Adv Comput Math (2015) 41:781-798
DOI 10.1007/s10444-014-9385-9

A stabilized finite volume method for Stokes equations
using the lowest order P; — Pj element pair

Tie Zhang - Lixin Tang

Received: 1 January 2014 / Accepted: 20 October 2014 /
Published online: 30 October 2014
© Springer Science+Business Media New York 2014

Abstract We present a new stabilized finite volume method for Stokes problem
using the lowest order P; — Py element pair. To offset the lack of the inf-sup condi-
tion, a simple jump term of discrete pressure is added to the continuity approximation
equation. A discrete inf-sup condition is established for this stabilized scheme. The
optimal error estimates are given in the H'- and L,-norms for velocity and in the
L>-norm for pressure, respectively.
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1 Introduction

The finite volume element (FVE) method is a discretization technique for solving
partial differential equations. The important feature of FVE method is that it inherits
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some physical conservation laws of original problems locally, that is very desirable
in practical applications, for example, in computational fluid mechanics and heat
transfer problems. During the past decades, there have been many research works for
FVE methods. We refer to monograph [28] for general presentation of this method
and to [7-11, 20, 29, 32, 35, 36] and the references therein for details.

Numerical simulation of the incompressible flow motion has long been an impor-
tant and challenging problem. In the conventional finite element methods solving
the Stokes and Navier-Stokes equations, an elementary requirement for the velocity-
pressure element pair is the so-called inf-sup condition. The importance of ensuring
the inf-sup condition is wildly understood. Numerical experiments show that the
violation of the inf-sup condition often leads to unphysical oscillations. From the
computational viewpoint, the simple lower-order element pairs (for example, the
P1 — Py, Q1 — Qo, P1 — Py and Q1 — Qg pairs) should be preferred in applications.
But unfortunately, these element pairs do not satisfy the inf-sup condition. In order
to circumvent the inf-sup condition, many stabilized finite element methods have
been proposed for solving the Stokes and Navier-Stokes equations. For example, the
penalty methods [23, 25, 30, 31], the consistently stabilized methods [2, 4, 19], the
pressure macro-element methods [16, 22], the pressure gradient projection methods
[5, 15, 24] and the local polynomial pressure projection methods [3, 6, 18], and so
on. Recently, a local Gauss integration stabilized method is also constructed for the
Stokes equations using the P; — P; element pair [26], and Li and Chen [27] further
expand this stabilized technique from finite element method to the FVE method. To
the authors’ knowledge, except using the nonconforming P; velocity element or the
Py pressure macro-element, almost no stabilized methods have been presented for
the Py — Py element pair.

Many finite volume methods have been developed for solving the Stokes equa-
tions [12—14, 17, 33, 34]. But most of them use the stable velocity-pressure element
pairs, which satisfy the inf-sup condition. In this paper, we will present a new sta-
bilized FVE method for Stokes equations by using the lowest order P; — Py element
pair. The key of our stabilized technique is to introduce a jump term of discrete
pressure in the continuity approximation equation to offset the lack of the inf-sup
condition. A similar stabilization term made of gradient jump had been introduced
in [1] for the mixed element method solving biharmonic equation. Compared with
some known stabilized methods, the advantage of our method is that it is free from
stabilization parameters [2, 4, 23, 25, 30, 31], does not require any calculation of
high-order derivatives [5, 15, 24] and pressure macro-element structures [16, 22],
and no any projections need to be introduced [3, 6, 18, 26]. Moreover, the added
stabilization term (the jump term) in our method is very simple and can be gener-
ated at the element level with very little computation cost. For this stabilized FVE
scheme, we establish a discrete inf-sup condition which ensures the stability of the
discrete solutions. Furthermore, the optimal error estimates are given in the H'- and
L,-norms for the velocity approximation and in the Ly-norm for the pressure approx-
imation, respectively. It should be pointed out that our stabilized method is presented
for the FVE setting, while most known stabilized methods are for the finite element
setting. And our FVE scheme includes the corresponding finite element scheme as a
special case.
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Stabilized finite volume method for Stokes equations 783

This paper is organized as follows. In Section 2, we introduce the stabilized FVE
scheme and give the unique existence of the discrete solutions. Section 3 is devoted
to the optimal error estimates for velocity and pressure approximations, respec-
tively. In Section 4 we further establish a discrete inf-sup condition satisfied by this
FVE scheme. Numerical example is presented in Section 5 to verify our theoretical
analysis. In Section 6, some conclusions are given.

Throughout this paper, we adopt the notations H™ (D) to indicate the usual
Sobolev spaces on subdomain D C €2 equipped with the norm || - ||,,,p and semi-
norm | - |, p. When D = 2, we omit the index D. The inner product and norm
in space L,(S2) are denoted by (-, -) and || - ||, respectively. We will use letter C to
represent a generic positive constant, independent of the mesh size 5.

2 The stabilized finite volume method

We consider the Stokes equations

—vAu+Vp =1, in Q, 2.1
diva =0, in @, 2.2)
u=20, ono, 2.3)

where @ C R? is a convex polygonal domain with boundary 82, symbols A, V
and div denote the Laplacian, gradient and divergence operators, respectively, and
u = (uj, up) represents the velocity, p the pressure and f the external volumetric
force acting on the fluid. We assume the viscosity v = 1.

Let Tj, = [J{K} be a regular triangulation of domain € so that @ = (g7, {, K},
where h = max hg, hg is the diameter of element K. Associated with triangulation
Ty, we introduce the velocity and pressure approximation spaces,

Xp={vheX: vulgk €[PL(K), KeT), (2.4)
My ={qneM: qnlk € Po(K), K € T}, (2.5)

where Py (K) is the set of all k-order polynomials on K and spaces
X =[Hj (1% M ={geLyQ): f g dx = 0}.
Q

It is well known that the space pair X, x M}, does not satisfy the inf-sup condition

(divvy, gn)

> Bllgnll, qn € My, (2.6)
0£viex,  vall

where 8 > 0 is a constant independent of #, so the lowest order P; — Py element pair
is not available in the conventional finite element framework.

In order to define the FVE method, we need a dual partition associated with the
primal partition 7). We construct the barycenter dual partition 7;" by connecting the
barycenter to the midpoints of edges of each K € T}, by straight lines. Thus, for each
nodal point P in T}, there exists a polygonal K} surrounding P, K}, € T)" is called
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784 T. Zhang, L. Tang

the dual element or the control volume at point P, see Fig. 1. Now we can introduce
the test function space defined on 7,

Vih=A{vy € [LQ(Q)]2 : Vh|K; = constant, VP € Nh7Vh|Kj{, =0, VP € 022},

where N}, is the set of all nodal points of Tj,.
Set the algebraic sum space

Uh) = [H*(Q) (| Hy (P @ Xy = {v+vn : v e [H(Q) [ | Hy (DT, Vi € X}
Define a mapping y : U(h) — Vj by

yu= Z u(P)y,.,vu e U(h), 2.7
PeNy

where yx, is the characteristic function of the dual element K ;‘). Obviously, y is a one
to one mapping from the trial space X onto the test space Vj,.

We denote by I'y = (J{e € 9K : K € Tj} the union of all edges of elements
of Ty, Fg = [',\0K2 the union of all element edges {e} that are not contained in
9Q. Lete = 0K () 3K, be the edge shared by two adjacent elements K and K,
of T, vi = vlenak; (i = 1,2) the trace of v on e from the interior of K;, and
n; = nlenak,, where n is the unit normal vector external to the element boundary.
For a piecewise smooth function v on 7}, we define the jump [v] of v on e€ F,? as
follows:

[v] = viny 4+ vangp, one € l",(l).

Let (u, p) satisfy (2.1) and v;, € V). Then by using the Green formula, we have
0
—/ —u~vhds+/ pvy -nds = fvn, Vv, e Vi, Kp €Ty,
oK On OK K%

or

ou
—/ —-yvhds+/ pyvy-nds = fyvn, Vv, € X, Kp € T;. (2.8)
d AK*%

P

Ky on K}

Fig. 1 Dual element K}, at node P
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Motivated by this weak formula, we introduce the following bilinear forms

Ju
a(u,v) = — — -vds, b(p,v) = V- nds, 29
wv=-—3 /man =Y fmp 2.9)

Kpely KyeTy
ctw.q)=ivw ). G(p. )= [ hulpHlglds = 3 [ hplghds. 210
h eEF2 ¢

where h,|. = whe, he = diam(e), and parameter i > 0 can be properly chosen for
the purpose of enhancing the stability of the method. In general case, we may take
u=1.

Now we define the stabilized FVE approximation of problem (2.1)~(2.3) by
finding (wy,, py) € X5 x M), such that

a(ap, yvy) +b(pn, yvi) = (=£,yv,), Vv, € Xy, (2.11)
c(un, gn) + G(pr,qn) =0, Y gn € M. (2.12)

In the continuity approximation (2.12), the additional term G (py,, qp,) is the stabiliza-
tion term which is introduced to offset the lack of the inf-sup condition. If removing
G(pn, qn), scheme (2.11)~(2.12) will be the standard FVE scheme used in the case
that the discrete velocity and pressure spaces satisfy the inf-sup condition [33]. It
is easy to see that bilinear form G(py, g5) is symmetric and positive definite on
M), x M}, and it can be generated on local set K with little computation cost, noting
that [pp]e = constant for p, € My,.

Let (u, p) € X x M be the solution of problem (2.1)~(2.3) and p € H'(S). By the
Sobolev trace theory, we have [pl. = 0 if p € H'(2), which implies G(p, i) = 0.
Then, from equations (2.8) and (2.10) we see that FVE scheme (2.11)~(2.12) is
consistent and the following error equations hold.

a(u—uap, yvy) +b(p — pp, yve) =0, Vv, € X, (2.13)
c(u—un,qp) +G(p—pr.qn) =0, ¥Yqgn € M. (2.14)

Let IT,u € X}, be the usual linear interpolation approximation of continuous func-
tion u. In our analysis, the following approximation property and trace inequality will
be used frequently,

lu — Tpullmx < Chi ™lullo,x, K € Ty, 0 <m <2, (2.15)
1

lullo.ox < Chy® (llullo.x + kgl Vullox). u € H'(K). (2.16)

Furthermore, for operator y, we have the following lemma.

Lemma 2.1 [28, 36]Let K € Ty, e C 0K be an edge of K. Then, for v, € Xp, we

have
/K(Vh —yvn) =0, /(Vh —yvp)ds =0, (2.17)
Ve = yvrllox =< ChKe”Vh”l,Ks (2.18)
Ve — yvhlloox =< ChI%(”Vh”l,K- (2.19)
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The following two lemmas are very useful in our analysis.

Lemma 2.2 Foranyw € U(h), v € Xy, we have

a(w,yv) = Y (Vw, Vv)g
KETh

Z / -(yv—vwyds + Z(Aw V—yV)k.

KeTy KeTy

Particularly, when w, v € X, we have
a(w,yv) = (Vw,Vv), w,ve Xj.

Proof By using the Green formula, we have

Z/VWVV— Z/va+2/ - vds,

KeT), KeT), KeTy

and (see Fig. 1)

Z/Aw yv = Z Z f Aw - yv

.
KeTy KeTy khery ” KOKp
Z/ ™ -yvds + Z / n - yvds.
n n
KeT, VK Kyerys ) 9Kp

(2.20)

2.21)

Combining this two identities with the definition of a(w, yv), (2.20) is derived. The
equality (2.21) follows from equations (2.20) and (2.17), noting that Aw|g =0,

Vw - nl|, = constant if w € Xj,.

Lemma 2.3 For any (w, q) € U(h) x M, we have

O

blag.yw) = —ivw. )+ Y (Vg.yw=wi+ Y [ qwmywnds. 222)

KeT, KeT),

Particularly, when (w, q) € X;, x My, we have

b(q’ VW) = _C(W’ Q), V (W9 Q) € Xh X Mh

Proof By using the divergence formula

/diqu:—/Vq-w—i—f qw - nds,
D D aD
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we have (see Fig. 1)

b(q,yw) = Z / qyw-nds

ket " Kp
= f qyw-nds — Z/ qyw-nds
KeTh Kyery Y IKNKE) KeT,
= Z Z / Vg -yw+ Z/ q(w —yw)-nds — Z/ qw - nds
KeTy kyery ' KOKE KeT) KeTy
= Y g ywit 3 [ atw—ywends— Y V. wx= Y divwg)x.
KeTy KeTy KeTy KeTy

This gives (2.22). When (w, g) € X, x My, noting that g|x = constant, we obtain
(2.23) from equations (2.22) and (2.17). O]

Introduce the norm notation

I, pII* = ||Vu||2+fohu|[p]|2ds. (2.24)

h
Let (s, pn) € Xp x My. When |||(uz, pp)ll| = 0 we have [|[Vu,|| = 0, [prle =
0, ec F?l, this results inu, = 0 and py,|q = constant. Further fQ prdx = 0implies
prn = 0.S0 |||y, pr)ll| is anorm on X; x Mj. Introduce the two-fold bilinear form

B((u, p), (v, q)) = a(,yv) +b(p,yv) +c(u,q) + G(p, q). (2.25)

Then the FVE scheme (2.11)~(2.12) can be rewritten as finding (wj, pn) € X, X My,
such that

B((uap, pr), (Vo qn)) = &, yvp), Y (Vi, qn) € X x M. (2.26)

Taking (vi, gn) = (wy, pp) in equation (2.26), and using (2.21) and (2.23)~(2.25),
we have

1 (an, p)lII* = B((an, pr), @y, p)), Y (Wi, pr) € Xp x My, (2.27)

Now we can give the stability theorem.

Theorem 2.1 The FVE solution (uy,, pp) € Xp X My, exists uniquely and satisfies
the following stability estimate

1Can, p)lll < CIIf]l. (2.28)
Proof For the linear system (2.26), we only need to prove the stability estimate
(2.28). Taking (vp, gn) = (up, pp) in equation (2.26) and using (2.27), we have

1 a, p)II1* = B((up, pr). @p, pr)) < IIF] ywsll. (2.29)
It follows from equation (2.18) that

lyunll = llyun —wpll + llopll = Chjluglly + lupll < Clluglls < Clliu, pIII.
Combining this with (2.29), the proof is completed. O
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3 Optimal error estimates in the H'- and L;-norms

In this section, we will give the optimal error estimates for velocity approximation
in the H'-norm and L,-norm. Moreover, the optimal error estimate for pressure
approximation in the Ly-norm is also established.

Let py : M — M), be the projection operator defined by

1
pPrplk = —f pdx, ¥ K € T.
K| Jk
Then pj, p has the approximation property

Ip —pnpllo.x < Chgllpliig. K € Th. (3.1)

Theorem 3.1 Let (u, p) € X x M and (uy, pr) € X, X My be the solutions of
problems (2.1) ~ (2.3) and (2.11)~(2.12), respectively, and (u, p) € [HZ(SZ)]2 X
HY (). Then we have

[[l(w—up, p— pp)lll = Ch(lul2 + lIpll). (3.2)

Proof From equations (2.13), (2.14) and (2.25), we first have the error equation
B((w—uy, p— pp), Va, qn)) =0, ¥ (Vir, qn) € Xp X M. (3.3)
Denote the error functions:
ey =uy — Ilpu, ey, = pp — ppp, (eu,ep) € Xp x M.
Then, it follows from equations (2.27) and (3.3) that

Il (ews ep)I11* = B((eu, €p), (eu, p)) = B((w = Tyu, p — pyp), (eu, €p))
=a(a—Tlyu, yey) +b(p — ppp, yew) +ca—Tpu, ep) + G(p — ppp, ep)
=FE\+E>,+ Ez+ E4. (3.4)

Below we need to estimate E; ~ E4. From Lemma 2.2, (2.15) and (2.18), we have

Ey = (V(u—Tl,u), Vey) + Y / M (vew — eu)ds

KeTy,
+ ) (A ey — yew)k
KeTy,
8(u— I'Ihu)
< Chlullleall + Y / ———— - (yeu — eu)ds < Chllullz]leull1.

KeT),

where we have used (2.16) and (2.19) to estimate

3 / - i Hh“) (veu — ew)ds

KeT,

_1
< Y Chy? (lu=Tpuly g + hilulzk) lyea — ealloox < Chlull2leallr.
KeTy,
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Stabilized finite volume method for Stokes equations 789

Next, by using Lemma 2.3, (3.1), (2.18)—(2.19) and the trace inequality, we have
(noting that pj, p|x = constant )

Ey = —(diveu, p— pnp) + Y (V(p — pup), eu — yeuwx

KeTy
+ ) f (p — pup)(eu — yeu) - nds
KeT, V9K
_1
< Chllealliliplh + Y Chy* (Ip = puplio.x + hxlVpllo.k) Ilyeu — eullo.ox
KeTy
< Chlealhliplh.

Sinceu — I[1ju € [H(}(SZ)]2 and e, | = constant, then

E3 = (div(u — [yu), e,) = Z / (u—Tpu) -ne,ds
KeT, VK
1 1
2 2
=Y /(u— yu)[eplds < / h'lu — Tul’ds / hullepllds
0ve Ty rh
eth
1
2
< Chlull / hllep]ds ) .
rh
Furthermore

1 1
2 2 2
Ey < fh#up—phpuzds /hﬂue,,uzds < Chiplh /hﬂuepuzds
ry ry ry

Substituting estimates E1 ~ E4 into (3.4), it yields

[lI(ew, ep)I11> < Ch(llullz + lIpllDI (eu, ep)]II-

The proof is completed by using the triangle inequality. O

Theorem 3.1 gives the optimal error estimate in the H '-norm for velocity approx-
imation. In order to obtain the L,-error estimate for pressure approximation, we
introduce the following auxiliary problem: For p — p;, € M, there exists w € X such
that (see [21, Chapter 1, Lemma 3.2])

divw = p — pp, Wl = Cllp — pall- (3.5)
Let Rpw € X, be the finite element elliptic projection of w € X,
(V(w— Ryw),Vvy) =0, Vv, € X. 3.6)
It is well-known that R, w satisfies

IRywl1 < Cliwlli, W — Rawll + h[lWw — Rywil1 < Chlwl|;. (3.7
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Theorem 3.2 Let (u, p) € X x M and (uy, py) € Xn X My be the solutions of
problems (2.1) ~ (2.3) and (2.11)~(2.12), respectively, and (u, p) € [H*(Q)]*> x
HY(Q). Then, we have

Ip = prll = Ch(lullz + lIpll1). (3.8)

Proof Using problem (3.5), we have from Lemma 2.3 and error equation (2.13) that
Ip — pall* = (divw, p — pi) = (div(w — Ryw). p — p) + (divRyW, p — pp)
= (div(w — RpW), p — pr) — b(p — pn. y RpW)

+ Y (V(p—pu), v Riw — ReWk+ ) / (p — pn)(RyW — y Ryw) - nds
KeT) Ker, Y 9K
h h

= (div(w — Ryw), p — pp) +a(u —up, y Rpw)

+ ) (Vp.yRaw—Rywx + Y / (p — pn)(Rpyw — y Ryw) - nds
K

KeTy, KeTy,
=FN+FRh+FB4Fy 3.9)
Below we estimate F'; ~ Fj. First, by using the divergence formula, we obtain
Fi=—= (W=RywW),V(p—pi)k
KeT,
+> / (W — Ryw) - n(p — pn)ds = Fii + Fua.
KeT, VK

For Fy1, we have from equations (3.5) and (3.7) that
Fii =W —Ryw, Vp) < Chilwliilipllt = Chlip — pall Il

Since w — R,w € [H] (22)]%, we obtain from equations (2.16), (3.5), (3.7) and (3.2)
that

Fio = /O(W — Ryw)[p — prlds
I‘h
1 1
2 2
< ( / htlw — RhW|2dS) ( / hullp _Ph]|2ds)
ro ro
h h
< Ch7(lw — Ryw|| + R|IV(W — Ryw) DIl (@ — wp, p — pi) ]|
< C(Iwlli + IRxwiIDAall2 + 1Iplh) < Chllp — pall(lallz + 1 pl)-

Combining estimate F1; with F,, we obtain

Fi < Ch(llul2 + lIipllDllp — pall.

Next, similar to the estimate of E1 = a(u — Rpu, yey) in Theorem 3.1 and using the
known result: lu — uy||1 < Ch(|lujl2 + ||pll1), we obtain

Fy < Ch(llall2 + lIpllDIRawIl1 < Ch(lallz + [IpIl)IIp — pall-
Now, it follows from equations (2.18), (3.5) and (3.7) that
F3 < ChlplillRawlli < Chlipllillp — pall-
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For Fj4, using equations (2.17), (2.19) and the trace inequality to obtain

Fy= ) f P(RyW — y Ryw) - nds

KeT),

= 3 [ = oup)Riw =y Riw) -nds

KeT),

_1
> b Alp = pupllo.x + i lplh) I Rew — y Rawllo.ak
KeTy

ChliplillRewl1 = Chiplliliwlli = Chllplitllp — pall-
Substituting estimates F; ~ Fjy into (3.9), the proof is completed. O

IA

IA

Now we are in the position to derive the Ly-error estimate for velocity approxima-
tion. For this purpose, we need the following lemma.

Lemma 3.1 Let (u, p) € X x M and (uy, pp) € X X My be the solutions of
problems (2.1) ~ (2.3) and (2.11) ~ (2.12), respectively, and (u, p) € [H2(Q)]? x
HY(Q),f € [H'(Q)]% Further let function v € [H*(Q) () H}()]? and divv = 0.
Then we have

[(V(a—wp), V)| < CR*(lull2 + IIplli + IE1D V2. (3.10)

Proof By Lemma 2.2 we have

Va—uy),Vv) = (Vu—uy), V(v —II;v)) + (V(u — uy), VII,v)
= (V(u—uy), V(V - HhV)) +a(a—uy, yI,v)
8(u
— Z / - (ypv — Opv)ds — Z (Au, ITpv — yIpv)k.
KeT), KeT;,

It implies from the error equation (2.13) and —Au + Vp = f that

(Vu—wy), Vv) = (V(u —up), V(v —I1;v)) = b(p — pp, yIIv)

_ Z / 0 —w,) - (ypv — pv)ds + Z (= Vp, Ty —y vk

on
K KeT,

=(V—w), Vv =Tv) = / M (yTpv = Tv)ds

KeT),

+ D@ TV — vk + | =b(p — pr. yTy) = Y (V(p = pi). Ty — yTv)k
KeTy, KeTy

=851+ 8+ S3+ S4. (3.11)

We need to estimate S| ~ Sy4. First, from Theorem 3.1 we have

Si < IV —u) IV = T | < CR(lullz + [1pI) V]2
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Next, it follows from equation (2.17) that

I — 9
$5=- / W),y Myv)ds = — S / M (T — Tyv)ds.
K 3}’! oK 371
KeTy, KeTy

Observing that yIT1,v — I1;,v is continuous across the element edge (except at the
midpoint of the edge), (Y [1,v—I1;v)|sqg =0, Vu € [H! (Q)]z, and any edge e € F2
is a common edge of two adjacent elements with opposite unit normal vectors on the
edge, we deduce that

9
Si=-3 [ U YTy — v)ds = 0.
oK on
KeT),
Again using equation (2.17) to obtain
Sy= Y (F—fy Tyv — vy < CAZ|f Tyl < CR? (1 [1V]2,
KeTy

where f}, is the piecewise constant approximation of function f on 7},. For S4, we have
from Lemma 2.3, divv = 0 and (2.17) that

Sa = (@vILv. p = pn) = ) f (p = pi) Ty = yTIyV) - nds
Ker, V9K

= @V(IY = V). p = pi) = ) f p(Tyy = y 1) - nds.
KeT, V9K
h
Similar to the argument for S, it is easy to see that for p € H 1 (),

Z / p(ITyv — yTI,v) - nds = 0.
K

KeTy
So it follows from Theorem 3.2 that
Sa < My = vlillp = pall < CR(lullz + 1D 1¥]2-
Substituting estimates S1 ~ S4 into (3.11), the proof is completed. O

Now we can give the optimal error estimate for u — uy, in the Ly-norm. Introduce
the following auxiliary problem [21, Chapter 1, Theorem 5.2]: (w, g) € [HZ(Q.)]2 X
(H'(£) (N M) such that

—AW+Vg=u—uy, in Q,
{leW:O,ln Q, W=O, on 89, (312)
and
Iwl2 + ligll < Cllu —ugl. (3.13)

Theorem 3.3 Let (u, p) € X x M and (uy, py) € Xn X My be the solutions of
problems (2.1) ~ (2.3) and (2.11) ~ (2.12), respectively, and (u, p) € [H*()]* x
HY(Q),f e [H (Q)]% Then we have

lu—wyll < CR(lull2 + Ipli + IIfl1D). (3.14)
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Proof Using the auxiliary problem (3.12), we have from Lemma 3.1 and Theorem
3.1 that

la—w|? = (YW, V(u—w)) — (g, div(u — wp))

(V(u —up), VW) — (¢ — pig, div(u — up)) — (ppgq, div(u —uy))
Ch*(lullz2 + lIpll + IEID AW + llgl) — (ong. divia —wp)).  (3.15)

A

From error equation (2.14) we obtain forg € H L(Q) that

—(ong, div(a —up)) = /ro hulp — pnl - longlds = /FO hulp — pnl - long — qlds

h h

1 1
2 2
(/ hallp — Ph]|2ds) (/ hallg — PhCI]|2dS>
rd ro

IA

h
1

2
ch (/F hllp = ph]|2ds> gl < Ch2(lullz + 121Dl
h

A

where we have used Theorem 3.1. Substituting this estimate into (3.15), it yields

lu—wuy | < CRA(lull2 + lIplh + 1D AWl + lig ).

The desired result is derived, noting that |w]2 + |lgll1 < Cllu —uy]| . O

Remark 3.1 The counterexamples in [9, 20] show that the assumption of f €
[H'(£)]? in Theorem 3.3 is necessary for finite volume method in deriving the
optimal order Lj-error estimate.

4 Further analysis on the stability

For finite element approximations to Stokes problems, an unstable scheme often
leads to unphysical oscillation of the discrete solutions. In Theorem 2.1 we have
given a stability estimate for the FVE solution (uy,, py) under the norm |||(uy, pp)l||.
From the definition of |||(uy, pr)||| (see equation (2.24)), we see that this stability
estimate is weaker and /#-dependent for pressure pj,. In this section, we will give a
new and stronger stability estimate.

Definite the norm

P = IVl +1ipl* + /r hullp)ds. (4.16)

h

Theorem 4.1 There exists a constant B > 0 such that the following inf-sup
condition holds.
B((an, pr), (Vi qn))

Blllr, pplllx < sup . (up, pr) € Xn X M.
omaneXpxmy OV gl
(4.17)
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Proof We first recall some known results. For any p, € My, (C M), there exists
w € X such that (see equation (3.5))

divw = p, |IWl1 < Collpall- (4.18)

Let w, = Rpw € Xj be the finite element elliptic projection of function w (see
equation (3.6)), which satisfies

IVwill < IVwl, lw —will + Allw — w1 < Cra|w(:. 4.19)
Now, for any 0 < o < 1, we have from equations (2.21), (2.23), 4.18 and 4.19 that

B((Uh, ph)’ (uh - aWh, ph))
=a(uy, y(ap —awy)) + b(pn, vy, — awy)) + c(uy, pr) + G(pn, pr)
= (Vuy, V(uy, — awy)) + a(divwy, pp) + G(pn, pr)
= |Vu,|I* — a(Vuy, VW) + a(diviwy, — w), pp) +alipall® + G(pa, pr)
1 1 .
> (1= @GP + salpall + atdiveons = w. i)+ [ allpulds.
I‘h

Next, by using the divergence formula and noting that w, — w € [H(} (2)]%, we have

a(div(wy —w). pr) = ) / (W — W) - npids
ke, 79K
1

2 2
=a ) (wh—w)~[ph]dssa(/roh,:wwh—wﬂ) (frohﬂuphuz)

e
eel’ h h
1

2
< aCh™" (Wi = Wil + hllwi = wlh) (f hm[phnz)

r h
1 1

2 2
< aCCylwlh (/F hm[phuz) < aCollpsl (/F hm[phuz)
h h

1
@C)?llpall® + 5 fr S ullpnll?,

h

=

N =

where we have used the trace inequality, (4.18) and (4.19). Combining the above
estimates we obtain

B((uhv ph)v (uh — 0Wp, ph))

_l 2 2 l _ 2 2 l 2
= (= ZaColIVupll™ + el —aC)lipnll” + 5 | “hullpall*ds. (4.20)
l—‘h

Taking o small enough, it implies from (4.20) that

B((uy, pr), Wy — awp, pp) = Colll(un, pll1Z, ¥ (Wi, pr) € Xi x My. (4.21)
On the other hand, from (4.18) and (4.19) we have
V(@ —awp)ll < [[Vagll + VWil < [[Vugll + Collpall-
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Hence
[1Can — awp, pp)lllx < (1 + Co)lll@p, pp)lll«, V (Wn, pr) € Xn X M. (4.22)
Now, it follows from equations (4.21) and (4.22) that

B((up, pr), (Vu,qn)) _ B((uy, pr), (W — awy, pp))
sup >

Vi, qn) €Xp x My VRS g - [(up — awp, pp)lll«
Colll(up, pi)lI2 - Calll@n, pu)lll-
My = awh, p)llle T (1 + Co)
This gives the inf-sup condition (4.17) with 8 = Cy /(1 4+ Cop). O]

From Theorem 4.1 and the FVE (2.26), we immediately obtain the stability result:
there exists a positive constant C > 0 such that the FVE solution (uy, pj) satisfies

[1(an, plll« < ClIENl.

5 Numerical experiment

In this section, we will present some numerical results to illustrate our theoretical
analysis.
Let us consider problem (2.1)~(2.3) with the exact solution (u, p):

u(x) = (u1(xy, x2), uz(x1, x2)), u; =2m sinz(nxl) sin(r xp) cos(mwx2),(5.1)

Uy =—2m sinz(nxg) sin(;rx1) cos(mwxy), p(x1, x2)=cos(wxy)cos(wxy),(5.2)

and the corresponding volumetric force f = —vAu+ Vp,v = 0.1 and 2 = (0, 1)2.
First, we express the discrete system (2.11)~(2.12) as a linear algebraic systems

in the following form
A —B U F
(0 )(7)-(0) 59

where the matrices A, B and G are, respectively, deduced from the bilinear
a(-,-), b(-,-) and G(-, -) in the usual manner, and F is the variation of the source
term. In particular, the stabilized matrix G = (g;j)mxm is computed by (see
equation (2.10))

&ij =G, xj) = /Ohu[x,-] [xjlds = Z phiixile - [xjle, 1 <i,j < M,
T eel"2

5.4
where {y;} are the basis functions of space Mj,. In general, the piecewise constant
basis function x,, (corresponding to element K,,) is local such that for edge ¢ =
0K; NOKj, [xmle =0if m # i, j. Thus, we see that the stabilized matrix G can be
generated easily with very little computation cost. In general, large parameter p in
equation (5.4) may enhance the stability of the discrete system (see equation (2.28)),
but also may magnify the error bound (see the error estimates). Therefore, if not
necessary, we usually take u = 1.
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Table 1 Convergence rates of gradient and pressure approximations

lu—w | lp— paull
mesh i error rate error rate
1/8 0.5443 - 0.8379 —
1/16 1.465¢ — 1 1.893 4.664e — 1 0.845
1/32 3.751le — 2 1.966 2421e — 1 0.946
1/64 0.968¢ — 2 1.954 1.251e — 1 0.952
1/128 0.248¢ — 2 1.965 6.487¢ —2 0.948

In the numerical experiments, we take the pressure-correction algorithm to solve
the discrete system (5.3):

AU —-BP=F, BITU +GP =0.

The procedure is as follows:

Step 1  Choose a prediction pressure P*;

Step2  Solve U* from equation AU* = BP* + F,

Step3  Solve the correction quantity P’ from equation G P’ = —B” U*, and set the
correction pressure P = P’ + P*,

Step4  Solve the correction velocity from equation AU = BP + F;

Step5 If |U—U*||+||P— P*| < & (tolerance of error), output (U, P); otherwise,
set P* = P and return to Step 2.

We partition domain €2 into a uniform triangulation 7;, made of triangle meshes.
The refined meshes of T}, are obtained by connecting the midpoints of each edge of
elements in 7j. Denote by e;, the computation error in the Lj-norm, the numerical
convergence rate r is computed by using the formula » = In(ey, /e% )/In2. Table 1
gives the numerical results with successively halved mesh size #. We see that the
convergence rates for the velocity and pressure approximations are just about O (h?)
and O(h), respectively, as the theoretical prediction. In particular, no oscillation
phenomenon is observed in the pressure computation.

6 Conclusion

We present a stabilized finite volume method for Stokes problem using the low-
est order P; — Py element pair. The stabilized method is designed by adding the
jump term of the discrete pressure to the continuity approximation equation. A dis-
crete inf-sup condition is established for the stabilized finite volume scheme which
assures the stability of the discrete solutions. The optimal error estimates are derived
in the H'- and L-norms for velocity and in the L>-norm for pressure, respectively.
Obviously, our stabilized method includes the corresponding finite element method
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as a simplified situation (Th* = Tn, Vi = Xj, y = I case). Another important ele-
ment in favor of our stabilized method is that it can be extended to the Navier-Stokes
equations.
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References

13.

14.

15.

16.

19.

20.

21.

22.

23.

. Amara, M., Dabaghi, F.: An optimal C° finite element algorithm for the 2D biharmonic problem:

theoretical analysis and numerical results. Numer. Math. 90, 19—46 (2001)

. Barth, T., Bochev, P., Gunzburger, M., Shadid, J.: A taxonomy of consistently stabilized finite element

methods for the Stokes problem. SIAM J. Sci. Comput. 25, 1585-1607 (2004)

. Becker, R., Braack, M.: A finite element pressure gradient stabilization for the Stokes equations based

on local projections. Calcolo 38, 173-199 (2001)

. Behr, M., Franca, L.P., Tezduyar, T.: Stabilized finite element methods for the velocity pressure stress

formulation of incompressible flows. Comput. Methods Appl. Mech. Engrg. 104, 3148 (1993)

. Blasco, J., Codina, R.: Stabilized finite element method for the transient Navier-Stokes equations

based on a pressure gradient projection. Comput. Methods Appl. Mech. Engrg. 182, 277-300 (2000)

. Bochev, P.B., Dohrmann, C.R., Gunzburger, M.D.: Stabilization of low-order mixed finite elements

for the Stokes equations. SIAM J. Numer. Anal. 44, 82-101 (2006)

. Cai, Z.Q.: On the finite volume element method. Numer. Math. 58, 713-735 (1991)
. Chen, Z.Y.: L? estimate of linear element generalized difference schemes. Acta. Sci. Nat. Univ.

Sunyatseni 33, 22-28 (1994)

. Chen, Z.Y., Li, R.H., Zhou, A.H.: A note on the optimal L2-estimate of the finite volume element

method. Adv. Comput. Math. 16, 291-303 (2002)

. Chen, L.: A new class of high order finite volume element methods for second order elliptic equations.

SIAM J. Numer. Anal. 47, 4011-4023 (2010)

. Chou, S.H., Li, Q.: Error estimates in L2, H!, L® in covolume methods for elliptic and parabolic

problem: a unified approach. Math. Comp. 69, 103—120 (2000)

. Chou, S.H., Kwak, D.Y.: Analysis and convergence of a MAC scheme for the generalized Stokes

problem. Numer. Methods PDEs. 13, 147-162 (1997)

Chou, S.H.: Analysis and convergence of a covolume method for the generalized Stokes problem.
Math. Comp. 217, 85-104 (1997)

Chou, S.H., Kwak, D.Y.: A covolume method based on rotated bilinears for the generalized Stokes
problem. SIAM J. Numer. Anal. 35, 494-507 (1998)

Codina, R., Blasco, J.: Analysis of a pressure stabilized finite element approximation of the stationary
Navier-Stokes equations. Numer. Math. 87, 59-81 (2000)

Crouzeix, M., Raviart, P.A.: Comforming and noncomforming finite element methods for sovling the
stationary Stokes equations. RAIRO 3, 33-76 (1973)

. Cui, M., Ye, X.: Unified analysis of finite volume methods for the Stokes equations. SIAM J. Numer.

Anal. 48, 824-839 (2010)

. Dohrmann, C.R., Bochev, P.B.: A stabilized finite element method for the Stokes problem based on

polynomial projections, pressure. Int. J. Numer. Methods Fluids 46, 183-201 (2004)

Douglas Jr., J., Wang, J.: An absolutely stabilized finite element method for the Stokes problem. Math.
Comp. 52, 495-508 (1989)

Ewing, R.E., Lin, T., Lin, Y.P.: On the accuracy of the finite volume element method based on
piecewise linear polynomials. STAM J. Numer. Anal. 39, 1865-1888 (2002)

Girault, V., Raviart, P.A.: Finite Element Approximation of the Navier-Stokes Equations. Lecture
Notes in Mathematics, vol. 749. Springer-Verlag, Berlin (1979)

Girault, V., Raviart, P.A.: Finite Element Methods for Navier-Stokes Equations: Theory and Algo-
rithms. Springer Series in Computational Mathethmatics, vol. 5. Springer-Verlag, Berlin (1986)
Hughes, T.J.R., Liu, W., Brooks, A.: Finite element analysis of incompressible viscous flows by the
penalty function formulation. J. Comput. Phys. 30, 1-60 (1979)

@ Springer



798 T. Zhang, L. Tang

24. Hughes, T.J.R., Franca, L.P,, Balestra, M.: A new finite element formulation for computational fluid
dynamics, V. Circumventing the Babuska-Brezzi condition: a stable Petrov-Galerkin formulation of
the Stokes problem accommodating equal-order interpolations. Comput. Methods Appl. Mech. Engrg.
59, 85-99 (1986)

25. Johnson, C., Pitkdranta, J.: Analysis of some mixed finite element methods related to reduced
integration. Math. Comp. 38, 375-400 (1982)

26. Li, J., He, Y.: A new stabilized finite element method based on two local Gauss integrations for the
Stokes equations. J. Comp. Appl. Math. 214, 58-65 (2008)

27. Li, J., Chen Z.X.: A new stabilized finite volume method for the stationary Stokes equations. Adv.
Comput. Math. 30, 141-152 (2008)

28. Li, R.H., Chen, Z.Y., Wu, W.: Generalized difference methods for differential equations: numerical
analysis of finite volume methods. Marcel, New York (2000)

29. Lv, J.L., Li, Y.H.: L? error estimates and superconvergence of the finite volume element methods on
quadrilateral meshes. Adv. Comput. Math. 37, 393-416 (2012)

30. Oden, T.J.: RIP-methods for Stokesian flow. In: Finite Elements in Fluids, vol. 4. John Wiley, New
York (1982)

31. Shen, J.: On error estimates of the penalty method for unsteady Navier-Stokes equations. SIAM J.
Numer. Anal. 32, 386403 (1995)

32. Xu, J.C., Zou, Q.S.: Analysis of linear and quadratic simplical finite volume methods for elliptic
equations. Numer. Math. 111, 469-492 (2009)

33. Ye, X.: On the relationship between finite volume and finite element methods applied to the Stokes
equations. Numer. Methods PDEs. 17, 440—453 (2001)

34. Ye, X.: A discontinuous finite volume method for the Stokes problems. SIAM J. Numer. Anal. 44,
183-198 (2006)

35. Zhang, T., Lin, Y.P,, Tait, R.J.: On the finite volume element version of Ritz-Volterra projection and
applications to related equations. J. Comput. Math. 20, 491-504 (2002)

36. Zhang, T.: Superconvergence of finite volume element method for elliptic problems. Adv. Comput.
Math. 40, 399-413 (2014)

@ Springer



	Stabilized finite volume method for Stokes equations
	Abstract
	Introduction
	The stabilized finite volume method
	Optimal error estimates in the H1- and L2-norms
	Further analysis on the stability
	Numerical experiment
	Conclusion
	Acknowledgments
	References




