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Abstract In this work we analyze a primal-mixed finite element method for the
coupling of quasi-Newtonian fluids with porous media in 2D and 3D. The flows
are governed by a class of nonlinear Stokes and linear Darcy equations, respec-
tively, and the transmission conditions on the interface between the fluid and the
porous medium are given by mass conservation, balance of normal forces and the
Beavers-Joseph-Saffman law. We apply a primal formulation in the Stokes domain
and a mixed formulation in the Darcy formulation. The “strong coupling” concept
means that the conservation of mass across the interface is introduced as an essen-
tial condition in the space where the velocity unknowns live. In this way, under some
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assumptions on the nonlinear kinematic viscosity, a generalization of the Babuska-
Brezzi theory is utilized to show the well posedness of the primal-mixed formulation.
Then, we introduce a Galerkin scheme in which the discrete conservation of mass
is imposed approximately through an orthogonal projector. The unique solvability of
this discrete system and its Strang-type error estimate follow from the generalized
Babuska-Brezzi theory as well. In particular, the feasible finite element subspaces
include Bernadi-Raugel elements for the Stokes flow, and either the Raviart-Thomas
elements of lowest order or the Brezzi-Douglas-Marini elements of first order for the
Darcy flow, which yield nonconforming and conforming Galerkin schemes, respec-
tively. In turn, piecewise constant functions are employed to approximate in both
cases the global pressure field in the Stokes and Darcy domain. Finally, several
numerical results illustrating the good performance of both discrete methods and
confirming the theoretical rates of convergence, are provided.

Keywords Mixed finite element - Stokes problem - Darcy problem -
Quasi-Newtonian fluid - Strong coupling - Non-conforming scheme

Mathematics Subject Classification (2010) 65N15 - 65N30 - 74F10 - 74S05 -
76D07 - 76M10

1 Introduction

The development of suitable numerical methods to solve the Stokes-Darcy and
related coupled problems, including porous media with cracks, the incorporation of
the Brinkman equation in the model, and linear as well as nonlinear behaviors, has
become a very active research area during the last decade (see, e.g., [1, 5-9, 13,
15, 17, 21, 24, 25] and the references therein). In particular, a mixed finite element
method for a class of nonlinear Stokes-Darcy coupled problem arising in industrial
filtring application and involving a non-Newtonian fluid, is introduced and analized
in [7]. Up to the authors’ knowledge, this is the first work dealing with the fully-
coupled problem for non-Newtonian Stokes and Darcy flows. In fact, the fluid is
modeled there by the generalized nonlinear Darcy equation in the porous medium. In
addition, the approach in [7] employs the primal method in the Stokes domain and
the dual-mixed method in the Darcy region, which means that only the original veloc-
ity and pressure unknowns are considered in the fluid, whereas a further unknown
(velocity) is added in the porous medium. The corresponding interface conditions are
given by the mass conservation, balance of normal forces, and the Beavers-Joseph-
Saffman law, and since one of them becomes essential, the trace of the Darcy pressure
on the interface needs also to be incorporated as an additional Lagrange multiplier.
More recently, the model from [7] is recasted in [8] as a reduced matching problem
on the interface by using a mortar space approach. As a consequence, a parallel algo-
rithm for the problems in both regions is derived, which allows to solve the coupled
problem utilizing existing codes for Stokes and Darcy simulations.

On the other hand, the a priori error analyses of a primal-mixed finite ele-
ment method for 2D Stokes-Darcy coupled problem, in which primal and mixed
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Strong coupling of quasi-Newtonian fluids and porous media 677

formulations are employed in the Stokes and Darcy domains, respectively, were
developed in [13] and [19]. This approach allows, on the one hand, to consider the
natural unknowns, that is, the velocity vector fields and the pressure field in both
domains, and on the other hand, the utilization of different families of finite element
subspaces in each media. The model considered in [13] refers to a linearized Stokes
equations coupled with a linearized Darcy equations. In addition, since the approach
in [13] leads to essential transmission conditions, these are imposed weakly and
hence the trace of the porous medium pressure becomes the corresponding Lagrange
multiplier. However, in [19], the mass conservation across the interface between both
domains was included as an essential condition in the velocity unknowns space, and
hence the resulting primal-mixed formulation does not need the trace of the porous
media pressure as an additional unknown.

The purpose of the present work is to extend the analysis and results from [19] to
the model problem from [7], that is to the coupling of quasi-Newtonian fluids with
porous media. To this end, and following a similar approach from [7] (see also [13]
and [19]), we apply a primal formulation in the fluid domain while a mixed formu-
lation is applied in the porous medium. In addition, the balance of normal forces and
Beavers-Joseph-Saffman law are imposed weakly (exactly as in [13] and [19]), but
following the idea introduced in [19], the mass conservation across the interface is
imposed as an essential condition in the velocity unknowns space. All these equa-
tions yield a nonlinear primal-mixed formulation, whose well-posedness is proved by
applying the generalization of the BabuSka-Brezzi theory developed in [11] (see also
[12]). In addition, since the insertion of the mass conservation as an essential con-
dition in the velocity unknowns space leads to a nonconforming Galerkin scheme,
we need to modify the generalized Babuska-Brezzi theory from [11] to be able to
show the uniqueness of the discrete scheme and derive the corresponding a priori
Strang-type estimate.

The rest of this work is organized as follows: In Section 2 we introduce the model
problem and derive the primal-mixed variational formulation, which shows a nonlin-
ear mixed formulation structure. A slight modification of the usual Babuska-Brezzi
theory developed in [23] is also given here to analyze the solvability of our continu-
ous formulation. Next, in Section 3 we provide the discrete analogue of the abstract
theory developed in [11] (see also [12]), which allows us to establish the solvability
and stability of nonconforming Galerkin schemes associated with weak formulations
of nonlinear mixed problems. This abstract framework is then applied, under some
general assumptions on the finite element subspaces, to prove the well-posedness of
the nonconforming discrete scheme associated with our continuous problem. Specific
choices of finite element subspaces satisfying these assumptions are also described
here. Finally, several numerical results illustrating the performance of the method and
confirming the theoretical rates of convergence, are reported in Section 4.

2 The continuous problem

We begin this section by introducing some notations to be used throughout this paper.
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678 S. Dominguez et al.

2.1 Preliminaries
In what follows, given d € {2, 3}, R4 denotes the space of tensors (or matrices)

7 := (t;;) with real entries, and I is the identity tensor (or identity matrix) of Raxd,
Also, in this space we consider the tensorial inner product given by

d
0T = Z 0ijTij Vo, e R4,

i,j=1
with induced norm
4 1/2
lo| = Z al% Vo € R4*.
i,j=1
In turn, given H and Q Hilbert spaces with induced norms ” . H y and H . H o> respec-

tively, we endow the product space H x Q with the product norm || : || HxQ =
|| : || T H : || 0 In addition, we denote by H and H the spaces H? and H?*?, respec-
tively. Also, If H' denotes the dual space of the Hilbert space H, we let [+, -]1g/y g be
the duality pairing between H’ and H. Furthermore, we utilize the standard simpli-
fied terminology for Sobolev spaces and norms. In particular, given s € R, a domain
U C Rd, and an open or closed surface I' C R4 , we consider the Sobolev spaces

HU) = [H @] ad BT):=[H D]

However, when s = 0 we usually write L*(U) and L*(T") instead of HO(U)
and HO(I"), respectively, as well as L2(U) and L3(I") instead of HO(U) and HO(I"),

respectively. The corresponding norms are denoted by || . HS’U and || . ”s,F for

the respective space on U and T, respectively. In addition, given u,v € L>(U),
w,veL2U),and o, T € L2(U), we set

(u, v)o.u ::/ uv, (W, v)oy :=/ u-v
U U
and
(0, Do.u :=/ 0T,
U

We also need to introduce the space
L3(U) == {u e L*U): / u= 0} ) (2.1)
U

Further, (-, -)r denotes the duality pairing between H -1/ 2(F) and HY Z(F), and
between H~/2(I") and H'/2(I") with respect to the L*(T) and L%(I") inner products,
respectively. When T is an open surface of R¢ and ¥ is a closed surface in R¢ such
that I' C %, we introduce the extension operator Eq : H'/>(I') — L?(X) defined by

__ ¥ onT, 12
EO(w) L { O on E\F, VI//. € H (F)v

@ Springer



Strong coupling of quasi-Newtonian fluids and porous media 679

and the space
1 2
Gyi={w e HAD) By e HA(D)],

C . 1 2
which is endowed with the norm | v || 12,000 = |Eo(y) | 1oz YW € H / (). The
expression (-, -)r is also employed in this case to denote the duality palrmg between

l/2([’) nd HO_OI/ (I'), where Hy, 172 (T") is the dual space of Hoo (T"). In particular,
note that given n € H~'/2(X), its restriction to I defined by

e ¥)r = (0, Eo@))y Y € Hy) (D),

is an element of HO_OI/ 2(F) The corresponding vector versions of H(}OZ(F) and

1/ 2(F) are denoted by Hl/ 2(F) and Hoo/ (I'), respectively, and (-, -)r is also
employed to refer to the respectlve duality pairing.
On the other hand, with div denoting the usual divergence operator, the Hilbert
space

H(div: U) := {l’ cL2U): divr € LZ(U)},

is standard in the realm of mixed problems (see [4, 14]). The norm of this space is
denoted by H . || div.U" Moreover, given a nonempty set S of R? and a nonnegative
integer k, we denote by Py (S) the space of polynomials defined in S with total degree
at most k. Also, P¢(S) denotes the corresponding vector version of Py (S). Finally,
we employ 0 to denote a generic null vector, the null functional or the null operator,
and we use C with or without subscripts, bars, tildes or hats, to denote generic con-
stants independent of the discretization parameters, which may take different values
at different places.

2.2 The model problem

Let @ € R be a Lipschitz polyhedral (polygonal if d = 2) domain with boundary
I := 92 which has been subdivided in two subdomains Qg and p such that Qg N
Qp=0,Q=QsUQp, and Qs N IQp = I is the nonempty polyhedral interface
between Q25 and Qp. Also, we let I's := BQs\f and I'p := BQD\f. On X andon "
we denote by n := (ny, ny, ..., ng)* the unit normal vector which is chosen pointing
outward from Qg U ¥ U Qp and Qg. Note that n points inward from ¥ to Qp. In
addition, in the 2D case we denote by t := (—ny, n1)* the fixed unit tangent vector
on X (see Fig. 1). The model problem we are interested in consists of the movement
of an incompressible quasi-Newtonian viscous fluid that occupies the region Q25 and
that flows towards and from the region Qp through the interface X, where Qp is
saturated with the same fluid.

More precisely, the governing equations in Qg are those of the nonlinear Stokes
problem with homogeneous Dirichlet boundary condition on I's, that is:

—div {x (|Vus]|) Vug — psl} = fs in Qs,
divug = 0 in Qg, 2.2)
us = 0 onTy,
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680 S. Dominguez et al.

Fig. 1 Layout of the geometry of the coupled problem

where div is the usual divergence operator div applied along each row of a tensor, ug
is the velocity vector field in Qg, ps is the pressure field in Qg, 1 : RY — R™T is the
nonlinear kinematic viscosity, and fs € L?(Qs) is a known volume force. In turn, in
Qp we consider the linearized Darcy model with Neumann boundary condition on
r D

K lup+Vpp =0 inQp,
diVllD = fD in QD, (23)
up-n=0 onlp,

where up is the velocity vector field in Qp, pp is the pressure field in Qp, fp €
Lg(QD) is a source term, and K is a symmetric and uniformly positive definite
tensor with entries in L°°(Q2p), which represents the permeability of Qp divided
by a constant approximation of the viscosity. Finally, the transmission conditions
across X are given by the conservation of mass, balance of normal forces and
Beavers-Joseph-Saffman law:

Us-n =up-h on X,

{1 (IVus|) Vus — psIin+ vk ~'wug = —ppn on X, 24

where v is a constant approximation of the viscosity ; on X, 7, w := w — (W - n)n
and ¥ € L*°(Qp) is a given coefficient that is bounded from below by a positive
constant a.e. on X. We remark that the kind of nonlinear Stokes problem given by
Eq. 2.2 appears in the modeling of a large class of non-Newtonian fluids (see e.g. [16,
22]). In particular, the Ladyzhenskaya law for fluids with large stresses (see [16]),
also known as power law, is given by u(t) = o + witP=2 Vi e RT, with o > 0,
u1 > 0and 8 > 1, and the Carreau law for viscoplastic flows (see, e.g. [18] and
[22]) reads pu(t) = po + u1(1 +t2H)P=2/2 vt € Rt with pug > 0, iy > 0 and
B = 1. In what follows we let ;; : R4*? _ R be the mapping defined by

wij(@) = p(lo oy Yo :=(0ij) € R 2.5)
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Strong coupling of quasi-Newtonian fluids and porous media 681

Throughout this work we suppose that s is of class C! and that there exist positive
constants ¢ and yg such that forall o, T € R4

<y, Vi.j.klell,..d (2.6)

Odii
l1ij (@) < yolol, ‘—”(a)
A0y

and
d o
> L) tjm = wlt. 2.7)
o dok;
i,j,k,l=1

It is easy to check that the Carreau law satisfies Eqgs. 2.6 and 2.7 for all o > 0,
and for all 8 € [1, 2]. In particular, with 8 = 2 we recover the usual linear Stokes
model.

2.3 A primal-mixed formulation

In this section we proceed as in [13] and [19], and introduce a primal-mixed formu-
lation of the coupled problem given by Egs. 2.2, 2.3 and 2.4. To this end, we consider
the spaces

H} (Qs) := [vs cH!(Qg): vs=0 on Fs]

and
Hrp(div; Qp) :={vp € H(div; 2p): vp-n=0 onIp}.

Here, H (div; Qp) is endowed with the inner product
(up, vD)div,QD := (up, VD)O,QD + (divup, diVVD)O’QD Yup, vp € H(div; Q2p),

and its induced norm || . ||i ‘= (-, Jdiv.on- Next, in order to construct a
. . . iv.$2p 9D . . .
primal-mixed formulation of Egs. 2.2, 2.3 and 2.4, we begin by testing the first
equation in Eq. 2.2 with vs € Hll—s (R25). In this way, integrating by parts the term
(div {x (|Vus|) Vus — psl}, vs)g o, introducing the Dirichlet boundary condition

us = 0 on I's, and using that psll : Vvs = pg div vs we obtain

(u(IVus)Vus, Vvs)g o; — (ps, divvs)g o, — ({u(IVus)Vus — pslin, vs) s = (fs, vs)g,q; »

which, using from Eq. 2.4 that
—{n(IVus|)Vus — pslin = v~ 'wus + ppn on X,
yields

(n(|Vus|)Vus, Vvs)g qq + (v~ ,us, 7vs)y,

: = (fs, v Vvs € HE-_(Qs).
+(vs -1, pp)z — (ps, divVs)o qq (fs- ¥sho.as s € Hr, (€2s)

On the other hand, multiplying the first equation of Eq. 2.3 by vp € Hr, (div; Qp),
integrating by parts, and using that —n is the unit normal vector of ¥ pointing inward
to Qp, we arrive at

(K_IUDVD)O,QD —{(vp-m, pp)y — (pp,div¥p)g o, =0 Vvp € Hry(div; 2p).
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682 S. Dominguez et al.

Hence, adding the last two equations we get

(u(|Vus|)Vus, Vvs)g o +<VK_17ttuSvntVS)E‘i‘(K_luDvVD)O’QD — (s, v$)o.q
9 N S 9

— (ps, divvs)g o — (pD, divvp)g o, +((Vs — VD) - 0, pp) 5
(2.8)

forall v:= (vs, vp) € HlFS (82s) x Hrp (div; p). In turn, from the second equations
of Egs. 2.2 and 2.3, we obtain

(g, divus)g o + (¢, divup)g o, = (fp, Doy, Ve € LX(R).  (29)

Now, proceeding as in [19], we introduce the first transmission condition of Eq. 2.4
into the definition of the velocities space H, that is

H:= HV = (Vs, Vp) € HILS(QS) X Hrp(div; Qp): Vs-m=vVp-n on E} .
(2.10)

This space is endowed with the usual norm of the product space Hll“s(QS) X
Hrp (div; 2p). Note that, according to the foregoing definition, (2.8) becomes

(W(IVus)Vus, Vvs)g o + (ve ™' mus, ,vs);

_ X X = (fs, v Vv:=(vs,vp) € H.
+ (K lll]), VD)(),QD _ (PS, leVS)QQS _ (PD, leVD)O‘QD ( S S)O‘Qs ( S D)

.11

Then, proceeding as in [13], we find that the resulting weak formulation reduces
to a nonlinear system with three unknowns, namely

ps on Qs

2
pPD on QD €L (Q)’

us € H{ (Qs), up € Hp,(div; Qp) and p:= {
satisfying Eqs. 2.9 and 2.11. More precisely, our primal-mixed formulation reads:
Find (u, p) := ((us, up), p) € H x L?*() such that
a(,v)+b(v,p) = [F,vlgxg YveH,
b(uv CI) = [G’ q]Q’xQ Vq € LZ(Q)?

where the semilinear form a : H x H — R, the bilinear form b : H x LZ(Q) — R,
and the functionals F € H and G € L?(2)/, are defined by

(2.12)

a(u, v) == (u(|Vus)Vus, Vvs)g o5 + (vk ' mousm vs)s + (K 'upvplo.g, Yu,veH,
b(v.q) :== — (q.divvs)g g — (¢.divvp)g oy  V(V.q) € Hx L3 (Q),
[F.Vlwxm i= (s, vs)o o, ¥WeH, and [G.qlgxq = (fo.90q, VY4 €L*(KQ).

Now, it is easy to see from Eq. 2.6 that, fixing the first component of a, its second
component defines a bounded linear functional. In turn, it is quite clear that b is a
bounded bilinear form. Hence, we can introduce the nonlinear operator A : H — H’
and the linear operator B : H — [L?(Q)]’ given by

[A(w), Vlgr kg :=a(a,v) Vu,veH,

@ Springer



Strong coupling of quasi-Newtonian fluids and porous media 683

and
[BMY). q1120y <12 = b(V.q) ¥(v,q) € Hx L*(Q),

whence the primal-mixed formulation (2.12) can be re-written as: Find (u, p) € H x
L?(2) such that

[A), Vlwxu + BV, pli2@yxi2@) = [F. Vlwxu YV € H, 13
[B(u),q]LZ(Q)/XLZ(Q) = [G, q]Q/XQ Vq S LZ(Q)

However, it is easy to show that this system is not unique solvable since, given any
solution (u, p) := ((us,up), p) € H x L3(Q) of Eq. 2.12 (equivalently (2.13)),
(u, p+c) is also a solution for each ¢ € R. In order to overcome this non-uniqueness,
we recall the decomposition L3(Q) = L%(Q) @ R, (cf. Eq. 2.1), define Q := L%(Q),
and consider the modified primal-mixed formulation: Find (u, p) € H x Q such that

[A), Vg xm + [B(YV), plgxq = [F, Vlwxn Vv eEH,
B(w), glg'xq = [G.qlgyxq Yq € Q.

The following lemma shows the connection between Eqgs. 2.13 and 2.14.

(2.14)

Lemma 2.1 Let (u, p) € Hx L?(R2) be a solution of Eq. 2.13 and define po € L(Z)(Q)
by
) 1
po:=p 2 Jo p-
Then (u, pg) € H x Q is a solution of Eq. 2.14. Conversely, let (u, pg) € Hx Q be a
solution of Eq. 2.14, and given c € R, define p := po +c. Then (u, p) € H x L*(Q)
is a solution of Eq. 2.13.

Proof First, let (u, p) € Hx L?() be a solution of Eq. 2.13. We define py € L3(2)
by
ith : f
po:=p—c, with c:=— | p.
12| Jo
Then, for any v € H we have, using the first equation in Eq. 2.13,

[A(), Vlg'xu + [B(V), polg xq = [AM), Vlgxu + [BYV), p — cli2qyx 2@
= [F, vVl xu — ¢[BOV), 12y w2 -
Now, since vs - n = vp - non X and n points inward to Qp on X, we get
[B(v), 1]L2(Q)’><L2(Q) =—(1, diVVS)O,QS -, diVVD)O,QD =(vp-n—vs N, 1)y =0,
which, replaced back into the foregoing equation, gives
[A), Vg sm + [B(YV), polg'xq = [F, Vlwxn VveEH,

thus showing that the first equation in Eq. 2.14 is satisfied. In turn, the second
equation of Eq. 2.14 is clearly satisfied since Q € L?().
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684 S. Dominguez et al.

Conversely, let (u, pg) € H x Q be a solution of Eq. 2.14 and let ¢ € R. Then,
defining p := po + ¢ we see from the first equation in Eq. 2.14 that for all v € H
there holds

[A(), VI xu + BOYV). Plr2yxi2@)
= [A(w), Vlgxm + [B(V), polgxq + ¢ [BM), 1120y xr2)
= [A), V] xu + [B(V), polgxq
=[F,vVlgxn,

that is the first equation in Eq. 2.13 is satisfied. Now, given ¢ := qo + ¢ € L*(Q) :=
Lg(Q) @ R, with gg € L(%(Q) and ¢ € R, we deduce, using the second equation in
Eq. 2.14 and the identity G(1) = 0 (which follows from the fact that fp € L%(QD)),
that

[B(uw), q]LZ(Q)’XL2(Q) = [B(u), CIO]Q’XQ+C'[B(U), 1]L2(Q)’><L2(Q) = G(q0) = G(q),

which proves that the second equation in Eq. 2.13 holds. O

According to the previous lemma, throughout the rest of the paper we consider the
primal-mixed formulation (2.14).

2.4 An abstract theory for a class of nonlinear mixed problems

Let H and Q be Hilbert spaces with dual spaces H' and Q',andlet A : H — H'bea
nonlinear operator, and B : H — Q' be a linear operator with adjoint B’ : Q — H’.
Then, given F € H' and G € Q’, we are interested in the following variational
problem: Find (u, p) € H x Q such that

[A@), vlg'xy + [B(), ploxg = [F.vlgxy Yv € H,

In order to analyze the unique solvability of Eq. 2.15, we need to introduce some
assumptions on the operators A: H — H' and B: H — Q'.
(H.1) There exists y > 0 such that A is Lipschitz continuous, that is
lA@w) — A@) |, < v]u—v|, Yu,veH.

(H.2) There exists « > 0 such that for any z € H, the nonlinear operator A(z + )
is strongly monotone in the null space of the linear operator B, that is

allu—v|} <[AG+u) —AC+v)u—vlgwy Yu,veV,

where V := {v €H: [B(),qlpxo=0 Vqge Q}.
(H.3) There exists 8 > 0 such that the following continuous inf-sup condition holds
[B(v). qlg
sup ————2>¢ > glq|, Vg€ Q.
verr [l
v#£0
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Strong coupling of quasi-Newtonian fluids and porous media 685

We now recall from [14] a result establishing equivalent statements for (H.3).

Lemma 2.2 The following are equivalent:
1) (H.3) is satisfied.
ii) B’ is an isomorphism from Q onto V°, where
Ve:={FeH: [Fvlgxu=0 YveV}
is the polar set of V, and there holds
|8 @y = Blall, ¥aeo
iii) B is an isomorphism from V' onto Q' and there holds
B g = Blvly vve v

iv) B :H — Q' is surjective.

Proof See [14, Chapter 1, Section 4] for details. O

While the solvability analysis of Eq. 2.15 follows as a particular case of
[23, Proposition 2.3], we provide next an alternative proof by adapting the arguments
from [12]. Indeed, for each G € Q’, we first set

Vo :={veH: [BO).qlgxo =[G qlgxg Vae0}.

In particular, when G = 0, we just write V instead of Vj to denote the null space
of the linear operator B. Obviously, since B is linear and bounded, V becomes a
closed subspace of H. Then, we associate with Eq. 2.15 the following problem: Find
u € Vg such that

[A(Lt), U]H/XH = [F, U]H’XH YveV. (216)

The next result establishes the connection between Eqs. 2.15 and 2.16.

Lemma 2.3 Let (u, p) € H x Q be a solution of Eq. 2.15. Then, u € Vg and u is
a solution of Eq. 2.16. Conversely, let u € Vg be a solution of the problem (2.16).
Then, there exists p € Q such that (u, p) € H x Q is a solution of Eq. 2.15.

Proof Let (u, p) € H x Q be a solution of Eq. 2.15. Then, from the second equa-
tion in Eq. 2.15 we have that u € V, and clearly u is a solution of Eq. 2.16 since
[B(v), plg'xg = 0 Vv € V. Conversely, let u € Vi be a solution of Eq. 2.16.
It follows that [B(u), qloxo = (G, qloxo Vq € 0, which says that the second
equation in Eq. 2.15 is satisfied. In turn, from Lemma 2.2 we know that B’ is an iso-
morphism from Q onto V°, and since F — A(u) € V°, we deduce that there exists a
unique p € Q such that B'(p) = F — A(u). In this way, the pair (u, p) € H x Q
solves (2.15). O]

Now, given G € Q’, we know from Lemma 2.2 that there exists a unique ug € V =+
such that B(ug) = G. It follows that for each u € Vi there holds u —ug € V, that is
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u = up+ ug, with ug € V and hence problem (2.16) can be re-stated, equivalently,
as: Find ug € V such that

[AGwo +uc), Vlpxnm =F, vlpxy YveV. (2.17)

According to the foregoing analysis, we have the following result, which states that
problems (2.16) and (2.17) are equivalent.

Lemma 2.4 Given ug € Vg, we let ugp € V be a solution of Eq. 2.17. Then, u :=
ug + ug € Vg is a solution of Eq. 2.16. Conversely, let u € Vg be a solution of
Eq. 2.16. Then, there existug € V+ andug € V such that u = ug+ug, andug € V
is solution of Eq. 2.17.

The next result establishes the unique solvability of problem (2.17).

Theorem 2.1 (H.1) and (H.2) imply that problem (2.17) is well posed.

Proof Tt follows from a classical result in nonlinear functional analysis (see, e.g.
[20, Chapter 3, Section 3]. O]

Moreover, we remark from this last result that the solution ug + ug € Vg of
Eq. 2.17 is independent of the election of ug € V+ N Vg. In fact, given other iig €
Vi, we let iig € V be the unique solution of

[AGio + i), v]y, = [F.vlgxn Yo eV.

Since [A(ig + 4G). vy, = [A((ﬁo +ig —ug) + uG): V], gy for each v €
V,we deduce from Theorem 6.1 with ug € Vg, that gy + tig — ug = ugp, whence
Uy +iug =ug+ug € Vg.

Now, we introduce the main result of this section.

Theorem 2.2 Assume that (H.1), (H.2) and (H.3) hold. Then, there exists a unique
solution (u, p) € H x Q of Eq. 2.15. In addition, there exists a constant C > 0,
depending on the constants o, y and B provided by (H.1), (H.2) and (H.3), such that

[t 2) g = C{IF ] + 1G]

o+ 14|, ) 2.18)

Proof The unique solvability of Eq. 2.15 follows straightforwardly from Lemmas 2.3
and 2.4, and Theorem 2.1. To show the estimate (2.18) we let ug € V and ug €
vin Vg, provided by Lemma 2.4, such that u = u¢ + ug. Then, since B is an
isomorphism from V- onto Q' (cf. Lemma 2.2), we get

|G|

Juslly = 51Bwo) o = 5161, 2.19)
B B e
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In turn, from (H.2) and problem (2.17), we have
2
aluoly < [Alwo +uc) — Awe). uolpwxn
= [F,uolpg'xn +[A0) — A(uc), uolp xz — [A0), uoly xh »
which, applying (H.1) and the fact that F, A(0) € H’, yields

1
luolly = S {IF N + v el + lA@] ) (2220
On the other hand, applying (H.3) to p € O, we get
[B(). Ploixo

lol s

)

Blprly < sup
veH
v#£0

whence, using that

[B(), plorxg = [F, vlpxu — [AW), vlg'xn

=[F,vlgxn +[AO0) — Aw), vy — [A0), vlpxn vver
and applying (H.1), leads to
1
IPlg = 5 UIFl +yluly +[A®],)- 221)

The proof follows by combining Eqgs. 2.19 and 2.20 with the inequality Hu || g =
”uo ” gt ” uG ” - and then replacing the resulting estimate in Eq. 2.21. O

2.5 Analysis of the weak formulation

In this section we show the unique solvability of Eq. 2.14 by checking first that (H.1),
(H.2), and (H.3) are satisfied, and then applying Theorem 2.2. We begin our analysis
with the characterization of the null space V of the operator B.
Lemma 2.5 There holds,

V={veH: divvs=0inQs and divvp=0inQp}.

Proof Given v € V,we have
— (. divvs)g a5 — (¢.divvp)g g, =0 Vg € Q= Li(Q).
In turn, since vs - n = vp - non X, we get
O=(vwp-n—vs-n, 1)y =—(1,divvplo,gp — (1, divvs)o,ag,

that is,
—(c,divvp)o,Qp, — (c,divvs)o s =0 Ve e R.

Then, the decomposition L2(Q) = L%(Q) @ R implies that

—(q.divvs)g o, — (¢.divvp)g o, =0 Vg € L*(Q),
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which yields div vsg = 0 in Qg and div vp = 0 in Qp, thus finishing the proof. L]
The continuous inf-sup condition for the operator B is shown next.

Lemma 2.6 There exists a constant 8 > 0 such that

B(v), ¢l
sup PV dloxq Blaly Va € Q.
vet ]y
v£0

Proof Let ¢ € Q. A well-known result (see e.g. [14]) yields the existence of
VAS H(l)(Q) and C > 0, independent of z, such that —divz = ¢ in Q2 and Hz”1 g =

C||q ||Q Next, we put ws := z|og and wp := z|q,. Then, we observe that ws - n =

wp - non X, that is w := (wg, wp) € H. It follows that [B(w), 9l xQ = ”q ||f2 and

[Wla = llzll, o = Cla]lq, which gives
[B(v). qlg [B(wW). ql¢/ 1
o T T
vZ0 H H
and the proof is completed. O

The next lemma shows that the nonlinear operator, induced by the term
(u(IVus|)Vus, Vvg)g o, satisfies (H.1) and (H.2).

Lemma 2.7 Let Ag : HILS (Qs) — [HILs (2s)1’ be the nonlinear operator given by
[As(us), vs] := (u(|Vus)Vus, Vvs)g o Vus, vs € Hf (Qs).

where [-, -] denotes the duality pairing between Hll“s (RQs) and [Hll‘s (25)]. Then, Ag
is Lipschitz continuous, and for each zg € Hfﬂs (R2s), As(zs +-) is strongly monotone.

Proof Letug, vs, Ws € HILS (25). By definition of Ag we have that

[As(us) — As(vs), ws] = / (n(|Vug))Vug — u(|Vvs|)Vvg) : Viws,
Qs
which, denoting o := Vug, 7 := Vvg, and 7 := Vwg, becomes

[As(us) — As(vs), ws] = fg (o Do — u(lThr) : £
S

d
= > | wlohoij — ullthti));.

ij=1"5s
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Next, using Eq. 2.5 and setting 6 (m) := mo + (1 —m)t Vm € (0, 1), we can write
foreachi, j € {1, ..., d},

19
u(loDoij — u(tht; = pij(o) — wij(r) = / a—,uij((})dm
0 m

aak,
= d
E / am 8ak = Mij (6)dm

k=1
= Z/ PEA Ml](a)(Ukz—Tkl)dm
k=10
which yields
[As(us) — As(vs), ws] = Z / (/0 M;;(U)(sz—fkl)dM> Tjj.
i,j.k, =1

Hence, applying Eq. 2.6 and the Cauchy-Schwarz inequality, we find that
[As(us) — As(vs), Ws]

HAS (us) — As(vs) ||H1 (Qs) — sup =70 ”lls —Vvs || 1,Qs°
wseH! (Qg) [ws|| 1,95
ws#0
Similarly, given zg, ug, vs € HILS(QS), and denoting o := Vzg, T := Vug,

T:=Vvs,ando(m) :=m(oc +1)+ (1 —m)(c +7) Vm e (0, 1), we obtain

[As(zs +us) — As(zs + vs), us — vs] = /Q {n(lo + (o +1)
S

—M(IG +De+D}:(r -1

= / / Ml](a)(le fij)
Q2

i,j,k,l=1
X (ty; — Try)dm.

In this way, using now Eq. 2.7 and the Friedrich-Poincaré inequality, we get
~ 2
[As(zs + us) — As(zs + vs), us — vs] > dofus — vs ||1,Qs,
with @y > 0 depending on &g and the constant provided by the aforementioned
inequality. O
Note now that the nonlinear operator A can be written as

[A(), VIgxn=[As(us), vs] + (v~ 'm,usmvs) s+ (K 'upvplo.o, Vu,ve H.
(2.22)
The following lemma shows that A satisfies (H.1) and (H.2).
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Lemma 2.8 Let Hry,(div’; Qp) := {vp € Hr,(div; Q) : divvp = 0}. Then, the
nonlinear operator A is Lipschitz continuous in Hll“s (2s) x Hrp (div; Qp), and for
each z € Hll“s (2s) x Hrp(div; Qp), A(z + -) is strongly monotone in Hll“s (RQs) x
Hry, (div"; Qp).

Proof 1t follows straightforwardly from the corresponding properties of Ag (cf.
Lemma 2.7) and from the fact that the expressions (vk~'m,us,;vs)y and
(K~ 'up, VD)o,qp induce positive semi-definite, symmetric and uniformly positive
definite bilinear forms, respectively. O

The main result of this section is established as follows.

Theorem 2.3 There exists a unique (u, p) € H x Q solution of the primal-mixed
Sformulation (2.14) and there exists C > 0 such that

[ p) gy =C {Hfs lo.ag + HfD”O,QD} :

Proof Tt follows from Lemmas 2.5, 2.6, 2.7 and 2.8, and a straightforward application
of Theorem 2.2. O

3 The discrete problem

In this section we introduce and analyze a nonconforming Galerkin scheme for
the primal-mixed formulation (2.14). We begin with the following discrete abstract
analysis.

3.1 A nonconforming discrete scheme

We begin by recalling that the unique solvability of Eq. 2.15 is guaranteed by
Theorem 2.2. Now, we let H and Q be two Hilbert spaces with dual spaces H’ and
Q respectively, such that H C H and 0 C Q and we consider finite dimensional
subspaces Hj < H and Q;, C Q. Also, welet A : H — H be a nonlinear operator,
andlet B : H — Q’ be a linear operator with adjoint B’ : 9 — H’. Then, given
F € Hand G € Q we consider the nonconforming discrete scheme of Eq. 2.15:
Find (uy, pn) € Hy x Qy such that

[A(uh),vh]ﬁ ;T [B(vh) Ph] - [F ”h]ﬁ/xﬁ 3.1
[B(Mh),f]h] 5= [é,qh] o an € Q- (3.1
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Note that the nonconformity of Eq. 3.1 is due to the fact that Hj, and Q}, are not
necessarily contained in H and Q, respectively, and also because A and B dot not
necessarily coincide with the operators A and B. Now, given G € Q’, we set

Ven = {Uh € Hp: [B(vh),Qh]Q,XQ = [G’qh]@x@ Yan € Qh}~

In particular, if G =0, we just write V}, instead of Vj j, to denote the discrete kernel
of the operator B. In order to establish the uniqueness, stability, and corresponding a
priori estimate for the discrete scheme (3.1) we need to introduce some hypotheses:

(H.4) There exists a constant 8 > 0, independent of 4, such that

[B(Uh)th]Q,XQ 3
sup > Bllanlls Yan € On.
vy € Hp H Un ” A
v #0

(H.5) The operator A is Lispchitz continuous in H with constant 7 > 0, that is

577”“_””1?”“1”1; Yu,v,we H.

'[A(u) —AW), w]

H'xH
(H.6) For all z; € Hp, the operator A(zh + -) is strongly monotone in V}, with
constant & > 0 independent of £, that is,

~ ~ ~ 2
[A(Zh +un) — Az + o), up — Uh:lﬁ/xﬁ > allun—vn|z Yun vn € Vi.
Applying Lemma 2.2 to the present discrete scheme, we deduce from (H.4)

that the discrete version of B is an isomorphism from Vhl onto Qj, whence

we find that there exists a unique ugz , € V;- such that [E(ué n)s qh]é 6=
) ’ !X
[G, qh] 5ixd Vqn € Q. Note that this also says thatug , € VhL NVg - Then, we
« , ,

associate with Eq. 3.1 the discrete problem: Find ug 5 € Vj, such that

) ~=[I:",vh]~ Y, €V, (3.2)
H xH H' xH

I:A(MO,h +ug ), Uh]
which is the discrete analogue of Eq. 2.17. In addition, using similar arguments to
those employed in the proof of Lemma 2.3, we can prove the corresponding connec-
tion between Eqs. 3.1 and 3.2. Further, similary as in Section 2.4 (cf. Lemma 2.4), we

remark that Eq. 3.2 is actually equivalent to the problem: Find u;, € Vz , such that

[A(uh)’vh] L= [F vh] .. Yy, e V.
H xH H xH

We now establish the well-posedness of Eq. 3.2.

Lemma 3.1 Assumptions (H.5) and (H.6) guarantee the unique solvability of
Eq. 3.2
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Proof Tt follows from [20, Chapter 3, Theorem 3.3.23]. O

As for the continuous case, we remark here that the solution ug j +u ~ G € Ve o of
Eq. 3.2 is independent of the choice of ug , € Vi ;. The well- -posedness of Eq 3.1
is stated now.

Theorem 3.1 There exists a unique (up, pp) € Hp x Qp solution of Eq. 3.1. In
addition, there exists a constant C > 0, independent of h, such that

[ Pl = C{IF 3+ 1615 + 1A 5}

Proof The proof follows similarly as for Theorem 2.2. O

We now aim to derive an a priori error estimate for Eq. 2.15 and its discrete scheme
(3.1). Hereafter, we let (u, p) € H x Q and (uj, py) € Hj x Qp be the unique
solutions of the weak formulation (2.15) and the nonconforming Galerkin scheme
(3.1), respectively, and let ug , € Vi ) and ug, € Vj, provided by the foregoing
analysis, such that u, = ug ;, + uo,n. The next two preliminary results show partial

error estimates for ||u — Uuj || and || P — Ph || o as well as a translation property
between the discrete subspaces V), and Hj,.

Lemma 3.2 Under the assumptions (H.4), (H.5), and (H.6) there hold
el = & f int =g+ v0l + it o= ail,

[F—AW)—B@waﬁNH

+ sup
B Tl
[F F, wh] /
+ sup H'xH ,
wwhhe#‘g ”wh”ﬁ
and
_ y _ . inf _ .
Ip = millg = 2 {lu=wlz + jnt o=l
F-Aw-Blp.w]
+ sup H'xH
o Tl
[I:;— F, vh] -
+ sup H'xH ,
5 Tl
where C| := éma i& % = 1} and Cy = %max {,5+ HBHQ, v, 1}.
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Proof We first estimate ||u — up || i- Given v, € V), we have from the triangle
inequality

lu—un| g =u—ug,+uwon)| g < |u—s,+v)z+uon—va| 5 33

Now, applying (H.6) with z;, = u ,, we deduce that

a|uon — vn Hi, < [A(u(;’h +uon) — A(u@h + o), uon — Uh]

H' xH
= [A(uh), uo,p — Uh] L= [A(MG pton), uon — vh] -
H'xH > H'xH
Then, using that
B — ), ]~ .=0 Vg, € ,
[ (u0,n — Vn), qn /%0 qn € On
and that
I:A(Mh), uo,p — vh] L= [15, uo,n — vh] _,
H' xH H'xH

we find, after adding and substracting appropiate terms, that
- 2 = ~
aluop —vnls < |F,u —v]~ ~—[Bu — ), ]~ .
luon —vn|5 < [ 0h = V|- (uo,n — vn). qn i

- _A(M@,h + vp), uon — Uh]ﬁ,xﬁ

= [F — A(u) — B(p), uo,n — ”h]gfxﬁ

+ F—F,Mo,h—vh]~ N
L H' xH
+

-B(M(),h—vh), — h]~ 3
i pP—dq O'x0

+ /i(u) — A(”G,h + vp), uon — vh]

~ 9

H'xH
which, applying the boundedness provided by the duality parings and the assumption
(H.5), dividing by @||lug,» — vill > and then combining the resulting inequality with
Eq. 3.3, implies that for each (vj, g5) € Vi x Qj, there holds
| O ~
[u =il = 3 {@+7) Ju =g+l z+1B1P = aillg

F— A@) — B(p), wh] A x |

+ sup
el lwal 5
F—F, wh] A x|
+ sup 3.4
wp €V ” Wh “H
wp#0
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On the other hand, applying (H.4) we obtain for each g, € Q)

[B(vh), Ph —qh]g/xé (3.5)

’

3 — L <
Bl pn—an ”Q = U::gh Ton ”f[
v, #0

and according to the first equation of Eq. 3.1, we can write

[é(vh), Ph— qh]Q,XQ = :é(vh), Ph] - [é(vh), Qh]Q,X R

Q'

A ’ ] ~ ~ T I:B ) ] ~ ~
@n).vn |, - (Vn) qn i

T
X
— -]t

= ﬁ’“”]~ i

—[F-F, vh]ﬁ/x 4 [F — A@) — B'(p), vh]

H H xH

+[Aw = dwn.w],, 4 [Bonp-ai

that is, for each (vy,, gn) € Hp x Qy, there holds

[B(Uh): Ph — Clh]Q,XQ = [13 - F, Uh]g,xg + [F — A = B'(p), vh]ﬁ/xﬁ

+[Aw = dwn.w],, o+ [Bonp-ai

Replacing the foregoing identity back into Eq. 3.5, and applying (H.5) and the
boundedness of B, we arrive at

1 (. -
|pn—anly < 7 {yHu —un] g +[Blglp—anly
[F=Aw - Bprw]
+ sup H xH
wy,€Hy ” Wh ” A
wh
[1‘: — F, wh:l -
+ sup H' xH
wpeH), Hwh”ﬁ
wp#0
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Hence, applying the triangle inequality we conclude that

lp=puly = p—anlg+lre—an]s
1. ~ -
= 5 [l + (B +1810) Ip -l
[F=Aw - Bpyw]
+ sup H'xH
et lwn ]
I:F—F,wh:l -
+ sup b (3.6)
wpEH), ” Wh H q

Finally, the result follows applying infimum on Vj, and Qj, in Eq. 3.4, and also
taking infimum on Qj, in the Eq. 3.6. O

It remains to estimate in;f/ ” u—(ug ,+vn) H i which is provided by the following
VhEV) ’
lemma.

Lemma 3.3 There holds

Jnf Ju =g, +on)g = € {vhig,f,h lu = vnl 5

6 - é<u>,qh]Q

50

+ sup

q;hE#QOh ”q’l H 0

[G — G,qh] -
+ sup Q<0

Q qn|
oy Tl

)

Proof Given vy, € Hy,, we know from (H.4) that there exists a unique wy, € VhJ- N Hy,
such that

[Bam).an],, o= Bugy—tw.m], o Yare on G
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and there holds

[B(wh)sqh] . B ~ —_N , -~
Hwh”ﬁ < l~ sup 0'x0 :l sup [ (”G,h Up) q]”]QXQ
B anc0n lan] 5 B ane0y lan] 5
qn#0 qn#0
Blu—in) = Bau—ug ) an]
. B == Bau—ug ., o
B ane0n “‘Ih ”Q
qn#0
B A/
< ” lQ u—ﬁhHQ
(G- Bw.ai], (G-G.a],
—l—l~ sup “= + sup AN
B | aneos l9n] R [ P
qn#0 qn#0

where the foregoing expressions have arised after adding and substracting B(u) and
G, and realizing that [B(ug ,), qh]Q,XQ =[G, ‘Ih]Q/xQ Ygn € Qp. Then, noting
from Eq. 3.7 that 0 +wy —ug , € Vp, we find that

inf u—(ug y+om| g <lu =g, +ontwn—ug )| g <u=dnl z+[wsl 5

v eVy
||E|Q/>
< |1+ — u—op| 5
(152 ) 1=l

(G- Bw.ai]
+l~ sup ‘adr
410 lan]

qn#0

|G- G’q”]@xg

+ sup
an€Q lan 0
qn#0

)

which, taking infimum on 0, € Hp, yields the required inequality and completes the

proof. O

The main result of this section is established as follows.
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Theorem 3.2 Under the assumptions (H.4), (H.5), and (H.6), the nonconforming
discrete scheme (3.1) is stable, and there holds the Strang-type error estimate

= p = 0l = € int = vil+ ot o= anl

vy EH,
[F—A(u) —é/(p),wh] - [F—F, wh] -
+ sup H' xH + sup H'xH
%eﬁ || wh || i uxhegz || Wh ” A
(G- Bw.ai], [6-G.a,
+ sup QXQ—i— sup Q>0
ane 0 lan] acon |l
qn#0 qn7#0

Proof The proof follows from a straightforward application of Lemmas 3.2 and 3.3.

O]
It is important to observe from Theorem 3.2 that if H;, € H, then
F—Aw = B'p).u] [F = Fou]
[F=dw-Bmru], F—Foonl. .
sup =0 and sup =0.
vp,eH) || Uh || H vp € Hp || Uh || H
v #0 vp#0

Similarly, if Q5 € Q, then

[6-Bw.ai] (G-G.a],
sup 9x0 _ and sup 9x0 _,
an€Qn 4 ”Q €0 2 ”Q
qn#0 qn#0

Therefore, when H;, € H and Q;, < Q, the a priori error bound provided by
Theorem 3.2 becomes the usual Cea error estimate. In other words, the last four terms
in that estimate constitute the consistency error for the case in which Hj and O, are
not subspaces of H and Q, respectively.

3.2 Analysis of the Galerkin scheme

Let 75 and 7p be separate shape-regular families of triangulations, that is, satisfying
the minimum angle condition, of Qg and Qp, respectively, by triangles (or tetrahedra)
T of diameter 7, assume that the vertices of Ts and 7p coincide on the interface X,
and let 7, := Ts U Tp, where h := max{hs, hp}, hs := max{hy : T € Ts}, and
hp := max{hr : T € Tp}. Since the triangulations 7Ts and 7p coincide on X, we let
%, be the set of edges/faces inherited from 7g and 7p. Then, we let Hs 5, Hp 5 and
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Qy, be discrete finite dimensional subspaces of HlFS (82s), Hrp (div; Qp) and L3(),
respectively, and we set

Qio = QnNLRQ). (3.8)

In addition, we denote by &g , and ®p j the subspaces of the normal components on
% from Hs j, and Hp 3, respectively, that is,

@5 = {vsy-nlz :vsy €Hsp} and @pp:={vp,-nlx :vpy € Hpal.

Then, if I1, : Lz(E) — ®p j denotes the orthogonal projector, and ﬁh = Hs x
Hp j, we introduce the finite element subspace

H, = {Vh = (Vs.n, VD,p) € ﬁh :p(vsp-m—vpy-n) =0 on E} . (39

From this definition we observe that the discrete subspace H, is not contained in
H, but the space H := HlLS (2s) x Hrp(div; 2p) contains both Hy, and H. Also, we

observe that A : H — H' is a well-defined nonlinear operator, B : H — Q' is a well-
defined linear and bounded operator, and the extension of F to H belongs to H. Then,
we now introduce the nonconforming Galerkin scheme: Find (uy,, pi) € Hy x Qg0
such that

[AQup), Vil xm + [B(V), prlgxq = [F. Vilwxn Vvi € Hy,

3.10
B(upn), gnlgy <@ = G, qnlgyxq Ygr € Qu.o- (3.10)

The nonconformity of this discrete scheme refers to the fact that Hy, is not contained
in H. We note from the definition of the finite element subspace Hj, that I1;(vs p -
n—vpj,-n) =0on X, for all v, € Hy, which is equivalent to saying that IT;(vs p -
n) —vpy-n = 0on X, for all v, € Hy. Then, since I}, : LZ(E) — ®pj is the
orthogonal projector, the discrete scheme (3.10) becomes conforming if only if the
discrete normal components on ¥ from Hs j are contained in the discrete normal
components on X from Hp j, i.e., if only if &g, € Pp 5.

In what follows we need to consider some hypotheses concerning the subspaces
involved in the discrete formulation (3.10), the linear operator B, and the existence of
a stable lifting operator from ®p 5 onto Hp ;. The set of assumptions is as follows.

(H.7) there holds Py(X,) € Ppj, where Py(Xy) is the space of piecewise
constant fungtions defined on Xj,.
(H.8) there exists 8 > 0, independent of %, such that

(B(Vh), gnlqg <@

ok Il

> Bllgn ||Q Vg € Qp,o.

(H.9) divHp j is contained in the restriction of the discrete subspace Qj, to Qp.
(H.10) there exists an operator L, : ®pj; — Hp, satisfying the following
properties:

a) there exists a constant C > 0, independent of %, such that

”Lh(d)Dsh)”div,QD = C||¢D,h||—1/2,00,>: Y¢p,i € Ppp-

@ Springer



Strong coupling of quasi-Newtonian fluids and porous media 699

b) forall ¢p , € Pp,, there holds
Lp(¢pn) -m=¢p; onX.

We say in this case that L, is a stable discrete lifting of ®p .
It is easy to prove that (H.7) and a classical duality argument imply the following
approximation property of the projector I1:

[ =@ 10005 = CH ey V&L, (3.1

Moreover, employing Sobolev interpolation estimates we find that (see, e.g.
[10, Proof of Lemma 4.8])

le - M@ |yy < CH'2g], .y VEeHA®D). (3.12)

We now establish the first result of this section.

Lemma 3.4 Let vy := (Vsp, VD) € Vi = {vp € Hp:  [B(Va), gnlyxg =
0 Vg€ Qh,0}~ Then, divvp j, = 0 on Qp.

Proof By definition of the linear operator B we get
— (qn. divvs,n)g o5 = (. divvpa)g o) =0 Yan € Quo.
Also, (H.7) and the orthogonalilty condition satisfied by IT; imply
0 = (Tx(vs,p -m—vpy -m), 1)s. = (Vs -n—vpy -m, 1)
= (1, diVVs,h)OVQS + (1, diVVD,h)O’QD ,
which, together with the decomposition Q, = Qj.0 @ R, yield
— (qn. divvs,h)o‘gZS — (qn. diVVD’h)o,szD =0 Vg, €Qy.

In particular, (Qh, diVVD,;,)0 o, = 0.for all g; belonging to the restriction of Qj to
Qp, and hence (H.9) and the flc))regoing identity give divvp ; = 0 on Qp. ]

The next result establishes the well-posedness of our discrete scheme (3.10).

Lemma 3.5 There exists a unique solution (uy, py) € Hp x Qp 0 of the nonconform-
ing discrete scheme (3.10). In addition, there exists C > 0, independent of h, such
that

|, pi) g = € {Hfs lo.ag + HfD”O,QD} :

Proof We first recall from Lemma 2.8 that the nonlinear operator A is Lipschitz con-
tinuous in H. Also, it is clear from Lemma 3.4 that V;, € Hll—s (2s) x Hrp, (div®; Qp).
Then, given z;, € Hj,, we know from Lemma 2.8 that the nonlinear operator A (z;, +-)
is strongly monotone in Vj,, and hence the nonlinear operator A satisfies (H.5) and
(H.6) (cf. Section 3.1). Therefore, noting also that (H.4) follows from (H.8), the proof
becomes a straightforward application of Theorem 3.1. O

We now show the a priori error estimate for the primal-mixed formulation (2.14)
and the Galerkin scheme (3.10).
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Lemma 3.6 Let (u, p) € H x Q and (uy,, py) € Hy x Qp 0 be the unique solutions,
guaranteed by Theorem 2.2 and Lemma 3.5 of the continuous problem (2.14) and
its nonconforming discrete scheme (3.10), respectively. Then there exists C > 0,
independent of h, such that

[ —ws p =P grq = C{ inf H“—VhHHﬂthie‘(‘)fh0 [P —anlq

Vi
+h'2|| pp — Hh(PD)Ho,): } .
Proof Applying Theorem 3.2 we have the estimate

= wp = leg = €1 f int Ju=villg+ inf o -ailg

F—A@) —B'(p), Vi ]
T ap [ ) —B'(p). Vi) ou

Vvhhe;g)f: ” Vi ” H

., (3.13)

where C; > 0 is a constant independent of 4. Now, we just need to bound the
consistency term on the right hand side of the above inequality. To this end, we
proceed as in [19] and let Py : LZ(E) — Po(Zj) be the orthogonal projector
and Py : L>(Z) — Po(Zy) its vector version. Recalling Eq. 2.8, we note that
pp € H'(Qp). Then the consistency error term in Eq. 3.13 yields

[F—AW —B'(p). Vi |y, g = ((Vsh — VDo) -0, pp)y, Vv € Hy  (3.14)
Now, given vy, € Hj,, we first observe that
((vs.n = vD.i) - M, pp)s. =((vs.4—VD4) - M, pp)s,— (14 (Vs.n - D—VD 4 - ), pp)s,
=((vs,s—¥p.1) - M, pp)s, — (T4 (Vs,4 - M) — VD, - M, pp)y,
=(vs.n -1, pp)s. — ([x (Vs - M), pp)s;
= (vs.h - m, pp — Mu(pp))y; -
Further, from (H.7) we find that for all v € H'/2(X) there holds
(Povs,n -m), v — T (v)). = (Po(vs, - M), v)s. — (Po(vs, - m), I (v))s:
= (Po(vs,n - m), v)s, — (TTy (Po(vs.p - 1)), )y
=0,

that is, (Po(vs,h -n), v — I'Ih(v))): =0 Vv e HY/2(). Then, taking in particular
v = pplx € H'/?(X), we obtain from the foregoing identity

((vs,n = vD.p) *m, pp)s = (Vs -1, pp—TI4(pD))s, —(Po(¥s.n - m), pp—TT4(pp))s

=(vs.n - —Po(vs; - 1), pp — Mi(pp))s -

@ Springer



Strong coupling of quasi-Newtonian fluids and porous media 701

In turn, since Py(vs x) - n € Po(Xp), we deduce that
(Po(vs.n -m) = Po(vs.n) -mv — () =0 Vv e HA(D),
whence
((vs.n = vD.p) - M, pp)s = (Vs.h -m — Po(vs.n) -1, pp — i (pp))y; -

Then, from the normal trace theorem in H'(Qs), using a well known approxima-
tion estimate for piecewise constant functions and the trace theorem in H' (Qs), we
deduce that

IA

((vs.n = vD.1) - M. pp)s [vs.n - m—Po(vsn) '““o,z o — Hh(PD)”OI

IA

Ch'/? H"S,h”uz,oo,z ”PD - Hh(PD)”o,z

IA

Ch'/? HVS’hHLQS ”pD - I—Ih(pD)Ho,z’
that is,
((vs,n = vD.1) -, pp)y < Ch'/? ”Vs,hHLQS | po — Hh(PD)”O)):v

with C > 0 a constant independent of 4. Thus, dividing the previous inequality
by ||vs,h ”l,Qs’ noting that ||Vs,h ”LQS < th ||H, and taking supremum on Hj,, we
conclude that

((vs.n = vD.1) -1, pp)s

sup < Ch'?|pp — Ma(pp) ||, 5-
vieH) [vallg ’
Vi 7&0
The result follows by combining the previous inequality with Eq. 3.13 after replacing
Eq. 3.14 back into Eq. 3.13. O

The next result establishes an approximation property of the discrete space Hj,.

Lemma 3.7 There exists C > 0, independent of h, such that for each v := (vs, Vp) €
H there holds

it v =vily = cf int s vsaliggt ot Jvo - voul,

+hl/2 ||VS ‘n— Hh(VS : n) ||0,E] i
with C > 0 a constant independent of h.
Proof This proof is provided in [19, Proposition 4.1]. In what follows we describe the

main aspects of it. Let Ilg j : Hll“s(QS) — Hs , and Ilp  : Hrp (div; Qp) — Hp,

be the orthogonal projectors with respect to the inner products L?(2s) and L?(Qp),
respectively. Then, given v := (vg, vp) € H, we set

vs.n := s (vs) and vp :=Tp;(Vp) — Ly (Mp (VD) - n—T1; (Mg 4 (vs) - M),
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where Ly, : ®p, — Hpy is the stable discrete lifting defined in (H.10). It follows
precisely from (H.10) that

vp,i -m = Ip(vp) -n — Ly (TIp 5 (vp) - n — (s 5 (vs) - ) - n
= I (ITg,x(vs) - m) = (Vs p -m) on 3,

which shows that the pair v, := (vsj, vp,n) belongs to Hy. Next, the triangle
inequality and (H.10) again imply that

IV =Villa = [vs = vs.n “1,9S + |[vp = voun ”div,QD
<|vssn— l'Is,h(Vs)HLQs + |vp — Tp,4 (VD) ||diV,QD
+ || La(Mp, 5 (VD) - 1 — T, (T 5 (Vs) -n))||div,QD
< ||VS,h - l'ls,h(Vs)Hl,gZS + ||VD — HD,h(VD)”diV’QD

+C T4 (vp) - m = T4 (s 5 (vs) - W _; 1 g0 5-

Now, since vs - n = vp - n on X, using the normal trace theorem in H (div; 22p)
we get

|| p,x(vp) - n — I, (Ig 5 (Vs) - M) H—I/Z,OO,E

A

”VD -n —Ip,(vp) '“”—1/2,00,2 + ||VS - — I, (Vs - M) ||—1/2,00,z

IA

Cllvo = Ton(vD) | iy + [¥s -1 = T (v M| ;5 00 5

whence, adding and substracting appropiate terms, employing the estimate (3.11)
twice, and applying the trace theorem in H' (Qs), we find that

[vs - m — Ta(@sn(vs) W _ o5 < [ A= TR (¥s -m = Ta(vs -m) |, 5 05

+ @ =T (vs - n—vs - m) ”—1/2,00,2 + [[vs - m — s 'n”—l/z,oo,z

IA

cn'{[vs - n—Myvs w5 + [vs - n = vss -mf, ]
+[vs -n—vsy 'nufl/z,oo,z
& {lvs = sl gy + 52 0vs — utvs -y 5}

which completes the proof. O

IA

We now summarize the unique solvability and the Strang-type a priori error
estimate for the nonconforming discrete scheme (3.10) in the following theorem.

Theorem 3.3 There exists a unique (uy,, pp) € Hy, x Qy.0 solution of Eq. 3.10, and
there holds

I = wi p = p)| g =€ {vs_higrfls,h Jus = vsn; o

+ inf [lup —vpp “div,QD + inf |p—qy ”Q

vp,n€Hp 1 qan€Qn.0

+ e (”pD —(pp) | 5 + [us -m — My (us - m) ||0’2>} , (3.15)
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where C > 0 is a constant independent of h.

Proof The proof follows from a straightforward application of Lemmas 3.5, 3.6 and
3.7. O

3.3 Particular choices of finite element subspaces

In this section we specify concrete 2D examples of finite element subspaces of
H‘FS(QS), Hry, (div, Qp) and L3(Q) satisfying (H.7)-(H.10). Given T € T, we first
define the local Bernardi-Raugel space (see [2]), denoted by BR(T), as

BR(T) := P(T) & span {n2n3ni, nin3ny, ninanz}, (3.16)

where 11, 2 and n3 are the barycentric coordinates of the triangle 7, and nj, n, and
n3 are the three unit normal components to the opposite sides of its corresponding
vertices, which point outwards on 7. In turn, given T € Tp, we let RT (T) be the
local Raviart-Thomas space of lowest order, that is
RTo(T) :=Po(T) & Py(T)x. 3.17)
where x denotes a generic vector of RZ. Also, we consider the local Brezzi-Douglas-
Marini space of order one, which is given by
BDM(T) :=P(T). (3.18)

In what follows, we describe two different examples of finite element subspaces for
the Stokes and Darcy domains in terms of the local spaces defined in Eqgs. 3.16,
3.17 and 3.18, with their corresponding finite element subspaces approximating the
pressure field in €2.

3.3.1 Bernadi-Raugel + Raviart-Thomas

The subspaces HS,h’ HD,h, Hh (Cf. (3.9)), and Qh,() of Hll"g (Qs), H]"D (diV; QD), I:I,
and L%(Q), respectively, are defined as

Hs, = {vs. € [C@s)P i vsulr € BR(T) VT € Ts| NHE (@s),

Hp, = {VD’h € H(div; Qp) : vpulr € RTo(T) VT € 7{3} N Hrp (div; Q2p),

H;, := {vj := (vs.n, VD) € Hs.p x Hpjp : Ty (Vsp-m —vp, -m) =0 on T},
(3.19)

and

Quo = [qh € LX(Q) : qulr € Po(T) VT € Th] N LA (). (3.20)
From these particular choices of finite element subspaces, and taking into account
the definition of the local spaces BR and RT (cf. (3.16) and (3.17), respectively),
we observe that the discrete space ®s , becomes the continuous piecewise quadratic
functions while the discrete space ®p , becomes the piecewise constant functions.
Note that the discrete space ®s j is not contained in ®p ;,, which means that the dis-
crete scheme (3.10) is nonconforming in this case. In turn, it is clear that (H.7) and
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(H.9) are satisfied. In addition, (H.10) has been shown in the 2D case (see [19]) with-
out any requeriment on the meshes for both the Raviart-Thomas subspace of lowest
order (cf. (3.17)) and the Brezzi-Douglas-Marini subspaces for any nonnegative inte-
ger [ > 1. Finally, in order to verify (H.8) we proceed similarly as in [13]. To this end,
we let Ig : les (2s) — Hs ; be the Bernadi-Raugel interpolation operator (cf. [2,

14]), which is linear and bounded with respect to the H! (Qg)-norm. More precisely,
given vg € les (2s), this interpolation operator is characterized by the following
identities:

/l’[s(vs) -n, = /VS -n,, foreach edge e of T, (3.21)

e e
and
Is(vs(a)) = 1,(vs(a)) for each node a of Tg,

where [, is the Clément regularization operator defined in [14, Appendix A, A.3].
Note that, as a consequence of Eq. 3.21, there holds

/ gndivIlg(vs) = / gndivvs Vg in the restriction of Qp to Q5. (3.22)
Qg Qg

Equivalently, if Ps denotes the L?(2s)—orthogonal projection onto the restriction of
Qy, to Q2g, then the relation (3.22) can be rewritten as

Ps(div(ITs(vs))) = Ps(divvs) Vvs € Hll_‘s (Rg). (3.23)

In turn, we let Ip : H}D (2p) — Hp; be the Raviart-Thomas interpolation operator
of lowest order, which, given vp € HILD (2p), is characterized by:

/ IMp(vp) - n, = /VD -mn,, foreach edge e of Tp. (3.24)
e e
Similarly as for I1s, we find that Eq. 3.24 yields
/ gndivllp(vp) = f gndivvp  VYgy in the restriction of Qy to Qp.  (3.25)
Qp Qp

Equivalently, if Pp denotes the L?(Q2p)—orthogonal projection onto the restriction
of Qy, to Qp, then the relation (3.25) can be rewritten as

div(Ip(vp)) = Pp(divvp) Vvp € H- (2p). (3.26)

In addition, we know that the Raviart-Thomas interpolation operator Ilp satisfies
the following approximation property: For any vp € H!(Qp), there exists C > 0,
independent of £, such that

[vo — o)l g = Cholvol, g, 627)
The next result shows that (H.8) also holds.

Lemma 3.8 There exists B1 > 0, independent of h, such that
B(v . /
sup (B(Vh), gnlq xQ

vvhhe;{)h ” Vi ” H

> Billgn HQ Van € Qn.o.
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Proof Given g, € Qp 0, a well-known result (see, e.g. [14]) implies the existence of
z € Hj(®) such that —divz = g; in Q and |z|, , < C|qn ], - We define

ws,; = IIs(ws) e Hs, and wpj :=IIp(wp) € Hp s,

where ws := z|gg and wp := Ww|q. It is clear that w := (ws, wp) belongs to H.
This fact together with Egs. 3.21 and 3.24 yield

/Ws,h-ne=/ws-ne=/WD-ne:/wD,h~ne Ve € Xp. (3.28)
e e e e

Now, since I}, : LZ(E) — ®p j, is the orthogonal projector and ®p ;, becomes the
piecewise constant functions, we obtain that

/{g —T,(E)} =0 VE e L*(X), Veedgeof X.
e
Then Eq. 3.28 and the foregoing identity appliedto § = ws ; -n € L*(X) imply that

/Hh(Ws,h-n) =/Ws,h-n=‘/‘WD’h'n Ve edge of X,

e e e

and combining this last relation with the fact that I1,(ws 5 -n) — wp - n € Po(Xp),
we deduce that IT;(ws , - n) = wp; - non X, that is the pair wy, := (Ws 5, Wp 1)
belongs to Hy,. Further, Eq. 3.23 yields

Ps (divws ;) = Ps (divws) = Ps(—qp) = —qn  in Qs,

and Eq. 3.26 implies that

divwp ;, = Pp (divwp) = Pp(—qp) = —gn in Qp.

It follows that
2
[BWn). g xq = [an - (329)

On the other hand, since the operator I1g is bounded, there holds

[ws.nlli o5 = Clwsli g = Clzl, g = erllan]o o
and applying Eq. 3.27 we have that

[ W, ”div,QD = ”WDthO,QD + ”diva,hHo,QD

IA

Chlwol, g, + Iwolo.q, + lanloq = c2lano o

where we used here, from the previous estimate, that ”WD || 1.9 < ||z”1Q <

C||qh ||0 o Therefore, we have that HWh HH < c3 ||qh “0 o and using Eq. 3.29 we
conclude that ’

[B(Vh), qnlq xQ (B(Wn), qnlg xQ 1
were il =z Wil =z “lanlog:
Vh#o
with ¢3 > 0 a constant independent of . O
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Finally, we recall from [14] (see also [2]) an approximation property for the
Bernadi-Raugel interpolation operator ITg, that is: for each vg € H2(Qs), there exists
C > 0, independent of kg, such that

[vs — HS(VS)“I,QS < Chs|lvs ”2,93' (3.30)

We are now in a position to establish the main result of this section.

Theorem 3.4 Let Hy, and Qo be the finite element subspaces defined by Egs. 3.19
and 3.20, respectively. Then the nonconforming discrete scheme (3.10) has a unique
solution (uy, pp) € Hy x Qp 0 and there exists ¢y > 0, independent of h, such that

Q/}7

where Fp, = Flu, and Gy := G|q,,- In addition, assume that the unique solution
(u, p) € H x Q of the primal-mixed formulation (2.14) is such that us € H2(Qs),
us -n|s € H/2(X), up € H(Qp), divup € H' (Qp), and p € H'(Q). Then there
exists ¢ > 0, independent of h, such that

”(uh7ph)”HxQ = {”Fh|H + |G|

” (u—uy, p— ph)”HxQ < [h5|“5|2,szs + hp <|UD|1’QD + Idiqu|LQD>
+h|P|1,Q + h|lus '11||1/2,2} -

Proof The proof follows from a straightforward application of Theorem 3.3 and
the approximation properties of the subspaces and projectors involved. In particular,
Eq. 3.12 allows to estimate the expressions || pp— I, (pp) ”0 5 and Hus -n—1I1j(us-

n)|, 5 inEq. 3.15. O
3.3.2 Bernadi-Raugel 4+ Brezzi-Douglas-Marini

The specific subspaces Hs 5, Hp 1, Hy, (cf. (3.9)), and Qp o of Hll“s (R2s), Hrp (div;
Qp), ﬁ, and L%(Q), respectively, are

— 2
Hs i= {vsa € [C@9)]" i vsalr € BR(T) VT € Ts| nHE (),
Hp, = {VD,h € H(div; Qp) : vpulr € BDM(T) VT € 7})} N Hry (div; Q2p),
H;, == {v4 := (vs s, Vp,») € Hs 4y x Hpj : T (Vs 4 -m—vpy -m) =0 on X},
(3.31)

and
Qno = [qh € L3(Q) : qulr € Po(T) VT e 7;] N LA(<Q). (3.32)

We observe that the discrete space ®sj is formed by continuous piecewise
quadratic functions while the discrete space ®p , becomes the piecewise linear func-
tions. Therefore, the discrete mixed formulation (3.10) is nonconforming as well.
In turn, (H.7) holds because Py(X,) € Pi1(Xp) = Pp,. Further, it is clear that
(H.9) is satisfied. Also, we know from [19, Appendix] that (H.10) is satisfied in the
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2D case with no requeriment on the meshes around X for the Raviart-Thomas sub-
space of lowest order (cf. (3.17)) and for the Brezzi-Douglas-Marini subspace of any
nonnegative integer order.

On the other hand, in order to prove the discrete inf-sup condition for the lin-
ear operator B (cf. (H.8)), we introduce the BDM interpolation operator Ilp; :
HILD (2p) — Hp (cf. [3]) which, given vp € HILD (2p), is characterized by the
following indentity:

/(VD —Ips(vp)) - m, p=0 Vp e Pi(e) Veedgeof Tp. (3.33)
e
Moreover, if we denote by Pp the LQ(QD)—orthogonal onto the restriction of Qy, to
Qp, (3.33) implies that

divITp 5 (vp) = Pp(divvp) V¥vp € Hf (Qp). (3.34)

We now recall from [4] an approximation property of the interpolation operator
Ip »: there exists C > 0, independent of /4, such that for each vp € H!(Qp) there
holds

”VD - HD,h(VD)”o,QD < Chp ”VD ||1,QD' (3.35)
In addition, we recall from [19, Appendix] the following result summarizing the
properties of a stable lifting.

Lemma 3.9 There exists an operator Ly, : &pj — Hp with the properties
indicated in (H.10) (cf. Section 3.2). In addition, there holds

) 1
divL(¢n) = E/ én Von € Opp- (3.36)
)
Proof See [19, Appendix]. O
The hypothesis (H.S8) is proved next.

Lemma 3.10 There exists B> > 0, independent of h, such that
[B(V/’l)v ql’l]Q/xQ

o Tl

> Bal|gn HQ Yan € Q.o

Proof Let gy, € L%(Q). We know that there exists z € H(l)(Q) such that
—divz=gp, inQand |z, 5 < Clanl,q- (3.37)
We let ws = z|qq, Wp := Z|q,, and then we define
ws,n := Ils(ws) € Hs, and  wp  := IIp »(Wp)
+Ly, (Mpws, -n — Mp 4 (Wp) - n) € Hp 5.

It is clear that w := (ws,wp) € H, and (H.10) implies that the pair w; :=
(ws.n, Wp ;) belongs to Hy,. In addition, Egs. 3.23 and 3.34 yield

Ps (divws ») = Ps (divIIg(ws)) = Ps (divws) = Ps(—gi) = —q;, in Qs,
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and
divllp (wp) = Pp(divwp) = Pp(—qn) = —qi in Qp.
Next,

[B(Wn). qnlgxq = |an H?m — (4. divLy, (TTp s, - — TIp s (Wp) - n))O,QD :
(3.38)

Moreover, from Eq. 3.36 (cf. Lemma 3.9) we get

. 1
divLy, (M,ws,, - — Ip (Wp) - n) = E/ {Tlyws - n — Tp 4 (Wp) - n},
b

whence, using Egs. 3.21, 3.33 and the fact that w := (ws, wp) belongs to H, we find
for each e edge of X that

/I'Ith,h~n=/wS,h-n=/Ws-n=/wD-n=/HD,h(wD)~n,
e e e e e

which proves that
divLy, (l_[hWS,h -n — Ip 4 (wp) - n) =0.
The foregoing relation and Eq. 3.38 lead to

BOW), anlgrq = 915 o (3.39)

On the other hand, the boundedness of the interpolation operator ITg and Eq. 3.37
imply that

[ws.ally oo = Clwsly o = Clzl o = ctllgn]o o (3.40)
In turn, since divwp = divIlp ;(Wp) = —qp, we have that

|Wp — Mp,x(Wp) “div,QD = [ wp — Ip.x (wp) ”o,szD’

so that the above relation, the uniform boundedness of L, (cf. (H.10)), Egs. 3.35
and 3.37 lead to

HWD,h ”div,Q = ”WD - HD,h(WD)”diV’QD + ”wD ”div,QD
+| Ly (T4 TTs(ws) - m — Mp (wp) - n) ”div,QD

< ||WD — HD,h(WD)HO,QD + HWD ||1,QD + C~1|| [T, [Ts(ws) - n
—IIp n(Wp) - n”—l/Z,OO,Z

< Chp|wp|, o + [wp], o, + C|MaTls(ws) -n
—IIp n(Wp) - “”71/2,00,):

=

ChD”Z”1,Q + UZH]Q +C M, Ms(ws) - n

—Ip,»(Wp) - n”_l/z,oo,z

IA

c2]lan g + € MaTls(ws) -0 — Mpp(wp) -1, 5 g -
that is

”vathiv,QD =0 H‘Ih ”Q + é” [T, s (ws) - n — Ip  (Wp) '“”—1/2,00,):' (3.41)

@ Springer



Strong coupling of quasi-Newtonian fluids and porous media 709

Now, the trace theorems on H!(Q2g) and on H (div; Qp), the boundedness of ITj
and ITg, and the estimates (3.35) and (3.37) imply that the second term on the right
hand side of Eq. 3.41 can be bounded as follows

|11, s (ws) -0 — Tp s (wWp) -0, 5 0 5
<C|| M4 Ts(ws) '“Ho,z + [ Tp,n(wp) '“”71/2,00,2
=C[Msws)| g 5 + C2[| T (WD) | g3,

=Ci[Tsws)]; o + C2f[ T (WD) |4y,

<Ci ”WS ||1,Q+C2 ”WD_HD’h (Wp) ”(),QD +C2 HWD ”div,QD
<Ci ”WS H]Q + éZhD”WD”LQD + CZHWD”LQD

= Gsz], o = eslanlo o
ie.,
|1, Ms(ws) - n — Mp(wp) - n

—12,00,x = €3 lan “0,9'

Replacing this last inequality back into Eq. 3.41 and combining the resulting estimate
with Eq. 3.40 we can deduce that

”Wh ”H = ”WSsh”LQS + “WD’thiv,Q = c4 ”‘Ih Ho,sz' (3:42)

Thus, from Egs. 3.39 and 3.42 we conclude that

(B(v). gnlgy (B(Wn), gnlgy 1
h h1Q' xQ > h h1Q'xQ 2_||C]h||Q,
wel, [ va g [wallg o4
v, 70
with ¢4 > 0 a constant independent of /. [

Then, by applying again Theorem 3.3 and the approximation properties of the
subspaces and projectors involved, we arrive at the following main result.

Theorem 3.5 Let Hy, and Qy o be the finite element subspaces defined by Egs. 3.31
and 3.32, respectively. Then, the nonconforming Galerkin scheme (3.10) has a unique
solution (uy, pr) € Hy x Qu.0, and there exists c3 > 0, independent of h, such that

Q/]7

where Fy, = Flm, and G := G|q,,- In addition, assume that the unique solution
(u, p) € H x Q of the primal-mixed formulation (2.14) is such that ug € H?(Qs),

@i ) g = €3 { 1Bl + G
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us-n|y € H/2(2), up € H(Qp), divup € H'(Qp), and p € H'(Q). Then, there
exists c4 > 0, independent of h, such that

[ =i p = p) g = e hs|us]l,.q +p (|unl, g, + ldivan], o, )

+hply g+ hllus - nll2 5 |
3.3.3 A general approach

Irrespective of the previous analysis in Sections 3.3.1 and 3.3.2, we remark that the
results in [19] can be extended to the present situation in such a way that (H.8) is
simplified as follows:

(H.11) there exists ,5 > 0, independent of /4, such that

[B(Vh)’ qh]Q’xQ

o Wl e e
where
i, = [Hs,h n Hg(szs)] x [Hp 5 N Ho(div; Qp)]
and

th={Qh€th/ gn =0, /qhzo}.
Qs p

Indeed, it was shown in [19] that one can combine either the RT-element or the
BDM-element of order k, with any stable FEM for Stokes of the same order, to obtain
a global (conforming as in Table 1 or nonconforming as in Table 2) coupled scheme
of order of convergence k. In particular, when the BR elements are employed in
the fluid, the corresponding face bubbles do not need to be considered on the faces
lying on X, which yields a conforming scheme (see [19, Proposition 3.1] for the
respective proof). Note also that, in spite of the foregoing modification, the associated
approximation property remains unaltered.

Table 1 Coupling of Stokes elements with BDM elements

Stokes Velocity Press Darcy Vel Press Order
MINI Pi+bubbles Pt BDM, Py Py h
Taylor-Hood, k > 2 Py pgont BD My Py P ¥
Conf Crouzeix-Raviart P>+bubbles Py BDM, P, Py h?
Bernardi-Raugel Py +face bubbles Py BDM, Py Py h

The superscript “°™ refers to the demand of contnuity for the discrete pressure space. The bubbles are used
for velocities in the MINI and conformal Crouzeix-Raviart elements: an internal P, (7)) bubble is added
to the velocity space on each element. For the Bernardi-Raugel element, face bubbles are included on all
internal faces, but no bubbles are added on faces lying on X. When these bubbles (not needed for stability)
are added, the method stops being a particular case of this class
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Table 2 Coupling of Stokes elements with BDM and RT elements and their order of convergence

Stokes Velocity Press Darcy Vel Press Order
MINI P, +bubbles peont RTy RT, Py h
Taylor-Hood, k > 2 Py peont RTj RTi—y Pi_1 ¥
Bernardi-Raugel P +face bubbles Py RTy RTy Py

P;-iso-P, P (7¢"%) peont BDM, P Py

The superscript ™ refers to the demand of continuity for the discrete pressure space. The bubbles are
used for velocities in the MINI element. The triangulation 'Tsh/ % is a one level refinement of ’7'Sh and

P (’Tsh/ %) is the space of piecewise linear functions with respect to ’Tsh/ 2. For the Bernardi-Raugel element,
face bubbles are only included on the internal faces. Adding them to faces on ¥ does not change the
convergence order. In that case Bernardi-Raugel can be coupled with BD M as well

4 Numerical results

In this section we present numerical examples in 2D illustrating the good perfor-
mance of the discrete scheme (3.10) on a set of uniform triangulations of the domains
Qs and Q2p. We begin by introducing additional notations. In what follows, N stands
for the number of degree of freedom defining the corresponding finite element sub-
spaces Hy, and Qp 0. Then, given the unique solutions (u, p) := ((us,up), p) €
H x Q and (ug, pr) = ((usx,upn), pr) € Hp x Qpo of the primal-mixed
formulation (2.14) and the discrete scheme (3.10), respectively, the corresponding
individual and global errors are denoted by

e(us):= ”“5_“&'1”1,95’ e(“D):Z”“D_“Dyh”div,QD’ and e(p) := | p—pu ”0,97
and
2 2 2 12
e(us, up, p) = [e(us)” +e(up)? +e(p)?} .

Also, we let 7 (ug), r(up) and r(p) be the experimental rates of convergence given by

r(us) i= log(e(us)/¢’ (us)) r(up) = log(e(up)/e'(up))
ST T g/ ) DI = T g (h/ 1)
and
r(p) = log(e(p)/€'(p))
P ey

where h and k' denote two consecutive meshsizes with errors e and €/, respectively.
Further, we let r (us, up, p) be the experimental rate for the total error defined by

log(e(us, up, p)/¢ (ug, up, p))
log(h/h')

r(us, up, p) :=
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In the following two sections we present several numerical examples for the noncon-
forming and conforming versions of the discrete scheme (3.10). For both cases, we
choose k = 1, K = I, and consider the nonlinear function i : Rt — RT given by a
particular case of the Carreau law for viscoplastic flows, that is

n(@) = o + (L +15¥=2/2 vt e RY,

with o = n1 = 0.5 and B = 1.5. It is easy to check in this case that the assumptions
(2.6) and (2.7) are satisfied with

B -2
2

|
V0=M0+M1{ +1¢ and ap = po.

4.1 A nonconforming case

Here we consider the pair of finite element subspaces H; and Qjo given in
Section 3.3.1 (cf. (3.19), (3.20)), which yields a nonconforming discrete scheme
(3.10). In what follows we set

dg g \"
curlg = —,— ] .
urtd (axz 8x1>

In Example 1 we set the regions Qg := (—1, 1)2\[0, 1)2 and Qp = (0, 1)2 of
R?, and choose the data fs and fp so that the exact solution is given by the smooth
functions

us(x) = curl (3(x12 FxHBRG2 — 12632 - 1)2) ,

ncos<nx1) +1 2 cos? i —I—1 on
4 2 /172 2\ 273 S

(x1 — DZsin’ 2n(x2 + 0.5)) on Qp.

and
p(x) ==

Next, in Example 2 we consider the regions Qg := (—1, 1)2 \ (—1, 012 and Qp :=
(—1, 0)% of R?, and choose the data f5 and fp so that the exact solutions is given by

us(x) := curl (3()c12 +)c22)2/3()c12 — 1)2()c22 — 1)2) ,

and
exp(x1 + x2)x1x2 on Qg
p(x) =
(x1 4+ D?sin® 27 (x2 +0.5)) on Qp.
Note that in this example ug becomes singular at the origin.

The numerical results shown below were obtained using a MATLAB code. In
Tables 3 and 4 we summarize the convergence history of the discrete primal-mixed
scheme (3.10) as applied to Examples 1 and 2, for sequences of quasi-uniform
triangulations of the domains. We observe in Table 3, looking at the correspond-
ing experimental rates of convergence, that the O (h) predicted by Theorem 3.4 is
attained by all the unknowns in Example 1. In addition, we notice that the dominant
error is given by e(up). The behavior of the experimental rates of convergence can
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Table 3 Example 1, convergence history

h N e(us) r(us) e(up) r(ap) e(p) r(p) e(us,up, p) r(us,up, p)

1/17 12828 3.989E—00 — 5.612E-00 — 2.806E—-01 — 6.891E—-00 —(5)

1/19 16114 3.509E—00 1.153 5.040E—00 0.967 2.741E—01 0.209 6.147E—00 1.027 (5)
1/21 19882 3.178E—00 0.990 4.491E—00 1.152 2.573E—01 0.635 5.508E—00 1.097 (5)
1/25 28121 2.718E—00 0.896 3.787E—00 0.978 2.003E—01 1.436 4.666E—00 0.951 (5)
1/35 54222 1.915E-00 1.040 2.763E—00 0.937 1.331E—01 1.216 3.365E—00 0.971 (5)
1/45 91170 1.482E—00 1.022 2.072E—00 1.145 1.007E—01 1.109 2.550E—00 1.104 (5)
1/55 135720 1.201E—00 1.049 1.721E—00 0.925 8.112E—02 1.077 2.100E—00 0.966 (5)
1/65 190019 1.017E—00 0.991 1.461E—00 0.982 7.188E—02 0.724 1.782E—00 0.984 (5)
1/75 254402 8.851E—01 0.974 1.244E—00 1.123 6.147E—02 1.093 1.528E—00 1.073 (5)
1/85 325129 7.754E—01 1.057 1.101E—00 0.973 5.173E—02 1.378 1.348E—00 1.001 (5)
1/95 403178 6.953E—01 0.981 9.951E—01 0.913 4.445E—02 1.364 1.215E—00 0.936 (5)
1/105 493751 6.296E—01 0.991 9.021E—01 0.980 4.114E—02 0.773 1.101E—00 0.984 (5)
1/115 592931 5.691E—01 1.111 8.196E—01 1.054 3.650E—02 1.315 9.985E—01 1.073 (5)
1/125 705036 5.246E—01 0.976 7.469E—01 1.113 3.416E—02 0.796 9.134E—01 1.068 (5)

be also checked from Fig. 2, where we display the mesh size / and the errors e(ug),
e(up) and e(p) versus the degrees of freedom N. In particular, we realize there that
e(p) is quite below the other individual errors and that, in spite of its convergence
slower than O(h) at the beginning, it rapidly stabilizes around that order later on.
Concerning Example 2, we note on the contrary in Table 4 that r(ug) lies around

Table 4 Example 2, convergence history

h N e(us) r(us) e(up) r(ap) e(p) r(p) e(us,up, p) r(us,up, p)

1/17 12853 2.856E—00 — 5.560E-00 — 5.160E-01 — 6.272E-00 —(5)

1/19 16108 2.671E—00 0.602 5.059E—00 0.848 4.950E—01 0.372 5.743E—00 0.793 (5)
1/21 19671 2.577E—00 0.359 4.596E—00 0.959 4.854E—01 0.196 5.292E—00 0.817 (5)
1/25 28444 2313E—00 0.622 3.761E—00 1.151 4.365E—01 0.609 4.437E—00 1.011 (5)

1/35 54513  2.144E—00 0.225 2.774E—00 0.904 5.668E—01 — 3.552E—-00 0.661 (5)
1/45 91225 1.767E—00 0.769 2.090E—00 1.127 3.214E—01 2.257 2.756E—00 1.010 (5)
1/55 136347 1.704E—00 0.182 1.724E—00 0.960 3.269E—01 — 2.446E—00 0.595 (5)
1/65 190171 1.597E—00 0.388 1.463E—00 0.982 3.012E—01 0.489 2.187E—00 0.670 (5)
1/75 254577 1.493E—00 0.469 1.257E—00 1.063 3.224E—01 — 1.978E-00 0.701 (5)
1/85 324355 1.427E—00 0.360 1.109E—00 0.997 2.650E—01 1.567 1.827E—00 0.635 (4)
1/95 403975 1.457E—-00 — 9.954E—-01 0973 3.119E-01 — 1.792E—-00 0.173 (4)
1/105 496126 1.359E—00 0.698 9.007E—01 0.998 2.800E—01 1.079 1.654E—00 0.800 (4)
1/115 595622 1.331E—00 0.229 8.211E—01 1.018 2.895E—01 — 1.590E—-00 0.432 (4)

1/125 707479 1.262E—00 0.634 7.532E—01 1.034 2.328E—01 2.614 1.488E—00 0.795 (4)
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Fig. 2 Example 1, & and errors versus degree of freedom N

1/2 whereas r(p) shows large oscillations, which is certainly due to the singular
behaviour of the corresponding exact solution. However, r(up) does not seem to be
affected by the lack of regularity of ug since it behaves always as O (h). The forego-
ing facts are also observed in Fig. 3, where we display the mesh size & and the errors
e(us), e(up) and e(p) versus the degrees of freedom N. This example is certainly
very suitable to explore in the future the application of an adaptive algorithm based
on a posteriori error estimates. Indeed, one would expect that by means of this pro-
cedure the optimal rates of convergence would be recovered by all the unknowns. On
the other hand, in Figs. 4, 5, 6, and 7, we show some components of the approximate

10 L ]

1r 1

NE| el |

\]"'G"'E"B"E}'B'E"D'E |

01F ]

001 L MMx E

0.001 e Y
000 100000 le+06

N

Fig. 3 Example 2, & and errors versus degree of freedom N
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1.5

Fig. 4 Example 1, Stokes pressure with N = 54222

(left) and exact (right) solutions. We notice from Figs. 4 and 5 that the piecewise con-
stant functions approximate quite well the pressure in the Darcy domain 2p and the
interior of the Stokes region 2g, whereas this approximation deteriorates a bit near
by 9Q2s\ ¥ (Fig. 4 and 5). In turn, in Figs. 6 and 7 we see that the Bernardi-Raugel
subspace provides a quite good approximation of the velocity in the Stokes domain
Qs.

4.2 A conforming case

We now consider the pair of finite element subspaces H, and Qpo given in
Section 3.3.2 (cf. (3.31), (3.32)), but with the modification explained at the end of
Section 3.3.3 so that the resulting scheme (3.10) becomes conforming. Then, for the
Example 3 we set the regions Qg := (—1, 1) x (—1,0) and Qp := (—1,1) x (0, 1)

0.5 0.5

-0.5 -0.5

Fig. 5 Example 1, Darcy pressure with N = 54222
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Fig. 6 Example 2, first component of the Stokes velocity with N = 54513

of R?, and choose the data fs and fp so that the exact solution is given by the smooth
functions

us (x) := curl (sin(nxz + 7 /4) sin?(2x;)(1 + x2)2) ,

and

exp(x] + x2)x1x2 on g

p(x) == 1 s
37 <1 — Xy — — sin(nx2)> sin“(x1) cos(wxy) on Qp.
b4

Fig. 7 Example 2, second component of the Stokes velocity with N = 54513

@ Springer



Strong coupling of quasi-Newtonian fluids and porous media 717

Table 5 Example 3, convergence history

h N e(us) r(us) e(up) r(up) e(p) r(p) e(us,up, p) r(us,up, p)

1/32 7923 6.372E—-00 — 1.260E4+01 — 6.352E-01 — 1.413E+01  —(6)

1/64 31203  3.188E—00 0.999 6.319E—00 0.996 2.411E—01 1.398 7.082E—00 0.997 (5)
1/96 69843  2.124E—00 1.002 4.215E—00 0.999 1.472E—01 1.216 4.722E—00 0.999 (5)
1/128 123843 1.592E—00 1.001 3.162E—00 0.999 1.062E—01 1.136 3.542E—00 1.000 (5)
1/160 193203 1.274E—00 1.001 2.530E—00 1.000 8.292E—02 1.107 2.833E—00 1.000 (5)
1/192 277923 1.061E—00 1.001 2.108E—00 1.000 6.813E—02 1.077 2.361E—00 1.000 (5)
1/224 378003 9.094E—01 1.001 1.807E—00 1.000 5.776E—02 1.071 2.024E—00 1.000 (5)
1/256 493443 7.956E—01 1.001 1.581E—00 1.000 5.017E—02 1.056 1.771E—00 1.000 (5)
1/288 624243 7.072E—01 1.001 1.406E—00 1.000 4.433E—02 1.050 1.574E—00 1.000 (5)
1/320 770403 6.364E—01 1.001 1.265E—00 1.000 3.973E—02 1.041 1.417E—00 1.000 (5)
1/352 931923 5.785E—01 1.001 1.150E—00 1.000 3.597E—02 1.042 1.288E—00 1.000 (5)
1/384 1108803 5.303E—01 1.001 1.054E—00 1.000 3.288E—02 1.034 1.180E—00 1.000 (4)

The numerical results shown below were also obtained using a MATLAB code. In
Table 5 we summarize the convergence history of the discrete primal-mixed scheme
(3.10) as applied to Example 3, for sequences of quasi-uniform triangulations of the
domains. Similarly as for Example 1, we observe there, looking at the corresponding
experimental rates of convergence, that the order O (h) predicted by Theorem 3.5
is attained by all the unknowns. In addition, the individual errors e(us) and e(up)
are the dominant ones in this example. This fact is even more clear in Fig. 8 where

F | | o | | o | | II“H‘ | | II“H_
e(ug) ¢
10 o e(u —
j up)
&
L & o 1
1E ©00

i B o0 ]

I "G.._.B )

0.1F T o .

L E‘E’DEEEE ]

0.01 4

0.001 I
1000 10000 100000 le+06 le+07

N

Fig. 8 Example 3, & and errors versus degree of freedom N
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o
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==} =)

Fig. 9 Example 3, first component of the Darcy velocity with N = 31203

o

-10

one sees that e(ug) and e(up) are quite above e(p). Moreover, we observe there that
e(p) seems to converge a bit faster than O (k) at the beginning but then it rapidly
stabilizes around that order. Finally, in Figs. 9 and 10 we show some components of
the approximate (left) and exact (right) solutions for this example. In particular, we
remark that the Raviart-Thomas subspace reconstructs quite accurately the velocity

in the porous medium Qp.

Fig. 10 Example 3, second component of the Darcy velocity with N = 31203
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