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Abstract The Wendland functions are a class of compactly supported radial basis
functions with a user-specified smoothness parameter. We prove that with an appro-
priate rescaling of the variables, both the original and the “missing” Wendland
functions converge uniformly to a Gaussian as the smoothness parameter approaches
infinity. We also explore the convergence numerically with Wendland functions of
different smoothness.
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1 Introduction

Radial basis functions (RBFs) are a popular tool for approximating scattered data and
solving partial differential equations. Recent books covering practical and theoretical
issues are Fasshauer [5] and Wendland [18]. A function ® : R? — R is said to be
radial if there exists a function ¢ : [0, c0) — R such that ®(x) = ¢ (||x]|2) for all
x € R4, Then we can define an RBF for a given centre x; € R? as

@i (x) = o (IIx — xil|2).

An interpolant Z for the scattered data interpolation problem, where we are given

data (x;,y;), j = 1,...,n, withx; € R? and y; € R, can be constructed as a linear
combination
n
Ix) =) ¢di(x), xeR? (1
i=l
where the coefficients cq, ..., ¢, are chosen so that
I(Xj)zyj, j=],...,l’l. (2)

If @ is positive definite, then (1) and (2) have a unique solution. We recall that a
continuous function f : R? — R is positive definite (some would say strictly positive

definite) if for any n distinct points Xq, ..., X, € R4, the quadratic form
n n
DY i) f(xi —x))
i=1 j=1
is positive for all @ = [, ..., a,]T € R"\{0}.

RBFs can be categorised as either globally supported or compactly supported. The
first category includes Gaussians and multiquadrics [5]. Both have a scale parameter
(also known as a shape or tension parameter), the selection of which is still a major
ongoing research topic [6, 12].

The second category includes Wendland functions [17], Buhmann RBFs [3], Wu’s
RBFs [19] and “Euclid’s hat” [9, 13]. In this paper we consider the Wendland func-
tions, which are piecewise polynomial compactly supported functions. They have the
minimum polynomial degree for any level of smoothness, and are positive definite
since they have a strictly positive Fourier transform. The Wendland functions were
originally derived for integer-order Sobolev spaces in odd dimensions in Wendland
[17] and were then extended to even dimensions in Schaback [14] (Schaback called
these the “missing” Wendland functions). They are uniquely defined for a given spa-
tial dimension d and a smoothness parameter k (up to a constant multiplier). All the
Wendland functions are equal to zero outside [0,1].

Our purpose in this paper is to consider the limit of the original and the missing
Wendland functions as the smoothness parameter k£ goes to infinity. In Fig. 1, we
can see the original Wendland functions in R3 fork =1, ..., 4, where we have nor-
malised the functions to have value 1 at the origin. The peak narrows as k increases,
demonstrating the need for a change of variable when considering the limit.
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Wendland functions with increasing smoothness converge to a Gaussian 187

Fig. 1 The (original) Wendland
functions ¢ i (r) for ¢ =k +2

and k = 1,..., 4, normalised to
have value 1 atr =0

In Section 2 we define the original and misising Wendland functions, and give
some needed background on Fourier transforms. Then in Section 3 we define the nor-
malised equal area Wendland functions v i, obtained by a linear change of scale in
the argument of the normalised functions that ensures equal areas under their graphs
for all values of k. In Section 4 we consider the limit as the smoothness parameter
goes to infinity. Our main theorem is Theorem 4.2, which states that the normalised
equal area Wendland functions converge uniformly to a Gaussian on the real half-
line. Section 5 gives numerical illustrations of the results. A reasonable conclusion
from the experiments might be that there is little incentive to use high values for the
smoothness parameter.

The similarity of appropriately scaled Wendland functions to a Gaussian has
been mentioned in [11] and [7], in both cases for R3 with k = 1. No theoretical
explanations were given in those papers.

2 Background

In this section, we provide background material on the Wendland radial basis
functions and Fourier transforms.

2.1 Wendland functions

Wendland functions were originally introduced in [17] and then more cases were
added by Schaback in [14]. We shall refer to the functions from [17] as the origi-
nal Wendland functions and those from [14] as the missing Wendland functions. We
firstly define the Wendland functions and then discuss their properties.

Throughout the paper k > 0 denotes the smoothness parameter of the Wendland
functions, with k an integer for the original Wendland functions and & a half integer
for the missing Wendland functions. In limits limj_, it is to be understood that k
goes to infinity through both integer and half integer values. Also, throughout the
symbol ¢ will stand for

L =L(k) = {g—%—kJ—#l 3)
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188 A. Chernih et al.

where d is the spatial dimension, and the floor function | x| gives the largest integer
less than or equal to x.

Definition 2.1 With d the spatial dimension, 2k a positive integer and £ given by (3),
let

1 ! -
¢ (r) W/ S(l—S)e(Sz—rz)k 1dS for OSVS 1,
0,k = r

0 for r > 1.

“)

This defines the original Wendland functions when k is a positive integer and the
missing Wendland functions when k is a positive half-integer.

Both the original Wendland functions and the missing Wendland functions are
continuous on [0, co). Note that the choice of £ given by (3) is the smallest integer
that ensures that the resulting functions are positive definite. For fixed d we have

¢ ~kask — oo, (5)

where x ~ y denotes asymptotic equality, that is £ — 1.

We give explicit formulae for the original Wendland functions for d = 2,3 and
k=1,...,4(so £ = k + 2) in Table 1 where = denotes equality up to a positive
constant factor. The support of all the original Wendland functions is [0, 1].

Schaback [14] extended Wendland’s original approach to introduce the missing
Wendland functions. An important diffference between the original Wendland func-
tions and the missing Wendland functions is that the missing Wendland functions,
whilst still being supported on [0, 1], now have logarithmic and square-root multipli-
ers of polynomial components. We give explicit formulae for the missing Wendland
functions ford =2 and k = %, % and % in Table 2, where

L(r) := log( and S#):=+v1—7r2, re(0,1].

-
1+v1—r2)

Hereafter by Wendland functions we will mean both the original and missing
Wendland functions. Both will be denoted by ¢¢ « (r).

Table 1 The original Wendland functions ¢y x (r) ford =2,3andk =1, ..., 4

Original Wendland function

P31 () =1 =rt@r+1)

Gu2(r) = (1 —r)8.(35r2 + 18r +3)

$s53(r) = (1 —r)8.(32r3 +25r2 + 8r + 1)

P6.4(r) = (1 — r)10429r* + 4503 4 21012 + 50r + 5)

N S
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Wendland functions with increasing smoothness converge to a Gaussian 189

Table 2 The missing Wendland functions ¢ x (r) ford =2 and k = % %, %

k Missing Wendland function

3 95,1 =3r2L() + @2 + DS

3 3,31 = —15r*(6 + r2)L(r) — (81r* + 2872 — 4)S(r)

3 4,31 = (945r8 +2520r) L (r) + (256r® 4+ 2639r° 4 690r* — 13612 + 16)S(r)

2.2 Fourier transforms

The subsequent proofs rely heavily on Fourier transforms. This section provides
definitions and outlines key properties. For further information, see [15, 18].
The Fourier transform of f € L{(R?) is defined as

f(z) = (271)*% / f(x)e *Xdx, zeR?.
R4

For the case of a radial function ® € L{(R?), ®(x) = ¢ (||x|)), with | - || denoting the
Euclidean norm in R, the Fourier transform is also radial, and is given by CI>(z)
Faop(lzll) where

Fap@ =24 [T om0yt ag @ ©)

and J, (y) denotes the Bessel function of the first kind of order v. In particular, from
the properties

x| _ 1
|J,)(x)| fm, XGR, |x| VJ‘,(x)—> masxeo, (7)
for v > —5, it follows easily that
Fig(0) = f ()1 dy. ®)

From the Fourier inversion theorem applled to radial functions, we know that if
o e Ll(Rd) with ®(x) = ¢ (|Ix|), ¢ : [0, c0) — R, and ifd e L (R%), then

£

p(y)=y'"12 A fd¢(z)z% Ja_y(y2) dz. 9)

We also recall that if f € L1(R9) is continuous at zero and positive definite then
its Fourier transform is in L (R9) and is non-negative [15].

The Gaussian radial basis function with scale parameter « > 0, which we denote
by Gy (y), is

Gu(y) =™, yeR, (10)
and its Fourier transform is given by
~ 1 22
Go(z) = Te 4, zelR (11)
()2
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190 A. Chernih et al.

We first define the generalised hypergeometric function and then state the Fourier
transform of the Wendland functions. Further details on generalised hypergeometric
functions can be found in [1] and [2].

Definition 2.2 The generalised hypergeometric function pFy(ai,...,ap; b1, ...,
by; x) is
o
(@n--- (ap)n x"
Fy(a,...,ap;b1,..., by x) = —_—

m g ! 2 (b1)n -+ (bg)u 1!

where none of by, ..., by is a negative integer or zero and where
I'(c+n)

> 1 (12)

©)n ::c(c—i—l)---(c—i—n—l):W, n>

denotes the Pochhammer symbol, with (c)o = 1.

When p < ¢ the series converges for all finite x and defines an entire function.
When p = g + 1 the series converges absolutely for |x| < 1, and also at x = 1 if

q p
Zbi - Zai > 0.
i=1 i=1

Lemma 2.3 The d-dimensional Fourier transform of ¢g . is given by

d+1 C+d+1 C+d+2 2

Fader(@) = Co* Py +k; +k, +h—2), 220,
2 2 2 4
where
e 2Ere D (4 k)
C,m =
AT +d +2k+1)

Proof The proof can be found in [20, Theorem 3]. O]

3 Normalised equal area Wendland functions

Hubbert [10] expresses the Wendland functions in terms of Legendre functions.
Equation (3.4) in [10] states that for r € (0, 1]

re+1) okt ¢ 41 1
=— —  ° (1- Fil=-k+—0+k+1;1——=).
Ge.k(r) 2‘+k1“(£+k+1)( ) F 7kt — +k+ p
(13)
Now we apply the identity [1, 15.3.4]
2Fi(a,byc;z) = (1 —2) " F (a,c—b; ¢ — 1) (14)
7 —
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Wendland functions with increasing smoothness converge to a Gaussian 191

to (13), which gives us, for r € [0, 1],

re+1) 20tk L L+1 2
= 1— Fil-,—:¢+k+1;1— , (15
P = serr U A (5 etk =) as)

where we recover the case of r = 0 by right continuity. We will need to normalise
the Wendland functions, and thus need the value of ¢ x(0).

Lemma 3.1
re+ 1H)rek

¢k (0) = 2k=IT ()T (L 42k + 1)

(16)

Proof To calculate ¢y ; (0) we need the value of the hypergeometric function in (15)
at the argument 1 (since in ¢ (r) the hypergeometric function has argument 1 —r?).
From [1, 15.1.20] we have the identity

r'e)l'(c—»b—a)
I'c=bI'(c—a)’

2F1(a, bsc; 1) = c—b—a>0. 17)

Applying (17) to (15) shows that

re+Hrk+5

,(0) = .
k) = Tkt DIk 4 D

Using the duplication formula for the gamma function [1, 6.1.18]

1
')l (z + 5) =21"% /7 T (22), (18)

twice —firstly for ['(§ +k + $)I'(§ + & + 1) and then for [()T" (k + }) — and with
several terms cancelling out in the numerator and denominator, we get the desired
result. O

We will also need the following result for the area under the Wendland functions.

Lemma 3.2

T+ 1)Ik+1)

/O‘W"‘(r)dr: Te+2k+2) (19

Proof This follows from (8) and Lemma 2.3 on setting d = 1 (noting that ¢y ; has
no explicit d dependence). O

Now we can define the normalised equal area Wendland functions y, ;. These are
Wendland functions normalised to have the value 1 at 0, and with a change of scale
in the argument so that the normalised equal area Wendland functions have integrals
over the real half-line equal to the integral of exp(—ay?), where & > 0 can be chosen
for the convenience of the user.
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192 A. Chernih et al.

Theorem 3.3 With o an arbitrary positive real number, the normalised equal area
Wendland functions are given by

AT ()T (€ 4 2k + 1) ¢“<r%ﬂﬁno<y<&ﬂm
_ *\ 5@ Sy =ouk(@), o)
ver0) ¢+ DI(2k) 0 " for y > 8¢ x(a) 0
where
(€+26+ DT (k+1)
Sg’k(o{) = (21)

2alk+1)

Proof 1t follows from Lemmas 3.2 and 3.1 and the duplication formula (18) that the
integral of V¢ equals /7 /(2+/a), which is the integral of exp (—ay?) over the half
line, and that ¥, £ (0) = 1. ]

In Fig. 2 we plot the normalised equal area Wendland functions ¥, x ford = 2, 3,
k=1,...,4witha = 1.

We also need the results in the next two lemmas.

Lemma 3.4 For k > min (%, 1),

3vk
Se (@) = —=. (22)
o
Proof From [16] we have the double inequality
1—s
X - 'x+s) <1
X +s - xST'(x) T
forO0 <s < landx > 0. Withs = % and using I'(k + 1) = kI (k), this gives
1
5 @) w+%+nr@+ﬁ<w+%+n<3ﬂ
k() = = = .
2 /a r'k+1) 2Vk o Ja
[
Fig. 2 The normalised equal 17
area Wendland functions
V3,100, Y42 (), ¥5,3(y), 084
Ye,4(y) witho = 1 and
2
exp(—y7) o6l
0.4
0.24
0 T
0 0.5 1 1.5 2 25
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Wendland functions with increasing smoothness converge to a Gaussian 193

Lemma 3.5 Let n > 0. The function f; : (0, 00) — R defined by

I'(y+n)

fﬂ(y) = Ty)’

> 0, (23)
is increasing on (0, 00).

Proof Defining Fy,(y) := log f;(y), itis clear that f, is increasing on (0, co) if and
only if F;, is increasing. But

dFy(y) _dlog 'y +mn  dlog I'(y)
dy dy dy

= Yoy +n) — Yo(y),

where Yo := d log I'(y)/dy is the digamma function. Since the digamma function
is increasing on (0, 00), the result follows. O

4 Limit of the Wendland functions as k — oo

In this section we derive the limit of the normalised equal area Wendland functions
as k — oo. We start with a convergence result for the Fourier transforms.

Theorem 4.1 Let o be a positive real constant, and let ;. be the normalised equal
area Wendland functions defined by (20) and (21) with € given by (3). Then

lim Fyvre 4(2) = Ga(2) (24)
k— 00
uniformly for z in an arbitrary bounded subinterval of R*.

Proof Firstly, we express the Fourier transform of v  in terms of the Fourier trans-

form of ¢y ;. Writing &,  for 8¢ x (o) and using the transformation y = r §¢ x together

with (6) and Theorem 3.3, gives

8 2T (T (L + 2k + 1)
¢+ nHrk

50,2797 (¢ + 2%k + DI (DT (d + 26)

© O TQOT (4 + k)T +d+2k+1)

d+1 C+d+2%+1 C+d+2k+2 8,7
xX1F k; : :

Faver(z) = (Fadek)(Sex2)

2+’ 2 ' 2 4

o0

2\ "
_2ty P+ 2K+ 20T+ 2%+ DIW) i, (—%)
TQOT(E+2k+1+d+2m)T (k+ % +n) Lk !

n=0

—2*%00 k 2\’ 25
= ngown()(—Z), (25)
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194 A. Chernih et al.

where

[(d+2k +2m)T(+2k + DT k) 800"

wy (k) =
() TROTE+2k+14+d+20)T (k+ < +n) n!

(26)

Using (18) repeatedly, together with Lemma 3.4 and the following inequalities
(both a consequence of Lemma 3.5)

T+ 2k + 1) - I (3k)
T(+2k+1+d+2n) — DGk+d+2n)

r<%+k+n+%) F(%+%+n>
<

I O

D (kb + ) T+ 2K+ 1) it

we have for k > 1

wn(k) ) "
F<k+§>l“(£+2k+l+d+2n) n!

d+2 d 3k
pd+2ny (7 + 3% +n) rGk) sdton

r (%) rGk+d+2n) M

3k+1 a2
N ) IR (m) "
- n!

F(3k+2d+1+n) n!

6\ 2t 1
- — = U}’la
o n!

where in the penultimate step we used the bound [4, 5.6.8]

I'x+a) -
I'(x +b) — xb-a

, x>0,b—a>1,a>0. 27

n
The ratio test shows that ) U, (—é) is absolutely convergent for all z € R,

Therefore by the dominated convergence theorem we can take the limit as k — oo
inside the infinite sum in (25), giving

‘ 00 Z2 n d 00 <_%)n .
Jim Fayep(z) =272 X(j)klggo wn (k) (‘Z) = Q)72 ) S = Gald),
n=

where we used (11) and the asymptotic equality, see [4],

I'x+a) _ a—b

- (28)
I'(x +b)
This proves pointwise convergence of a sequence of continuous functions, which is
necessarily uniform on a compact interval. O
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Wendland functions with increasing smoothness converge to a Gaussian 195

We are now ready to state the main result.

Theorem 4.2 Let o be a positive number and g x be the normalised equal area
Wendland functions defined by (20), (21) and (3). Then

lim ¥y 1 (y) = Ga(y), (29)
k—o00
with uniform convergence for y € RT.

Proof Tt follows from (9), with the aid of (7), that for arbitrary y, Z € Rt

T
-

/0 |Fatex(2) — Ga(2)|2% " dz

d
2

)Iw,k(y)—Ga(y)l

d
21-%

d| [ ~ d
y 2/0 (Favex(@) = Ga(2)) 22 Ju_y(y2) dz

IA

z o
= / |]:dw”<(1)—Ga(Z)lzd_ldZ+/ Faver(2) 297 dz
0 z
o0 o~
+ / Gy (2) 271z
z
Z —~
= / | Favrex(z) — Go(2)]z9 1 dz
0
z .
+/ (Ga@)—Fa¥rer(2)) zd_ldz+2/ Gu(2) 2%V dz
0 z

z o0
SZf Ifdw,k(z)—Ga(z)lzd‘ldz+2/ G ()28 dz.
0 VA
(30)

where we used the positivity of F4 x and Ga, and

> d—1 OOA d—1 d 1 d
/ Faver(z) 2 dz=/ Gy(2)z"  dz=22""T (5)
0 0

which follow from (8) with F, replaced by F .

Since the bound is independent of y, the result now follows from the integrability
of Ga (z)z%71 over R, together with the uniform convergence property established
in the preceding theorem. O

5 Numerical results

In this section we present numerical results regarding the differences between the
appropriately scaled Wendland functions and the Gaussian limit established in The-
orem 4.2. We also consider an interpolation example using both the Wendland
functions ¢ ; and the normalised equal area Wendland functions ¥ k.
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196 A. Chernih et al.

5.1 Difference with the limiting Gaussian

Let the differences between the normalised equal area Wendland functions and the
limiting Gaussian be

Eox(y) := Yex(y) — exp(—ay?)

and let
€0k :=sup [Eg (¥)I.
y=0
0.010 - 0.010
0.005 1 0.005
= =
:: 0 T T T 1 " 0 T T
S 1 2 3 4 m.\‘ 1 4
N
~0.005 ~0.005 |
—0.010 - -0.010 -
a d=2k=15 b d=2k=55
0.010 0.0104
0.005 - 0.0054
“ 0 T T 1 é«: 0 T T
1 2 3 4 o 1 4
N
~0.005 - ~0.005-
—0.010 - —0.010-
c d=3k=2 d d=3,k=6

Fig.3 E;x(y) witha = 1and0 <y < §¢x(1). Subplots a and b are for the missing Wendland functions
and subplots ¢ and d are for the original Wendland functions
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Wendland functions with increasing smoothness converge to a Gaussian 197

Note that the change of variable used to define v, x depends on the parameter .
Figure 3 shows plots of Ey () with o = 1. The upper plots are for d = 2, and show
k=15, =3and k = 5.5, ¢ = 7 respectively. The lower plots are for d = 3, and
show k = 2,¢ =4 and k = 6, £ = 8 respectively.

In the absence of theoretical rates of convergence, we show numerical results.
Figure 4 shows € witha = 1 fork = 1,...,50 and d = 3 and 5 for the original
Wendland functions. Figure 5 shows €y withae = 1 fork =0.5,...,49.5andd =2
and 4 for the missing Wendland functions. Since « is just a scaling factor, the results
do not vary in an essential way for different values of «.

In all cases, we see rapid convergence of €g i to zero as the smoothness parameter
k increases. This is consistent with the theoretical convergence results. Note that €; x
is not monotonically decreasing in k. We also remark that €,  is reached at different
values of y as k increases.

5.2 An interpolation example

We consider an example, in which we show results obtained with both the Wendland
functions ¢ i, normalised to have value 1 at the origin, and the normalised equal
area Wendland functions v, x for different values of k. The aim of the example is to
approximate the 2-dimensional Franke function [8, p.20] on [0, 5%.Fork=1,...,5
we consider interpolation as in (1) and (2), using the Wendland functions ¢  and the
normalised equal area Wendland functions v, x witha = 2. We use a 17 x 17 equally
spaced grid as the centres. The number of centres is thus n = 289. The L, error was
estimated using Gaussian quadrature with a 120 x 120 tensor product grid of Gauss-
Legendre points and the L, error was estimated by using a 360 x 360 equally spaced
grid. Table 3 shows the L, and L, errors, as well as the 2-norm condition numbers

0.05 0.05
o
R4
0.01 4 0.01 4
5
E o E o
8 8
0,
= 00054 %, = 0.005
°
00 o
°o° 09900
o°°o o°°°o
EN S,
N 0,
%, %o,
90, "o%
900, ©0q, .
N oo,
000000000 0060000 .
0.001 - 7990004, 0.001 4 20000,
T T T T ? T T T T ?
10 20 30 40 50 10 20 30 40 50
k k
a d=3 b d=5

Fig. 4 €/ on a logarithmic scale withe = 1,k = 1,...,50 and d = 3 and 5 for the original Wendland
functions
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0.05 0.05
<
<©
y 0.01 . 0.01 4
o =}
T : .
8 o 8
~ 0,005 %o, ~0.005
<
R
oo% 40900,
o
o"oo %o"o
N s,
©0, o,
00, 05,
%00, ©00,,
%0, o,
©%00,, 9000,
00, 0,
0.001 4 %0004, 0.001 %0004,
T T T T T T T T T T
9.5 19.5 295 39.5 495 9.5 19.5 295 39.5 495
k k
a d=2 b d=4

Fig. 5 € on a logarithmic scale with « =
Wendland functions

1,k = 0.5,...,49.5 and d = 2 and 4 for the missing

of the interpolation matrices. We also show the results with the limiting Gaussian of
exp(—2 y?), denoted by k = oo.

We see from the right-hand part of Table 3 that once the argument is properly
scaled to give approximately constant effective support, increasing the smoothness
has little effect on the error. On the other hand the condition number increases rapidly
as the smoothness increases and is very large for the Gaussian limit. Taken together,
these observations suggest that any benefit gained from the higher smoothness is
likely to be offset by the increased condition numbers of the matrices.

The results with the Wendland functions ¢ x are in the left-hand part of Table 3.
We can see that the condition number is decreasing as k increases, which is due to
the decreasing magnitude of the non-zero elements away from the diagonal. This is

Table 3 Results from the example in Section 5.2 showing L; and L, errors, 2-norm condition numbers
« and minimum and maximum eigenvalues (Amin and Amax) When using the Wendland RBFs ¢y x and the
normalised equal area Wendland RBFs vy, x with o = 2

RBF: ¢y x RBF: ¢y
N k Ly error Ly error  « Ly error Ly error  « Amin Amax
289 1 7.75e—2  2.26e—1 4.87el 8.20e—2  2.45e—1 4.77e2  2.25¢-2 10.74
2 7.48¢e—2  2.00e—1 5.64el 7.98¢e—2  2.1le—1 3.89¢3  3.08e—3 11.97
3 7.47e—-2 1.98e—1 3.00el  7.88e—2  2.00e—1 1.23e4  1.04e—3 12.78
4 7.59e—2  2.12¢e—1 1.24el  7.71le—2  2.04e—1 9.88¢4  1.33e—4  13.09
5 7.75e—2  2.33e—1 6.85 7.6le—2  2.09¢e—1 3.77e5  3.55e—-5 13.39
o0 7.23e-2 1.90e—1 2.13¢9  7.04e—9 15.00
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Wendland functions with increasing smoothness converge to a Gaussian 199

due to the fact that as k increases the Wendland functions ¢¢ i (), normalised to have
value 1 at r = 0, decay more rapidly with respect to r, as illustrated in Fig. 1.

6 Conclusion

Compactly supported radial basis functions have proved very popular in scattered
data approximation due to the resulting sparsity of the interpolation matrix. This
paper has shown that for both the original and missing Wendland functions, the
limit as the smoothness parameter goes to infinity, after suitable scaling and linear
transformation, is a Gaussian RBF.

In Fig. 1 we saw that the (original) normalised Wendland functions exhibit faster
decay with respect to r as the smoothness parameter k increases. This suggests the
need for a change of variable, not only to have a well-defined limit as considered in
this paper, but perhaps also in practical applications. Without a change of variable,
in the case of interpolation we could have a nearly diagonal interpolation matrix and
consequently high errors between the interpolation points.

The results in the paper have illustrated the trade-off between approximation
power and the condition number of the resulting linear system with Wendland func-
tions of different smoothness. The issue of appropriate scaling and the selection of a
smoothness parameter when using the Wendland functions remains a complex issue
in practice.
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