% 18.0413) ds + v [ 12213 ds.
0 0
The bound (62) for j = 0 now follows by applying (57)—(58) and (61). With the same

arguments, but multiplying by 79;z;, instead of tA,:la,zh the bound (62) for j = 1 is
obtained. O
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Remark 7 For piecewise polynomials of degree higher than two, it is possible to
obtain higher order bounds, but with negative powers of v. For example, for piecewise
cubics, by repeating the arguments in the proof of Lemma 3, it is possible to show
that

C .
120l < —75- (Ka+ Ko+ MR, j=0,1, 0<1<T,

using as test function ﬂA,;la,zh. Similar negative powers of v are obtained also
with some other techniques like those in [12]. At the moment, it is an open question
whether different techniques could be applied to get higher order bounds with con-
stants independent of inverse powers of v. For this reason, only piecewise quadratics
for the velocity are considered in this section.

4.2 Error bound for the velocity

Observe that the first equation in (56) can be rewritten as
ety + vAnly + By(@n, fip) + nCuitn = TIY f + (By (@, ty) — Bu(u, u))
— Dpp + uCrity,.
Lemma 1 will be applied with wy, = @y, t1, = T2, and t; = 13 + 74, where
Ty = Bu(an, ) — Bp(u, w), 14=pV- (@ —u),

and where t3 is defined in (31). The application of this lemma requires to show that
both ||z, ||C2>O and | Vit || are integrable in (0, T').
To bound ||&ty, || 00, apply the triangle inequality and the inverse inequality (5) to get

A

~ —d/2 A
lanlloo < Cinh™?\ly — Iyullo + 1 Inte)l oo

Cinh ™12 (s = T ullo + 1T — wllo + 1 = Luaelo) + Il 1nt .

IA

Since || lpu]l o < C |||, utilizing (3) gives

[ Thulloo < Cllull, < CMs.
Applying (13), (10), and (60) yields

litnloo < € ((Ks + M) 402 4 b3 (63)

The bound of || Vi || ~ Will be shown for the more difficult and practically more
relevant case d = 3. With the triangle inequality and the inverse inequality (5), one
obtains

IVanlco < Cineh ™ lin = snllo + 1 Vshllo (64)
= Cinh™" (lity = T ullo + 115w — wlo + 1 = sulo) + Vs loc-
Applying (21), (3), and (54) yields

IVshlloo < CM3t "2,
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Arguing as before and applying (62), (10), and (19) gives
Vil = €172 (K3 + Ks + Mah' 4 M3 ). (65)
Thus, from (63) and (65) it follows that
~ 2
g(1) = 1+ 2] Vi (1) oo + 10l
<C (K3+K5+M3 4 (K3+M2)2> < L

212 2 20
where )
K3+ M
L, =C(K3+K5+M3)+M.
2p

Then

t t 1

K(t,s) = f g(r)dr < Ll/ —dr < 2Lt — 5177, (66)
N N r

Lemma 1 with wy, = ay, gives for e, = u;, — uy,
len @I +JoeX @ (2vlIVen@IIG + 1V - en()llg) ds
< K00 e, )13 + f3eX O (17213 + 2 |73 + 2a]f3) ds.
To estimate the truncation errors first apply Lemma 2 to get
IT2ll0 < C (lanlloo + IV - @l p2ara—n + lullz) lluw — @l (67)

Using the triangle inequality, the inverse inequality (5), (37), (60), (10), (19), and
(53) one gets

V- apll2dsa-1)
—3/2A
< Civh Nty — spllo + IV - spll p2asa—

< =2 (i — T ullo + T = wllo + lu = sullo) + Ch'7 ully

< Ch'*(K3+ lul2) < C(K3 + My). (68)
By inserting (68) and (63) in (67) it follows that
IT2ll0 < C(K3 4+ Mo)llw — a1 (69)

As in (34) one also gets
A 12 ~
[+ allg = € (1P h* + 12l = a3 (70)

To bound ||u — @y || in (69) and (70) one adds and subtracts Hgivu. Applying then
(55), (10), and (60) leads to the estimate

VR 2 X
/ <||rz||3+—||r3+r4||3> ds
0 1%

Collecting all estimates and applying at the initial time the triangle inequality, the
interpolation estimate (13) and (10), the following theorem is proved.

IA

CKZ (1 + " + (Ks + Ma)?) bt

= Coh*. (71)
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Theorem 3 For T > 0, assuming the solution (u, p) of (1) satisfies (53), (54) and
(55) the following bound holds for the error e, = up, — up, t € [0, T]:

t
e () 13+ /0 (201Ver I3 + 11V - x)IF) ds < KO (M3 + Co) ¥, (72)

where K (t, s) is defined in (66) and Cy is the constant in (71).

Remark 8 By decomposing
u, —u = e, + (uy, —u):éh—zh—i-(l'lgivu—u),

and applying the triangle inequality, Theorem 3, (60), and (10), it follows that the
bound (72) holds true changing e;, by u;, — u.

Remark 9 Observe that it is the factor 4~>/? in (64) that prevents the analysis in the
present section to apply to the case k = 1. On the other hand, the analysis in Section 3
applies to k = 1 since one compares u;, with s, for which the bounds (32) are avail-
able. The comparison with s, in Section 3, however, induces the truncation error 1,
which, as commented in Remark 6, prevents the extension of the analysis in that
section to the case k > 1.

4.3 Error bound for the pressure

The analysis follows closely that of Section 3.2.
Again, using the inf-sup condition (4), a straightforward calculation leads to

Bollpn — mwnllo < viiVenllo + | B(un, up) — By, ap)ll—1 + 10,€nll—1
+ wllV-enllo+ |1 B, u) — By, iyl -1
+ ullV - @ —ap)lo+lp — mrllo + o,

where [, denotes here the discrete pressure corresponding to the formulation of (56)
in V},. Repeating the arguments used when obtaining (43) and (69), one gets

| B(u, u) — B, wp)l|—1 < C(K3+ Ma)llu — .
In the same way as for (45), one obtains
1B, up) — By, wn)l|—1 < (lunlloo + IV - wnll 2a/a-n + || @n] ) Nenllo
+ [l@pll 2a/@-n IV - énllo.
Using the inverse inequality (5), (68), (46), and (63) leads to
1B, up) — By, ap)ll-1 < C(K3+ M) (Iénllo + IV - & llo)
+C (W92 u ]y + H 219 - 2ulo) Nenlo-
Arguing as in Section 3.2, one gets for ||9;ep||—1
lrenll -1 < vIlA, 2enllo + I Bn, wn) — Bn, in) -1 + CullV - énllo
+ I|B(u, u) — B(ap, ap)ll-1
+ CullV - —an)lo+ Cllp — mllo-
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All terms on the right-hand side of this estimate have already been bounded. Arguing
like at the end of Section 3.2, one derives the following estimate.

Theorem 4 Under the assumptions of Theorem 3 there exists a positive constant C
such that the following bound holds

t
B3 /0 I(pn — ) ()13 < Ch*. (73)

Remark 10 By writing

ph— p = (pp —mp) + (T — p),

applying the triangle inequality, Theorem 4, and (11), it follows that the bound (73)
holds true replacing p, — 7, by pp — p.

5 A fully discrete method

We now analyze the discretization of (24) by the implicit Euler method. For this
purpose, we consider a partition 0 = 79 < #; < ... < ty = T of the interval [0, T],
and for each time level we look for approximations U} ~ u(t,) in Vhdiv and p; ~
p(ty) in Qp, satisfying

(DU, vp) +v(VU}, Vo) +b(Up, Uy, vp) — (py, V - v3)
+(V-up,qn) +u(V-UR Vo) = (f(ty), vp),

(74)
for all (vy, qn) € (Vi x Qp),forn =1,..., N, where U% € V), is given, and
-1
Dl n — UZ B UZ .
In —Ih—1

In what follows we will take U 2 = 55,(0) and consider for simplicity constant step
sizes, that is

ty —th_1=At, n=1,...,N.

The changes for variable step sizes as well as for other consistent initial approxi-
mations are straightforward. Also, other time integrators can be considered and the
analysis can be carried out arguing essentially as in the next lines.

The existence of the approximation can be proved with the help of Brouwer’s fixed
point theorem as in [30]. The approximations U}, satisfy

DU +vAR UL + By(Uy, UM 4+ uCrUT = Y £ (1), (75)

where we keep the notation of previous sections.
To obtain error bounds, we will use the following discrete Gronwall lemma that
can be found in [19].
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Lemma4 Letk, B, and ay, by, c,, Yn be nonnegative numbers such that

n n n
an+kzb:1§kzynan+kzcn+3, n>1
j=0 j=0 j=0

Suppose that ky, < 1, for all n, and set 6, = (1 —ky,)~ . Then, the following bound
holds

n n n
an+kY by <exp| kD oy | (kD ca+B]. n>1
j=0 j=0 j=0

Lemma 5 Fixy € (0, 1), and let (w})>° (tzﬁo)flo:1 and (t;l”l);’lozl be series in Vfiv
and let (t;) ,)7° | a series in L%(Q) satisfying
Dyw)+vApwi+ By (w, wi)+uCrw), = TIY £ (t)+vApt) o+ +Dat} 5. (76)
Assume Atgy <y where
2
|wi |
2p

There exists a positive constant C depending only on y such that the following bound
holds for the differences ej, = wj, — U} :

gh=1+2|vw)|  + , o n=12.... (77)

n n
— | |
eI+ lles — e~ 13+ A Y (vIVelld +ulV -] 1)

j=1 j=1
n—1 n 1
j 2 j 2 j 2 i 2
< Cexp|ar) g | | lepls+ar)] (wwr,ﬁ,ono + e 115 + ;nr,{,zno)
j=1 j=1

Proof A direct calculation shows that

1 1 1
-1 2 —1,2 —1,2
(e, —€, €)= Ellei’,llo - EIIeZ o + gllei’, —e, o

so that subtracting (75) from (76), taking the inner product in L2(Q) with ZeZ, adding
0=2u(V-wp, V-e;)—2u(V-(w, —u(t,)), V-e)) and after some rearrangements
we have

1 _ _ 3
— (€1 = e~ 13 + lieh — e~ 13) + vIIVeh 15 + SV - €413

2
< V[IVEL oI5 — 2b(el, i, ef) + £ 13 + ;||r;:,2||%+ leplig, (78

where the product (e}, By (w},, w})—B, (U}, U})) = b(wy, wy, e})—b(U}, U}, e})

has been treated as in (28). Arguing as in (29) we may write

HES
4

"
b(el, wl, el < (||sz||oo+ )||ez||%+z||vezné.
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Thus, multiplying by At in (78) it follows that

2 —12 —12 2 2 2
leyllo—1lle,  llig+lley —ep llg+vAt|Veyllg+rAt|V-eplly < cn+Atglle,ll,
(79

where

2
n = At <v||wz,o||3 + e 15+ ;nr;:,zné) :

Adding the expression in (79) to those corresponding ton — 1, n — 2, etc, down to 1,
we have

n n
o _ .
(1= Argh) lel3 + Y llef = ef " 1F + ar 3 (vI Vel I + 1l v - e)13)
j=1 j=1

n n—1

02 j 12

< lleplg+ Y cj+ Y Atgyleplls.
j=1 j=1

Since we are assuming that Argy < y, we have (1 — Atgy) > 1 —y > 0 and the
proof is finished by applying Lemma 4. U

5.1 Error analysis in the regular case

We apply Lemma 5 with w} = s,(t,), so that

tZ,O =0, t2,1 = H(;ilw(frf,l + T'll’z + T2(ty)), t;,l,z = 13(ty) + w4(ty),

where T, 73 and 74 are those defined in (31), and

y ) = u(0) = Galta-n) —u(t) _ 1 ("

== e 1 ZEA_] 0 (s () —u (D) dr, (80)
n) — n— 1 fn

= = - [ 6= e s 81)

We notice that in view of (32) we have that
i ()13 .
g <L=1+C max (2|Vu()|loc +—5=], Jj=1,...,N, (82)
0<t<T 2
so that

n—1
exp | At Z g}jl < exp (itn) . (83)
j=1

We also have that t,(1,), 73(f,), and t4(#,) have already been bounded in (34)
and (35). Furthermore, applying Cauchy-Schwarz inequality in (80) and the
bound (19) with j = k — 1 applied to 0;(s,(¢) — u(t)) we have

) th ty 5
It 12 sc—/ Vol dr
’ At tﬂ*l
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and applying the Cauchy-Schwarz inequality in (81)

In

2 2
17,13 < CAr / el dr.

Tn—1

Thus, we have the following result.
Theorem 5 For T > 0 let us assume for the solution (u, p) of (2) that
ueL®0,T, H(Q) N L®0, T, W),

u(0) € H™™2K(Q), d,u e L*0, T, H*(Q)), 8,u € L*(0, T, L*(RQ)) and p €
LZ(O, T, Hk(Q)/R) with k > 1. Then, there exist positive constants C1 and C,
depending on

<t<T

, (T , POk ) )
lu )11 + fo (o)l dr + max T+(u+||u(r>||2) lae ()14

and
T
/0 18 e ()13 dt,

respectively, but none of them depending on inverse powers of v, such that the
following bound holds for e, = U}, — s, (t,) and 1 <n < N

n
le3+ar Y (vIVeRld+ulV - efld) < exp (L) (C1A* + C2(an?), (84)
j=1

where L is defined in (82).
For the pressure, we can obtain error bounds by repeating the analysis

in Section 3.2 with 0, e, replaced by D; e} and the truncation error T by 7 | + 77 ,.
We observe, however, that instead of (48) we now have

IBWY, U — B(sh(tn)., sn(t))ll—1
< Cllut)l (lefllo + IV - €} ||o)+C( h=472 Uez||0+h—”2||v‘ez||o) llef llo-

Now, the errors H ey ” pand[|V- e} llo, as shown in (84) are bounded in terms of powers
of h and At. Thus, we have the following result.

Theorem 6 In the conditions of Theorem 5, there exists a positive constant C such
that the following bound holds

Bj At Z Ilpp = ) < C (1 . 2 ) (hz" + (At)z) : (85)

j=1

where in the case d = 3 the bound is valid for k > 2.
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Remark 11 Observe that in Theorem 6 the presence of negative powers of % in the
error bound (85) does not affect the convergence rate in the pressure whenever At <
Ch4/? for any positive constant C. This condition will be automatically satisfied if
we try to balance spatial and temporal discretization errors, since in that case we
would have to take Az &~ k.

5.2 Error analysis without compatibility conditions
We now assume that (53) holds and that M3 < +o00 and

T
K30 =/ 1118, u()||3 dt < +o0.
0

In the case k = 1 and d = 2 we will also assume K3 < +00. The cases k = 1 and
k > 2 will be analyzed separately.

For k = 1, and taking into account that ||u(?)|l5 < [lu(?)|2 and |[Vu(t)|ls <
Clui®)|; < C Mgl_l/ 2, the analysis of the previous section is still valid with the

following two changes. First we must replace (82) and (83) by g}{ <L+ 2M3tj_1/2,
for j =1,..., N where
R M?
Ly =1+ 22, (86)
2u
so that
n—1 .
exp | At Z g | <exp (thn + 2M3\/E) ) (87)

J=1

The second and more relevant change is the estimation of 7 2, which now is

1 In In
ot = 5 ([ e —ar) ([ @ = sonauongar)
! In—1 Ih—1

1 tn 5
5 1|0 u ()l dr.
2 -1

Thus, we have the following result.

IA

Theorem 7 Fix T > 0 and assume that the solution (u, p) of (1) satisfies (53), and
that M3, K3 and K3, are finite. Assume linear finite element approximations in the
velocity are used. Then,

i) There exists a positive constant C| depending on My and K3 but not on inverse
powers of v, such that the following bound holds for the error e}, = s, (t,) — U7,
1<n<N:

n n
2 j ji—1,2 2 2
e 3+ Y llep — e~ IF + Ar Y (vIVeRIE + ull v - efl})
j=1 j=1

< exp (iltn + 2M3«/§) (C1h2 + K3,0At) ,

where 1:1 is defined in (86).
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ii) Inthe case d = 2 then there exists a positive constant C, depending on My, M3,
L1 and K3 but not on inverse powers of v, such that the following bound holds:

N
At
2 n_ 2 Al 2
%miwm m%%§C4L%Aﬂh+m)
J:

Remark 12 Let us observe that contrary to Theorem 5 we have found a limitation in
the rate of convergence of order O((Ar)'/?) in the temporal error. To our knowledge
this paper is the first one in which error bounds with constants independent on v are
obtained for the fully discrete case without assuming nonlocal compatibility condi-
tions for the Navier-Stokes equations. At present it is an open problem to find out if
this O((Ar)!/?) limitation could be avoided using a different technique of analysis.

For k > 2, we will apply Lemma 5 to the differences
¢, = u — U},
where
u! =T™u@,) n=0,1,...,N.

By projecting (1) onto Vfi" and adding and subtracting terms, it is easy to check that
the projections uz satisfy forn =1,..., N,

Dy} + v Aty + By(uly, u) + pCotty = vAuEy o — F) , — Didh.,

where, th 0= uh —sp(ty), t1 n= H?l 1'1 5+ 1'2, and t2 =1n(ty) + 14, 1'1 , and 73
being those defined in (81) and (31), and where

T2 = By(uy, up) — By(u(ty), u(ty)), T4 = puV - (uy — ulty)).
We will need estimates in L°°(£2) of u},, which are given by the following result.

Lemma 6 There is a constant Cp > 0 such that the following bounds hold:

Inul, < Coluls. [Vl < Co luls.

Proof We prove the second inequality for d = 3, the case d = 2 and the first
inequality being proved similarly. By adding 4/ u, using (5) and (13) we have

[Vl < ¢ (K2 | — poul,+ 1Vall).

For the first term, by writing (1'12iV -1y = (1'[2iV —I)+ (I — I) and using (10)
with j = 2,3 and (13) withm = 0 and n = 2, 3 we have

W EOR Y — Byu® |y < Cluly lull)'? < Cllulls.

Then, the result follows by estimating || Vu(t)|| o, with Sobolev’s inequality (3). [
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Thus, as with the case wj, = s;(#,), we also have that for wj = u}, the value gj
defined in (77) satisfies the bound (87). We also observe that T, and 74 can be
estimated similarly to (38) so that we can write

1500 < C ) s () — wflly < C llully llulls h* < CM; 1/zhz,

and, similarly to (34),

- M2
Ied + I3 < CUip)l3 + 1 lu)I3Hh* < €1+ u2>t—3h4

n
and, applying (10) and (19)

2
IVE, oll3 < Cllu)13h* < c h

Then, noticing that

n
In+1
At =1 —<1 lo
> +z +1og (1),
j=1
we have

n
. ) 1 .
ALY <v||w,i,o||%; + e, 15+ ;ut;{,zné)

j=1

t 1
< C(log("A’;1>M32<v+M22+;+M>h4+K3,0At>.

We conclude with the following result.

Theorem 8 For T > 0, assuming the solution (u, p) of (1) satisfies (53), and
that M3, K3 and Kz are finite. Assume that piecewise approximations in the
velocity of degree k > 2 are used. Then, the following bound holds for the error
el = N{u(t,) -~ U, 1<n<N

n
leplig+ > llej —ef ||0+AzZ(VIIVe I|(2)+MIIV-eZII%)
- pa

< exp (f,ltn + 2M3m) <c3 log ( "“) h* + K 0A1> (88)

where f,l is defined in (86), and C3 depends on M> and M3 but not on inverse powers

of v.
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For the pressure, we take inner product of the first equation in (1) with v, € Vj,
subtract (74), add £(m;(¢,), V - v;,) and use the inf-sup condition, to obtain (after
some rearrangements)

Bollpy, — mn(t)llo < vIIVeyllo + | By, uy) — BU,, Up)ll-1 + |1 Drej | -1

+ullV - epllo + TN} 51—t + 1T — T3 (2) |1

HT2ll=1 + llwsllo + lITallo + Ha () llo, (89)
where ) = uj — U}. As in Section 3.2, we estimate ||1'I2i"r’1’ Hllo1 < C||1'I2i"r’l‘ Hllo
and | 72]l-1 < C|IT2]lo. Using (20) with j = 1 we have [|[/,(t,)llo < th””(tn)”Z

Also, repeating the arguments that lead from (45) to (48) with s, replaced by H
and in view of Lemma 6, we have

IB(u}, uy) — BXUS, U1 < Cllu)lz (lejllo+ IV - €}llo)
+C (h—d/2 le g+ 21V - ezno) AT
We now estimate ||(I — Hiiv)atu(tn)u,]. For ¢ € HO1 (Q)d, we use the Leray

decomposition ¢ = I1¢ + Vg, and recall that ||T1¢|; < C|¢|1 and ||g|l2 < Cll@||1.
We notice that

(¢ -9, vg) = = (V- (1 = ™du.q) = (V- (1 = I3, q — mq)
= (¢ = 19, V(g - m) = CR Bl (©0)

where in the last inequality we have applied (10) with j = 0 and (11) withm = 1
and j = 1. We also have,

((1 — %) g, n¢) - ((1 9v)a,u, (1 — ndW)n¢)
so that applying (10) with j = 0, and together with (90), it easily follows that
17 = T u(tn) | -1 < Ch*[[Butn) 1. 1)

Finally, arguing as Section 3.2 the term || D; e}, || 1 can be bounded by the terms on the the
right-hand side of (89) except itself, so that we can conclude with the following result.

Theorem 9 In the conditions of Theorem 8, there exists a constant C > 0 not
depending on inverse powers of v such the following bound holds,

r(ty, h, At))

N

j=1
where r(t,, h, At) is the right-hand side of (88).

Remark 13 As in Remark 11, we observe that if the two sources of error (temporal
and spatial) are to be balanced in (88) at the final time ty = T, then At &~ h? log(N).
Thus, h 4 At = (’)(h4_d log(N)), so that the presence of negative powers of 4 in
the error bound in Theorem 9 does not alter the convergence rate, and the error
is O(h* log(N) + A1).
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6 Numerical studies

In this section, numerical studies will be presented that support the analytical results
with respect to the order of convergence and the independence of the errors of v. As
usual for such purposes, an example with a known solution is considered.

Let Q@ = (0, 1)? and T = 5, then the Navier—Stokes equation (1) were considered
with the prescribed solution

u

sin(mx — 0.7) sin(wry + 0.2)
cos(?) (cos(nx —0.7) cos(my + 0.2)) ’

p = cos(t)(sin(x) cos(y) + (cos(1) — 1) sin(1)).

It is clear that examples constructed in this way satisfy the nonlocal compatibil-
ity condition. The simulations were performed for the P,/ P; pair of finite element
spaces on a regular triangular grid consisting on the coarsest level 0 of two mesh
cells (diagonal from lower left to upper right). The number of degrees of freedom for
velocity/pressure on level 3 is 578/81 and on level 8 it is 526338 /66049. As tempo-
ral discretization, the Crank—Nicolson scheme was used. The grad-div stabilization
parameter was chosen to be u = 0.25 in all simulations, see [14] for a motivation
of this specific choice. In each discrete time, the fully nonlinear problem was solved.
The simulations were performed with the code MooNMD [24].

Results of the numerical studies are presented in Figs. 1 and 2. For the simulations
on level 6 with different values of v, Fig. 1, the equidistant time step 0.0625 was used
in the Crank—Nicolson scheme. It can be clearly seen that the velocity and pressure
errors, which were bounded in the analysis, are independent of v. Considering the
individual contributions of the velocity error, one can observe that in particular the
norm of the divergence is almost the same for all values of v.

For the simulations with constant v on a sequence of grids, the smaller time steps
0.002 and 0.001 were used. Because the curves for both time steps are almost on top
of each other, see Fig. 2, it can be concluded that the temporal error is negligible.

level 6 level 6
107 F

10}

w 10
0

velocity error
»-X pressure error 106

H Heh({’)Hu
+—+ 11V Vel sy
t—t 1|V el 51200

104 L . . ) W . - . .
10° 10° 10* 10° 10° 10%° 10° 10° 10* 10° 108 10*°
v 4

Fig. 1 Left: numerical results for the velocity error, left-hand side of estimate (41), and the pressure error,
integral term on the left-hand side of estimate (52) with p — pj: different values of v for a fixed spatial
grid. Right: individual contributions of the left-hand side of (41)
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v=10" v=10"

102}

error
error

{—
&4 velocity, At =0.002
10° +-+ velocity, At=0.001
=X pressure, At=0.002
317 pressure, At=0.001

-= B2
" <>_€> Heh(5)Hn

107 b 4— H”lQV@nHLr’m,s.E(m)
b #1/’2 v 'e/,HLZ(ﬂ 5;L%(2))

10° L

3 4 5 6 7 8 3 4 5 6 7 8
level level

Fig. 2 Numerical results for the velocity error, left-hand side of estimate (41), and the pressure error,
integral term on the left-hand side of estimate (52) with p — pj. Left: different grid levels and different
lengths of the time step for fixed v (the lines for the time steps 0.001 and 0.002 are almost on top of each
other). Right: the individual terms of the left-hand side of (41)

The pressure error decreases somewhat faster than predicted by the theory with an
order of nearly 2.9. Also the velocity error decreases faster on coarse grids because
on these grids the contribution ||e;(5)]o dominates which is reduced by a higher
order than two, compare the right picture of Fig. 2. But on finer grids, the predicted
second order convergence can be seen.

7 Summary

Inf-sup stable finite element discretizations are considered to approximate the evolu-
tionary Navier-Stokes equations. The Galerkin finite element method is augmented
with a grad-div stabilization term. It had been reported in the literature [22, 28] that
stable simulations were obtained in the computation of turbulent flows using exclu-
sively grad-div stabilization. This observation is the motivation of the present paper.
Error bounds for the Galerkin plus grad-div stabilization method were derived, both
for the continuous-in-time case and a fully discrete scheme. The error constants do
not depend on inverse powers of v, although they depend on norms of the solution
that are assumed to be bounded. The paper extends a previous work by the same
authors [14], where the evolutionary Oseen equations were considered. The analysis
covers both the case in which the solution is assumed to be smooth and the practically
relevant situation in which nonlocal compatibility conditions are not satisfied and,
hence, the derivatives of the solution cannot be assumed to be bounded up to t = 0.
To the best of our knowledge, this paper is the first one where this breakdown of reg-
ularity at + = 0 has been taking into account to analyze the effect of the grad-div
stabilization. Related works like [3, 6, 7] assume that the solution satisfies nonlocal
compatibility conditions. The present paper also seems to be the first one where error
bounds with constants independent of v are obtained for a fully discrete method for
the Navier—Stokes equations without assuming nonlocal compatibility conditions.
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