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Abstract We show that any two functions which are real-valued, bounded, com-
pactly supported and whose integer translates each form a partition of unity lead to
a pair of windows generating dual Gabor frames for L?(R). In particular we show
that any such functions have families of dual windows where each member may be
written as a linear combination of integer translates of any B-spline. We introduce
functions of Hilbert-Schmidt type along with a new method which allows us to asso-
ciate to certain such functions finite families of recursively defined dual windows of
arbitrary smoothness. As a special case we show that any exponential B-spline has
finite families of dual windows, where each member may be conveniently written as
a linear combination of another exponential B-spline. Unlike results known from the
literature we avoid the usual need for the partition of unity constraint in this case.
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1 Introduction and preliminaries

It is well-known that any real-valued, bounded and compactly supported function that
satisfies the partition of unity constraint
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1102 L. H. Christiansen

D glx+k) =1, ae xel0.1], (1.1)
keZ

generates a Gabor frame, to which one can associate a dual frame generated by a
window which may be conveniently written as a simple linear combination of the
integer translates of the function g itself. See [1, 3] and [4]. We generalize this
fact by showing that any two real-valued, bounded and compactly supported func-
tions which satisfy Eq. 1.1 lead to a pair of windows generating dual Gabor frames
for L2(R). As a consequence we show that any such functions have dual windows
which may be written as a linear combination of any classical B-spline. In par-
ticular this holds for any B-spline itself. In contrast to the constructions known
from the literature we can therefore associate to any B-spline a dual window of
arbitrary finite smoothness. Only relatively few concrete examples of functions sat-
isfying Eq. 1.1 are known. The classical B-splines are one such example. However
it was recently shown by O.Christensen and P.Massopust that certain exponential
B-splines also satisfy the partition of unity constraint [4]. They used this to con-
struct pairs of dual Gabor frames for L2(R). We introduce the notion of functions
of Hilbert-Schmidt type and show that any exponential, as well as classical B-
spline can be considered as such a function allowing us to treat both cases as one.
As opposed to [1, 3] and [4] this allows us to associate to any (exponential) B-
spline a family of dual windows of Hilbert-Schimidt type which are compactly
supported and belong to CK(R), k e N. In particular we show that any (expo-
nential) B-spline has a dual window of arbitrary finite smoothness which may be
conveniently written as a linear combination of another exponential B-spline. In con-
trast to the constructions in [4] we therefore circumvent the need for the partition of
unity constraint. Other and quite different approaches which do not rely on Eq. 1.1
have been proposed by R.S Laugesen [13] and I. Kim [12]. Our approach differs
by offering a unified approach to constructing dual pairs of Gabor frames for any
exponential, as well as classical B-spline by means of functions of Hilbert-Schmidt
type.

The paper is organized as follows. In Section 2 we prove that any two real-
valued, bounded and compactly supported functions which satisfy Eq. 1.1 lead to
a pair of windows generating dual Gabor frames for L?(R). We introduce func-
tions of Hilbert-Schmidt type and establish key properties which will be needed
throughout the paper. We state sufficient conditions on a function of Hilbert-
Schmidt type to generate a Gabor frame for appropriate parameters a,b > 0.
In Section 3 we present the new method for constructing pairs of dual Gabor
frames generated by functions of Hilbert-Schmidt type. Finally in Section 4 we
apply this method to the (exponential) B-splines constructing dual pairs of Gabor
frames.

In the remaining part of this section we give a short introduction to Gabor frames.
For a, b € R we consider the translation operator (7, f)(x) = f(x — a) and mod-
ulation operator (Ep f)(x) = e27ibx £ (x), both acting on L2(R). The collection of
functions {E,;p Tya8}m.nez 1s referred to as the Gabor system generated by the func-
tion g and the parameters a, b. In particular we will consider frames having Gabor
structure:
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Pairs of dual Gabor frames generated by functions of Hilbert-Schmidt type 1103

Definition 1.1 Given g € Lz(R), a,b € R, we say that the collection of functions
{EmbTha8)m.nez 1s a Gabor frame for L?(R) if there exist constants A, B > 0, such
that

AlFIP = D Kf EmTuag)l* < BIFI ¥ f € LA(R).

n,mez

If at least the upper frame condition is satisfied {E;;, 7,48} m.nez 1s called a Bessel
sequence.

Gabor frames allow convenient representations of functions f € L?(R) similar to
those of orthonormal bases for L2(R) :

Theorem 1.2 Assume that {E.pTha8)m.nez is a Gabor frame. Then there exists a
Sfunction h € L2(R), such that

f= f EmTuah)EnpTrag. ¥ f € L*(R). (1.2)

m,ne’

It can be shown that any two Bessel sequences {E;pTna8}tm.nez and
{EmbTrah}m nez satisfying Eq. 1.2 are in fact frames. Such frames are said to be dual
frames. The function g is referred to as the generator or window function, whereas
the function 4 is called the dual generator or dual window. Gabor frames and their
dual generators have been characterized by Ron and Shen [18], resp. Janssen [11]:

Theorem 1.3 Two Bessel sequences { Eyp Ta 8} m.nezand{ Emp Tnah}m nez form dual
frames for L*(R) if and only if

> g —n/b—ka)h(x — ka) = bd, 0, a.e. x €0, al.
keZ

For more on Gabor frames and frames in general we refer to the monographs
[8, 9] and [10]. In the following we focus on Gabor frames, however we note that the
exponential B-splines have also been used in the construction of wavelets and wavelet
frames (see resp. [14] and [5]). For more on exponential B-splines and their appli-
cations to the theory of approximation and interpolation we refer to the following
extensive, however incomplete, list of references [6, 7, 15-17, 19-21].

2 Functions of Hilbert-Schmidt type

In the following we consider functions g € L%(R) which are real-valued, bounded
and compactly supported. For any N1, N> € Z we denote the set of all such functions
with supp g € [Ny, N2] by Vi, w,. By this notation we have chosen to put emphasis
on the support of the functions as it will play a key role in the construction of the
associated dual windows. In this context we will throughout the paper tacitly assume
N1 < N». Functions g € Vi, n, which satisfy Eq. 1.1 will be of special interest and
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1104 L. H. Christiansen

we define

Wni.N, =18 € VNN, | Zg(x +k)=1, ae. x €0, 1]}
keZ

It is well-known that any g € Wy, n, generates a Gabor frame and has a dual frame
generated by a window, given as a linear combination of the integer translates of the
function itself. See [1, 3]. The following theorem generalizes this fact stating that any
two functions g € Wy, v, and L € Wy, o, give rise to a pair of windows generating
dual Gabor frames for LZ(R).

Theorem 2.1 Let N1, N>, Q1,02 € Z. Let g € Wy, N, and L € Wg, o,. Let

b G]O, m] and define
No—(Q1+1)
h(x)=b Y = Llx—j). xeR.
J=N1—(Q2—-1)

Then h is compactly supported and the functions g,h generate dual frames
{EwwTjg}e, jez and {EgyTih}e, jez for LA(R).

Proof By assumption g, L are real-valued, bounded and compactly supported
functions. The same is therefore also true for the function A. It follows that g, & gen-
erate Bessel sequences {E¢,T;g}e jez and {E¢pTjh}e jez. By Theorem 1.3 it will
therefore suffice to prove that

Zg(x—j/b—k)h(x—k):béj,o, a.e.x €[0,1]. 2.1)
keZ
By assumption g is compactly supported with supp g S [Ny, N2]. We therefore see
that Eq. 2.1 is satisfied for all j # 0 whenever }7 >Ny—Ni1+0r— Q01— 1.
Let j = 0. By assumption L satisfies Eq. 1.1. Furthermore since
supp L C [Q1, Q»] it follows that for a.e. y € [N, N>] we have

No—(Q1+D)
YLy-hH= Y Le-pH=L
JEZ J=N1—(Q2—1)

Let x € [0, 1]. By the compact support of g we only obtain non-zero contributions to
the sum Eq. 2.1 whenever x 4+ k € [N, N»]. We therefore see that

Nr—(Q1+1)
Zg(x —kh(x —k) = Zg(x-l—k) b Z Lx+k—j)
keZ keZ j=N1—(02—-1)
Nr—(Q1+1)
=bY gx+k) Y Lx+kl—j)
keZ J=N1—(Q2-1)
=bY gx+k =b.

keZ
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Pairs of dual Gabor frames generated by functions of Hilbert-Schmidt type 1105

As an immediate consequence of Theorem 2.1 simple linear combinations of
a fixed function L € Wy, g, act as dual generators for all other functions g €
Wy, Ny, Ni, Na € Z. In particular we can associate to any such function g a family
of dual windows where each member is given as a linear combination of the integer
translates of a classical B-spline

Byu+1 = By * B, B1 = 0,11, m € N.

Corollary 2.2 Let N\, Ny € Z and g € Wy, n,. Let m € N and let B,, denote the

classical B-spline of order m. Let b,, €]0, m] and define
Ny—1
hw(x) =by Y Bu(x—j), meN.
j=Ni—(m-1)

For each m € N the functions g, h,, generate dual frames {Eyp, Tjg}e, jez and
{Eb, Tihm)e. jez for L*(R).

In particular the result of Corollary 2.2 holds for any B-spline itself. In contrast to
the constructions known from the literature, we may for any B-spline B,,, m € N,
construct a dual window of arbitrary finite smoothness given as a linear combination
of (possibly) another B-spline.

Example 2.3 We consider the classical B-spline

X, x e [0, 1]
B(x)=132—-x, xell,2]
0, x ¢ [0, 2].

Let b,, €]0, m+_1]. By Corollary 2.2 we can associate to B; the dual windows

Nr—1
hw(x) =by Y Bulx—j), meN. (2.2)
Jj=N1—(m—1)

In other words B, is a common dual generator for all functions (2.2). Since B, €
C" 2(R) for all m € N it follows that we can make these dual windows arbitrarily
smooth by considering sufficiently large m € N.

The result of Corollary 2.2 suffers one major insufficiency. As the smoothness
of the dual window increases so does its support and the domain of the modulation

parameter b becomes smaller. The following lemma resolves this issue.

Lemma 2.4 Let N, N> € Z and K € Wy, n,. Define

1
g(x) == /0 K(x—y)fOdy, x €R, 23)
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1106 L. H. Christiansen

for some f € V.1 such that fol f(y)dy = C. Then the following hold

(i)  The function g belongs to Vy, n,+1. If C =1 then g belongs to Wi, N,+1.
(ii) Letk e NU{oo}. If f e Vo1 N CK(R) then g belongs to Ck(]R).

Proof We begin by proving (i). By definition the functions K and f are both real-
valued. Thus g is real-valued. Furthermore by the compact support of K we see that
supp K(-—y) € [Ny, N+ 1], V y € [0, 1]. Thus whenever x > N> + 1 orx < Nj
we have K(x —y) =0, V y € [0, 1] and we therefore see that

1
g(x):/o Kx—y)f(y)dy =0, Yx e€]—o00, NI [U]N + 1, o0l.

Using the support of g we have

sup|g(x)| = sup
xeR X€[Ny,N2+1]

1
/O K(x —y)f(y)dy

1
< ap |K<x—y>|</ f<y>|dy>,
(x,y)el x[0,1] 0

and we conclude that g is bounded. Assuming that C = 1 we now show that g
satisfies Eq. 1.1. The function K is assumed to satisfy Eq. 1.1. Hence

1 1
Zg<x+k)=/0 ZK<x—y+k>f<y>dy=fo Fdy = 1.

keZ keZ

This proves (i). We now prove (ii). Let k € NU{oo} and assume that f € C*(R). Let
xo € R and let {x,} be any sequence converging to xo. By the mean-value theorem

'f(xn —y) — fxo
Xp — X0

—y)
Y ’|K(y)|ssup
xeR

d
%(x—y)' [K(»)]=CIK(y)| <oo, VyeR.

Since K is compactly supported it follows that CK (-) € L L(R). By the dominated
convergence theorem we therefore obtain

lim [f(xn—y)—f(xo—y)]K(y)dy
n—00 Xp — X0
— [ Jim [ L= D2 0= gty — [ /0 - K 0.

Noting that g(x) = (K * f)(x) = (f * K)(x), we conclude that
g'(x0) = [ f'(xo — y)K (y)dy. The general result follows by induction. O

By Lemma 2.4 we see that functions of the type (2.3) provide a convenient way
of constructing numerous new examples of compactly supported functions satisfying
Eq. 1.1. Furthermore by an appropriate choice of the function f € Vp 1 we may
control the smoothness properties of the function g independently of the associated
kernel K, avoiding the issue of increased support.

Example 2.5 Let k € N and consider the function

S =y A =y x01(0), v eR.
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Pairs of dual Gabor frames generated by functions of Hilbert-Schmidt type 1107

Then f; belongs to CK~1(R). Let Cy := fol Jk(y)dy and K := x|0,1]- Now define

1 1
gk(x) = C—/ K(x —y) fi(y)dy, x e R.
kJO

By Lemma 2.4 it follows that g; € C¥~!(R). Furthermore g; satisfies Eq. 1.1 and is
compactly supported in / = [0, 2]. In the concrete case k = 3 we have

—20x7 +70x6 — 84x5 + 35x4, x €[0, 1]
g3(x) = 1 20x7 — 210x°® + 924x5 — 2205x* 4 3080x3 — 2520x2 4+ 1120x — 20x, x € [1,2]
0, x ¢ [1,2].

Let B, denote the classical B-spline of order 2. Let £ € N and consider
fe(x) = sin(x) xj0,1(0).
We see that f( e C1(R), ¢ e N. Let 6@ = fol sin(ny)edy and define

1 5 1
Li(x) = = (By % f)(x) = f By(x — y)sin(my)‘dy.
C@ 0

In the concrete case of £ = 2 we have
2 2

%cos(nx) n—zl+(nx) i x e[0, 1]

1 n2(2x2—6x+3)—2i-2 cos(nx)z—Z’ xe[l,2]

L =
2(x) 2(x276x41)+égqnx)z+9n2 x € 2.3]

1z
2 ]'[2
0, x ¢ [0, 3].

By Lemma 2.4 we have for each £ € N that L € CtI(R), supp L < [0, 3] and
L satisfies Eq. 1.1. By Theorem 2.2 it follows that for any b €]0, JT] the functions

1
gr and hy defined by hy(x) = b Z Lr(x — j), x € R generate frame pairs
j==2
{EmbTn&}mnez and {Epp Tyh}m nez, for L*(R).
Motivated by Lemma 2.4 we will consider functions of the type (2.3) in more
detail. We refer to these as functions of Hilbert-Schmidt type or simply functions of

type HS.

Definition 2.6 Let N1, N € Z and K € Vy, n,. A function g is of Hilbert-Schmidt
type if it has a representation of the form

1
g(x) = fo K= ) fO)dy, 2.4)
for some real-valued function f € Vj ;.
We note that the (exponential) B-splines

5m,a = Cm—1,a * eam(‘)X[O,l]’ El,a = eal(.)X[O,l]a
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1108 L. H. Christiansen

where a = (aj, as, ..., a) is some m-tuple of real numbers, are functions of type
HS. Indeed by repeated use of Lemma 2.4 each member of the recursively defined
family

1
on(x) = fo Gt (= N fady, n €N, go¥) = K(x), (25

is a function of type HS. Also, by appropriate choices of the functions f,; and
the kernel K in Eq. 2.5, the result of Lemma 2.4 ensures that each member g,
satisfies Eq. 1.1 and that g, can be made arbitrarily smooth. Further the proof of
Lemma 2.4 implies that any function of type HS is bounded and compactly sup-
ported. Any such function g will generate a Bessel sequence {E,;, 7,48} m.nez, for
any choices of a, b > 0. We now state a sufficient condition on the kernel K such
that g for appropriate parameters a, b > 0 generates a frame {EppTha8}m nez for
L2(R).

Proposition 2.7 Let N, N> € Z and K € Vy, n,.

Let (a, b) €]0, Ny — N1 + 1[x]0, m] and assume that K is continuous and
strictly positive on the open interval I =]N1, N;[. Choose f € Vy 1 such that f(y) >
0, Vy €]0, 1[. Now define g by Eq. 2.4. Then g is a function of Hilbert-Schimidt
type and generates a frame {E;,p T8 m.nez. for L2(R).

Proof Since g € L*(R) is the convolution of K, f € L' (R) it follows that g is con-
tinuous on R. By Lemma 2.4 supp g € [Ny, N2 + 1]. Thus by Theorem 9.1.5 in [2]
it suffices to prove that g(x) > 0, V x €]Ny, N + 1[. Consider x €]Ny, No + 1[.
Then there exists at least one yg €]0, 1[ such that x — yp €]Ny, Na[. By assumption
this implies that € := K (x — y9) > 0. By continuity of K on the open interval /=
[N1, N2][, it follows that there exists a §; > 0 such that |[K (x —y) — K (x — yp)| < €,
whenever|y — yo| < §;1. Since yg €]0, 1[ there exists a §o > 0 such that
|yo + h €]0, 1[, V |h| < 7. Let 6 = min(81, §2). When |y — yo| < & it now fol-
lows that |K(x — y) — K(x — y9)| < €. We therefore conclude that K (x — y) > 0,
Yy €]yo—3, yo+3[<Z [0, 1]. Since K is non-negative and f is strictly positive on the in-
terval I =]0, 1[ it follows that g(x) = fOIK(x—y)f(y)dy > OVx €]Ny, Np+1[. O

By Proposition 2.7 we may construct families {g,},eny of functions of
type HS by Eq. 2.5, such that each member generates a Gabor frame
for L?>(R). In particular any (exponential) B-spline €y, of order N €
N is covered by the proposition, which follows since any such spline is
given recursively by Eq. 2.5, where f, = e[ 1), for some N-tuple
a=(ay,a,...,an).

3 Pairs of dual Gabor frames generated by functions of Hilbert-Schmidt type

By Lemma 2.4 any (exponential) B-spline of the form

Em,a = X[0,1] * eal(‘))([oyl] * euZOX[o.]] * ...k ea”’('))([o,l], meN, a eRViefl,.. m}
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Pairs of dual Gabor frames generated by functions of Hilbert-Schmidt type 1109

satisfies the partition of unity constraint (up to a multiplicative constant). By virtue
of this property one knows how to construct dual generators. See [1, 3] and [4]. The
result of Lemma 2.4 explains why such B-splines satisfy Eq. 1.1 directly in terms
of the kernel K (x) := xjo,11(x), x € R. It therefore seems reasonable to presume
that the dual properties of functions of type HS are related to the properties of their
kernels and not directly to Eq. 1.1 in itself.

The following is dedicated to formalize this idea in the general setting of functions
of type HS. Preliminary and technical results are presented in Lemmas 3.1-3.3 and
Proposition 3.4, composing the building blocks of the main result (Theorem 3.5). The
theorem allows us to construct dual windows of arbitrary finite smoothness associ-
ated with certain functions of type HS, including any exponential, as well as classical
B-spline. In the case of exponential B-splines we therefore avoid the usual need of
Eq. 1.1.

Lemma 3.1 Let Ny, N2, Q1, Q2 € Z. Let K € Wy, y, and L € Wg, ,. Let M €
N,a e Rand F(x) ;= e %, G(x) :=e*, x € R.
1
Let {fn}”;’lzl, fn € Vo1 be such that/ FO)fady =1, Vn € {1, ..., M} and
0
define

n—1

Faw= [ For s [T Fonay,

j=1

K(x,y) :==G(x —yK(x—y), x,y€R.
No+M—(Q1+1)
Lx,2):=F(x—2) Z L(x —z—1)), x,z€R.
J=N1—-M—(0>-1)
Then the following hold
(i) ZK(x +k,y)L(x+k,z) = F(y)G(2), a.e. x €[0,1], y,z € [0, M].
keZ

1~ ~
(ii) /0 Fu(yn) f(yn)dyn =1, Vn ef{l, ..., M}.

Proof We begin by proving (i). By assumption we have supp L C [Q1, O2]. Com-
bined with the partition of unity property it follows that fora.e. y e [N1—M, N>+ M]
we have

No+M—(Q1+1)

DLy - = Y. Le-pH=1 3.1)

JEL J=N1—M—(Q2—1)
By assumption we have supp K < [Ny, Na].

Since |[x —z+k)—(x—y+k)|=|y—z| <M,
it follows that if x + k — y € [Ny, N3], thenx +k —z € [Ny — M, N, + M].
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1110 L. H. Christiansen

By the partition of unity property and Eq. 3.1 we see that

ZK(x +k, Y)L(x +k,z)

keZ
No+M—(Q1+1)
=Y VK (x +k — y)e 0t > L(x +k—z]—j)
keZ J=N1—M—(Q2-1)

No+M—(Q1+1)

e Y Kekk—y) Y Lr+k—2- )

keZ j=N1—-M—-(0>-1)
=e Ve Z K(x —yl+k)=e e, ae. x€[0,1], y,z €[0, M].
keZ

This proves (i). We now prove (ii). By assumption
fole_“yfn(y)dy =1, Vnel{l,.. M}. We therefore see that

1 1 n—1
[ Eondiondy = [T\ [ Fove et s [T 00dy, | Fiomdy,
(0,11~ o
j=1
n ~
= /[01] Fu+ ..+ y) [ fiondy;
j=1
n
:/ g—a(y1+...+yn)Hfj(yj)dyj
(0,11 il

n
/ 1...6_“y"1_[]gj(yj)dyj
[0, 1]”

j=1

A=)

O

For any fixed M € N we now consider families {g,,}n 1 }n 1» of the type
(2.5). Our goal is to show that dual properties of members g,, h,, are related to their
initial kernels. More precisely we set out to find sufficient conditions on the initial
kernels to ensure that any member of the famlly {hn }M , will act as a common dual
generator for each function g,, n € {1, ..., M} and vice versa.

Lemma 3.2 Let M € N and Ny, Ny € Z. Let g, h be functions of Hilbert-Schmidt
type. Let K € Vy, N, and L € Vi, u, denote their respective kernels and f, g the
associated Vy 1 functions, where

Mi=N—-M—-0Q0+1, My=N+M+ Q0 —1,

for some Q € N. Let b €]0 W] and F, G € V1. Assume that

* N,
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Pairs of dual Gabor frames generated by functions of Hilbert-Schmidt type 1111

(i) ZK(x +k,YL(x+k,z) =bF(y)G(2), a.e.x €[0,1], y,z € [0, M].
keZ

(i) [ F)fdy = [} G@E()dz = 1.

Then the functions g, h generate dual frames {E¢pTjg}e jez and {EepTjh}e, jez for
L2(R).

Proof By construction g, & are real-valued, bounded and compactly supported func-
tions. It follows that {E¢T;g}e jez and {EgpTjh}e jez are Bessel sequences. By
Theorem 1.3 these sequences form pairs of dual frames if and only if

> glx —j/b—kh(x —k) = bSj, a.e. x €0, 1]. (3.2)
keZ

Let j # 0. By construction we have supp g € [Ny, N> + 1] and

supp h S [Ny —M — QO+ 1, N, + M + Q]. We therefore see that Eq. 3.2 is satisfied
whenever }) > Np—N1+M+ Q.Let j =0. Since g, h are compactly supported we
can interchange the order of summation and integration in Eq. 3.2. We thereby obtain

1 1
Y g+ bhx k) =) (fo K(x +k, y)f(y)dy) </O L(x +k, z)g(z)dz)

keZ keZ
1l
= Z/ / K(x +k,y)L(x +k,2) f(y)g(z)dydz (3.3)
kez’0 70
1l .
= [ / (Z K(x +k, y)L(x +k, z)) F»ME@)dydz.
070 \kez

Combining Eq. 3.3 with assumptions (i) and (i7) it follows that for
a.e. x € [0, 1] we have

1 . 1
S g+ bh(x+K) = b ( | F(y)f(y)dy> ( | G(z>§<z>dz) .
keZ 0 0

O

We now provide a convenient way of constructing families of functions of type
HS satisfying Lemma 3.2(i):

Lemma 3.3 Let M € N and N1, Ny € Z. Let go € Vn,,n, and ho € Vi, m, satisfy
the conditions of Lemma 3.2 with b > 0. Forn € {1, ..., M} define

1

1
gn(x)=/0 gn_1(x — ¥) fu(0)dy, hn(X)=/O hp—1(x — 2)8n(2)dz, (3.4)
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for some fn, 8n € Vo1 and let

n—1
Fn(yn) = /O . F(y1+...+yn)1_[f}(yj)dij Gn(zn)
[0,1]"= i
j=1
n—1
= / 1 G(Zl+.-.+Zn)1_[gj(Zj)de~ (3.5)
[0,1]"— i
j=1

Letn,m e {1,..M}. Then

Y 1 k=1 (x+k=2) = bE ()G (2), ace. x €10, 11, y,z € [0, M].
keZ

Proof We begin by establishing the formulas

gnlx) = /[0 ” golx — Z)’j) 1_[ FiOpdyj, hm(x)

=t j=1

m m

= /0 ho(x — E Zj)ngj(Zj)de.
[0, 1) i P
j=1 j=1

We do so by induction. When n = 1 we have gj(x) = /go(x — yl)fl (y1dy1.

Now assume that the formula holds for some n € {1, ..., M — 1}. We then obtain

gni1(x) = / 80 (¢ = Y1) fat1 Ontr1)dYnt1

1 n n
= /0 /{0 ” 80(x — Yn+1 — ZYj) l_[ Fidy; | fur1 Ynr1)dYnt1

j=t  j=1
n+1 n+1

= f{o o 206 = 20 [T 7500y
' j=1 J=1

The formula for £,, holds by a similar argument. Combining the results we see that

Zgn—l(x +k =y hm-1(x +k —zm)

keZ
m m—1
=y / o<x+k—2y,)1"[f,<y,>dy, / ho(x +k =Y z)) [ &(zj)dz;
kez \Y10.11"! j=1  j=1 [o,17! j=1 j=1
n—1 m—1
/[O - ZZgo(x +k— ZYJ)hO(x"‘k sz)l_[fj(yj> l_[gj(zj)dy/dzj
keZ
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n m
Lety := Zyj, z7:= sz. Since n, m < M it follows that y, z € [0, M].
j=1 j=1
By the assumptions (i) and (i7) we therefore obtain

Zgn—l(x +k—y)hm—1(x +k —zm)
keZ

n—1 m—1

- b/[o s FOUE 306+t [T 70 [ 86y,
’ j=1 j=1

n—1 m—1
=b (‘/[0 e F(y1 4+ ... +yn) l_[ f(yj)dyj) (/10 e G(zi+ ...+ zn) l_[ §(Zj)dz_,~)

j=1 j=l1
= bﬁn()’n)ém(znz)~
[

Combining Lemmas 3.2 and 3.3 we get sufficient conditions on the kernels g, /¢
for any two members g, h,, of the families (2.5) to form pairs of dual generators:

Proposition 3.4 Let M € N and Ny, N> € Z. Let gy € Vn,,N, and ho € Vi, m,
satisfy thf conditions of Lemma 3.2 with b €]0, W].
Choose fy, gn € Vo1, n € {1, ..., M}, such that

1

1~ ~ ~
/0 Fn(y)fn(y)dy :-/0 Gn(Z)gn(Z)dZZ 1,

where F, and G, are given by Eq. 3.5. Define gy, hy, recursively by Eq. 3.4. Let
n,m € {1,..M}. Then the functions g, hy, generate dual frames {E¢pT;gn}e, jez
and {EopTjhm e, jez, for L*(R).

Proof Let n,m € {l,..., M}. By repeated use of Lemma 2.4 it follows that
supp g, C [Ny, No+n]andsupp hy,y, CS[N1—M—-Q+1,No+M+m+ Q —1].

Let j # 0. Since n, m < M we see that
> gn(x — j/b = hw(x — k) = b8, a.e. x €[0,1]
keZ

is satisfied whenever % > Ny — N1 +2M + Q — 1. Furthermore by Lemma 3.3 we
have

> g1tk =Y hm 1 (x+k—2) = bFy ()G (2), a.e.x €[0,1], y.z € [0, M].
keZ

Since fol Fo(y) fu()dy = folém(z)gm (z)dz = 1 the result follows by Lemma 3.2.
O

Finally, combining Lemma 3.1 and Proposition 3.4 we obtain the main result
describing how to construct finite families of dual windows associated with certain
functions of type HS :
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Theorem 3.5 Let M € N, Ni, N>, Q1,02 € Z. Let K € Wy, n, and L € Wo, 0,.

Leta € R, b €]0, NZ—N1+2M1+Q2—Q1—1 ] and define

Na+M—(Q1+1)
20(x) 1= e K (x), ho(x) = be ™ > L(x—j), x € R.
Jj=N1—M—(Q>-1)

Now define gy, h, recursively by Eq. 3.4 for some fy, &, € Vo.1 such that
fole’ayfn(y)dy = fole“ygn(y)dy =1 Letn,m € {1,...,M} and k € N U {oc0}.
Then the following hold

(i)  The functions gy, hy, are compactly supported and if f,,, gm belong to CK(R)
then g, hy belong to CK(R).

(ii)) The functions gu,h, generate dual frames {E¢qTjgn}e jez and
{EeoTihm}e, jez for LA(R).

Proof By assumption we have supp L C [Q1, O>]. We therefore see that kg is
compactly supported with

supp ho S [Nt =M — (Q2— Q1 — D, N2+ M + 02— Q1 — 1].

Combined with Lemma 2.4 this proves (i). By Lemma 3.1 we have

() D gox +k—ho(x +k—2) =be @e®, ae.x €[0,1], y,z €0, M],
keZ

1 5 B 1 5
(i) [0 FoOom) fos Gy = /0 GGn)an(on)dzn = 1, Y € (1, .., M),

By Proposition 3.4 this proves duality of g, and 4,,. U

In the next section we apply Theorem 3.5 to derive the results proclaimed at
the beginning of this section, i.e. we associate to any (exponential) B-spline finite
families of compactly supported dual windows of arbitrary finite smoothness.

4 Gabor frames generated by (exponential) B-splines

It has recently been shown in [4] that if a; # 0OV € {l,..., N} then the
exponential B-spline £y a cannot satisfy Eq. 1.1. Using Theorem 3.5 we now
show that any exponential B-spline £y, can be associated with a finite fam-
ily of dual windows. We therefore avoid the usual need for the partition of
unity property. Prior to formally stating the result we fix some notation. For
any N € N and any N-tuple a = (aj,a,...,ay) of real numbers we let
Oma = 1{j € 2,...m+1}|aj —a1 # 0}, m € {l,..., N — 1}. For each
m € {1, ..., N — 1} we define the corresponding constants

aj — da]
l_[ W—l_l’ Qm,a?’éfzj
J€Om

19 Qm‘a =®'

Cm,a =
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Furthermore for any n € {2, ..., N} we shall write &, 5 to denote the exponential
B-spline associated with the n-tuple a,, = (ay, az, ..., a,), i.e.

Ena = eal(')X[o’l] * eaZ(')X[O,l] * ...k ea”('))([(),l].

Theorem 4.1 Let N € N and a = (a1, ay, ..., an). Let £, a denote the exponen-
tial B-spline of order n, n € {2,...,N}. Let Q1,02 € Zand L € Wy, ¢,. Let

b E]O, m] and define

N—-(Q1+D
ho(x) = Cpabe™ ™ > L(x — ). (4.1)
Jj==N+1=(02-1)

Take {gm}ﬁ;ll such that fole‘”ygm(y)dy =1,Vm € {l1,..,N — 1} and define
hm, m € {1, ..., N — 1} recursively by Eq. 3.4. Then the functions &, a, hy, generate
dual frames {EepTiEy aYe, jez and {EopTihy}e, jez for L2(R).

Proof Foranym € {1,..., N — 1} we let

a, —a
) = s €Y, m € Ona
1, m ¢ Qm,a-

A straightforward calculation shows that fole‘“y fm(»dy = 1. By Theorem 3.5 it
follows that the scaled exponential B-splines €~mya = Cin,a€m.a have dual windows

1
by (x) = / hm—1(x = 2)gm(2)dz, m € {l,..., N — 1}, (4.2)
0
where h is given by Eq. 4.1. By Theorem 1.3 we therefore have
> Emalx —n/b—k)Coahm(x —k) =Y Epalx —n/b— k)hm(x — k) = bdy 0.
keZ keZ

Appealing to Theorem 1.3 once more concludes the proof. U

By Theorem 4.1 any exponential B-spline has dual windows which may be
conveniently written as simple linear combinations of other exponential B-splines:

Theorem 4.2 Let N € Nand a = (ay, az, ..., an). Let &, a denote the exponential
B-spline of ordern, n € {2, ..., N}. Take anyb = (b1, b2, ..., by), where by := —ay.
Let b €]0, ﬁ] and define

N-—1
hn(x) :=bCnaCnpy Y € “YEupinlx—j), me{l, .., N -1}
j=—N+1

Then &, a and hy, generate dual frames {EepT;Ey a}e, jez, and {EepTjhm}e, jez for
L2(R).
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Proof Foranym € {1,..., N — 1} we let

bny1=a1 b1z
gm(2) = { Fnsra ¢ " m € O

1, mé¢ Qp.

By Theorem 4.1 the exponential B-splines &, a, n € {2, ..., N} have dual windows
(4.2) where hy is given by Eq. 4.1 with L = x[o,1;. We now find an explicit expression
for Eq. 4.2. We see that

1
7i(x) = bCra / ho(x — )31 (2)dz
0

1 N—1
= bCpa / eI N o — 2= )DE1(R)dz
0

j=—N+1
N—-1 1
=bCua / e 0TI M g 1(x — 2 — &1 ()dz,
j=—N+1"0
N—-1 1
— bcn,acl,b Z e*“l]/ eial(X7jiz)X[O,l](x —z —j)ebzzdz
j=—N+1 0
N—-1
= bCraCip Y e & p(x — ).
j=—N+1

By repetition of the above argument we obtain the desired result

N—-1
hn(¥) = bCpaCppy Y € “VEnpin(x—j), me{l,.,N—1}.
j=—N+1

O

We note that the results of Theorems 4.1 and 4.2 encompass the classical
B-splines. Indeed leta = b = (0, 0, ..., 0). We then see that
——

N zeros

Ena = €O x0.17 %29 x10.17 % ... % €™ x10.17 = X[0.1] * X[0.1] * - * X[0.1] = Bu.

n terms

By Theorem 4.1 and Lemma 2.4 any (exponential) B-spline has a finite family of
dual windows of arbitrary finite smoothness. Also, by Theorem 4.2 any (exponential)
B-spline has a dual window h € CK(R), k € N which may be written as a linear
combination of another B-spline.

Example 4.3 We consider the exponential B-spline

Era(x) = ™ xp0,11(x) * e xp0,11(x), x €R, a; —ay # 0.
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In Theorem 4.1 let N = 2 and take L(x) := x[o,11(x), x € R. We may then choose
b €]0, %]. We then get the associated kernel

ho(x) = Caabe™ Z xonG =) == Zl Xio.1(x = ).
j== /——

Let k£ € N and consider fk(x) = xk1 - x)kx[oyl](x), x € R. Then f; belongs to
C*1(R). Letting C; = fole“lyyk(l — y)*dy we obtain for each k € N the (k —
1)-times continuously differentiable dual window

1
hyx(x) = /0 ho(x — y) fr(y)dy.

In the concrete case aj := 3, a> := —3,b = 1/3 and k = 2 we obtain
%2166_3" + g—lz + %x“ + %xS + %x3 - %x) el x e [—1,0[
1 2 3-3 26 ,—
hi2(x) = = e — e x e[0,2]
g (—27x% + 29735 + 306x% — 1305x2 + 2490x — 1802) e~ x € [2,3]
0 x ¢[-1,3].

Example 4.4 We consider once again the exponential B-spline
Er,a(x) = " xj0,11(x) x e xp0,11(x), x €R, a1 —ax #0.

By Theorem 4.2 it follows that & 4 has finite famlhes of dual windows {hm}m_
where N € N, n > 2 is kept fixed and b €]0, 2N 5y—7]- Here each member A, can be
written as a linear combination of another exponential B-spline. In the concrete case
of N=4, a=(2,3) wetakeb = (—2,1,—1,2)and let b = % ‘We then obtain the
dual windows

3

hin(X) = bCraCp Y € Enpin(x — j), m e {1,2,3).
j==3

These can all be written out explicitly using the formula given in [4]. For simplicity
we only write out 41 which is given explicitly by

r+9 »—2X

7@3 1 (‘B 0 x e[-3,-2[
am—a bta o 1 T x e[-2,4
72j S Y T4
hi(x) = e@—ar — | gbatar | Z € 82.[,()6 D= 7 (e3 *1)(6 ’ll% SN
j==3 Then F S
0 x ¢ [-3,51.
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