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Abstract In this paper, we explore the effect of numerical integration on the
Galerkin meshless method used to approximate the solution of an elliptic
partial differential equation with non-constant coefficients with Neumann
boundary conditions. We considered Galerkin meshless methods with shape
functions that reproduce polynomials of degree kK > 1. We have obtained an
estimate for the energy norm of the error in the approximate solution under
the presence of numerical integration. This result has been established under
the assumption that the numerical integration rule satisfies a certain discrete
Green’s formula, which is not problem dependent, i.e., does not depend on
the non-constant coefficients of the problem. We have also derived numerical
integration rules satisfying the discrete Green’s formula.
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454 Q. Zhang, U. Banerjee

1 Introduction

For the last 20 years, a lot of progress has been made in the development of
the Meshless Methods (MM) and it has been applied to solve complicated
engineering problems (see e.g., [1-3, 9, 19, 22, 25]). There are many classes
of MM used in practice, e.g., meshless collocation methods, MM based on
Radial Basis Functions, Galerkin MM, etc (see [19, 23]). In this paper we
address the Galerkin MM, where the shape functions reproduce polynomials
[3, 8,9, 13, 25]. We note that this method is referred to in the literature as the
Galerkin meshfree method, the element free Galerkin method, the method of
spheres, the meshfree method, Galerkin MM, MM, etc. Throughout this paper,
we will refer to this method as Galerkin Meshless Method (GMM). In contrast
to the FEM, the construction of shape functions used in GMM does not
require a mesh, however, the shape functions are not piecewise polynomials.
This feature poses a serious challenge in the use of numerical integration to
compute the elements of the stiffness/mass matrices and the load vector.

The challenge of numerical integration has been recognized from the very
beginning of the development of the GMM, and it has been addressed in
various engineering papers [5, 7, 8, 11-14, 16-18, 20]. Several approaches to
implement numerical integration have been proposed in the literature; we
refer to Section 3 of [6] for a brief review of these approaches. A mathematical
analysis of the effect of numerical integration was first reported in [5], where
it was shown that the approximate solution obtained from the GMM, using
standard numerical integration, may not converge. It was also shown that if
the stiffness matrix (numerically computed with quadrature) satisfies a row
sum condition then the error in the approximate solution (in energy norm)
is O(h+ n), where h is the discretization parameter and the parameter n
indicates the accuracy of the underlying numerical integration. Thus with
n = O(h), the GMM with numerical integration yields the optimal order of
convergence. However, the analysis presented in [5] was restricted to the shape
functions of the GMM that reproduce polynomials of degree k£ = 1 and could
not be extended for k > 1.

Another analysis of the effect of numerical integration on the GMM was
presented later in [6], where the quadrature is required to satisfy a discrete
Green’s formula. This analysis is valid for the GMM, where the shape functions
reproduce polynomials of degree k > 1. It was shown that the energy-norm of
the error in the approximate solution obtained from the GMM is O(h*~'(h +
1)), and optimal order of convergence is obtained with n = O(h). However in
[6], the GMM was used to approximate the solution of a Neumann problem
with constant coefficients and with no lower order term. We further note that
a direct application of the ideas in [6] to the situation, where the GMM is
applied to a problem with non-constant coefficient, requires the quadrature
to be problem dependent, e.g., dependent on the non-constant coefficients of
the problem.

In this paper we extend the analysis in [6] to study the effect of numerical
integration, when the GMM is used to approximate the solution of a Neumann
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problem with non-constant coefficients including the lower order term. We
require the quadrature to satisfy a certain version of the discrete Green’s
formula, which is not problem dependent (but is slightly stronger than the
condition used in [6]). We show that the energy norm of the error in the
approximate solution obtained from the GMM with quadrature is O(h*~'(h +
n)). For a Neumann problem with no lower order term, we mention that the
condition on the quadrature required in this paper is the same as the condi-
tion required in [6] for kK = 1. However for k > 1, the situation is different;
a quadrature satisfying the condition proposed in this paper automatically
satisfies the condition required in [6], but not vice versa. In this paper, we
have also investigated the possibility of using different numerical integration
rules to compute the elements of the stiffness matrix, the mass matrix, and the
load vector, which was not done in [6]. Moreover, we have derived numerical
integration rules, satisfying the extended discrete Greene’s formula, in two
dimensions for k = 1 and k = 2 in this paper; numerical integration rules only
for k = 1 in one dimension was presented in [6].

The outline of the paper is as follows: In Section 2, we present the notations
and the elliptic Neumann model problem with non-constant coefficients. The
GMM and the various properties of the associated finite dimensional space
are given in Section 3. In Section 4, we define the GMM with numerical
integration and list the assumptions imposed on the numerical integration
rule. The effect of numerical integration on the energy norm of the error in
the approximate solution, obtained from the GMM, has been investigated
in Section 5. Our main analytical result, Theorem 5.5, has also been pre-
sented in this section. In Section 6, we derive numerical integration rules, in
2-dimensions, that satisfy the main assumption given in Section 4. Finally, we
present some numerical examples in Section 7 that shows the effect of the
numerical integration on the energy norm of the error in the approximate
solution.

2 Preliminaries and model problem

Let N be the set of all positive integers. For a domain D C R?, an integer m e
N U {0}, and p € N U {00}, we denote the usual Sobolev space by W7 (D) with
the norm || - ||wm.r(p) and semi-norm | - [wm.r py. We will only consider p = 2, oo
in this paper. The Sobolev space W7 (D) will be represented by H” (D) in the
case p =2 and by L,(D) in the case m = 0. Likewise, for a hypersurface 9 D
in R?, we will use the space L, (3 D) equipped with the norm || - ||, Dp)-

Let V be a normed linear space. We define V to be the product space
V4, where 7 = [Ui]f'l=1 € V is a vector-valued function with its components
vieV,i=12,---,d When V= W"?(D) or L,(dD), the associated norm

of V is defined by [[3]ly = (X2, ||v,»||’;)% in the case 1 < p < oo and |[7]|y =
max{||v;lly : i=1, 2,---,d} in the case p = oo; the semi-norm |v|y (for V =
WP (D)) is defined by using |v;|y instead of ||v;|y in the above definitions.

@ Springer



456 Q. Zhang, U. Banerjee

A domain D is star-shaped with respect to a ball B C D if, for all x
D, the closed convex hull of {x} U B is a subset of D. Let pp.x = sup{p :
D is star-shaped with respect to a ball of radius p}, then the chunkiness para-
meter of D is defined by

_ diam(D)

pmax

YD
Let © c R be a bounded domain with Lipschitz continuous boundary I' =
2. For the model problem, we consider the Neumann problem
Lu=-V-(AVu)+cu=f in Q
AVu-n=g, onT (2.1)

where A(x) = {a;(x)}1<; j<a is @ symmetric matrix, a; € CX(Q), c € C(Q), f €
L,(R) , g € L,(I") and 7 is the outward unit normal vector to I'. We assume
that there is a constant 8 > 0 such that

d d
Z wiag(u; > p Zuf VueRYand c(x) > B, VxeQ. (2.2)
Q=1 im1

We note that for v € H!(R2), aVv is a vector-valued function, but for simplicity
of notation, we do not put a tilde over it.
The associated variational formulation of (2.1) is given by

Find u € H'() such that
B(u,v) = L(v), VYve H(Q) (2.3)

where
B(u,v) = B;(u,v) + By(u,v), L(v)= / fvdx+ / gvds
Q r
and

Bl(u,v)E/AVu-Vvdx, Bo(u,v)z/cuvdx
Q Q

The bilinear form B(-, -) is continuous and coercive (using (2.2)) on H'(Q) x
H'(R), and it is well known [10] that the variational problem (2.3) has a unique
solution.

3 Galerkin meshless methods
The GMM to approximate the solution of the variational problem (2.3) is a

Galerkin method, where the construction of the underlying finite dimensional
subspace either does not depend on a mesh, or uses a mesh only minimally.
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To this end, we consider a one-parameter family of finite dimensional spaces
Vi, € H'(RQ), given by

Vi =span{¢! € C(Q):ie Ny}; Ny isanindex set.

The functions {q&ih}ie n, are referred to as shape functions and their construction
either does not depend on a mesh or depends only minimally. Each ¢/ has
compact support and we let of denote the interior of supp ¢/ with h; =
diam /. We assume that each o' is star-shaped with respect to a ball o/ C !
and their chunkiness parameters satisfy Yo < C,Yie N,

Often the shape functions {qﬁih}ie ~, are constructed relative to a set of
particles X; = {x : i € Ny} C R? and each ¢!" is associated with a particle x!.
When @ N T = ¢, then the associated particle x" € wf. But when @' N T # @,
then the associated particle x” could be outside 2. We divide the index set Nj,
into two disjoint parts, N, and N, where,

h=1{i€ Np:3dwo;,NT #0@} and N, ={ie N,: & C Q}.

Now, we make several assumptions on the space V.

Al Forie Ny, let S;={je Ny : o Nolt # ). We assume that there is a
constant «, independent of i, j, and /4, such that

cardS; <k, Vie N,

Remark 3.1 This property is referred to as the finite overlap property. If we let
Sy={jeNy:xe w’;}, then the finite overlap property implies

card S, <k, Vx € Q. (3.1)

A2 There exist positive constants C; and C,, independent of 4 and i,
such that
h;

Cr=5 =G, Oh <oy < GhY, and CAT < 16N T =GR (32)

where |w;| is the “area” of w; in RY and |w; NT| is the “length” of @w; N T
in R41.

A3 The shape functions reproduce polynomials of degree k, i.e.,

Z p () ¢lx) = p(x), VpePrandxeq. (3.3)

iGN;,
A4 There exists a positive constant C, independent of i and £, such that
I D HL @ = Ch;'"‘| for || < g for some g > 1, (3.4)

where « is a multi-index. In this paper, we will assume g = k + 1.
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AS There exist positive constants C, C,, independent of /& and i, such that
for anyi € Ny,

2 d 2 2
CillvlF iy < HY 07 < GVl (3.5)
JjeSi
2 d—1 2 2
Cillv 1, pmery < A1) 07 < Gl gonr)- (3.6)
jes;
2 d-2 2 2
Cilvlin gy < B 0= 1)* < Calvl o) (3.7)
JjeSi

where v € V) is of the form v =", \ v ¢/ and S} = {j € N}, : dw;N (Je; N
T) £ @} C Np.

Remark 3.2 The finite dimensional space V}, could be viewed as a general-
ization of the standard piecewise linear finite element space based on quasi-
uniform mesh. In the finite element setting, the shape functions ¢/ are hat
functions, the particles xf’ are the finite element nodes, and the supports Ef’
are the finite element “stars”. The quasi-uniform finite elements satisfy the
assumptions Al and A2, whereas the hat functions satisfy A3 and A4 with
k = 1. The inequalities (3.5)—(3.7) are also true for piecewise linear finite
elements. But finite elements are piecewise polynomials and their construction
requires a mesh.

Remark 3.3 Many approaches to construct shape functions for GMM are
available primarily in the engineering literature; we refer to [8, 9, 16, 21, 23, 24]
for details. In all these approaches, the shape functions are not piecewise
polynomials and are not available in terms of explicit mathematical formulas
that could be easily evaluated. This is the price one pays for avoiding a mesh.
For example, in the reproducing kernel particle (RKP) technique, one starts
with a weight function w(x) with compact support such that the origin is in the
interior of the support. The shape function ¢ is sought in the form

ol(x) = wl(x) Z (x— xf’)a b"(x), (aisamulti-index)
la|<k

where wlh x) = w(";—ix"). For each x € Q, b"(x) are chosen so that (3.3) is
satisfied, which requires solving a linear system. For details, we refer the reader
to [21,25]. We also note that the shape functions ¢/ (x), constructed using these
approaches, do not satistfy the Kronecker delta property, i.e., q)f’ (x’}) # 8;;. We
further note that if the weight function w € C7(2), then the shape function
¢! € C1(Q). Thus it is easy to construct smooth shape functions, in particular
with ¢ = k + 1, as assumed in assumption A4.

Remark 3.4 The inequality (3.5) in assumption A5 implies the local linear
independence of the shape functions {¢; : j € §;} on w;. The constants C; and
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C, appearing in A5 may depend on the geometry of w; and w; with j € S;, but
are independent of 7 and A.

Remark 3.5 Summing the terms of the inequality (3.5) over i € N;, and using
the assumptions Al and A2, we can obtain

Cillvl Ty h D 07 < Clvli,g, Y= vigieVi  (38)

iEN/, iEN;,
Similarly, we obtain
2 d—1 2 2
Cillvllz, ¢ = h Z v < Gllvllp,ry. Yv= Z vigi € V. (3.9)
ieNy ieN)

In particular, substituting v = 1 in these two inequalities, we get
Cih™" < [Nyl < CGh™?, Gh™ < |Nj| < Gh™
Cih~ ™Y < |N,| < =P (3.10)

These estimates will be used later in the paper.

In the rest of the paper, we will suppress the parameter # for notational
clarity and write ¢, x;, w;, and o; for ¢!", x”, »', and o, respectively, with the
understanding that they depend on .

Based on the finite dimensional space V), C H'(S), as described above, the
Galerkin meshless method to approximate the solution of (2.3) is given by

Find u;, € Vj, such that
B(up, vp) = L(vy), VY, €V (3.11)

The approximation of the exact solution u € H'(Q) by the solution u;, € V/,
of (3.11) depends on the approximation property of the space V}, which has
been studied in [21, 25]. But in these studies, the set of particles, X}, has been
assumed to be in Q, which may give rise to boundary layer in the error as
indicated in [4]. This is precisely the reason that some of the particles have
been allowed to be outside Q in this paper, as well as in [3, 5, 6]. But the
approximation result for V), remains the same as in [21, 25], even when some
of the particles are allowed to outside €2; only the analysis requires slight
modification based on an extension result. For completeness, we present the
modified analysis in this paper.

For a function u € W*+1.2(R9), we define its V},-“interpolant” on Q by Tju,
given by

Thu(x) = Y u(x)¢i(x), x € Q. (3.12)
iEN/,

It is clear from the reproducing property (3.3) that Z,p(x) = p(x), for
x € Q and p e Pk. Strictly speaking, Z;, is not an interpolation operator
since Znu(x;) # u(x;) for x; € X;; I is a quasi-interpolation operator. We
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460 Q. Zhang, U. Banerjee

will use the terms interpolation and interpolant throughout this paper, with
an understanding that they are quasi-interpolation and quasi-interpolant,
respectively.

When u is defined only on €2, the interpolant Z,u is undefined as some of
the particles x; may be outside 2. To address this issue, we use the well-known
extension theorem (see [10, 26]), which provides us with an extension operator

E: L,() — Ly(RY,

ur—u= Fu
such that
i(x) = u(x), for x € Q and || Eu| yis1.00ray < Cllte]l wierro () (3.13)

where constant C is independent of u € L,(2). We now define the V-
interpolant of u € Whtloo(Q) by Zyu(x) = Zyu(x), forx € Q. We now present
an interpolation result that indicates the approximation property of V/,.

Theorem 3.1 Letu ¢ W*-%°(Q) and Tju be the V)-interpolant of u. Then there
is a positive constant C, independent of h, such that

lu — Tnullwiriqy < CH* ' ooy VO <I<k+1land p>1. (3.14)

Proof For i € Ny, let &; be the smallest ball containing the set Ujes,0;. Con-
sider Q{‘“Eu(x), the Taylor polynomial of degree k (i.e., of order k + 1) of
Eu averaged over the ball &; (see the Definition 4.1.3 in [10]). Then from the
Lemma 4.3.8 of [10] and assumption A1, we have

| Eu — Q¥ Eullyino,) < CH*' ! Eulyiinog, VO<I<k+1.  (3.15)

The constant C depends on « and the chunkiness parameter of @;, which is 1,
and thus C is independent of i.
For x € w;, we note that ¢;(x) = 0 for j ¢ S;. Therefore, for x € w;, we have

u(x) — Tyu(x) = Eu(x) — Q¥ Eu(x) + O™ Eu(x)

=Y [Eute) = OF Eutxp | 900 = Y2 [ 0F Euxp] 500

JjeS; jeSi

= Eu(x) - O Eu) = Y [ Eutx)) — OF Eutx)) | 9x).

jESi
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where we used (3.3) with p(x) = Qf‘“Eu(x). Therefore, from (3.15) and
assumptions A4, Al, A2 we get

k+1
= Tty < | Eu— O Eul
Whee (@)

+3° H Eu— Q' Eu

JjesSi

Wi 11l weoo (@)

< CHY | Eull iy + Y CHH Y Eullypi o yh™
JeSi
< CH' | Eullwio <@ (3.16)
where C may depend on «. Thus we immediately get
I~ Zttll iy < Ch B Etll i - (3.17)
Finally, using (3.16), (3.17), the assumption A1, and (3.10), we get

k1=l
lu — Zhullweooiqy < sup llu — Zpttllwioo(,y < CH' " sup || Eull iz,

ieNy ieN;

S Chk+l_l||Eu||Wk+l,oo(Rd) S Chk+l_l||l/l||Wk+l.oo(Q)

and
7
P
e — Tpullweniey < | Y = Tuuelly,
iENh
d - 1
< Chr B it ks oo ey | N |2
k1-1
< Ch** lluell wisi.o ()
which gives the desired result. O

Remark 3.6 We note that Theorem 3.1 holds for u € WKLP(Q), 1 < p < o0,
providedk + 1 > d/p (k+ 1 > d when p = 1). Also for a given /, we only need
q = [ in assumption A4 (instead of ¢ = k + 1).

Now, with Lax-Milgram Theorem, Céa’ Theorem [10] and (3.14), the fol-
lowing approximation result for the GMM with exact integration is immediate:

Theorem 3.2 Let u € WKtL°(Q). Then there is a unique solution uy, € V), of
the variational problem (3.11) satisfying

Il — unll g @) < Ch* lullweris g, (3.18)

where C is independent of h.
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Another consequence of the error estimate (3.14) in Theorem 3.1 is

I Znttllwiroo @) < llutllwrrro@y + U — Zpttllwir (o)
< Cllullwr.=0), (3.19)

which will be used later in this paper. This is the reason that we required g =
k + 1 in assumption A4.

4 The Galerkin meshless method with numerical integration

In this section, we will present the GMM with numerical integration (also
referred to as quadrature). We will also state the assumptions imposed on the
underlying numerical integration rule and discuss them.

To motivate the quadrature in the GMM, we write the solution u;, of (3.11)
as up = ), ¢j¢;- Then the coefficients {c;} jcn, can be determined uniquely
from the linear system

Z (vij +oij)cj =1, Yie Ny,

JEN,
where
vij = Bi(¢j, ¢i) = / AV Ve;dx = / AV, - Ve dx,
Q o
0ij = Bo(¢). i) = / cojpidx :/ c i dx,
Q ;i
and

liEL(¢i):/ f¢idx+/g¢ids=/ f¢idx+/ g¢i ds;
Q r w; dw;NI"

we recall that the shape function ¢; has compact support @;. We mention
that w; N w; can also be used as the domain of integration in the definition
of y;; and oy, since the shape function ¢; has compact w;. Consequently, the
matrices {y;;} and {0;;} are symmetric. We have used w; (instead of w; N w;) in
the definition of y;; and o;; to motivate the numerical integration scheme in this
paper. The integrals y;;, o3, fw,» f¢idx and faw,-mr g¢i ds have to be computed nu-
merically using numerical integration formulas on w;, i € N, and on dw; N T,
i e N, Let

Vi = B{(¢).90) = f AV, Voidx, of = By d) = ][ o b dlx,

and

Y
I = ][ foidx +][ g¢i ds,
w; ;NI
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where f(:[, ff, and fal) denote the numerical integration rules, defined on
w;, to approximate the entries of the stiffness matrix, mass matrix, and the
load vector (only the volume integrals), respectively; fawmr is the numerical
integration rule to approximate the “boundary integral” in the elements of the
load vector.

We note that for a given i € N;, we use the same quadrature rule f; to
compute y;; for each je §; (recall the definition of §; in assumption Al in
Section 3); similarly, the same quadrature rule JCZ is used to compute o;;
for je S;. But the quadrature rules f; and f:’ could possibly be different,
i.e., different quadrature rules could be used to approximate the integrals in
the stiffness matrix and the mass matrix. The idea of using possibly different

quadrature rules to compute the stiffness and mass matrix was not considered
in [6].

Remark 4.1 1t is easy the check that

> =0, (4.1)

jeN,

namely, matrix {y;j}; jen, satisfies “zero row-sum” condition. The same is true
for the matrix {y;7}i jen,. Suppose (yii, v}, be the set of integration points

and corresponding weights of an M-point quadrature rule f(; Then

ZV; = Z][%AW’;"VfPidx

JjEN, jEN, ¥ @

M
=YD AWV i) - Voilyr) v

JEN, I=1

M
=Y AWV | Y i) | - Voilyi) v

I=1 jeNy
M
=Y AW)VL- Vi(y) v = 0. (4.2)
I=1
We note that (4.2) was an assumption on the quadrature rule in [5], where y;;
was defined by using quadrature on w; N w;. This is one of the reasons that we

defined y;; by numerically integrating over ; in this paper (also in [6]) so that
(4.2) is automatically satisfied.
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Letv, =) ;. N, Vit and wy, = Dic v, Wi¢i be arbitrary elements in V). Then

Bi(vp, wp) = Z viyiwj,  Bo(vp, wp) = Z VoW,

i, jeN i, jeN
B(vp, wp) = Z vi(yji +oji)wj, and L(v,) = Z vil;.
i,jEN}, iENh

Therefore, we naturally define

Biwp wp) = Y wiyjwj,  Bioww) = Y viojw;, (43)
i, je Ny i, jeNy

B* (v, wp) = Z vi(y; + (T;;)Wj, and L*(vy) = Z vil}. (4.4)
i,jENh ieN

From this definition, the functional L*(-) is linear on V}, and the forms Bj (., -),
Bj(-,-), B*(-, -) are bilinear on V;, x V},. Also from (4.2) and (4.1), it is clear
that

Bi(1,¢)) =0=B,(1,¢;), Yie Np. 4.5)

But it is important to note that the matrix {y;;}; jen, may not be symmetric (in
contrast to {y;j}; jen, ), since

Vi = ][ AV - Vidx # ][ AV - Vjdx = yj.

Therefore, Bi(¢;, 1), Yi € N; may not be zero. Similarly, we can show that the
matrix {o;}l-’ jeN, may not be symmetric, and consequently, the matrix {yl-;‘f +
0;3}i,jen, May not be symmetric.

The GMM with numerical quadrature to approximate the solution of (2.3)
is given by

Find uj, € V}, such that
B*(uy, vp) = L*(vp), Yuvp eV, (4.6)

where B*(-,-) and L*(-) is defined in (4.4). We note that the bilinear form
B*(-, -) is not symmetric.

Next, we state certain assumptions on the quadrature used in the GMM.
Some of these assumptions were given in [6]. We include these assumptions
also in this paper for completeness.

QA 4.1 There exist positive constants n and 7, small enough and independent
of i and A, such that

t ol
/ de—][ odx

=7 |CL),| ”Q”Lm(wi)v r=s, m, 17 (47)
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/ Y ds — ][ Y ds
dew;NT dw;Nl

for a class of functions o € W"*(w;) and ¥ € W">*°(3dw; N T') satisfying

D0l 1wy < Ch) ™ Nol Lowns o] < my (4.9)

and

< t]0w; NT] 1P| L wynT) (4.8)

and
I DD 1. 3anery < CR) T NI N 1 oenery, el < ma (4.10)

where C > 0 is independent of i € N, and m,, m, > 1 may depend on the
numerical integration rules and the assumption A4 in Section 2.

Remark 4.2 The constants 1 and t are associated with the numerical integra-
tion rules. It is possible to choose numerical integration rules (e.g., by taking
more integration points) such that » and r are small enough. We refer to
Remark 3.3 of [6] for specific examples. We mention that in all the numerically
approximated integrals in this paper, the integrands satisty the conditions (4.9)
and (4.10).

QA 4.2 Foreachi € Ny, let G} : C! (@;) — R be a linear functional given by

s [
Gj(’ﬂ):][ 'J-V¢>idx+][ V-i?qbl-dx—][ Voigids  (411)
i daw;NI"

wj w;

where # is the outward normal to dw; N I'. We assume that
GH(p)=0, VpeP! (4.12)

where P¥~! is the space of polynomials of degree k — 1.

Remark 4.3 For each i € Nj, we consider linear functional G; : H! (w;)) > R
given by

G,-(’ﬂ):/’ﬁ-v¢idx+/ V-i?qﬁ,-dx—/ Voigids  (413)
w; w; dw;NI"

i i

It is clear from the Green Theorem that
Gi(p) =0, VpeP! (4.14)

Hence, the assumption (4.12) mimics (4.14) and could be viewed as a discrete
version of the Green Theorem on a particular class of functions P*~!. We will
show how to construct the quadrature rules satisfying (4.12) later.

Remark 4.4 We note that the assumption QA 4.2, in particular (4.12), is
slightly stronger than a similar assumption QA3 used in [6]. We mention
however, that for problems with non-constant coefficients A(x), a direct use
of the ideas presented in [6] will require the underlying numerical integration
rule to satisfy a modified version of the assumption QA3 of [6] involving A(x).
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Numerical integration rules, satisfying this modified assumption, will depend
on A(x),i.e., will be problem dependent. The assumption QA 4.2 in this paper
does not require the quadrature rules to depend on A(x).

Remark 4.5 Using ¥ € P° (i.e., k = 1) in (4.11), we have for each i € N,

S0 .
7[ i)dx=][ nipids. j=1,2,---,d. (4.15)
w; j dw;NIT

This is the Integration Constraint in the SCNI method described in [13]. SCNI
uses nodal integration and a strain smoothing technique so that (4.15), or (4.11)
with k = 1 holds. In Sections 6 and 7, we will construct quadrature rule on w;
such that (4.11) is satisfied for 1 < k < 2.

QA 4.3 For each i € Nj,, we assume f = w, i.e., the elements of the mass
matrix and the volume integrals in the elements the load vector are computed
using the same integration rule.

We note that the integration rules f; and fal) could be different.

QA 4.4 There is a constant C > 0 such that for n small enough,
’BT(wh, Uh)| =< Cllwall @ lvnll 11 @)s ¥ Wiy v € Vi, (4.16)
and
B (v, vp) > C||vh||§1.(9), Yo, € V. (4.17)
Lemma 4.1 Suppose the quadrature satisfy the assumptions QA 4.1 and

QA 4.4. Then for n, small enough, there are constants C; and C,, independent
of h, such that

2
| B*(wn, vi)| < Cillwll i@ llvall i@y and  B*(vp, vp) > Gllvall g g

for any wy, v, € V.

Proof Let w;, = ZieNh w;¢; and v, = ZieNh v;¢; be in V. We first estimate
| Bo(wp, vu) — Bi(wp, vp)|. For any i € Nj, using (4.7), the assumption Al, and

(3.5), we have
/ cwh¢,~dx—][ cwy ¢; dx

<CZ|w,| / cojidx — ][ cpjpidx

jesSi
2
< Cnloilllcd;dill Luwy | D Iwil* | Vi

JeSi
< Cnh? 5 lwpll Ly VK- (4.18)

| Bo(wn, ¢i) — Bjy(wn, ¢)| =

=
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Therefore, squaring both sides of the above inequality and summing over all
i € Ny, we get

1 1

2

2
2
| Bo(wn, vn) — Bg(wn, va)| < Z [ Bo(wn, ¢i) — By (wn, 1) ] Z v}
€Ny ieNy,
%
d _d
< Cnh [ Y lwallfywy | Ch 2 lonll Lo
iENh

< Collwpll @ lvrll Lo (4.19)

where the second and the last inequalities were obtained from (3.8) and the
assumption Al, respectively.
Finally, from the assumption (4.4) and (4.19), we get

| B*(wp, v)| < | Bi(wn, va)| + [ Bo(wn, vi)| + | Bo(wn, vi) — Biy(wp, va)|
< Cllwallm @ lvall @y + CA + M llwpll Ly lvall Ly«
< C(1 + mllwrll g @) llvall 21 @)
and from (2.2)
| B*(vp, vn)| = B (v, vp) + Bo(, vi) — | Bo(up, vi) — Bjy(vp, vp)|
> Cllvallip gy + Blvallz,@ — Cullvall,q
> min{C, B — Cn}l|vall iy -

We get the desired result by considering n < g/C. O

It is clear from Lemma 4.1 that the bilinear form B*(-,-) is bounded and
coercive, and therefore from the Lax—Milgram lemma we conclude that the
problem (4.6) has a unique solution u} € V.

Remark 4.6 We note that Assumption QA 4.4 is not needed if we put a
restriction on 7, namely, n < Ch. Under this restrictive condition on 7, we
can prove (4.16), (4.17), and incorporate it into the proof of Lemma 4.1
(as in Lemma 3.1 of [6] for A = I). However, from our computational expe-
rience we have noticed that (4.16), (4.17) hold without the condition n < Ch,
i.e., the condition is not necessary. Precisely for this reason we assume (4.16),
(4.17) under QA 4.4, and do not use < Ch.

Remark 4.7 1t is instructive to illustrate the assumption QA 4.2, i.e., (4.12) in
simpler situations. Let @ C R* and k = 1, then P*~! = P = span{[1, 0], [0, 1]}
Considering p(x, xo) = [1,0]in (4.12), we get
* o .
Gi([1,0]) = aidx—][ nigids=0, ie Ny, (4.20)
daw;NIT

w; X1
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where 71 = [n1, n,]. Similarly, considering p(x, x2) = [0, 1] in (4.12), we get

G (10, 1]) = ][ = dx —][ mgids =0, i€ Ny (4.21)
w; dw;NI

Thus for k = 1, the quadrature must satisfy the two conditions (4.20) and (4.21)
for each i € Ny,. In particular, the quadrature must satisfy

][ Vé;dx =0, Vie Nl (4.22)

We now illustrate (4.12) for k = 2. In this case, we know that
Pk = P' = span{[1, 0], [0, 1], [x1, 0], [x2, O], [0, x11, [0, x1}.
Considering p(xi, x2) = [x1, 0] in (4.12), we get

Gi([x],O])z][xl—dx~|—][¢ldx—][ x n ¢ids =0, Vie Ny
;i 9x ;NI

(4.23)
Similarly, considering p(xy, x3) = [x2, 0], p(x1,x2) = [0, x1], and p(xy, xo) =
[0, x,] in (4.12), we get

Gi([x2, 0]) = ][ xzﬁ dx —][ Xon ¢ids =0, Vie Ny, (4.24)
w; axl dw;NI

s 9 ;
G(10, x11) =][ x%& dx —][ Ximgids =0, VieN,  (425)
w; dw;NIT

and

S ) ; )
Gi([O,xz])z][ xzidx—i—][ ¢,~dx—][ Xona¢ids =0, Vie N,
wj 8)62 w; dw;NI
(4.26)

Thus, for k = 2, the quadrature must satisfy (4.23)—(4.26) in addition to the
assumptions (4.20) and (4.21).

Remark 4.8 1t is clear from (4.20) and (4.21) that for k = 1, only the quadra-
ture rule to compute the elements of the stiffness matrix , i.e., ;i, and the
elements of the load vector associated with the boundary, i.e., faw,mr have to
satisfy the assumption QA 4.2; the quadrature rule to compute the elements of
the mass matrix and the volume integrals in the elements of the load vector,
ie., ff (it is the same as fal)i), do not have to satisfy QA 4.2 and it could be any
accurate rule satisfying assumption QA 4.1. We note that in SCNI method [13],
fawmr needs to be consistent with the boundary integration of the smoothed
gradient to satisfy condition (4.15), while in this paper, there is no constraint
(other than accuracy) on f; 5 f; is carefully chosen such that (4.20), (4.21)
hold. For k = 2, the conditions (4.23) and (4.26) indicate that f;) and fal) must

be related. Even in this situation, fal) (which is same as f(:)) could be any
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accurate quadrature rule, but fa‘) has to satisfy (4.23) and (4.26). We will obtain
f; later in the paper with this feature.

5 Effect of numerical integration

In this section, we will investigate the effect of numerical integration on the
GMM; in particular, we will estimate the error |lu — | g1 (), Where u is
the solution of the problem (2.3) and uj, is the solution of the GMM (4.6)
with numerical integration. We recall from Theorem 3.2 that ||u — up || ;@) =
O(h*), where uy, is the solution of (3.11)—the GMM with exact integration. We
will show in this section that |lu — uj || g1 (o) # O(h*) in general, and the error
depends on the quadrature parameters n and 7, defined in (4.7) and (4.8),
respectively. We will assume in this section that the exact solution u of (2.3)
is smooth, i.e., u € W¥t1-:°°(Q); this will enable us to focus only on numerical
integration and will allow us to present the main ideas effectively.

It is well-known that Strang’s Lemma [15, 27] is one of the main tools to
study the perturbation in the solution of a Galerkin method due to variational
crimes, e.g., numerical integration in a Galerkin method. We present a slight
variation of the Strang’s Lemma in the following result, which will provide us
with an abstract framework to study the error u — uj.

Lemma 5.1 Suppose the quadrature rules satisfy the conditions in the lemma
4.1, and u and uj are the solutions of the variational problems (2.3) and (4.6),
respectively. Then there is a constant C > 0, independent of h, such that, for any
wy € Vi,

lu — vyl < Cllu— wall o

([Bwn, o) = Low)] = [B*wn, ) = L* ()]
+ sup .

eV ||Uh||H1(Q)

Proof Let wy, € V), be arbitrary. Using the coercivity of the bilinear form
B*(-, -) (see Lemma 4.1), we have

Cliuy, — willp gy < B* @) — wp, uj, — wy)
= B(u — wp, uj — wp)
+ B(wp, uj, — wp) — B*(wp, uj, — wp)
— B(u, uj, — wy) + B*(uj, uj, — wy)
= B(u — wy, uj, — wy)
+ [ B(wp, uj, — wy) — Luj, — wy)]

— [ B*(wp, uj, — wp) — L*(u — wp)].
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Therefore, dividing the above inequality by |lu) — wyll (o) and using the
boundedness of B(:, ), we get

lwy, — wallmn@) < Cllu — willmg)

[BCwi, ) = L] = [B*wi, vn) = L )]
+ sup

eV lvrll o)

Now, using the triangle inequality, we immediately get
lu —upll g < (C+ Dlu—wipllmg

([BGwn, vn) = L] = [B*w, vn) = L*@p)]|
+ sup )
eV lvall 1)

which is the desired result. O

Remark 5.1 1t is clear from Lemma 5.1 that we need to estimate the consis-
tency errors

([BGwn, vn) = L] = [B*wp, ) — L*@n)]|
sup (GRY)
eV lvnll m ()

to estimate the error ||u — uj || (). We note that in the Strang’s Lemma as
presented in [15], this term is further divided into two terms

| B, o) = B* (i, vn)| L = L)

sup and sup
weV lvnll 2 (@) weVi lvrll (@)

Keeping the terms together, as in (5.1), is crucial for our analysis of the effect
of numerical integration in the GMM.

We now present some notions and associated results that we will use later
in this section. We first define a norm and semi-norm of the matrix-valued
function A(x); recall that we assumed a;j(x) € CK(Q), V i, j=1,2,---,d.
Suppose D C Q2 be a domain and let

d
| Alwico(py = max Z }aif’W1~°0(D) cl1<i<d
=1

and || Allwix(py = max {|Alwnp): 0 <m <1},
for any non-negative integer / < k.
Lemma 5.2 For 0 <[ <k, there exists a constant C > 0, depending only on [
and d, such that

| AV]lweeopy < CllAllwees oy IVl we (), V¥ e W (D). (52)
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Proof Let 0 < ¢ <[ and suppose v = [v /]?:1' Then using Leibnitz formula, we
have

|AV|wee(p) = max, |Zai/’l’/|wmw>
=

IA

d ¢
¢ {2?;1 ,Z=1: ”12:% ] We-moo(D) |vj] Wrmoo (D)
¢ d
=C Z |5}W'"~°C(D) max, Z |ai/|szm,w(D)
— sisd | {3

14
=CY [v

m=0

wmes(pyl Alweme (D)

< ClAllwes ) IVllwee (py < CllAllwroe () 101w ().
where the constant C only depends on / and d. Therefore,
| AVl wie(py < CllAllweoe oy IVl wiee(pys

which is the desired result. O

We now present the next result. For a smooth function v and i € N, let
D*v(x;)
k—1 i _
T v(x) = Z “a (x —Xx)*
lo|<k—1

be the (k — 1) degree Taylor polynomial of v associated with the center ¥; of
the ball o; C w; (recall in Section 2 that w; is star-shaped with respect to the
ball 0;). It is well known that [10]

Chk=i

_ k-1 ‘ <
‘v P v Wi (a;) (k n!

lvllwes @y, J=0,1,...,k (5.3)
For a smooth vector-valued function v = [v ,-]‘}:1 we define

Fh—1c k=1, 1d

T v(x) = [Ti vili

Tik_l?)'(x) is also a vector-valued function with its components being the
(k — 1) degree Taylor polynomials of the corresponding components of v,
centered at x;. We will refer to le 9(x) as the Taylor polynomial of ¥
associated with x;.

We define

Ri = AVTu — TEY(AVTw), (5.4)

where Zju is the Vj-interpolant of u, defined in (3 12) through (3.13). Clearly
R; is the “remainder” of the Taylor polynomial T 9(x) with 7 = AVZ,u.
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Lemma 5.3 Let 0 < j < k. Then there exists a constant C > 0 such that

- o
’Ri|wj.m(wi) < Ch || Allwros @ ]l w10 () (5.5)

Proof Let v € W5 (w;). Then from the definition of norm of vector-valued
functions and from (5.3), we immediately get

)’5— T{‘—"ﬁ‘ < CH T wimiye J=0.1,... k

W5 (a;)

Now substituting v = AVZ,u in the above inequality, and using (5.2) and
(3.19), we get, for j=0,1,..., k,

~ i
|Ri|W,;DC(w[) < Ch™ || AV Zyut| oo (o)

i
< Ch™ )| Allwros @ | VInttll weos o)

i
<Ch ]”A||Wk~°°(Q)||VIhu||W"~°°(Q)

o
<Ch ]||A||Wk~°o(sz)||u||Wk+1m(Q),
which is the desired result. O

The next lemma provides us with an estimate of the error in the numerical

integration for a particular integrand, and it is an important ingredient in
the proof of the main result of the paper. This result is a generalization of

Lemma 4.2 in [6] in the context of variable coefficients A(x) = [a;;(x)]i<i j<d;
we mention that the matrix A(x) = I was considered in [6].

Lemma 5.4 For any i€ Ny, let Gi(:) and G}(-) be functionals defined by
(4.13), (4.11), respectively. Assume that the quadrature formulas satisfy the
assumptions (4.7), (4.8), and (4.12). Then there exists a positive constant C,
independent of h and i, such that, fori € N},

|Gi(AVTu) = GHAVTw)| < Coh | Allyios @ llutll w0y
and, fori € N},

|Gi(AVTu) — GHAVTLw)| < Cop + R All el wisios o -

Proof Fori € Nj,let X; be the center of the ball 0; C w;. We expand the vector-
valued function AVZ,u with respect to X; using (5.4) as

AVTu = TF'(AVTu) + R;.

We note that ?f‘l(AVIhu) € P*1. Therefore from the assumption on the
quadrature (4.12) and the fact (4.14), we have

GH(TF"(AVZuw) = 0 and G;(TF'(AVZ,u) = 0.
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Hence, fori e N,

|Gi(AVTyu) — G (AVTw)| = |Gi(R) — G (R))|

IA

/ ]~?,--V¢,-dx—][ ﬁ,"V(ﬁidx

;i

i

_I_

i
/ V-Ri¢idx—][ V-Rid)idx

i

+ / ﬁ,wﬁ(bids—][ INQi-?qu,»ds.
dw;NI dw;NI"
(5.6)
Also for i e Ny, recalling that ¢; = 0 on dw;, we get
|GA(AVTu) — Gi(AVTu)| = |Gi(R) — G} (R))]
< /ﬁ,--ngidx—][ ﬁi-V(f)idx
~ [ ~
+ /V~R,~¢,-dx—][V~R,-¢,-dx. (57)

Now, from (5.6), the assumptions QA 4.1, A4, A2, and the remainder
estimate (5.5), we obtain for i € N},

|Gi(AVTu) — G (AVTu)| = n |Ri - V|, ol + 1V - Riil 1o

+o|Ri-iigi, |9w; N T

oo (diNI)
k—1+d
<2Cnh* 't | Allwros (e 12T wrsoo o)
k—1+d
+ CTh" " Al woo (o 1l w10 (o)

< C(n + DR Y Allywroo o 1l w1 (g

which is the desired result for i € Nj. Also using (5.6) and similar arguments
as above, we get fori € N}/

|Gi(AVTu) — GHAVTw)| < Coh ") Allyios (o llutll w0y

which completes the proof. O

Now, we present our main result, where we estimate the energy norm of
the error u — uj; recall that i is the unique solution of the GMM (4.6) with
numerical integration.
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Theorem 5.5 Let u € W*°(Q), a;; € CK(Q), fori, j=1,2,---,d and c e
C(Q). Suppose the subspace V), satisfies assumptions A1-AS and the quadra-
ture schemes satisfy QA1-QAA4. Then, for n small enough, there is a positive
constant C, independent of u, n, t, and h, such that

lu —upll @)
< ChM|lull i oy
+ [Cn (1 Allwes @ + el Lu@h?®) + 0 + ) ([ Allwe~) + llel Lo@h®) 7]
3y oy 7] [RERNENS (5:8)

Proof First, we substitute wy, = Z,u in the result of Lemma 5.1 and get
lu —upll e < Cllu — Zhutll i

Bt v) = L] = [B* e, vi) = L*wn)]|

+ sup
eV vl 51 )

(5.9)

We will now estimate the second part of the RHS of (5.9) to prove (5.8). For
any v, = ZieN,, vi¢; € Vy, we have

[ B, vi) — L(vp)] — [ B* @put, vp) — L* (vp) ]

=Y v([BZuu. ) — L($)] — [B*(Tuu. ¢) — L*($)]).  (5.10)

iENh

For simplicity, in the rest of the proof we denote
Ei = |[B@w. ¢) — L@)] — [B* @, d) — L*@0)]|
Therefore, from (5.10), (3.9), (3.8), and (3.10), we get
(BT, v) = L] = [B* @, vi) = L )]

<sup E; ) |vil + sup E; Y [vj]

: a : "
ENy, jeny Ny ieny
1 1
2 2
<Csup E 2| |N,|? + C sup E; =2 AR
< Csup E; il IN,|? 4+ Csup E; il [N,
€Ny \ien, €N \ieny

< Csup Eh~ "Vl L,y + C sup Eih | vpll 1y

ieN,’l ieN;:
< Csup Eh™““VNvll e + C sup Eh™ Nl 1y (5.11)
ieN}, ieN;

@ Springer



Numerical integration in Galerkin meshless methods 475

where the last inequality was obtained using the Trace theorem (see [10]). We
will now estimate the terms E;, V i € Ny. For any i € Nj, we have from the
problem (2.1)

/ foidx = —/ V-(AVu)¢,~dx+/ cug; dx
= —/ V. (AVIhu)(bi dx

—/ V~[AV(u—Ihu)]¢,-dx+/ cug; dx

wj

and

/ gpids = / AVu - iig; ds
daw;NIT daw;NIT

= / AVTyu - iig; ds + / AV(u - Ihu) - Ag; ds.
dw;NI dw;NI"
Now setting e; = u — Zyu and recalling the definition (4.13) of the functional
G, we get

B(Zyu, ¢;) — L(¢) = B(Zpu, ¢;) — / foidx — /a ; g¢ids
w; w;iN
= / AVTu -V, dx+/ V - (AVZju)pidx

— / AVIhM . ﬁ(f), ds + / V. [AV(U - Ihu)]d)i dx
dw;NIT

;i

—/ AV(u —Zhu) -ng; ds +/ cThu¢;dx
dw;NI’ wj

- / cug; dx

= G,-(AVIhu)—i—/ V- (AVe,)¢; dx

w;

—/ AVel'ﬁqﬁids—/ cer; dx. (5.12)
dw;NIT w;

Similarly, again from the problem (2.1) and the quadratures developed in
Section 4, we have

! ! !
foidx = —][ V. (AVu)¢,- dx +f cug; dx
! !

V- [AV(u — Tyu) i dx + ][ cug; dx

wj

!
= —][ V. (AVIhu)(;S,- dx — 7[

wj
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and

][ gpids = ][ AVu - iig; ds
dw;NIT dw;NIT

= ][ AVTu - ig; ds + ][ AV(U - Ihu) - nip; ds.
daw;NIC

dw;NIC

Then recalling the definition (4.11) of the functional G}, we get

I
B*(Zpu, ¢j) — L*(¢i) = B*(Zpu, ¢;) —][ foidx —]é ng’i ds
w; ;N
!

= ][ AVIth . V(ﬁl‘ dx+][ V. (AVIhM)(f)l dx

— ][ AVTyu - ng; ds
daw;NIT
!
+ ][ V- [AV(u — Zyu) ¢ dx
— ]Z AV(u — Ihu) - Hg; ds
;NI

m )
+ ][ thuq&idx—][ cug; dx

i

[
= GI(AVTu) +][ V- (AVe;)g;dx

wj

1
— ][ AVe; - ng; ds —][ cerg; dx, (5.13)
dJw;NI w;i
where the last equality is due to the assumption Jfal), = faT Therefore, from

(5.12), (5.13) and the assumptions (4.7), (4.8), we get the following estimates
for i € N}, namely,

E; < |Gi(AVTu) — G (AVZu)|

[

+ / V.- (AV@])¢i dx —][ 2 (AVB[)¢i dx

w;

+ / AVeI-ﬁ¢[dS—][ AVey 'ﬁd)ids
dw;NI"

dw; NI

i
+ /cem&idx—][ cerd; dx

< |Gi(AVTu) — Gi(AVIL,u)| + nlwil|(AVe,)di

|W]'°C(ﬂ)i)

+ 10w NT||AVes - il 1. gy + Dlwilllcerdill L@y,  (5.14)

@ Springer



Numerical integration in Galerkin meshless methods 477

and similarly, for i € N}, recalling that ¢; = 0 on dw;, we have
E; < |Gi(AVTu) — Gi(AVZu)|
+ Tllwi||(AV€1)¢>i|W1,m(wi) + nlwilllcerdill Lo (5.15)

Now, from (5.2), the interpolation error (3.14), and the boundedness of ¢;, it
immediately follows that fori € Ny,

k—1
[(AVer) ] pimieyy < CllAlwx @) H ey

k+1
and |cerdill L. wn < Clicll Lo @l o,

and fori e N,

| AVer - iiill L danry < CIAN Lo onhF 11w
Therefore, from (5.14), (5.15), the assumption A2, and Lemma 5.4, we get
_ C[(n + DU Allwrq) + el Lo @b A ull i), § € Np;
{ ClnUlAllwese + el Lo@h? R ul i g, ieN).
(5.16)
Finally, from (5.9), the interpolation error (3.14), (5.11), and (5.16), we get

k
lu —upll o) < CA™ |ullwieio )
+ [Cndll A + el @h®)

+01+ D Allwi @ + lell @A

k—1
x h ||l/t||Wk+1.oc(Q),

which is the required result. O

Remark 5.2 The result (5.8) of Theorem 5.5 shows that [u —u}|m @ =
O[K* + (n 4 T)h* + nh*=']. Thus we do not have the optimal order of conver-
gence (compare with (3.18)). But if we consider numerical integration such
that n = O(h), i.e, we use more accurate integration scheme as we refine A,
we get back the optimal order of convergence |lu — ujllp (@) = O(h*). This
feature of the GMM is very different from the standard FEM, where the same
numerical integration can be used for all values of /4 to obtain the optimal
order of convergence. We further note that (5.8) indicates that for larger values
of h (i.e., in the pre-asymptotic range), the error |lu — uj | ;1 may behave
like O(#*). But as h becomes smaller, we get |lu — u}|l 1) = Oh ™). We will
show this feature in our numerical experiments.

Corollary 5.6 Suppose all the assumptions in Theorem 5.5 hold, except for the
assumption QA 4.2, which is replaced as follows: For a non-negative integer
|l <k,

Gi(p)=0, VpePland Vie Ny (5.17)

@ Springer



478 Q. Zhang, U. Banerjee

for the case | =0, we assume that the condition (5.17) is vacuous, namely,
numerical integration rules satisfy only QA 4.1, QA 4.3, and QA 4.4. Then,
for n small enough, there is a positive constant C, independent of u, n, T, and h,
such that

e — ujll @) < CIR* + (n 4+ DA + k'™ llull o <)

Proof (Only a sketch) It can be easily shown by following the proof of the
Lemma 5.4 that for 0 </ <k,

|Gi{(AVTyu) — GH(AVI,u)|
C(n + DA Allweos o lutllwisr oy, § € N,
< _ . . 5.18
= {Cnh”d Al weos o il gy i€ N (5.18)

Moreover, for / = 0, we do not need to use the Taylor polynomial of AVZ,u
(as in the proof of Lemma 5.4) to get, (5.18). Now, instead of using the result
of Lemma 5.4, we use (5.18) in the proof of Theorem 5.5 to get the desired
result. O

Remark 5.3 The result in Corollary 5.6 shows that if the quadrature rules
satisfy (4.12) of the assumption QA 4.2 with k replaced by / and / < k, then
lu—wllmo = O(h'~1). Also, if the quadrature rules do not satisfy (4.12) (i.e.,
[ =0), then |lu — u} | g (o) < Ch~', which indicates that the error may increase
ash — 0.

We note that for the case k=1, Theorem 5.5 yields |lu — ujllz @ =
O(h +n). In fact a similar result for k =1 can be obtained using less re-
strictions on the numerical integration. We state the result in the following
corollary.

Corollary 5.7 Let u € C*(), a;j € C'(Q), and ¢ € C(Q). Suppose the subspace
Vi, with k = 1, satisfies assumptions A1-AS and the quadrature schemes satisfy
QA 4.1, QA 4.4, and (4.12) only for i € N} . Then, for n small enough, there is a
positive constant C, independent of u, n, t, and h, such that

lu —upllm@ < Cth+n+ o) ullwex@)-
The proof of this result can be obtained by slightly modifying the proofs of
Lemma 5.4 and Theorem 5.5; we do not present the complete proof here.
6 Construction of numerical integration formula
In this section, we will derive numerical integration rules that satisfy the
assumption QA 4.2, i.e., the condition (4.12) for k=1 and k=2 in two

dimensions. We note that we have illustrated the conditions (4.12) in
Remark 4.7.

@ Springer



Numerical integration in Galerkin meshless methods 479

To approximate the integral [ o(x) dx, we seek a p-point quadrature rule
Qi (o) on w;, of the form

P
Q@) =) ¢0i), oeC@)andy., € a, (6.1)
I=1
that satisfies (4.12) with f{: replaced by Q..
The case k = 1 Recall that in this case, the shape functiqns {¢i}icn, reproduce
polynomials of degree k = 1. We will find the weights ¢, and the integration

points y. , in (6.1) such that (4.12), i.e., (4.20) and (4.21), are satisfied with f
replaced by Q.(). Suppose we have at our disposal a quadrature rule

5o = ][ gs)ds, ge Cay) (6.2)
dw;NI

that accurately approximates the boundary integral [, . g(s) ds. We start with
an accurate p-point quadrature rule Q'(p) on w; of the form

p
Q') =) oy (6.3)
I=1
We then define for 1 </ < p,
yi,z = Y§
i i i i8¢i i i i8¢i i
Sea =& + 016 —— (v1) + 025 -— () - (6.4)
X1 8x2

and choose 0! and 6} such that (4.20) and (4.21) are satisfied, i.e.,

Ny .
0. <—¢ > = 7[ ng;ds = Q'g(n1¢;)
J dw;NT

8)61

o .
0 (i> - ][ nagids = Qly(nady).
;NI

8)62

This yields the linear system
?(()) () g
(86 o ; 2 X
o) ()]
The components 6} and 65 of the solution of the above system are used in the
definition of ¢/, (see (6.4)), and consequently, the resulting Q; (o) satisfies the

condition (4.12). We note that fori € N, the RHS of (6.5) does not contain the
terms Q' (n1¢;) and Q'3 (n»¢;). We further note that Q.(o) could be viewed as

[ o -0 ()
] B ok (n2¢i)_Qi( g%) (6.5)
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a corrected foronf 0'(p), such that Qé(g) satisfies the condition (4.12); we will
often refer to Q¢ (0) as the corrected numerical integration formula for k = 1.
We note that Q.(¢) for k = 1 in the one dimensional case was derived in [6].

Remark 6.1 To discuss the solvability of the system (6.5), we define a weighted
inner product in R” by

p
(U, vy, = Zulvl{l[, Yu= (- ---,up)and v=(vy,---,vp) € R?
=1
Let Vi= (3200, . §2(y,)) and Vo= (32(y). . 5£(y")), then the
coefficient matrix of the linear system (6.5) is

<V11 Vl)w <V1, VZ)w
[Wz, Vi)w (Va, V2>w] ; (6.6)

which is the Gramm matrix of the vectors V| and V, with respect to the inner
product (-, -),,. This Gramm matrix is positive when V; and V, are linearly
independent. Suppose p > 2 and let there be two integration points y’, and y',
in the set of integration points {y}/_ such that the vectors V¢;(y’,) and V¢, (y",)
are linearly independent, then it is easy to show that the vectors V; and V; are
linearly independent.

The case k=2 We recall that in this case, the shape functions {pi}ien,
reproduce polynomials of degree k = 2. We will find ¢;, and y; , in (6.1) such
that (4.12), with fj)‘ replaced by Q! is satisfied for k = 2.

Suppose in addition to the quadrature rule Q'%(g) (see (6.2)), we also have
at our disposal a quadrature rule

[
L) E][ ) dx

i

that accurately approximates the integral fal) f(x)dx. Asin the case k = 1, we
start with an accurate p-point quadrature rule Q'(p) (see (6.3)). We note that
we could choose Q'(-) to be the same as Q'.(-). Suppose B = {p,}5_, be a basis
for P! (recall that dim P' = 6; a basis of P' is given in Remark 4.7). Then for
k = 2, the condition (4.12), with f, replaced by Q.(-), is equivalent to

QP Vi) = Q(pm - 7i90) = Qp(V - Pmd), forl=m=<6.  (67)
We now define, for 1 </ < p,
Yes = Vi

6
gy =1¢+ > 05t (Bu - Vi) (), (6.8)

n=1
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where {01}5_, are chosen such that (6.7) is satisfied. We first note that from the
definition of Q..() in (6.1), with y, ,, ¢!, as defined above, we getfor 1 <m <6,

p 6
QL(pm - Vi) = Q' (B - Vi) + Y Y 0L/ (Bu - V) 31 (B - Vi) (V)

I=1 n=1

6
= Q'(Pn- Vo) + I 05.0((Pu- V) (P - V)

n=1

Therefore (6.7) is equivalent to the linear system

26:9:; O'((Bn - Vo) (- V40)
n=1

= O'%(pm - iigy) — Ow(V - pmti) — O (Pm - Vi),
forl <m <6. (6.9)

We use the solution {6,}5_, of the above linear system in the definition of ¢/,

(see (6.8)), and consequently, Q' (o) will satisfy the condition (4.12). We will
often refer to Q'.(0) as the corrected numerical integration formula for k = 2.
We note that solving the linear system (6.9) could be facilitated by consid-
ering the basis B = {ﬁm}fn:, = {(1,0), (x; — x;1, 0), (xo — x12, 0), (0, 1), (0, x; —
xi1), (0, x, — x5)}, where x; = (x;1, x;2) is the particle associated with w;.

Remark 6.2 To discuss the solvability of the system (6.9), we define a weighted
inner product for R” by

P
(,v)y =Y wig), Yu= (- up) and v = (vy, -+, vp) € R
=1

LetV, = ([ﬁn V)Y [P V¢I-](y’}))>, 1 < n < 6, then the coefficient
matrix of the linear system (6.9) is

Vi, Vidw Vi, Vadw -+ (V1. Vehw
<V2, Vl)w (VZ, V2>w e <V2, V6>w

Ve, Vidw (Ve, Va)uw -+ (Vs, Vo)

which is exactly the Gramm matrix of the vectors V,,, 1 < n < 6 with respect to
the inner product (-, -),,. This Gramm matrix is positive if the vectors {V,}?:1 are
linearly independent. We note that p > 6is a necessary condition for the linear
independence of the vectors {V[}?zl. We further mention that the positivity of
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the Gramm matrix is subtle. When w; is a square, our computations show that
the Gramm matrix is positive when Q' is the 4 x 4 Gauss rule on w;, but it has
a zero eigenvalue when Q' is the 3 x 3 Gauss rule.

Remark 6.3 The quadrature rule Q', which depends on Q' satisfies QA 4.1
provided Q' is accurate enough. We give a brief sketch of the argument if
w; CC Q. Let Q' be accurate and satisfy QA 4.1 with n = noi. For example,
if w; is a square, Q' could be an n x n Gauss rule; it is well known that
noi = O(p~™), where m; is as in (4.8) (see Remark 3.3 in [6]). Since k = 1,
from (4.14) we have fw[_ g—i’] = 0. Therefore the components of the vector in

the RHS of (6.5) are extremely small, provided Q' is accurate enough. Hence
01,65 are small, ¢, ~ ¢/, and Q. is close to Q;. Since Q' satisfies QA 4.1,
one can show that Q' also satisfy QA 4.1 with n = no: = ngi- We note that if
Q'(3¢i/0x;) = 0,then Q. = Q', as shown in an example in Section 7 (see (7.2)).
As mentioned before, Q. will satisfy QA 4.4 under the restrictive condition
ng. < Ch. We have numerically checked that QA 4.4 holds for Q. for various
Q' if pis large. For k = 2, the situation is similar.

We now give a brief sketch of the derivation of the numerical integration
rule Q'(-), in 1 dimension (i.e., when d = 1) with @; = (e, B;), such that (4.12)
for k = 2 is satisfied with fj) replaced by Q. We will use the one dimensional
quadrature rule in our numerical examples in the next section.

As before, we start with the quadrature rules "F(') and Q'(-); we recall that
both the rules could also be same. We first note that, for d = 1, the “boundary
integral” term in (4.11) is v¢; ]5 j, thus we do not need the quadrature rule Q' (-).

We further note that P! = P! and therefore m = dim P' = 2. Thus (6.7), for
d =1, is written as

QL (1) = di(w)[!

. P (6.10)
OL([(x = x)f(0)]) = (x = x|}, — Op(h)
We now define y!, |, ¢!, (compare with (6.8)) as
Yer =Y o . 6.11
i e —— (1D

where 6}, 6] are chosen such that (6.10) is satisfied. Using QL(-), with y’ , ¢/,
as defined above, in (6.10) yields the linear system for 6!, 61, namely,
Q' (¢ (x)) Q'lx—xp¢)] |16
O'[(x — xp)¢ ()] O'[(x — x)*¢2 ()] | | 63
_[mn@—@w)

: , 6.12
(x = x)¢i (0|5 — O'[(x — x)gj(x)] — ‘F(d)z‘)]] (012
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7 Numerical results

We present numerical examples to illuminate the results obtained in Section
5. Let Q = (0, 1) and we consider the Neumann problem with non-constant
coefficients, namely,

—(auY +cu=f, xeQ
aO)u'(0) =1, a()u/ (1) = 2e,

where a(x) = 1 +x3, c(x) =1 +sin’*x, and f(x) = e“(sin® x — x*> — 3x?). The
exact solution of the problem is u(x) = e*.

To approximate the solution u(x) of the above problem by the GMM (4.6),
we first define the shape functions of the finite dimensional space V. For a
given non-negative integer k£ and a positive real number R, let ¢ (x) be the
basic RKP shape function with compact support [— R, R] satisfying

Y ip(x—i=x. VxeRandl=0,1..... k (7.1)
i€’

We mention that there exists ¢ (x) satisfying (7.1) when R > (k + 1)/2 (see e.g.,
[3]). Consider a positive integer N and for 4 = 1/N, we consider the index set

th{—[R],...,()’ ]’...’N,...,N_F[R]},

where [R] is the integer part of R. For each i € N, we define the RKP shape
functions

X .
@i(x) = ¢(E —i), xeQ.

Then supp ¢; = [, Bi] = [ih — Rh, ih + Rh] N[0, 1]. Defining the set of par-
ticles X, = {x; =ih, i € N}, it can be easily shown that {(;5,-}52 " reproduce
polynomials of degree k, i.e.,

foq&i(x) =x, VxeQandl=0,1,..., k.
iEN;,
Moreover, recalling the definitions of the index sets N; and N}, we have

N, ={-[R],---,[R], N=[R],---, N+ [R]} and
Ny ={[R1+1,---,N—[Rl -1}

We note that the function ¢ (x) has been constructed following the ideas
mentioned in Remark 3.3 (using h=1, x;=jeZ, and i =0, ie., ¢(x) =
$4(x)), where we have used the cubic spline weight function for w(x) with
compact support [— R, R]; for the definition of cubic spline weight function,
we refer to [3, 4]. We further note that the cubic spline weight function is
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symmetric in [— R, R], and consequently the associated shape functions ¢;(x),
i € N}, are also symmetric in [o;, B;].

The case k =1 The basic shape function ¢ (x) was constructed with R = 1.8.
For i € Nj, we consider the standard p-point Gaussian integration rule on
[ei, Bil, namely,

p
QL= foNg, v feC,

I=1

where {y|: 1 <[ < p} are the Gaussian integration points in [e;, 8] and {¢} :
1 <1 < p} are the associated weights. It is well known that the points y; are
symmetrically placed in the interval [o;, $;]; also the weights ¢/ are symmetric,
ie., ¢ = ;1‘7“4, s=1,2,...,p.

Recall that ¢;(x), for i € N}, is symmetric, and consequently, ¢;(x),i € N},
is anti-symmetric in [¢;, ;] about the mid-point. Therefore, we get

QL(¢)) =0, VieNj. (7.2)

Thus the numerical integration rule Q; satisfies the condition (4.12), i.e.,

the discrete Green’s formula, for i € N, (see also (4.22)). We used Qg, with
p =8, 16,32, and 64 to compute y;}, o7, and [} in the variational problem (4.6).
We note that in the one dimensional case, evaluation of the boundary integrals
is trivial. We further note that Q. = Qi satisfies QA 4.1 with n = O(p™),
where s depends on the regularity of f (see Remark 3.3 in [6]). We have
computed the solution u; of (4.6) and have presented the error |lu — u} || ;1 (q)
for various values of / in Table 1. We also presented the log-log graph of

lu — ujll ;1@ with respect to A in Fig. 1. It is clear that for p = 16,32 and

Table 1 GMM with k& = 1. Standard Gaussian integration rule

h e — wj Ml i1
8 points 16 points 32 points 64 points

1/10 1.9883E—-02 3.4312E-03 3.4040E—-03 3.3908E—03
1/20 2.3933E—-02 1.7751E—-03 1.7851E—03 1.7427E—-03
1/40 2.6763E—02 9.1993E—-04 9.8673E—04 8.8411E—-04
1/80 2.8425E—02 4.9672E—04 6.4523E—04 4.4625E—04
1/160 2.9324E—-02 3.0333E—-04 5.3111E—-04 2.2612E—-04
1/320 2.9791E—02 2.2761E—04 5.0200E—04 1.1769E—04
1/640 3.0029E—02 2.0272E—-04 4.9631E—-04 6.7007E—05
1/1280 3.0150E—-02 1.9519E—04 4.9581E—04 4.6261E—05

The H' norm of the error, |u — uy |l g1 (> Where u = e* and uj, is the solution of the GMM, em-
ploying shape functions that reproduce polynomials of degree k = 1. Standard p-point Gaussian
integration rule, with p = 8, 16, 32 and 64, was used in the GMM. These rules satisfy the discrete
Green’s formula in the interior for k = 1, i.e., the assumption (7.2)
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Fig. 1 The log-log plot of 10-1
ok : —<— 8-point
llu — upll 1 () Wlih respicF 16-point
to h, where u = ¢* and uj, is 32-point
the solution of the GMM, —%— 64—point|
employing shape functions 1072F 1
that reproduce polynomials
of degree k = 1. Standard g p
p-point Gaussian rule is =
used, which satisfies the s 1073 E
assumption (7.2) 4
1074 E
10—5 L
1074 1073 1072 10!

64, the error ||u — uj |l i () first decreases and then “levels off”, which suggests
that ||u — uj |l ;@) = O(h + n). This illuminates the result of the Corollary 5.7.

We now show that the condition (4.12) on the underlying quadrature
rule is a necessary condition for the result presented in Theorem 5.5, i.e.,
lu — ujll @) = O(h + n). We consider a non-symmetric Gaussian integration
rule that does not satisfy the condition (4.12), i.e., does not satisfy the discrete
Green’s formula. For i € Nj, we consider the mapping 7; : [«;, Bi] — [o, Bil

given by
— To(v) — 0.2 o+ B\ (Bi—a)
Z_T’(y)_y+ﬂi—ai|:<y_ 2 >_( 2 >:|

Therefore, for a smooth function f, we have

Bi Bi
f@dz = [ f @0 Ty,

o

The integral on the RHS of the above equality could be approximated by
the Gaussian rule Q; to obtain an integration rule on [¢;, B;] to approximate

the integral fa’g " f(z)dz, namely,

)4
(D=0 F (Vi) G (7.3)
=1

where y,, = Ti(y)) and ¢}, = T/(y)¢/. We will refer to Qi as a p-point non-
symmetric Gaussian in;egration rule on [o;, ;]. It is well known that the
algebraic precision of Q, is 2p — 1; we can show that the algebraic precision of

heis p— 1.
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Table 2 GMM with k£ = 1. Non-symmetric Gaussian integration rule

h flu— uZHHl(Q)
8 points 16 points 32 points 64 points

1/10 4.5373E—-01 8.5286E—-03 3.4098E—-03 3.3908E—03
1720 1.1694E+4-00 2.0281E—-02 2.0558E—-03 1.7425E—-03
1/40 2.7436E+-00 4.4534E—-02 2.8166E—03 8.8444E—-04
1/80 6.3125E+4-00 9.2759E—-02 5.9275E—-03 4.5245E—-04
1160 1.4474E+01 1.8844E—01 1.2420E—-02 2.7798E—04
1/320 3.2278E+01 3.7713E—-01 2.5442E—-02 3.5063E—04
1/640 6.9243E+01 7.4415E—01 5.1451E-02 6.6803E—04
1/1280 1.4414E+02 1.4379E+400 1.0329E—-01 1.3328E—03

The H' norm of the error, |u — upll 1 ()> where u = e* and uj is the solution of the GMM,
employing shape functions that reproduce polynomials of degree k = 1. Non-symmetric p-point
Gaussian integration rule, with p = 8, 16, 32 and 64, was used in the GMM. These integration rules
do not satisfy the discrete Green’s formula for k = 1

We use the non-symmetric Gaussian integration rule Q' , with p =38,

16,32, and 64, to compute y;j, o7, and [/ in the variational problem (4.6).
We computed the solution u;, of (4.6) and presented the error ||u — | ;1 (o)
for various values of 4 in Table 2. We also presented the log-log plot of
lu — uj |l 11 (@) With respect to A in Fig. 2. It is clear that ||u — uj || 1 (o) increases
as h decreases; for p = 32 and 64, the error first decreases and then increases.
In all the cases, the error |u — uj| ;1) behaves like O™, as indicated in
Corollary 5.6 and Remark 5.3.

103 T "
—— 8-point

—©— 16-point]
32—point
—%— 64-point|

102

1071}

HU—UZHH 1@Q)

1072

1073}

1 0—4 " L
104 10738 1072 10~1
h

Fig. 2 The log-log plot of ||u — u} || 1 (g, With respect to i, where u = e* and uj, is the solution of
the GMM, employing shape functions that reproduce polynomials of degree kK = 1. Non-symmetric
p-point Gaussian integration rules were used, which do not satisty the discrete Green’s formula
fork=1
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Now following the ideas presented in Section 6, we will correct the non-
symmetric Gaussian integration rule Q. (-) (given in (7.3)), such that the
corrected numerical integration rule (see (6.1))

P
Q@) = Q@) = Y0 (Vi) &y
=1
satisfies the condition (4.12). We note that for d = 1, the condition (4.12) for
k=1is

o@D = O(B) — dler). (7.4)
For 1 <i < p, we consider
Yer =Y and Ly = &y + 00yl (),
with
gi — BB = dile) — YL, 15
Y 9P V)
Then it can be shown, following the ideas in Section 6 for d = 1, that
ng.c () satisfies the condition (4.12), i.e., (7.4). However, we note that unlike

the standard Gaussian integration rule Qi,(~), the integration points for the

quadrature rule Qilg’c(-) are not symmetrically placed in [¢;, B;]. The expression

for the corrected numerical integration rule for d = 1 was also derived in [6]

for a slightly different situation. We will refer to Q;gyc(-) as the corrected non-

symmetric Gaussian integration rule for k = 1. Q;g, () satisfies QA 4.1 with an

n, which is close to n associated with Q;g and is small for large p.

We now use the corrected integration rule ng,c(') to compute y;; in problem

(4.6); the terms o;; and /7 in (4.6) are computed using the integration rule Q;g
(uncorrected). We computed the solution uj of (4.6) and have presented the

error ||u — uj || (@), for various values of 4 in Table 3. We also presented the

Table 3 GMM with k& = 1. Corrected non-symmetric Gaussian integration rule for k = 1

h e — wj Ml i1
8 points 16 points 32 points 64 points

1/10 5.6887E—03 3.4243E-03 3.4004E—03 3.3907E—03
1/20 4.8897E—03 1.7538E—03 1.7735E—03 1.7424E—-03
1/40 4.9036E—03 9.8324E—-04 9.5897E—04 8.8351E—-04
1/80 5.0486E—-03 7.3643E—-04 5.9529E—04 4.4492E—04
1/160 5.1580E—03 7.0595E—04 4.6444E—-04 2.2331E-04
1/320 5.2221E—-03 7.2101E—-04 4.2812E—-04 1.1201E—04
1/640 5.2564E—03 7.3597E—-04 4.2001E—-04 5.6271E—05
1/1280 5.2742E—03 7.4520E—04 4.1871E—04 2.8400E—05

The H' norm of the error, |u — upll 1 ()> where u =e* and uj, is the solution of the GMM,
employing shape functions that reproduce polynomials of degree k = 1. Corrected non-symmetric
Gaussian integration rule for k =1, with p =8,16,32 and 64, was used in the GMM. The
integration rules satisfy the discrete Green’s formula for k = 1

@ Springer



488 Q. Zhang, U. Banerjee

Fig. 3 The log-log plot of 1072 .
llu — ujll i1 () With respect &— 8-point

. —o—16-point| G—o——6—6—o & o —F
to h, where u = e and uj is 32—zoint |
the solution of the GMM, —%— 64—point

employing shape functions
that reproduce polynomials
of degree k = 1. Corrected
p-point non-symmetric
Gaussian rules for k = 1
were used, which satisfy
the discrete Green’s
formula for k =1

1073} E

llee=243 |2 L@Q)

1074 1

log-log plot of |lu — uj || g1y with respect to 4 in Fig. 3. It is clear that |ju —
uy || i (o) levels off as h decreases; the error first decreases and then levels off
for p = 16, 32, and 64. This suggests that |u — uj || g1 (@) = Oh + n).

The case k =2 The basic shape function ¢ (x), satisfying (7.1) with k = 2, was
constructed with R =2.2. Let Q/(-) = flg(~) be the p-point non-symmetric
Gaussian integration rule on [«;, 8], as given in (7.3). We consider the associ-
ated corrected non-symmetric Gaussian integration rule Q'(-) for k = 2; Q'.(-)
satisfies the discrete Green’s formula (4.12) for k =2, d = 1, i.e., it satisfies
(6.10). The integration points {y’ }, and the associated weights {¢/ }/, of
QL(-) are given by (6.11) with y; = y! ,and ¢/ = ¢ for 1 <[ < p. We mention
that 0!, 64 in (6.11) are obtained from the solution of (6.12), with Q'.(¢;) =

Table 4 GMM with k = 2. Corrected non-symmetric Gaussian rule for k = 2

h e — wj Ml i1
8 points 16 points 32 points 64 points

1/10 6.8778E—03 1.3037E—-03 7.0255E—-04 6.8283E—-04
1/20 4.4966E—03 8.3073E—04 2.1238E—04 1.7378E—04
1/40 2.5677E—03 4.8134E—-04 8.4965E—05 4.4034E—05
1/80 1.3736E—03 2.5972E—-04 4.1096E—-05 1.1258E—-05
1/160 7.1071E—-04 1.3494E—-04 2.0824E—-05 3.0523E—-06
1/320 3.6153E—-04 6.8783E—05 1.0558E—05 9.6564E—07
1/640 1.8234E—-04 3.4724E-05 5.3252E—06 3.8283E—-07
1/1280 9.1564E—05 1.7446E—05 2.6751E—06 1.7719E—07

The H' norm of the error, |u — upll 1 ()> where u =e* and uj, is the solution of the GMM,
employing shape functions that reproduce polynomials of degree k =2. Corrected p-point
non-symmetric Gaussian integration rule for k =2, with p = 8, 16,32 and 64, was used in the
GMM. The integration rules satisfy the discrete Green’s formula for k = 2
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Fig. 4 The log-log plot of the 100
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Qi;g (¢:). We used the corrected non-symmetric Gaussian integration rule Q’.(:)
(for k = 2) to compute the terms y; in the variational problem (4.6). The
terms o;; and /] were computed using the non-symmetric Gaussian integration
rule (uncorrected) Qﬁlg(~). We computed the solution u; of (4.6) and have
presented the values of |u — uj| 1(q), for various values of 4 in Table 4. We

also presented the log-log plot of the ratio % with respect to 4 in Fig. 4.
It is clear that uj, converges to u, the solution of (2.3), as 4 becomes smaller.
The Fig. 4 also indicates that |lu — u} || g1 @) = Olh(h + n)], illuminating the
result of Theorem 5.5 for k = 2.
We will now show the effect of quadrature on |u — uj| g1(q), when the
quadrature does not satisfy the condition (4.12) for k = 2. We first computed

Table 5 GMM with k = 2. Corrected non-symmetric Gaussian rule for k = 1

h flu— uZHHl(Q)
8 points 16 points 32 points 64 points

1/10 3.8161E—-02 6.3683E—03 1.8719E—-03 6.9042E—-04
1720 4.0997E—-02 1.2019E—-02 1.9499E—03 2.2130E—-04
1/40 3.9586E—-02 1.5615E—02 2.0005E—03 1.5928E—04
1/80 3.8040E—02 1.7666E—02 2.0156E—-03 1.6104E—04
1/160 3.7035E—-02 1.8762E—02 2.0196E—03 1.6434E—-04
1/320 3.6472E—-02 1.9330E—-02 2.0205E—-03 1.6610E—04
1/640 3.6174E—-02 1.9619E—-02 2.0208E—03 1.6699E—04
1/1280 3.6022E—-02 1.9764E—02 2.0208E—03 1.6743E—04

The H' norm of the error, |u — upll 1 (q)> where u =e* and uj is the solution of the GMM,
employing shape functions that reproduce polynomials of degree k =2. Corrected p-point
non-symmetric Gaussian integration rules for k = 1 (not corrected for k = 2), with p = 8, 16,32
and 64, were used in the GMM. The integration rules do not satisfy the discrete Green’s formula
fork=2
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Fig. 5 The log-log plot of 101
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Y in (4.6) using the corrected p-point non-symmetric integration rule for
k=1 (see Qizg.c(') given before). We note that this quadrature rule satisfies
only the first condition in (6.10). The terms o and [ were computed using
the p-point non-symmetric gaussian integration rule Qi,g(~). The error |ju —
uy || g (g for various values of 4 and the associated log-log plot are given in
Table 5 and Fig. 5, respectively. These results indicate that ||u — uj || g1 =
O(h+n)and uj - uash — 0.

Finally, we used Q,,(-) to compute Vi in (4.6); Q,,(-) does not satisfy any
of the conditions in (6.10). The terms o;; and [} were again computed using

ilg('). The error ||u — uj || g1 (o) for various values of 4 and the associated log-
log plot are given in Table 6 and Fig. 6, respectively. It is clear that the error

Table 6 Non-symmetric (no correction) Gaussian rule: k =2

h e — wj Ml i1
8 points 16 points 32 points 64 points

1/10 9.4346E—01 4.6767TE—-02 7.5982E—-03 7.6165E—04
1/20 2.0155E4-00 4.5294E—-02 2.1562E—-02 1.0294E—-03
1/40 4.3714E4-00 9.2717E-02 5.0461E—-02 2.3620E—03
1/80 9.7615E+00 2.8436E—-01 1.0883E—01 5.0628E—-03
1/160 2.1885E+-01 7.1121E-01 2.2511E-01 1.0474E—02
1/320 4.7659E+01 1.6259E+00 4.5406E—-01 2.1309E—02
1/640 1.0044E+4-02 3.6444E4-00 8.9677TE—01 4.3013E—-02
1/1280 2.0680E+4-02 8.2709E+00 1.7231E+00 8.6554E—02

The H' norm of the error, |u — upll g1 ()> where u =e* and uj, is the solution of the GMM,
employing shape functions that reproduce polynomials of degree k = 2. Non-symmetric p-point
Gaussian integration rules, with p = 8, 16, 32 and 64, were used in the GMM. The integration rules
do not satisty the discrete Green’s formula for k = 2
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Fig. 6 The log-log plot of 108 : . .
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rules were used, which do not §
satisfy the discrete Green’s Lot i
formula for k = 2 =
1072} 3
1073} i
10~4 L
1074 1073 1072 107"

lu — uj |l 1 (@) diverges as h decreases; in fact ||u — uj || ;1 ) behaves like Om™h
as suggested by Corollary 5.6 for k = 2.

8 Conclusion

In this paper, we have studied the effect of numerical integration on GMM
to approximate the solution of a Neumann problem with non-constant
coefficients and a lower order term. We have proposed a set of axioms on
the quadrature rules used in the GMM and have studied the effect of the
quadrature (satisfying these axioms) on the associated approximation error,
when the shape functions of the GMM reproduce polynomials of degree k.
The quadrature rules satisfying these axioms, particularly the axiom QA 4.2—
a discrete Green’s identity, do not depend on the non-constant coefficients
of the Neumann problem. We also note that the Integration Constraint in
[13] is precisely QA 4.2 for k = 1. Our analysis shows that the optimal order
of convergence of the approximation error in energy norm, with respect to
the discretization parameter 4, can be achieved provided quadratures with in-
creasing accuracy are used as # — 0. We have outlined procedures to construct
quadrature rules in 2-d for k = 1, 2 satisfying the axioms, in particular QA 4.2.
Also the theoretical results have been illuminated with numerical experiment.
We note however that problems with essential boundary conditions will re-
quire a different treatment and will be reported in future.
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