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Abstract This work proposes and analyses an adaptive finite element scheme for
the fully non-linear incompressible Navier-Stokes equations. A residual a posteriori
error estimator is shown to be effective and reliable. The error estimator relies on a
Residual Local Projection (RELP) finite element method for which we prove well-
posedness under mild conditions. Several well-established numerical tests assess the
theoretical results.
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1 Introduction

A posteriori error analysis for adaptive finite element methods has been a very
active and successful subject of research since the pioneering work of Babuska and

Communicated by: S. Alben

R. Araya

CI?MA and Departamento de Ingenieria Matemitica,
Universidad de Concepcidn, Casilla 160-C, Concepcidn, Chile
e-mail: raraya @ing-mat.udec.cl

A. H. Poza (D4)

Facultad de Ingenieria, Universidad Catélica de la Santisima Concepcidn,
Casilla 297, Concepcién, Chile

e-mail: apoza@ucsc.cl

F. Valentin

Applied Mathematics Department, National Laboratory for Scientific Computing - LNCC,
Av. Getilio Vargas, 333, 25651-070 Petrépolis - RJ, Brazil

e-mail: valentin@Incc.br

@ Springer


mailto:raraya@ing-mat.udec.cl
mailto:apoza@ucsc.cl
mailto:valentin@lncc.br

1094 R. Araya et al.

Rheinboldt in [7]. In the context of fluid flow problems, researchers have been
focused on improving numerical precision while making the computational cost
affordable. For the Stokes problem we cite the relevant works by Verfiirth [30], Bank
and Welfert [8] and Ainsworth and Oden [1]. Regarding the Navier-Stokes equations
it is worth mentioning the residual-based estimators proposed in [6, 12, 16, 21], the
goal-oriented scheme in [11], and the hierarchical a posteriori error estimator in [5]
and the ones based on local problem solutions in [20, 23] (see also [2, 32] for an
overview).

Stabilized finite element methods for Navier-Stokes equations use equal-order
pairs of interpolation spaces for the velocity and pressure. Well-balanced numeri-
cal diffusion may be also incorporated into such methods through the stabilization
parameter. This is a crucial point when it comes to numerically solving advec-
tion dominated (high Reynolds number) flows (see [13, 17, 28], for instance).
The association of stabilized methods with a posteriori error estimators greatly
improves the quality of the numerical solutions while keeping the computational
cost relatively low (see [3]). Such a feature is particularly attractive if one approxi-
mates solutions with multiple scales, as in the case of the non-linear Navier-Stokes
equations.

Residual Local Projection (RELP) stabilized methods add new stabilization to the
Galerkin method as a result of a space enriching strategy. First proposed in [9, 10]
for the Stokes operator, and further extended to the fully non-linear Navier-Stokes
equations in [4], these methods rely on the solution of element-wise problems. Such
a local solution designs the stabilization parameter with the right dose of numerical
diffusion and stabilizes the equal order and the simplest elements. In this work, we
develop a new residual-based a posteriori error estimator for the non-linear incom-
pressible Navier-Stokes equations. To this end, we consider a variation of the RELP
method proposed in [4] for which we prove the existence and the uniqueness of the
solution. Also, we prove that the new estimator is effective and reliable following
closely the theory presented in Verfiirth [31]. This variant of the RELP method keeps
the good precision of the original method and turns out to be more suitable to build
residual a posteriori error estimators. However, and unlike the original RELP method,
its relationship with an enriching space strategy remains an open question.

The paper is organized as follows: Section 2 states the problem and introduces
preliminary results. Section 3 presents the RELP method and a study of the existence
and uniqueness of the discrete solution. The residual a posteriori error estimator is
presented and analyzed in Section 4, followed by numerical experiments in Section 5.

2 Model problem and preliminary results

The steady incompressible Navier—Stokes problem consists of finding the velocity u
and the pressure p solution of

—vAu + Vu)u + Vp=f inQ,
(NS) V-u=0 inQQ,
u=0 onoQ2,
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where @ C R? is a polygonal open domain, v € R is the fluid viscosity and
f € L*(2)?is a given function. We set V = HO1 (92)? and 0 = L%(Q) and
introduce the weak form of (NS): Find (u, p) € V x Q such that

v (Vu, Vo) + (Vi) u, v) = (p, V-v) = (g, V -u) = (f,v), ey

for all (v,q) € V x Q. Here (-, -) stands for the L2(§2)-inner product, where we use
the same notation for vector, or tensor, valued functions.

Problem (1) may be rewritten in a more convenient form in view of analysis. To
this end, consider the operator F : V x O —> (V x Q)' defined by

<F(u’ p)s (V’ CI)) =V (vu, VV) + ((VM)M, V) - (P, V. V) - (CI» V. M) - (fv V)’

where (-, -) is the duality product in (V x Q)" x (V x Q). Note that (1) is equivalent
to: Find (u, p) € V x Q such that

(F(u, p), (v.q@)) =0 V(v,q) eV x Q. )

To present the discrete version of (2) and the numerical analysis of it, we need
some notations and also some standard technical results. We denote the derivative
of Fat (v,q) € Vx Qby DF(v,q) € Z({(V x Q),(V x Q)), where Z(V x
0), (V x Q)") stands for the space of bounded linear mappings acting on elements
of V x Q with values in (V x Q)" and equipped with the norm || - || (v x0).(vx 0Y)
with its usual meaning.

We assume that problem (2) has a regular solution (u, p) in the sense that
DF(u, p) is an isomorphism from V x Q onto (V x Q) (see Chapter IV in [19]).
Also, we assume that there is a constant Ry > 0 such that (u, p) is unique in the
ball B((u, p), Ro) (see Section IV.3.2 in [19]). Thereby, the differential operator
DF (u, p) is Lipschitz continuous at (u, p), i.e.,

IDF(v,q) — DF(u, p)ll.z(vx0).(vx0)) -
(v.9)€B((u, p). Ro) I(v—u,q—p)llvxo

y = Q.

We assume that {7, };~0 is a regular family of triangulations of Q into triangles
K with boundary 9K and diameter hg := diam(K), and h := max{hg : K € F,}.
The set of internal edges F reads &}, and we define hr := |F|. We denote by n the
outward normal vector on d K ; by [v] , we mean the jump of v over F. Given K € .7,
and F € &), we denote by .4 (K) the set of nodes of K, .4 (F) the set of nodes of
F, and &(K) the set of edges of K. Also, we define the following neighborhoods:

DK = U K', |, wr:= U K |, oF:= U K’

N (K)NN (K')£D Fe&(K") N (F)NN (K')ED
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1096 R. Araya et al.

We denote by I1g(q) the average of a function g € L%(S), over the domain S C R2,
i.e.

1
s(q) :=E/Squ.

The approximate velocity space V}, is composed of vector—valued piecewise lin-
ear continuous functions with zero trace on d<2. For the pressure, the approximate
space Qy, is spanned by piecewise polynomial functions of degree [, (I = 0, 1) with
zero mean value on 2. On such spaces, we use the Clément interpolation operator
Sy 1V — Vj and the operator _#; : Q —> Qp, where _#;, means either the
modified Clément interpolation operator in the continuous pressure case (I = 1) or
the L? orthogonal projection onto the constant space (I = 0). Such operators have
the following approximability properties (see [14, 15] for details):

V= Il < Ch™ Vi, — Yve H (@), 3)

|Zwvlik < Clvliae  Wve H'(@k)% @)

v —Fwllor < Chy P Vi, Wve H @p), )

Ip— Iuplix < Chi'Ipliz,  Vpe H @), ©)

lp— Zuplor < Chl lpljs,  Vp e H @r). @)

where 0 <m <2, max{m, 1} <l <k+1l,and0 <i < 1, 1 < j < k. Hereafter,
the positive constants C are independent of / but can assume different values in each
occurrence.

We equip the space V x Q with the following product norm

1 1/2
I, Il = {v viig+ = ||q||%m} :
Next, we recall some standard results which will be extensively used in the sequel.
Lemma 1 Givenv € H'(K)? it holds,
IIg ok < C {hg" VI x + hk VI3 ¢ )- ®)
Proof See [27] for details. O

Lemma 2 Given vy, € V), and p, € Qy, it holds

illoo.x < Chi! llvalio ks )
—1/2

palllo.r < CH 1 pallo.wrs (10)

hi vl < Clvallo.x- (11)

Proof Results (9) and (11) follow from Lemma 1.138 in [15], and (10) follows from
the mesh regularity and Lemma 1. O
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Lemma 3.
v — Tigvloxk < Chglvlix  ¥ve H(K), (12)
IMgvilox < Clvlox  Yve L*(K), (13)
IMgvlice,x < Chi'lvliox — ¥ve L*(K). (14)

Proof Estimates (13) and (14) follow from Lemma 1.131 and Proposition 1.134
in [15], respectively. Estimate (14) is a consequence of mesh regularity, Cauchy-
Schwarz’s inequality and the definition of I1g.

Hereafter, we will use intensively the fluctuation operator x; defined by x, =
I — Ik, where I is the identity operator. Observe that, from Lemma 3, it holds

lxn(x - g llo.x < Chglvliox — Vve L*(K)™ (15)

Now, we define functions with support on a triangle or on an edge which will be
used to prove the local efficiency of the a posteriori error estimator. Given K € 7,
we introduce the elementary bubble function, bk, by

bk =27 [] A
xeN(K)
where A, denotes the barycentric coordinates associated to the vertex x. To define an

edge bubble function, we denote by K the unitary reference triangle element and we
set

bl:’ = 45\35»1 on 13,

where F := {(t,0) € RZ:0<1t < 1}. Next, given F € &), and assuming that
wr = K1 U Ky, let Gr; be the (orientation preserving) affine transformation (see
Fig. 1) such that G ;(K) = K; and Gp;(F) = F,i = 1,2. Thus the bubble
function associated to an edge F reads

o e | o GEyon Kivi=1.2,
7o on Q\ wr.

(0,0) F (1,0)

Fig. 1 Affine transformation Gp;,i = 1,2

@ Springer



1098 R. Araya et al.

Let [T := {(x,0) : x € R} and Q : R? - TII be the orthogonal projection. We
introduce a lifting operator acting on functions defined on the reference element as
follows Py : Py (F) — P (K)

§— Pr(8) =50 0.

Next, we propose the lifting operator on the real element K; € wp, Prk, :
Py (F) — Pr(K;), given by

Pr,(s) = Pp(s 0 Gr) o Gyl
from which we define Pr : Py (F) — Pr(wF) by

) Prk,(s) in Ky,
s € Pe(F) — Pr(s) == { Pr k,(s) in K.
If s := (51, 52) € Px(F)?, then we define Zf : P2(F) — P (wF) by
Pr(s) = (Pr(s1), Pr(s2)) .

From the previous definitions and using standard scaling arguments, the following
equivalences hold.

Lemmad Let K € 9, and F € &,. Givenv € P (K) and s € Pj(F) withk,l > 0,
the following estimates hold

(v, bgw)
Clvllogk < sup ———— <|vlok. (16)
wep, (k) lwllo x
w#0
(s,brr)
Clisllo,r < sup ———— < lsllo,r. )
repo(F) I7llo,F
r#0
Chi' Ibgvlox < Ibgvlik < Ch' llbgvllox, (18)
Chig" IbrPE)llo,x < 1brPr$)|1k < Chig' |1brPE($) 0.k (19)
b Pr®llo,x < Chy lsllo,r- (20)
Proof See Lemma 5.1 1in [31]. O]

3 The residual local projection method

The stabilized finite element proposed in this section is a variant of the RELP method
introduced in [4], being the boundary stabilization term the only difference. Observe
that such a simple modification leads the method to be fully residual-based which
makes it more appropriate to develop a residual error estimator. The RELP method
in this work (written in a consistent form) reads: Find (up, py) € Vi X Qp such that

B((un, pn)s Vn, qn)) = Fn, qn), 2D
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for all (vi, qn) € Vi x Qp, where the form B(-, -) is given by
B((un, pn), Vi, qn)) == v(Vup, Vvp) +((Vup)up, vi) — (pr, V- vp) — (qn, V - up)

o
— > =E G g (—vAuy + (Vup)un + Vi) .
Ke9, v

X - g (=(Vvpup + Vap)) g

+ 3 K G Vun), e V vk

V
Ke,

= e ([ = v uen + punl, [v duvn + gunl)
Feé&),

and F(-) by

Fn,qn) = (fivm) = ) aTK Oen - Tk £, xn (e - g (=(Vvn)un + Van))g -
Ke9,

The element—wise stabilization parameters «x and yx are given by

1 1

oK = — and = —_—
K max {1, Peg} VK max 1 1 Peg
T 24

where

uplghg .
Peg = L with  |up|g

18v |K|j

Also, the edge—wise parameter tr is defined by

hr
oF if =0,
70 if {up|F
TF =
' ! ! (l + ! (1 —exp(P )) otherwise
— — €X er 'WI1SE .
2Muplr  lunlr (1 —exp(Per)) Pep
Here
h u
Pep = lun|FhF with [up|p = Il hl||0,F
/2
hyp
We note that tr satisfies (see Lemma 2 in [10])
h
T < C—, (22)
)

for all F € &, with a positive constant C which is independent of / and v.
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Mimicking what was done in the continuos case, method (21) is reformulate using
the operator Fy, : Vi, x O, —> (V, x Q)" which is defined by

(Fn(un, pn)s Onsqn)) = (Fun, pr), Vi, qn))

1
= 2 [ G T (=0 Ay + (Tanyun + Vi = £),
v KeT

xn(x - Tg (Van — (Vviup))k + vk (V- up),
xXn(xV - Vh))l(]

— Z TF ([[ — v ogup + pan]l, [v dvi + qhn])F .
Feé)

As aresult, (21) can be rewritten as follows: Find (uj, pr) € Vi X Qp such that

(En(un, pn), Oh,qn)) =0 V(vn, qn) € Vi x Op.
3.1 Existence of the discrete solution

Before heading to the proof of the existence and the uniqueness of a solution for
RELP method (21), we need some auxiliary results. In what follows, we shall use

that Auy = 0 in each K.
We define the operator & : V), —> Qj, by

> “f (xnCx - T (V2 @), xn(x - Tk (Va)) g + Y, 7 (12 @], [an]) »

Ke, Feé&,
ag
=—(@n, Voun) = Y G T ((Vanun = ), 00 - Tk (V)
KeZ,
— Y e ([ = vduun]. [gan]) 5 - (23)
Feé&y

for all up € Vp, gn € Qp. Observe that & is well-defined from Lax—Milgram’s
Theorem with the norm
1/2

oK
lgnlls == § > o oG- Tk (Van) I x + > e lgnlllf, ¢
Ke7, Fed
Also, define the mapping .4 : Vj, —> V}, by
(AN (un), vi) = v(Vup, Vvp) + (Vup)up, va) — (L wn), V - vi) = (f, vi)

D DRI DA RP

Ke,

— 3 G Tk (Vuun — |+ VP )
Ke9, v

X (—=x - g ((Vvp)up))) g

_ Z tr ([ — vouun + Pwpn], vouval) p  Yun, v € V.
Feéy
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The next result provides a characterization of the solution of problem (21) with
respect to the operators &2 and 4.

Lemma S The pair (up,, pn) € Vi, X Qy, is a solution of problem (21) if and only if
A (up) = 0 and pp, = P (up).

Proof See Lemma 3.5 in [4]. O]

We are now ready to prove the well-posedness of problem (21). The proof follows
closely the arguments presented in [4].

Theorem 1 There is a positive constant C, which is independent of h and v, such
that problem (21) admits at least one solution (uy, pp) provided

1/2

hl=c |1 aK .

0372 ;”f”z—l,sz + Z THXh(X Tk HIGx <C, (24)
Ke9,

where 0 < k < 1.

Proof Letujy € Vj, with |up|i.@ = R, where R is a positive number that will be
choose later. Denote

1/2
ar = 1 3 e T ((Vuun +V2@)lg g -
KeJ)
1/2
a = Y o L= vouun + Pan] 2 b
Feé,
1/2
) 1 5 oK 2
as = I/ Ie+ 2L oG Tk Nlox
Ke,
1/2
ay == 1 3 o Vo)l ¢
KeJ

Taking g, = & (up) in Eq. 23 give us

(P Vu) =Y K T (Vup)u
Ke, v

— [+ VL), xn(x - Mg (VP un))) g

+ Z tF ([ — vouun + P up)n], [[@(uh)n]])F .
Feéy
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1
From Cauchy-Schwarz’s inequality and the identity ((Vup)up,up) = )
(V- up,up -up), we get

(A (up). un) = viunli g + (Vup)up, up) — (f, up)

+ 2 ot MgV — f
Ke9,

+VPup))), xn(x - U (Vup)up + V2 up))))k

YK
+2 GV un)l§
KeJ),

2
+Z TF H[[— Vo up + '@(”h)”ﬂHo,F
Feéy
Voo, Loy 2 » 1, 1
> 2R —|—2a]+a2+a4—2a3—2(Vouh,uhouh). (25)

Now, if we take g, = _Z(up - up) in (23), use Cauchy—Schwarz’s inequality,
Lemma 3, the fact that ag < 1, (6), (15), (22), (7), mesh regularity, and following
closely what was done in [4] (see page 10), we get

12
C
[(V - up, up - up)| < \/v{\/vR+a1+a2+a3} Z h%(|”h'uh|%,[( . (26)
Ke9,

_2
Moreover, using the local inverse inequality ||vslloo,x < Chy” [lvnllo,q,x for all

1 < g < oo (see [15]) and the Sobolev embedding H'(Q) — L1(Q) forall 2 <
q < 0o, we obtain

_2 _2
lun - upli,xk <Clunli,g lunlloo,xk <Ch g lupli,x lunllg,x <Ch g lunli, g lunlq .

and then from Egs. 25 and 26, it holds

v 1 1 1
(AN (up), up) > 2Rz—i— 2a%+ai+a§— zag— 2(V.uh,uh.uh)
> sz—i— ]alz—i—ai—i—a%— la%— < {(WVR + aj + ay + a3}
-2 2 27 2)v
b
x> R unli gt lunlig
Ke9,

> VR2+ 1az+az+a2— laz— ¢ W {JVR + a; +ar + a3} R?
=2 27T T Sy
VR 222 o 2o
= 241 4Ty 4
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C
- h'"a +ay+ a3} R?
v

v
LR N SN S S lep3 Lo 1o 1,
Z 2R +2a1+a4+az—2a3—ch KR —2(11 —2a2— 2a3
2
_3C p201=i) p4
2 v
2
L) ) 2 = p3 _ 3C7 21) pa
ZzR +a4+2a2—a3—Ch KR_2vh( R4,
2 v ~ 1 .
where k := <. Now, set R := and C = . Note that assumption (24)
4 6Chl-x 12C

leads to a3z < \év R, thus

1 1 3 2 2 1 2 2

(A (un), up) = (2 6~ 72) VR® —a3+ jay +aj
> sz—a§+ 1a§+a£> 1a§+a§>0.

— 4 2 -2 -

Thus Brouwer’s fixed point Theorem implies (see Corollary 1.1, Chapter 1V, in
[19]) the existence of uj, € V), with |up|1.o < R and A (uy) = 0.

3.2 Uniqueness of the discrete solution

We prove a uniqueness result for method (21) under the diffusion dominated assump-
tion (i.e. v large enough). As such, we set ax = yx = 1 forall K € .7, and assume

that tp = P forall F e &, since both expressions in Eq. 22 are equivalent in

v
this regime (see Lemma 2 in [10] for details). Also, we use that Auj; = 0 in each K.
Thereby, under such simplifications, method (21) reads: Find (up, pn) € Vi x QOp
such that

v (Vup, Vvp) + (Vup)up, vi) — (pr, V- vi) — (qn, V - up)

1
. Y G - T ((Va)un + Y i), xin(x - T (= (Vvp)un + Van)g

Ke9,
1
+ Y @V un), xa(x Vo)) g
v Ke9,
hF
- Z 12 ([[ — vauup + pan], [vove + qhn]])F
v
Fe&,
1
=(fiv) = Y Gl g f), xaCx - T (=(Vvi)us + Van) g
v Ke9,
VYVh. qn) € Vi X Q. 27)
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We first write (27) as a fixed point problem. To this end, we define T}, : V' x
Q — V;, x Qp, a discrete Stokes operator, which for each (w,r) € V' x Q, it
associates the unique solution (u,, pp) € Vi, x Qyp, of

A((un, pn), Whs qn)) = W, v) + (. gn), (28)
for all (vy, gn) € Vi X O, where A(-, -) reads
A(un, pr)s Vns qn)) = v Vup, Vou) = (pr, V- vi) = (qn, V - up)
—% D G- T (Y pa)), xa(x - T (Van)) g

KeJ},
+% > OV u), xa(x Vv g
Ke9},
hp
_ Z e ([[ —vouup + pun], [vopva + qhn]])F.
Feé),

Also, we introduce the mapping G, : H>(9},)* x H'(9},) — Vj, x Qp, where
(Wp, 1) = Gp(z, t) solves

Wn,vi) + (s gn) = —(f — (V2)z, vp)

1
+- Z On(x - Mg (f = (V2)2)), xn(x - Mg (Var))k
v KeZ,

1
—= )" Omlx - Tk (f +vAz = (V2)z — V1),
v Ke9,

xn(x - T ((Vvi)2)))k

for all (v, gi) € Vi, x Qp,. Combining these operators, problem (27) is written as the
following fixed point problem

— TwGn(up, pr) = (un, pn). 29

Before proving the uniqueness result for problem (21), we need to establish the
well-posedness of problem (28). This result is presented in the next lemma.

Lemma 6 The mapping Ty, is well-defined.
Proof Use (15) and the ideas of Lemma A.1 in [4]. O]

Lemma 7 The operator Ty is continuous. More precisely, there exists C > 0,
independent of h and v, such that

ITh(w, )| < C /v L+ )2 (w, =0y s
forall (w,r) € (V x Q).

Proof Use the same arguments of Lemma A.2 of [4] and Eq. 15. O
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An adaptive RELP method for the Navier-Stokes equations 1105

We are ready to prove the uniqueness result. We recall that v is assumed to be large
enough so that (21) reduces to (27). Let (up, pn) € Vi x Qj, be a solution of (27), and
observe that from (29), (uj,, pn) corresponds to a fixed point of the operator — 7}, Gy,.
The proof then reduces to prove that the operator —7;, G, is a strict contraction onto
B :={n,qn) € Vi, Xx On : (v, qn)|l < 1} thus the result follows from Banach’s
fixed point Theorem.

Let (un, pr), (vn, qn) € B. Using Lemma 7, the definition of operators 7} and
G, and Aujp = 0in each K, it holds

1 TnGr(un, pn) — ThGr(r, g | = ITh(Gr(un, pn) — Gr(Vr, gl

<CWd+m?  sup |((vuh)uh—(vvh)vh,wh)
lovnt)lI<1

1
= 2o O T (f = (Van)un =V pi)). o (¢ =TT (Vo = vi))

Ke9,
1
) Z(Xh x-Mg (Vup)up—(Vvp)ve =V (pr—qn)), xn(x-Tlg (Vwp)va))) g
Ke9,
1
— D O e (v = (Van)ug)). e - Tk (Vi) |
Ke9,
= CVv(l+h)?  sup |1+11+111+ IV}. (30)
lwr, ) =1
Regarding item I above, we use that (Vu)w,v) < C lul1.q|v]1 qlw|1.q for all
u,v,w € V, and the definition of the norm || - | to get
C
I< I @n, pr) — Ony g) |11wn, )l (3D
vV

To bound items II, III and IV, we use the same arguments as in Appendix B of [5],
and (15). Thus we obtain

C 1
=) {hllfHo,sz +,t \/V} I G@ens pr) = Ons g llwns 1))l (32)
and
C 2
=, { + 1} l@n, pr) — Ons gl wns 2, (33)
v /v |v
and c
IV < 2 | ens pr) — Ony g) 11wy )1 (34)
Collecting the bounds (31), (32), (33) and (34), inequality (30) becomes
C 5 h
I ThGnun, pr) — ThGr (i, qn)ll < 2+ + , Iflloga
v NAVRRVAY

< (14 1) |un. pr) — O g,
and, thus, the result follows under the assumption that v is such that

§{2+ 3 +jv}(1+h)2 <1
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1106 R. Araya et al.

4 A residual error estimator

In this section, we propose a residual a posteriori error estimator for the method (21).
The analysis follows mainly the ideas introduced by Verfiirth in [31]. For sake of
simplicity, we assume that

(F)  f is a piecewise polynomial function, i.e., f < ePi(K)2, 1 e NU{0}, VK €
T.

It is worth mentioning that such an assumption may be relaxed. Indeed, if we only
assume f € L%(Q)2, for instance, estimates (38), (39) (see Theorem 3 below) will
include a correction term of type ik || f — Ik f 0.k, for K € 93, which is in general
a high order term.

To introduce the error estimator, we define for each K € .7}, and each F € &, the
following residual quantities

g = (f +vAup — Vup)up — Vpp)|, and Zr = [ — vdun + pan]p

Using these definitions, the residual-based error estimator reads

1
2

v Yl 39
Ke9,
where
h2 1 hF
M= MUKk AV IV-als g+ DI
Fe&(K)N&),

The next result establishes a theoretical framework to develop the analysis of our
a posteriori error estimator. Such a result is due to Verfiirth (see Proposition 2.1 in

[31D.

Theorem 2 Let (u, p) € V x Q be a regular solution of equation (2). Set

R := min {Ro, v T IUDF G, Y S (vroy vy 27 IDF p>||_g<<vXQ>,<vXQy)} :

Then, the following error estimates hold for all (vi,, qn) € B((u, p), R)

@ = v, p— gl < 2I{DF (u, P} (v oy.(vxoy IFOns gi)ll(vx oy
(36)

1 —1
16 = v p =gl = IDF G DGy gy, v o IF O amll vy (37)

We are ready to present the main result of this section.
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Theorem 3 Let (u, p) be a regular solution of (2) and (uy, pr) be the solution of
(21). If we assume that (uyp, pr) € B((u, p), R), for R sufficiently small, then the
Sfollowing a posteriori error estimates hold

IA

H» (38)

l(u —un, p—p)ll < Cy max{l,

Co i —up, p— pu)ll, (39)

llunllo,e
n
v

IA

n
where
2 2 hé}( 2
M= D |kt S IVl |
Ke9,

and n is defined in (35). The positive constants C1 and C, are independent of h and
v, but they may depend on u and p.

Proof Lower bound: Define the finite—dimensional subspace %, C V x Q as
follows

By : = span{(bgv.0), (br Pr(s),0), (0, bgr) : v e P1(K)*, s € Pi(F)?,
r € Po(K), VK € Jp, YF € &},

with [ = 0, 1. From Lemma 4, we get

(V-up, bgr)g
VIV -uplloxk < C  sup 1
reoNOF g, lIrllo.x

(F(un, pn), (0, bxr))

<C sup 1
rePo(K)\{0) o lIrllo.x
=C sup  (F(un pn), (v.q)), (40)

v,q9)eBy|k
lv.l=1

and
1 (Rk,bxkw)k
hk IRk llo,x < C  sup
Vv web (K20 vV [brwh x
F(up, pn), (bxkw, 0
<c sup (F(up, pn), (bgw, 0))
weP; (K)2\{0) Vv Ibgwli k
<C sup (F(un, pn) (v,q)). 41)
(v,.q)eBnlk
Iv,g)lI=1

In addition, using estimates (16)—(20) and (41), it holds

1/2
hZ IRE o,

1
v
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1108 R. Araya et al.

Rp, b
< Ch},/z (Rp,brs)F
sermvioy YV lIsllo.r
{(F(uh, pn)s bF Zr(5),0)) = X ko, (Rk, ngZF(S))K}
< Chr sup
seP;(F)2\{0} VVIbr ZE$)l0,0p
(Fun, pn), (br ZF(5), 0)) — 2k ew, (Rk ngF(S))K}
<C sup
sy (F)2\{0} VVIbr ZES)1,0p
h
<C sup (Flunpn) 0.)+ ) > IRkllok
.q)eBy i v
lv.g)ll=1
<C sup (F(un, pn) (v, q). (42)

0.9 €Bhloy
v, l=1

Observe that inequalities (40)—(42) imply

nk =C  sup  (F(un, pr), (v, q)). (43)
(V!q)e%h‘wl(
lv,@)l=1
2
Finally, as Z ’7%{ < Z nk | , we obtain from (43) that
Ke9, Ke9,
1/2
Yokt = D nk < CIFn pw)lg, (44)
Ke, Ke,

and from (37) the result follows.
Upper bound: From (3)—(5), we get

sup  (F(un, pr), (0 — Fpv, q))

(v,q)eVxQ
lv.lI=1
= sup { Z [(—v Auy
(v,q)eVxQ
=t K7

+(Vup)up +Vpp — f,v— I g — (V- up, @k

+ Y ([ = v duun + pun, v — th)F}
Feé),
12

cy> ikt - (45)

Ke9,

IA
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Next, using (44) and (45) we get

sup (F(uhv ph)v (V - jhvs q)) = C ”F(uhs ph)”%/;s (46)
(.g)eVx0
Iv.@l=1
and by considering an arbitrary element (v, g) € V x Q with ||(v, ¢)|| = 1, we arrive

at

(Fun, pn), (v, q))
= (F(un, pn), v — I, q)) + {Fupn, pr) — Fu(upn, pn), (Fpv,0))
< sup (F(un, pn), v—Ipv,q))

(v.q)eVxQ
1v.g) =1

1T ull 2w, vyl F @n, pr) — Fa(n, p)llvyx o) -

Thereby, from (46), we get

| un, pr)llvxoy
< CIIF (un. pp)llag, + 17wl zv,viy | F s pr)
— Fn(upn, pp)llv,x0n) - (47)

Now, given (v, gn) € %), and integrating by parts, we obtain that

(F(un, pn)s Vi, qn))
=> [(—v Aup + (Vup)up +Vpn = fovn)g — (V- up, qh)K}

Ke9,
+ > ([ v daten + panll, vi)
Feéy
= > [(%’K, vi)k + (V- up, Qh)l(:| + > (Zr vi)F- (48)
Ke9, Feéy

Next, we will estimate the terms on the right-hand side of (48). To this end, we
use estimates (16)—(20) to get

(Zk,bxkw)k < hglZklo.xIwli k.
(V-up, bgr)g < IV -upllo,x 7 llo,x
(Zr,br Zr ) F =< 1 ZFlo.xk | ZF )0, F,

forall r € Py(K), w € P;(K)? and s € P;(F)?, with [ = 0, 1, thus we arrive at
1/2

IF G, p)llgr < C {1 D nk
Ke9,
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1110 R. Araya et al.
Using (9), (15) and method (21), we get
(F(un, pn) — Fn(un, pr), On, qn))

2
Ot](h
<C [ IS A Au = (unun = Vpillo.x IV an = (T llo.x
KeJ,

ykh%
+ 2 IV ok IV - vallo

Ke7,
+ Z tellZF llo,F I [V 8pvi + Qh”]]||0,Fj|
Feé,
Ot](hz
< C[ Z K%k Nlo.k [1anh,x + llunlloo,x il k]
Ke9, v

2

vkh

+ E KUV -unllo.xlvelh k + E el ZF o, F [V dnva +thﬂ|lo,F]

v
Ke, Feé&),

aKhK
< C[ > 1kl [lanlo.k + lunllo.xIval k]
Ke9,

VKh%(
+ E IV - unllo,x vali,x
v
Ke,

+ Z e ZF llo, FII[V 8pvi +Qh”]]”0,Fj|
Feé,
2 2 1/2
CA®, uh>{ > F 1k x5 IVl |+ Y rFu%Fu%,F}
Ke9, Feéy

IA

1 1/2
X {v valto+  lanllgg+ Y wrll[voavn +qhn]]||é,F}
Feéy
h2 ) h2 ) 5 1/2
CAW, uh>{ > E 1k x+ K IVl |+ Y rFu%Fuo,F}
Ke9, Feéy

IA

1 1/2
x {v vl ot Nanlgo+ Y orv? IIwvndIG p+ 3 vr ||[[qh1]||é,F} :

Feé, Feé,
(49)
where A(v, up) ;= max {1, ””"ﬂ‘m
Applying mesh regularity, (10), (22), and local trace (8), we arrive at
> e 1[0avallG r + Y e IlgnlIG r < C Il gn)l>. (50)

Feé&), Feé,
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Combining (49) with (50), it holds
| Funs pr) — Fnn, pp)llvix o,y < C A, up) Ny, (51
thus from (49), (47) and (51) we obtain that
I Fn, p)llvxoy = € AW, up) nu. (52)

Finally, using (36) and (52) the result follows.

5 Numerical examples

We solve RELP method (21) by a Newton—Picard scheme. The idea consists of
starting with a solution ”2’ pg and perform the following:
Forn=1,2,3,...

1. Compute duj and § p; from the linear system
v (V8uly, Vvi) — (B pl V-vi) — (gn. V-8u})
+ (Véup)uy, vi) + (Vup)duy, vi)

an
=D X (o M (Vg + Vo pi),
KeI)

xn(x - Tl (=(Vvn)uyy, + Van)) ¢

+ <Xh(xv‘5u2)7Xh(xv‘Vh)>

Ke9, K
-y (u — vaSul + Spnl. o + qhnﬂ)
Feéy F

= (f,vw)e — v (Vuy, Vvp)a
+ (py. Vovia + (gn, V-up)e — (Vup)uy, vi)o

= 3 K Gl - Ik (f — (Vuufy — VP,
Vv
KeJ,

Xn(x - g (—=(Vviuyy + Van))
-y % (m(xv.uz),m(xvm)

KeJ) K
+ Z T <[[ —voauy + punl, [Vo.va +qhn]]> ,
Feé), F
for all (vi, gn) € Vi x Qp, where o} = ag(u}), yg = yk(uj) and 1 :=

‘L’F(MZ).
. Set MZJ“] = u} + duj.
3. Set pZH = pj, +0pj.
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4. [If convergence then exit.

End For.

The adaptive procedure uses a quasi-uniform mesh to start the process. At each
step, we compute the local error estimators ng x for all K over the previous mesh
I, and refine those elements K € .7, accordingly to

nax = 0max{np g : K € F},

where 6 € (0, 1) is a prescribed parameter.

For practical purposes, we used the software Triangle to generate adapted
meshes, as it allowed us to create successively refined meshes based on a hybrid
Delaunay refinement algorithm. This process provided a sequence of refined meshes
that form a hierarchy of nodes rather than a hierarchy of elements (for details, see
[26]).

We validate the stabilized method and the a posteriori error estimator. We first
adopt a numerical test with an analytic solution, followed by some well-established
benchmarks from the fluid dynamics literature. We measure the quality of the a pos-
teriori error estimator through the so—called effectivity index, which is required to
remain bounded as & goes to zero and is defined by

o NH
@ —upp = p)ll

Also interesting is to compare the accuracy of our residual-based estimator with
a hierarchical approach. In fact, it is well-known that the latter yields more precise
effectivity indexes than do residual estimators (in general), which tend to overesti-
mate the true error [32]. We found, from the test case used to validate the hierarchical
estimator in [5], that the effectivity index from our estimator is comparable to the
one from the hierarchical estimator in [5] (the values are close to five in our case,
and to one in [5]). It is worth recalling that, although more precise, hierarchical
estimators are less cost effective since they demand the computation of auxiliary
element-by-element problems.

5.1 Analytic solution

The domain is € := (0, 1) x (0, 1) and v = 1, 1072, and f is chosen such that the
exact solution is given by

1 — eV — etV

1
l—el/‘)’ u2()C,y) ::x—m’ p(_x,y) =X —y.

ur(x,y) ==y —

Figures 2 and 3 show that method (21) remains precise when the viscosity coeffi-
cient is small. We notice that the method achieves optimal order of convergence for
both pair of spaces IP% x P; and ]P)% x Pg. In Tables 1 and 2, we point out that the
effectivity index stays bounded when % goes to zero for different values of v.
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Fig. 2 Convergence history for the ]P’% X Py (left) and IP’% X Pg (right) schemes, v = 1

5.2 Lid—driven cavity problem

The lid—driven cavity problem is a standard benchmark in computational fluid
mechanics (see [18] and [29], for instance). The Reynolds number is given by
Re := 1/v, and we perform the computation assuming Re = 5000. The final
adapted mesh and the streamlines of the velocity on this mesh are depicted in Fig. 4.
We observe that the mesh refinement concentrates inside the primary vortex which
leads to an accurate approximation of the solution.

Finally, Table 3 shows that the location of the center of the primary vortex using
RELP method (21) is in accordance with the one obtained from Ghia and Shin in
[18], and from Medic and Mohammadi in [22].

Fig. 3 Convergence history for the ]P’% X Py (left) and IP’% x Py (right) schemes, v = 1072
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Table 1 Analytic solution with v = 1

h P? x Py P? x Py
I —un, p—pu)ll nu E I = un, p = pw)ll E

0.125 0.49013E-01 0.22839E+00 4.6700 0.54635E-01 0.30763E+00  5.6306
0.0625  0.22923E-01 0.11701E+00 5.1044 0.26719E-01 0.15524E+00 5.8101
0.03125  0.11118E-01 0.59005E-01 53071 0.13223E-01 0.77965E-01 ~ 5.8961
0.015625  0.54837E-02 0.29606E-01 53990 0.65800E-02 0.39066E-01 ~ 5.9372
0.0078125  0.27247E-02 0.14826E-01  5.4414 0.32825E-02 0.19554E-01  5.9570
0.0039062  0.13583E-02 0.74182B-02  5.4615 0.16395E-02 0.97821E-02  5.9667

Exact error, a posteriori error estimator and effectivity index for the IP’% x Py and IP’% x Py schemes,
respectively

5.3 Circular cylinder problem

The domain and the boundary conditions are shown in Fig. 5. The inflow velocity
fieldis up = (1.2y (0.41 — y)/0.412, 0)T = (U, 0) and the viscosity is set to v =
1073 (for further details, see [29]).

The drag and lift coefficients are useful to validate numerical schemes, and are
defined by

c 2 / ovy Pn.)ds. C 2 / W4 pa)ds
= ) ny — Pn s = — _ v n n 5
P=wp JoUan ™Y ¥ L 2D Jg\© an " y

where we used the following notations: S corresponds to the boundary of the cylinder,
n = (ny,ny) and t = (ny, —n,) are, respectively, the outward normal vector and
the tangent vector on S and v; is the tangential velocity on S. The diameter of the

2
cylinder D is set to 0.1 and the mean velocity u is 3 U (0, 0.205).

Table 2 Analytic solution with v = 1072

h P} x P P? x Py
Il —un, p—pu)ll nu E @ = up, p = Pl i E

0.125 0.16857E+01 0.95797E+01 5.6830 0.10715E+01 0.10662E+02 9.9508
0.0625  0.10664E+01 0.52258E+01 4.9003 0.86888E+00 0.56398E+01  6.4909
0.03125  0.64970E+00 0.24258E+01 3.7337 0.59908E+00 0.25206E+01 4.2075
0.015625  0.36646E+00 0.11865E+01 32376 0.35385E+00 0.12207E+01  3.4496
0.0078125  0.19032E+00 0.65601E+00 3.4468 0.18757E+00 0.66840E+00 3.5635
0.0039062  0.95015E-01 0.35660E+00 3.7531 0.94635E-01 0.36193E+00 3.8245

Exact error, a posteriori error estimator and effectivity index for the IP’% x Py and IP’% x Py schemes,
respectively
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Fig. 4 Adapted mesh with the IP’% x IP; element and streamlines of the velocity (Re = 5000)

The length of the recirculation and the difference of the pressure at points
(x4, Ya) = (0.15,0.2) and (x¢, y.) = (0.25, 0.2) are denoted by

Ly = xp — xe, Ap = P(xa, ya) — P(xe, Ye),

where x, is the x-coordinate of the end of the recirculation area. In Table 4, we
compare these quantities using RELP method (21) to the ones obtained from [22] and
[24]. Figure 6 depicts a zoom of the final adapted mesh with the IP’% x [P; element.
A zoom of the streamlines of the velocity and the isovalues of |uj| are presented in
Fig. 7 for the adapted mesh.

5.4 The flat plate problem

Concerning a laminar flow over a flat plate, closed formulas for the friction coef-
ficient and for the velocity profile are available to comparisons (see Blasius [25]).
The statement of this problem follows [22] and consists of a rectangular domain
Q = (-0.2,1) x (0, 0.1) with prescribed velocity u, = (1, 0)" at inflow boundary
and viscosity v = 33(1)00 (i.e. Re = 33000), and f = 0. Since non-slip condition is
imposed on the flat plate, a boundary layer starts at the “border of attack” and may
be considered fully developed after a short distance.

Table 3 Position of the center

of the primary vortex Scheme Re = 5.000
Ghia et al. [18] x =0.5117; y = 0.5352
Medic et. al. [22] x=0.53;,y=0.53
RELP ]P’% x PP (adapted mesh) x =0.5157 ; y = 0.5350
RELP IP’% x Py (adapted mesh) x = 0.5205; y = 0.5309
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0.16m

0.15m

du /
u=u, [ S 0.1m on =0 | 0.41m

0.15m

u=(0,0)
2.2m

Fig. 5 Statement of the cylinder problem

Table 4 The circular cylinder problem with v = 103

Scheme Cp Cr Ap L,

Schiifer et. al. [24] 5.58 0.011 0.1175 0.085
Medic et. al. [22] 5.65 0.012 0.121 0.082
RELP ]P’% x P (adapted mesh) 5.56 0.010 0.1170 0.084
RELP IP’% x Po (adapted mesh) 5.54 0.012 0.1171 0.084

A
S
e

SRR

AN SN
SRS ISR

N

B
"A

DENKIRIRK
ICRRSER)
AR,
e S,
RN

V3

s

{5

%
X7

X
S
X

RERRRR
i
R

A
W

RIS
OSIRRE
ATAVAY.

TORES
7574V
S8 AN
RO
;

Va4
BRI
T,
KRN

)
IR

N
R
S

Ry
=N

Y

X2

v
7
RS

Av;vm
X
N5
A
a0

Y

KR
7D

5

o

25

X
%
{7
=k

K
S
SR
g
ok
RE
KD
R
=

Y,

>

o
0

&

ST
X
Sy
2
s
S
V)
R
oK
K&
v

*

%
S

25 O
XS

%
R
DX
A
W4 X ‘5
Y

A%,
o
X
X
%
X\

55
v
X
DIX
L0
A%,
KT
7AVAY

05
0

oK
25
o6

X
S,
TSR,

D P"‘é’

K8
%
TR
X
A
NN

P

:

2

%
X

,m
A Y.
N
OSSR
X
0
%
N
%

R
I
5
K
NG
SRS
SRR
S,
un
XK
S
<

TIRES

X
RS
ALTAS:
X
5

s
7
SR

v,
RS
X\
RO
Sk

S

4V
!
R
Tav A
SN

DS

X
RS
5 v 0 AN
PR ORI Re, VR B SEIRER
PSR KR R RIS 5 s v,
RN SR URIN NI 2K BN
STTANNNS AL S, ¥ R RSO
e ATV A RO R RRRARSRR
Ay S IR S STANIE
SIS LR I X R SRPRON
D2 Ty s SRS e PRRISSRERY <
BN X

7a

.,v
§
X

o
o

A

AV A AN
AR

. 1;\4

Fig. 6 The circular cylinder problem with v = 1073, Zoom adapted mesh for the ]P’% x P element (60.593
elements)

@ Springer



1117

An adaptive RELP method for the Navier—Stokes equations

£ 2 3
— <
<~ o 7
= —
= B >
5] 25 «
2 R 5= | :
2 ° ¥ e |
° 2 )
= =
<
el 2
= ozl O
£ Y o 3 s
= j="
=] 3
s k)
5 = g
9 £ N
< 2 =
- Q \
s m % M g
mk o 5] T T 4 - % = 3 a =
nm [5) vé.w 0 m, 1S T x m — — == =
« MR RINSR !
_O o) m‘%vk‘wﬂ% S &v‘%»m. < -
T ..,r:ﬁﬁi%n%m«.t S *
= <0‘As A SON = ,
R B AR S 23
— Nl s ’» ) =2
T o S TSR
2 X K0 =
<) v‘% ~ =
o A~ ﬁi 3 [
a ﬁ AN 0 g
5 < - L)
T )
8 ?
[=F
&g o
5 E =
83 -
=3 S o
5 & [\ = 2
23 o 25
E = T =
g 2
S E %2 R
- 1] . e
= S (@] FI.. > Io

pringer

NS

Fig. 9 Comparison of friction coefficient ¢y on the plate (left) and a profile of the horizontal velocity at
= 0.2 (right) to Blasius solution

X



1118 R. Arayaetal.

_

Fig. 10 The flat plate problem with Re = 33000. Isovalues of |u;| computed on the final adapted mesh
for the IP’% x IP; element (95.099 elements)

Figure 8 depicts a zoom of the final adapted mesh using both pairs of interpolation
spaces. As a result, we observe a dense concentration of elements inside the boundary
layer region.

ou
We compare the friction coefficient ¢y = v 3 " tin Fig. 9, as well as the
n

profile of the horizontal velocity at x = 0.2 with Blasius’ solution. Here ¢ is the unit
tangent vector on the plate. Figure 10 shows the isovalues of |« | and the isolines of
the pressure for the ]P’% x Py element. We notice the absence of numerical spurious
oscillations at the vicinity of the boundary layer which highlights the robustness of
the approach.

6 Conclusions

We have presented a new a posteriori error estimator for the fully non-linear Navier-
Stokes equations which efficiently drives mesh adaptation. We proved the estimator
is equivalent to the approximation error in a special norm. Also, the stabilized method
used to construct the estimator is proved to be well-posed using a fixed point theory.
Extensive numerical experiments attested the accuracy of the methodology to handle
high Reynolds number flows on a large variety of geometries.
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