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Abstract We study the hybridizable discontinuous Galerkin (HDG) method for the
spatial discretization of time fractional diffusion models with Caputo derivative of
order 0 < o < 1. For each time ¢t € [0, T], when the HDG approximations are
taken to be piecewise polynomials of degree k > 0 on the spatial domain €2, the
approximations to the exact solution u in the Ly (0, T; L»(£2))-norm and to Vu in the
Loo(0, T; Lo (2))-norm are proven to converge with the rate #/**! provided that u is
sufficiently regular, where 4 is the maximum diameter of the elements of the mesh.
Moreover, for k > 1, we obtain a superconvergence result which allows us to com-
pute, in an elementwise manner, a new approximation for u converging with a rate
h**2 (ignoring the logarithmic factor), for quasi-uniform spatial meshes. Numerical
experiments validating the theoretical results are displayed.
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1 Introduction

In this paper, we study the method resulting from using exact integration in time and
a hybridizable discontinuous Galerkin (HDG) method for the spatial discretization of
the following time fractional diffusion model problem:

Cleo‘u(x, t) — Au(x,t) = f(x,t) for (x,t) € Q@ x (0, T], (1a)
u(x,t) =gx) for (x, 1) € 92 x (0, T, (1b)

with u(x, 0) = ug(x) for x € 2, where 2 is a convex polyhedral domain of Re(d =
1, 2, 3) with boundary 9€2, f, g and u( are given functions assumed to be sufficiently
regular such that the solution u of Eq. 1 is in the space W11(0, T'; H*(R2)), (further
regularity assumptions will be imposed later), and 7" > 0 is a fixed but arbitrary value.
Here, D'~ denotes time fractional Caputo derivative of order « defined by

'
DI=y(t) := I (1) == / wu(t — V' (s)ds with 0 <« < 1, ()
0

where v' denotes the time derivative of the function v and I"‘l is the Riemann—
Liouville (time) fractional integral operator; with wqy (f) := ff(;) and I being the
gamma function.

In this work, we investigate a high-order accurate numerical method for the space
discretization for problem (1). Using exact integration in time, we propose to deal
with the accuracy issue by developing a high-order HDG method that allows for
locally varying spatial meshes and approximation orders which are beneficial to
handle problems with low regularity. The HDG methods were introduced in [4] in
the framework of steady-sate diffusion which share with the classical (hybridized
version of the) mixed finite element methods their remarkable convergence and
superconvergence properties, [7], as well as the way in which they can be efficiently
implemented, [13]. They provide approximations that are more accurate than the
ones given by any other DG method for second-order elliptic problems [25]. In [6], a
similar method was studied for the fractional subdiffusion problem:

u'(x,t) — Dl_“Au(x, )= f(x,t) for(x,t) e Qx(0,T], 3)
where D'~ is the Riemann—Liouville fractional time derivative operator,
8 t
D= () := (Z% (1)) = E/ we(t —s)v(s)ds . 4)
0
(For other numerical methods of Eq. 3, see [2, 8, 9, 17-19, 22, 23, 29] and related
references therein.) When f = 0 (that is, homogeneous case), the two representations

(la) and (3) are different ways of writing the same equation, as they are equivalent
under reasonable assumptions on the initial data. However, the numerical methods
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obtained for each representation are formally different. In [6], the authors extended
the approach of the error analysis used in [1] for the heat equation by using several
important properties of D'~ Indeed, a duality argument was applied (where delicate
regularity estimates were required) to prove the superconvergence properties of the
method.

We start our work by introducing the spatial semi-discrete HDG method for the
model problem (1) in the next section. In order to actually implement the HDG
scheme, we discretize in time using a generalized Crank-Nicolson scheme [20]. The
existence and uniqueness of the resulting fully discrete scheme will be shown. In
Section 3, we prove the main optimal convergence results of the HDG method.
Indeed, for each time ¢ € [0, T'], we prove that the error of the HDG approximation to
the solution u of problem (1) in the L (0, T'; L, (£2))-norm and to the flux q := —Vu
in the L (0, T'; Ly(£2))-norm converge with order h**1 where k is the polynomial
degree and £ is the maximum diameter of the elements of the spatial mesh; see Theo-
rem 2. Some important properties of the fractional integral operator Z* are used in our
a priori error analysis. In Section 4, for quasi-uniform meshes and whenever £ > 1,
by a simple elementwise postprocessing with a computation cost that is negligible
in comparison with that of obtaining the HDG approximate solution, we obtain a
better approximation to u# converging in the Loo(0, T; L2(€2))-norm with a rate
of order \/log(T/h—z/(““))hk”; see Theorem 3. Here, we partially rely on the
superconvergence analysis of the postprocessed HDG scheme in [6, Section 5]. In
Section 5, we present some numerical tests which indicate the validity of our theoret-
ical optimal convergence rates of the HDG scheme as well as the superconvergence
rates of the postprocessed HDG scheme.

Here is a brief history of the numerical methods for problem (1) in the existing lit-
erature. For the one dimensional case, a box-type scheme based on combining order
reduction approach and an L;-discretization was considered in [32]. An explicit finite
difference (FD) method was studied in [26]. For an implicit FD scheme in time and
Legendre spectral methods, we refer the reader to [15]. An extension of this work was
considered in [14], where a time-space spectral method has been proposed and ana-
lyzed. An implicit Crank—Nicolson had been considered in [27] where the stability
of the proposed scheme was proven. Two finite difference/element approaches were
developed in [30]. Therein, the time direction was approximated by the fractional
linear multistep method and the space direction was approximated by the standard
finite element method (FEM). A compact difference scheme (fourth order in space)
was proposed in [33] for solving problem (1) but with a variable diffusion parameter.
The unconditional stability and the global convergence of the scheme were shown.
In [28], a high-order local DG (LDG) method for space discretization was studied.
Optimal convergence rates was proved.

For the two- (or three-) dimensional cases, a standard second-order central dif-
ference approximation was used in space, and, for the time stepping, two alternating
direction implicit (ADI) schemes (L1-approximation and backward Euler method)
were investigated in [31]. A fractional ADI scheme for problem (1a) in 3D was pro-
posed in [3]. Unique solvablity, unconditional stablity and convergence in H'-norm
were shown. A compact fourth order FD method (in space) with operator-splitting
techniques was considered in [10]. The Caputo derivative was evaluated by the L
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approximation, and the second order spatial derivatives were approximated by the
fourth-order, compact (implicit) FDs. In [12], the authors developed two simple fully
discrete schemes based on piecewise linear Galerkin FEMs in space and implicit
backward differences for the time discretizations. Finally, a high-order accurate
(variable) time-stepping discontinuous Petrov-Galerkin that allows low regularity
combined with standard finite elements in space was investigated recently in [20].
Stability and error analysis were rigourously studied.

2 The HDG method

This section is devoted to defining a scalar approximation u(¢) to u(t), a vector
approximation g, (¢) to the flux ¢ (¢), and a scalar approximation uj, (¢) to the trace of
u(t) on element boundaries for each time ¢ € [0, T], using a spatial HDG method.
We begin by discretizing the domain 2 by a conforming triangulation (for simplicity)
Ty made of simplexes K; we denote by 37, the set of all the boundaries d K of the
elements K of T,. We denote by &, the union of faces F of the simplexes K of the
triangulation 7y,.
Next, we introduce the discontinuous finite element spaces:

Wi = {we LX(Q): wlx € Po(K) YK €T, (52)
Vi = {v e [La)]%: vlx € [P(K)I? YK €Thl, (5b)
My = {ne L*(E): ulr € Pe(F) Y F €&y, (5¢)

where Py (K) is the space of polynomials of total degree at most k in the spatial
variable.

To describe our scheme, we rewrite (1a) as a first order system as follows: ¢ +
Vu =0and ‘D' ~%u + Vv -q = f. So, q and u satisfy: for t € (0, T},

(q.9)— W, V-¢)+(u,¢-n) =0 V¢ e H(div, Q), (6a)

(*D'u.x) = @. VIO +lg-m ) = (.0 VxeH'®. (6b)

where (v, w) = ZKen(v,w)K and (v, w) = ZKeﬁ(v, w)yg . Throughout
the paper, for any domain D in R?, by (u,v)p = / puv dx we denote the
Ly-inner product on D. However, we use instead (u,v)p for the Ly-inner
product when D is a domain of RI=1, We use || - ||p to denote the L2(D)-norm
where we drop D when D = . For vector functions v and w, the notation is
similarly defined with the integrand being the dot product v - w. For later use, the
norm and semi-norm on any Sobolev space X are denoted by || - |x and | - |x,

respectively. We also denote || - [|x0,7;v(@) by | - lIx(r)-

For each t > 0, the HDG method provides approximations u(t) € Wy, q,(t) €
Vi, and u, (1) € My of u(t), q(t), and the trace of u(t), respectively. These are
determined by requiring that

(qp.r) — Up, V-r)+ (Up,r-n) =0, VreV, (7a)
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(D' un, w) = (@ V) + @, -mow) = (frw), Ywe W ()

(Un, oo = (8. waq, Y e M, (7o
@, -n. 1) — (@, -n, o =0, YueM, (7d)

and take the numerical trace for the flux as
4, =4y + 7 (up —up)n on Ty, (7e)

for some nonnegative stabilization function 7 defined on 97,; we assume that, for
each element K € 7T, t|yk is constant on each of its faces. At = 0, u,(0) € Wy,
approximates the initial solution u.

The first two equations are inspired by the weak form of the fractional differential
equations satisfied by the exact solution, Eq. 6a. The form of the numerical trace
given by Eq. 7d allows us to express (i1, 45, ) elementwise in terms of %y, and f
by using Egs. 7a, 7b and 7e. Then, the numerical trace uj, is determined by as the
solution of the transmission condition (7d), which enforces the single-valuedness of
the normal component of the numerical trace q),, and the boundary condition (7¢).
Thus, the only globally-coupled degrees of freedom are those of u},.

In our experiments, to implement our spatial semi-discrete HDG scheme (7), we
use for simplicity a generalized Crank-Nicolson (CN) scheme for time discretiza-
tion, see [20]. Formally, the CN scheme is second-order accurate provided that the
continuous solution is sufficiently regular. To this end, we introduce a uniform par-
tition of the time interval [0, T'] given by the points: t; = i§ fori =0, --- , N, with

= T/N being the time-step size. We take § to be sufficiently small so that the
spatial discretizations errors are dominant.

~The time-stepping CN combined with the HDG method provides approximations
uh e Wy, qh € Vh, and ' e My, of u(tj), q(t;), and the trace of u(z;), respectively,
forj=1,---,N. Startmg from u2 = u;(0) =~ ug, and with appropriate choices of
q2 and ii?l, our fully discrete scheme is defined by:

1

(a7 r) @ v @ rm =0, Ve,

1

2 ~J 2 _ j_l

Vw )—I—(qh n,w) = (f 2,w), Vwe W, (8)
@, Woo = (g, waa, Yue My,

@ -n, ) — (@ -n pm)ag =0, Vu €M,

ettty w) — (a1

o . . S
where f/72 = %(f(tj,l) + f(@)), qil = q;l 4+t (uil - uil)n on a7},

tj t
jaﬁh(tj)zv/. /a)a(t—s)ﬁh(s)dsdt,
l‘j,] 0

1

with 7, (s) 1= 6~ l(uh "—1) fors € (ti_1,4), q; * = 3(q} + ¢} "), and the

functions “2 : ii;, 2 ,and ¢ q 2 are similarly defined.

Foreach1 < j < N Eq. 8 amounts to a square linear system. Thus the existence
of the CN HDG solution follows from its uniqueness. We prove the uniqueness by
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induction hypothesis on j. We let f i _%(for 1 <i < j)and g be identically zero in
Eq. 8, we assume that (uz, q;l,ifh) = (0,0,0) for 1 <i < j — 1 and the task is to
show that this holds true for i = j. To do so, choose r = q‘,i, w = u;;, n = ’q\;l ‘n
and u| = ﬁ,ﬁ in Eq. 8 and then simplify, yield

lagl? = (). v-a}) + (@) ) -m) = 0,
2(Fattntt)up) = (af, Vuh) + @) - mouf) = 0,
@) -n.@) = 0.
Since (“;w V~q£) = (ui, q{; -n) — (q{;, Vu{;), adding the above equations give
27T, uf) + g} + @, — ). (a] =) -m) = 0.

Hence, by the induction hypothesis and the identity <qil — fji) ‘n=rt (uljl — ﬁ;l)
on 97, we notes that

lj . . .
2 /0 Tun(), un () dt + gy 1> + V7@, — up)llz =0,

and therefore, the use of the coercivity property of Z%, Eq. 9, completes the proof.

3 Error estimates
In this section, we carry our a priori error analysis of the HDG method. First, we

state the coercivity and continuity properties of Z% [24, Lemma 3.1] that will be used
throughout the paper: with ¢y := cos(%"),

T T
[ Z%v(), v(t))dr > Ca/ IZ2v(0))?dt  for v e CO,T; Ly(Q), (9)
0 0
and for v, w € C(0, T; L,(£2)), we have
T T 1
2)/ (v,I“w)dt‘ sf (—Z(U,Iav)—i-(w,zaw)) di . (10)
0 0 \Cy
We also use the following integral inequality [6, Lemma 4]:

Lemma 1 Foranyt > 0, suppose that E%(t) < A(t) + 2f0t B(s) E(s)ds, for some
nonnegative functions A and B. Then,

T
E(T) < max Al/z(t)+f B(s)ds forany T > 0.
1€(0,7) 0

Next, we define the projections which play the comparison function role in
the error analysis. For each ¢+ € (0, T], we assume that q(z) € [Hl(’ﬁl)]d and
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u(t) € H'(Ty), where H'(Ty) = [ 7, H'(K), the projections ITyq () € Vj and
ITyu(t) € Wy, are defined by: on each simplex K € 7}, and for all faces F of K,

(Ilyq (1), v)x = (), V), (11a)
(Iyu(t), wyg = (u(t), wk, (11b)
(Myq(t) - n+ tllyu(t), p)r = (q(t) -n+7u®), u)r, (11c)

foral v € [Pr_1(K)¢, w € Pr_1(K) and € Pr(F). This projection introduced
in [5] to study HDG methods for the steady-state diffusion problem and also used in
the error analyses of HDG methods for classical diffusion [1] as well as for fractional
subdiffusion [6] problems. As mentioned in [5], the projection IT, depends not only
on q, but rather on both q and u. Similarly for the projection 77y . Hence the notations
IT, and I1,, are somewhat misleading but convenient.
Its approximation properties are described in the following result.

Theorem 1 ([5]) Suppose t|yk is nonnegative and tmdx :=max t|gx > 0. Then the
system (11) is uniquely solvable for Ilyq and ITyu. F urthermore, there is a constant
C independent of K and t such that for each t € (0, T],

A

leg@llx = CHE (190 gao ) + T 10O ey )-
ek < Ch§<+1(|u<r)|m+.(,<) +1V- q(r>|Hk(K>/r;;“‘X),

where eq = Il,q — q, ey := Ilyu — u, and hg is the diameter of the spatial mesh
element K. Here t;} ‘= max t|yk\r*, where F* is a face of K at which t|yg is
maximum.

Note that the approximation error of the projection is of order k + 1 provided that
the stabilization function is such that both 7z and 1/7g"** are uniformly bounded and
the exact solution is sufficiently regular.

Thus, the main task now is to estimate the terms ¢, := Ilyu—uy and eq := qu —
q,,- For convenience, we further introduce the following notations: ez := Pyu — uj,
and €5 := Pyq — ¢, where Py denotes the L?-orthogonal projection onto My,
and P um denotes the vector-valued projection each of whose components are equal to
Pyy. For later use, for each t € (0, T'], Eq. 11c is equivalent to

(Iyq(t) -n+ tllyu(t) — Pu(q(t) -n) — tPyu(t), p)r Vi € Pr(F).
Since IIyq(t) - n + tllyu(t) — Py (q(t) - n) — t Pyu(t) € Pr(F),
Iyq(t)-n+ tllyu(t) — Py(q(t) -n) — tPyu(t) =0 foreach r € (0,7]. (13)

The projection of the errors satisfy the equations stated in the next lemma.
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Lemma 2 For eacht > 0, we have

(€q. 1) — (eu, V-1) + (eq, 7 -n) = (eq. 1), VreV, (14a)

(T, w) — (&g, Vw) + (€5 -n, w) = (I%,, w), Yw e W, (14b)

(em, o =0, YueM, (14c)
(eg-n,n) — (e -n,u)pq =0, YueM, (14d)

and we also have
eg-n:=¢gg-n+1(g —ep) ondTy. (14e)

Proof From (6), we recall that ¢ and u satisfy the equations
(q.r)— ., V-r)+(u,r-n) =0 VreV,,
T, w) — (g, Vw) + (g -n,w) = (fw) YweW,.

By the equalities ¢ = IlIyq — ¢4 and u = Ilyu — e,, the fact that Py is the
L% —projection into M}, and (11), we get

(qu,r)—(M,V'r)+<PMu,r'")Z(eq,r),
(Z%(Iyu)', w) — (g, Vw) + (Myq - n + t(ITyu — Pyu), w) = (f +I%,, w),

Vr € V,andVw € Wy, given that, for each element K € 7}, 7 is constant on each
face F of K. Hence, by Eq. 11a and Eq. 11b, we observe that

(Ilyq,r) — Ulyu,V -r) + (Pyu,r -n) = (eq,r), YreV, (16
(Z* (Iyu)', w) — (yq, Vw) + (IIyq - n + t(ITyu — Pyu), w)
=(f +I%,w), YweW,. (17)

Subtracting the Eqs. 7a and 7b from Eqs. 16 and 17, respectively, we obtain
Egs. 14a and 14b, respectively. The Eq. 14c follows directly from Eqgs. 7c and 1b
By the definition of €5 and since Py is the L?-projection into M, we have

(eg-n, ) — (e -n, o= ((Puq—qy) -n,u) —((Puq —qy) - n, 1)io
=((g—qp) -n,pn) —((qg—q - n, 1

=Ug-n,un)—(q-n wol—[(q, n pn —(q, n unsel=0

where in the last equality we used that ¢ is in H(div, 2) and Eq. 7d. Thus, the identity
(14d) holds. For the proof of Eq. 14e,

eg-n = Py(qg-n)—(q;, n+7t @y —up) by (7e),
= (IIyq -n +t (Iyu — Pyu)) — (g, -n + 7 (up —up)) by (13),

=eq-n+rt(e, —éen). O]
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Lemma 3 Let Sy := ||/T(eu — €a)lla7;- For T > 0,
/0 (T%),. €)) dt + lleg(DI* + SE(T) < lleg(O)|* + S7(0)

1 T T
+ —2/ (I“e;,e;)dt+2/ (e;,eq)dt.
Cy JO 0

Proof Since (g, V-r) = —(Vey, r) + (¢,, r.n), Eq. 14a can be rewritten as:
(eq.r) + (Vey,r) + (g — &y, r -m) = (eq, 1) .
A time differentiation of both sides yields,

(e;, r) + (Va;, r) + (e — &), r-n)= (e;,r) .
Setting r = &4 and choosing w = ¢, in Eq. 14b, we observe that
(5':17 3«1) + (Ve &q) + (e — €. 8q - 1) = ( €g> ‘1) ’
(Z%,., ¢€,) — (eq. VE,) + (€5 -n, &) = (I%,,. €),) .

. . . . , _1d 2 .
Combining the above two equations and using (e €q) = 7 7;ll€qll*, we obtain

(2% &) + EEneqn + 9 = (T, ) + () €q) - (18)

where

YUn = (e; — €, €q - N) + (€5 -0, €),) .
A time differentiation of Eq. 14c followed by choosing 1 = &5 - n and then using
Eq. 14d yields (€5 - n, e%)aq = (€5 - n, ;) = 0. Thus, by Eq. 14e,

1d
YUn = (65 — €, (6q — €5) - n) = (T(e, — &5), (64 — €7)) = h(t) (19)

Now, integrating Eq. 18 over the time interval [0, 7] and using Eq. 19, we get

o 1 Td 2 2 _ r o ) T /
(I e €A1+ | —|llegll” + S| dt = | (T%,, &) dt + | (e, eq)dt.
2 Jo dt 0 0

Therefore,

T
2/0 (T%),. &) dt + |leq(D)|I* + S;(T)

T
=||eq(o)||2+s,3(0)+2/ (I“e;,su)dtjtzfo (e;,eq)dt. (20)

An application of the continuity property of the fractional derivative operator Z¢,
Eq. 10, yields

1 [T T
2‘/ (e e)) dt‘fc_zfo (1%, &) dt—i—/o (T, 1) d.
o

Finally, inserting this in Eq. 20 and simplifying completes the proof. O
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Next, we show the main error bounds of the HDG method. For the remaining part
of the paper, we choose uy (0) = Ilyug and so, ¢,(0) = 0.

Theorem 2 Assume that u € C'(0, T; H**'(Q)) and ¢ € C'(0, T; H*t1(Q)).
Assume also that t§ and 1/t¢™* are bounded by C. Then we have that

Il — up) (D] + (g — g)(D < Ci(1+ T)hEF,

The constant Cy only depends on G, a, |lullcigx+1y, and on ||q |1 (HK 1)

Proof From the decompositions: u — u, = &, — e, and ¢ — q;, = €q — ¢4, and the
error projection in Theorem 1, we have

I = un)(D) + /(g = g,)(D)| < CLET + [len (T) ] + lleg(T)] -

The task now is to estimate ||&,(T)|| and ||eq(T)]|. From Lemma 3, for t > 0, we
have E2(1) < A(t) +2 [y B(s) E(s) ds where

1
A(t) = ||sq(0)||2 + S,%(O) + c_2/ (I"‘e;, eu)ds B(@) := ||e;(t)||,

, %
E() = (||eq(t)||2+/0(Z“e;,a;)ds)

Thus, an application of the integral inequality in Lemma 1, yields

T
E(T) < max A%(t)+f B(s)ds forany T > 0.
1€(0,T) 0

Hence,

T
||eq<T)||2+f0 (I%,,.e,)ds < C <||eq<0>||2+s,%(0)

T
[ (G + T||e:,||2)ds) Neld
0 ‘Cq

However, since ¢, (1) = és; (s)ds =T'"3(Z3 e),)(t) because ¢, (0), by the Cauchy-
Schwarz inequality and the coercivity property of the operator Z%, Eq. 9,

: . 2
eI < ([ g0 = It 0)1ds)

t t
/w%_g(s)ds/ IZ2 € (s)|? ds
0 2 0

tl—ot
T —a)r2<1 By

: (l—a)FZ(l_ )Ca/(I 8u’8 )dS

IA

t
/ IZZel,(5)II* ds
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Therefore, combining Eq. 21 with the above bound, and apply Theorem 1 for the
time derivative error projections e, and e, we obtain

lea®I? + lew®I? = CF(1+T7(lleqO)I + 7O +42+2).

To complete the proof, we need to bound ||&4(0) I + S}ZI 0).
Since (g4, V-r) = —(Vey, r) + (g4, r.n), setting r = eq in Eq. 14a and w = ¢,
in Eq. 14b yield

leqll” + (Veu, eq) + (67 — €us €q - 1) = (eq. €q),
(Z%¢),, eu) — (eq, Veu) + (€5 -1, &4) = (I%,, €4) -
Adding the above equations, and using (&5 - n, &;) = 0 (this follows by choosing
u = &5 -ninEq. 14c and 4 = & in Eq. 14d) and (14e), we obtain
(Z%,, eu) + leqll* + S7 = (T%€, eu) + (eq. &q) -

Now, integrating over the time interval [0, ], observing that

t t
/ (Z%,, €4) ds =/ (Dl_“Su,Eu) ds >0,
0 0

(in the first equality we used ¢,(0) = 0 and the last inequality follows from the
nonnegativity property of the Riemann—Liouville fractional derivative operator D!~
see [16, Section 2]) and using the inequality (eq4, £q) < %Ileq 1%+ %I|€q||2, we get

1 t 1
/ [ lleqll® + S21ds< / 1T, lleull + ~lleq]?) ds.
0o 2 0 2

Therefore, by the mean value theorem for integrals, there exist t*, f € (0, ¢) such that
z(1||sq(z*)||2+ S,%(z*)) < t(||8u(f)|| max 7% ()]l + ~ max ||eq(s)||2>.
2 - 5€(0,1) “ 2 se(0,1)

Finally, dividing by ¢, taking the limit when ¢ goes to zero, and using again the fact
that £,(0) = 0, we observe that |leq(0)[I> + S2(0) < [leg(0)[|> < C1h%**2 by the
error estimate of e4 given in Theorem 1. The proof is now complete. O

4 Superconvergence and post-processing

In this section, we seek a better approximation to u by means of an element-by-
element postprocessing. We begin by describing such approximation, then we show
how to get our superconvergence result by a duality argument.

Following [1, 11], for each ¢ € [0, T'], we define the postprocessed HDG solution
ujy (t) € Pry1(K) to u(t) for each simplex K € 7j, as follows:

Wy @), D = un(®), Dk (22a)
(Vup (), Vw)g = —(gq,,(1), Vw)g Yw e Pry1(K). (22b)

Since (22) amounts to a square linear system (for each fixed ¢ € (0, T']), the existence
of the postprocessed HDG solution follows from its uniqueness. To this end, we let
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up(t) and g, (¢) to be identically zero in (22). The task is to show that u} (#) = 0 for
eacht € (0, T]. We choose w = uj,(¢) in Eq. 22b and observe that uj (¢) is equal to
a constant cg on K. Hence, by Eq. 22a, it is easy to see that cog = 0.

For showing the superconvergence property of u}, splitting the postprocessed error
as:u —uy = (u — Pryu) + Po¢ + (& — Po¢) where & = Pyyqju — uj and Py (for
£ > 0) be the L?(2)-projection into the space of functions which are polynomials of
total degree < ¢ on each element K € 7j. Hence, by the triangle inequality and the
error properties of the projection Py,

lu — wjll < C B2 ul oo ) + I1PoS Ik + CRIVE |k - (23)
By the definition of u} , Eqs. 22a and 22b, and the definition of the projection operator
I1y, Eq. 11b, we have

IPoc % = (Pegiu — up, Pol)k = (Pegrut — u, Pol)k + (Posu, Pol)k

IVElk = (VPeyiu+ g5, VO = (V(Pipiu —u), VO k — (q — g4, VOK -

We combine the above three equations and then we apply the Cauchy-Schwarz and
simplify to observe that

e — )Tk < C R u(T) s iy +1Poeu (M k +C R II@—g) (Dl - (24)

The main task now is to show that the term ||Pye,(T)|| is of order O(h*t2).
Then the postprocessed approximation uj would converge faster than the original

approximation uj. Noting that || Ppe,(T)| = SUPeec (@) W. To estimate
the expression (Pye,(T), ®), we use the traditional duality approach by using the
solution of the dual problem

®+VY =0and T*¥) - V- & =0 onQ x (0, 7), (25)

with ¥ =00n dQ x (0, T) and ¥ (T) = O on 2, where Z** is the adjoint operator
of 7% defined by [23]:

T
Iy () = / wo(s — )Y (s)ds .
t
Integrating (Z**¥)’ — v - @ = 0 over the time interval (¢, T'), we obtain
T
T** W (1) +f V- -®(s)ds =0. (26)
'

We define now the adjoint D** of the Riemann-Liouville fractional derivative
operator D*(see (4) for the definition of D%) as follows [23]: for ¢ € (0, T),

9 T
D**u(t) = _5/‘ wl—o(s —1)v(s)ds foranyv e C (0, T).
t
Since ftqa)o, (s — 1) w1—q(g — s)ds = 1, it is easy to see that Z%* is the right-inverse

of D¥*, that is, D¥*(Z%*¥)(¢t) = W (t). Hence, using this after applying the operator
D** to both sides of Eq. 26, yields

T
lI/(t)—i—D"‘*(/ v.tb(q)dq) =0. 27)
t
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Howeyver, since

T P T T
D** </ v-fb(s)ds) —— | w14(s —t)f V-®P(q)dgds
t s

a [T q
= —= V~¢(61)/ w1—(s —t)dsdq
at J; t
9 T
= -3 w2—a(q —1)V-P(q)dg
tJ

T
= / W—ag(s — 1)V -P(s)ds,
t

differentiating both sides of Eq. 27 with respect to 7, yield ¥’ — vV -D**® = 0.
Therefore, an alternative formulation of the dual problem (25) is given by:

P+ V¥ =00nR2x(0,T7T), (28a)

¢ —v-D**® =00onQ x (0, 7), (28b)
Y =00ndR2x (0,7), (28¢)

YU (T) = ®on Q. (28d)

In the next lemma, an expression for the quantity (Pye,(T), @) in terms of the
errors €, £q, the projection errors ¢4 and e;,, and the solution of the dual problem
will be given. In it, I; is any interpolation operator from Lz(Q) into W, N HO1 (2),
Py is the L?-projection into W), and IT®™ is the well-known projection associated to
the lowest-order Brezzi-Douglas-Marini (BDM) space.

Lemma 4 Assume that k > 1. Then, for any T > 0,
T
(Poeu(T), ©) = / [(eq, D** (VW) — IPPMVY)
0

+(eq, D**(MBPMVY — VP, W) + (¢], — e),, PoW — 1, ¥)]dt.
Proof Since ¥ (T) = ® by Eq. 28d and ¢,(0) = 0, we have
T
(Poeu(T), ©) = /0 [((Pogw)', W) + (Pogu, ¥)]dt
T
- / [(e;,, Po¥) + (eu, PoV - D*" )] dt
0

by the definition of the L>-projection Py and by Eq. 28b.
By the commutativity property PyV- = V - IIBPM and the first error equation
(14a) with r := D**IIBPM (since k > 1), we get foreach t € (0, T,

(64, POV - D** @) = (8 V. D"*HBDM"’) ,

_ (€q7Da*HBDM¢)+(8,M\’Da*HBDM(p_n>_ (gq’Da*HBDM¢)
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_ (eq, Da*HBDMq,) _ (eq, Da*HBDM¢>
- (eq, D (—BPMyy 4 VI;,II/)) — (eq. D**(VI,¥))
_ (eq’Da*HBDM¢) .
Noting that, in the second last equality we used
(67, D" II*™@® - n) = (e, D**II*™P - 1)y =0

which follows from Eq. 14d (because D**II*™@ < H(div, 2)) and the fact that
e = 0on 02 by Eq. 14c.
But, by the error (14b) with w := D¥**(I,¥),
(eq. D (VI,W) = (T% (&}, — ¢}) . D™ (,¥)) + (e - n. D" (1, ¥)).

Now, putting together all the above intermediate steps,
T
(Poea(1).0) = [ [(eh o) + 0, D (V1) — IO
0

— (DI (e, — €},) . 1n¥) — (g5 - n, D** (I, ¥))
—(eq, D**II™ )] d1. (29)
But, (ez-n,D**"(I,¥)) = (e5-n,D**(I¥))se = 0 by Eq. 14d and the identity

I,¥ = 0 on 92 by the boundary condition of the dual problem (28c). Using this and
the identity D*(Z% (¢}, — ¢},)) = (¢, — e,)’ in Eq. 29, we observe

T
(Poeu(T), ©) :/ [(€q, DY (VI ¥ — IV )
0

—(eq, D" II*™®) + (¢, Po¥ — 1, ¥) + (e, 1,¥)]dr.

Therefore, the desired result now follows after noting that

T T
—/ (eq. D" ™) dt = f (eq. D**(II™MVY — V Py W) dt,
0 0

(by Eq. 28a, the fact that Py, is the L>-projection into Wy, and the orthogonality
property of the projection IT,, Eq. 11a) and that (¢}, [, %) = (e, ;¥ — Po¥) (by
the fact that Po¥ is constant on each element K € 7y, and the orthogonality property
of the projection [Ty, Eq. 11b). The proof is completed now. O

In the next theorem we state the superconvergence estimate of the postprocessed
HDG approximation. For the proof, we follow the derivation in [6, Section 5] step-
by-step and use Lemma 4 instead of [6, Lemma 7], and we also use the achieved
HDG error estimates in Theorem 2.

Theorem 3 Assume that u € C'(0, T; H**2(Q)) and ¢ € C'(0, T; H*t1(Q)).

Assume also that t§ and 1/t¢™ are bounded by C. Then, we have

| (u — uf)(T)|| < Cp max {1,,/1og(rh2/<a+1))} W2 for k> 1,
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where the constant C3, only depends on C, ., T, |lull ¢1(yr+2y, and on ||q |l ¢1 gr+1).-

5 Numerical experiments

In this section, we present numerical experiments devised to validate our theoretical
predictions from HDG spatial discretizations. To do so, we use the fully discrete CN
HDG scheme (8). We take the (uniform) time steps § to be sufficiently small so that
the HDG and postprocessed HDG spatial discretizations errors are dominant. This
is achieved by fixing the ratio hf% to a given number less than the unit because the
time stepping CN scheme is second-order accurate provided that the exact solution is
sufficiently regular.

We choose the spatial domain €2 to be the unit interval (0, 1) and T = 1 in (1).
We impose homogenous Dirichlet boundary conditions and choose the source term
f and the initial data u¢ so that the exact solution is u(x, ) = 3~%sin(wx) . For dif-
ferent values of «, we obtain the history of convergence of the errors || (u — up)(T)]|,
(g — q,)(T)|l and |[(u — u;)(T)| for different values of the polynomial degree,

Table 1 The errors |[(up — u)(T)|, (g, — q)(T)|| and ||(u}, — u)(T)||, and the corresponding rates of
convergence for ¢ = 0.5 with HDG solutions of degree k = 0, 1,2

N

k=0
4 5.269-01 7.899¢-01 5.048¢-01
8 3.027¢-01 0.799 4.028¢-01 0.972 2.922¢-01 0.788
16 1.616¢-01 0.905 2.025¢-01 0.992 1.566¢-01 0.899
32 8.342¢-02 0.954 1.014e-01 0.997 8.098¢-02 0.951
64 4.237¢-02 0.977 5.072¢-02 0.999 4.117¢-02 0.976
128 2.135¢-02 0.989 2.537-02 0.999 2.076¢-02 0.988

k=1

6.031-02 5.936e-02 7.401e-03

1.502¢-02 2.005 1.321e-02 2.165 8.835¢-04 3.066
16 4.144¢-03 1.858 3.487¢-03 1.924 1.142¢-04 2,951
32 1.048¢-03 1983 8.649¢-04 2,011 1.420¢-05 3.008
64 2.697¢-04 1.958 2.199¢-04 1.976 1.812¢-06 2,970

k=2

3.960e-03 4.596¢-03 8.902¢-04

5.059-04 2,969 4.868¢-04 3.239 5.497¢-05 4017
16 6.352¢-05 2.993 5.652¢-05 3.107 3.416¢-06 4.008

We observe optimal convergence of order #%*! for the errors in u;, and ¢ 1» and superconvergence rates of
order #%*2 (when k > 1) for the error from the postprocessed HDG solution uy
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Table 2 The errors |[(up — u)(T)|, (g, — q)(T)|| and ||(u}, — u)(T)||, and the corresponding rates of
convergence for « = 0.7 with HDG solutions of degree k = 0, 1,2

N
k=0
4 5.455¢-01 7.705¢-01 5.240e-01
8 3.122¢-01 0.805 3.088¢-01 9.884 3.020e-01 0.795
16 1.661e-01 0.910 1.939e-01 1.002 1.612e-01 0.905
32 8.558¢-02 0.957 9.674¢-02 1.003 8.320e-02 0.954
64 4.342¢-02 0.979 4.830e-02 1.002 4.225¢-02 0.978
128 2.187¢-02 0.989 2.413¢-02 1.001 2.128¢-02 0.989
k=1
6.081¢-02 6.005¢-02 7.898¢-03
1.501e-02 2.018 1321e-02 2.185 9.403e-04 3.070
16 4.154¢-03 1.854 3.485¢-03 1.922 1.218¢-04 2.949
32 1.048¢-03 1.987 8.434e-04 2.047 1.506¢-05 3.015
64 2.682¢-04 1.966 2.143¢-04 1.977 1.953¢-06 2.947
k=2
4.025¢-03 4.978¢-03 1.079¢-03
5.088¢-04 2,984 5.014¢-04 3312 6.698¢-05 4.010
16 6.367¢-05 2.998 5.701e-05 3.137 4.167e-06 4.007

k =0, 1, 2. To compute the spatial L>-norm, we apply a composite Gauss quadrature
rule with 4 points on each interval of the finest spatial mesh. The numerical results
(errors and convergence rates) of the experiments are presented in Tables 1 and 2. In
full agreement with our theoretical results, we obtain optimal convergence rates for
the HDG scheme and O (h**?) superconvergence rates for the postprocessed HDG
scheme.
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