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Abstract Identification of the Volterra system is an ill-posed problem. We propose a
regularization method for solving this ill-posed problem via a multiscale collocation
method with multiple regularization parameters corresponding to the multiple scales.
Many highly nonlinear problems such as flight data analysis demand identifying the
system of a high order. This task requires huge computational costs due to processing
a dense matrix of a large order. To overcome this difficulty a compression strategy
is introduced to approximate the full matrix resulted in collocation of the Volterra
kernel by an appropriate sparse matrix. A numerical quadrature strategy is designed
to efficiently compute the entries of the compressed matrix. Finally, numerical results
of three simulation experiments are presented to demonstrate the accuracy and
efficiency of the proposed method.
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1 Introduction

Volterra kernels have been widely employed in identification of nonlinear systems in
understanding the nonlinearity of the systems [1, 4, 16, 18, 20, 28, 29, 35, 41, 48].
Specifically, the Volterra model of order two was used in [18] for control design
in the chemical/petrochemical industries, and in [28] for predictive control of a
simulated multivariable polymerization reactor. In a studying of nerve networks,
Volterra kernels were used to simulate the nonlinearity of the somatosensory
evoked potentials and to predicate the responses of mechanoreceptor neurons to
physiological inputs [20, 29, 35]. In clinical medicine, the Volterra model was utilized
to study lung tissue viscoelasticity and to present relationship between renal blood
pressure and blood flow (cf., [16, 48]). Volterra models were also frequently used
in artificial intelligence and signal processing. For instance, a nonlinear system in
pattern recognition was modeled by a Volterra model [1]. Since many signals of
interest are generated by nonlinear sources or are processed by nonlinear systems,
Volterra modeling was introduced in signal processing for estimating and controlling
an active noise arising from dynamical systems [41]. In applications of the Volterra
system, an important and difficult issue is identification of Volterra kernels of a given
system. Many methods such as the sampled methods, finite element methods, and
wavelet methods have been employed to obtain discrete representations of Volterra
systems, see [8, 23, 34, 37, 45].

In identifying a Volterra kernel, we face two major computational challenges.
The first challenge comes from huge computational costs in identifying the kernel.
Discretization of a Volterra system leads to a full matrix. Computation with a full
matrix is a very costly task. Many highly nonlinear problems require the use of the
Volterra system of a high order to characterize their high order nonlinearity. In
other words, we need to use high order Volterra kernels to simulate the nonlinear
component of the system. Increase in order of kernels results in huge increase in
the computational cost. To overcome this difficulty, we propose to employ the fast
multiscale collocation method developed in [11, 13, 14, 46] to compress the matrix
obtained from identifying the Volterra kernels and use the augmentation method
developed in [12] to solve the resulting linear system.

Identification of nonlinear systems requires detecting their underlying structure
by estimating certain unknown parameters. This process is ill-posed in the sense that
a small perturbation in the given data will result in a large perturbation in solutions.
That is, the solutions do not continuously depend on the given data. This presents
us the second computational challenge. Regularization is an approach to treat this
challenging issue. The classical regularization method for solving ill-posed problems
was proposed independently by Phillips [36] and Tikhonov [42]. Although it has been
proved to be an efficient method to tackle the ill-posedness, (cf., [19, 22, 36, 43)), it
has also serious limitation. The hypothesis for the single parameter regularization
is that noise effect to an ill-posed problem is uniformly distributed in all frequency
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bands of the solution. A uniform penalty is introduced to every frequency band of the
solution or only the high-frequency band of the solution. The first case may result in
solutions that are too smooth to preserve certain useful features of the original data
and in the second case, the regularization solutions may be affected by low-frequency
noise. In practical applications, we often observe different circumstances where noise
distributes differently in different frequency bands. These lead to consideration of
multiparameter regularization [9]. In particular, in regularization of the ill-possed
problem related to identification of the Volterra kernel, we need to distinguish the
noise effect to its linear component and to its nonlinear components, and as well as
to distinguish the noise effect to different frequency bands of these components.

Multiparameter regularization has been used to treat linear systems in a few
different contexts (cf., [3, 5, 9, 17, 26, 27]). A choice of multiple parameters was
proposed in [3] by using the generalized L-curve method. A multiparameter regular-
ization algorithm for the solution of over-determined, ill-conditioned linear systems
was proposed in [5], where numerical examples were presented to demonstrate that
the proposed algorithm is stable and robust. A multiparameter regularization for
solving ill-posed operator equations was proposed in [9] and convergence theorems
and error estimates were established there. In [17], the authors used a multi-
parameter regularization method for atmospheric remote sensing. Multiparameter
regularization for certain issues of sinal and image processing was studied in [26, 27].

Because the focus of this paper is on developing an efficient identification method
for the Volterra system by multiparameter regularization via multiscale collocation
methods, we will not emphasize on the choice of the parameters or convergence of
the regularization method. Those who are interested in these important issues are
referred to [3] for choices of the parameters and [9] for convergence results of the
regularization. The emphasis of this paper is on the fast solution of the well-posed
integral equations of high dimensions resulting from the regularization of the ill-
posed identification problem.

This paper is organized in eight sections. In Section 2, we formulate regularization
methods with different parameters for different orders of the Volterra kernels and
for different frequency scales. We introduce in Section 3 a multiscale collocation
method for solving the Euler equation resulting from the regularization described
in Section 2. Section 4 is devoted to a description of block matrix compression
strategy for the collocation method and Sections 5 and 6 are for the complexity and
convergence analysis of the compression algorithm, respectively. Since the entries
of the coefficient matrix resulting from the compression strategy are integrals, we
develop in Section 7 a numerical quadrature rule for computing these entries and a
strategy for controlling the error contribution from the quadrature method. Finally in
Section 8, we present three numerical experiments that demonstrate the performance
of the proposed method.

2 Regularization methods

In this section, we briefly introduce the Volterra system and formulate the Volterra
kernel identification problem as an operator equation of the first kind. Since the
related integral operator is compact, the Volterra kernel identification problem is
ill-posed. We then describe a multiparameter regularization method for solving the
ill-posed problem and derive its corresponding Euler equation.
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For a positive integer n and ¢ € R, we let

Qut) ={¢1,6,....80): 0= =1 =--- =& =t}

and for a given fixed T € R*, we use Q, for Q,(T). Let H, := L*(Q,). For a given
real-valued function u and for n € N, we define operator U4, : H,— H, for h € H, by

topé En-t n
(unm(r)::// / hEr, . &) | Jut —&)ds - -dg, 1[0, T]. (1)
o Jo 0 i

Note that operator U4, maps a multivariate function into a univariate function. Asso-
ciated with the fixed positive integer v, we set H := H; x H, x --- x H,. Clearly, His
a Hilbert space with the inter product (h, g) := Y, ., Jo, 1n(§)gn(§)dé, forh, g € H,
where Z, :={1,2, ..., v}. We define operator/ : H — H, by Uh := ZneZv U,h,,, for
h:= (h, hy,....h,)" € H. The operator U is completely determined by the function
u. For a given v € Hj, the Volterra kernel identification problem is to find h e H
such that

v =Uh. ©)

We will call ¢/ the Volterra operator with the input signal u, h the Volterra kernel
vector, h, the Volterra kernel of the nth order, and v the output signal.

If u € L?(0, T), then the operator U, can be written as an integral operator with a
Hilbert-Schmidt kernel, and the operator U, is compact (see Sections 7.1 and 7.5 of
[39]). Specifically, we have the following lemma.

Lemma 1 Ifu € L*(0, T), then U is compact as an operator from H to H,.

Hence, Eq. 2 is ill-posed. It means that the solution h of (2) does not depend
continuously on v. To overcome this challenge, single parameter regularization meth-
ods were employed in the literature, such as the Tikhonov regularization method.
The single parameter regularization methods impose the same penalty parameter to
the Volterra kernels of all orders. However, it is observed that the noise effects to
Volterra kernels of different orders might be different, and as well as the noise effect
to different frequency bands of these components might be different. These motivate
us to introduce different parameters for Volterra kernels of different orders and for
different frequency bands. To this end, we present a multi-parameter regularization
method via a multiscale decomposition of space H,.

For a fixed n € N, we introduce an orthogonal decomposition of the Hilbert space
H, and the related orthogonal projections. Let Ny := {0, I, ...}. We assume that
{H,,; : i € Ng} is a sequence of multiscale finite dimensional spaces of H,, satisfying
H,; C H, 41, for i € Ny and UiENO H,,; = H,. Thus, for each i € N, there is a sub-
space W, ; C Hl,; which is the orthogonal complement of H,,;_; in H, ;. By letting
W,.0 := H, 0, we obtain that

H, =P W,,.
ieNy

This decomposition was studied in [31, 32], where an orthogonal wavelet decom-
position was constructed on invariant sets. In this paper, we assume that our finite
dimensional subspaces H,,; are spaces of piecewise polynomials of certain orders
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on domains 2, with a scale corresponding to i. For specific constructions of such
decompositions, see [11, 14, 31, 33, 46]. For each i € Ny, we let P, ; be the orthogonal
projection from H, onto H, ;. It follows that Q,; := P,; — P,;_ is the orthogonal
projection from H, onto W,; for i > 1. By letting Q¢ := P,o, we have that
Pn,i = ZI]':() Qn,j~

Given a set of parameters A :={A,;:A,; >0, n€Z,,i € Ny}, we find hp e H
such that

: 2 2
hy € argmin | [Uh = vlG;, + DD " hnil Quitlly, 1 - 3)

nez, ieNy

We next show the Euler equation of (3) in Theorem 1. To this end, we define an
operator A : H — Hforagiven Aby Ah := [}, .y AniQnihn : n € Z,]. Welet) :=
inf{A,; :neZ,,ieNy}and A* := sup{r,; : n € Z,, i € Ny}. Clearly, when " > 0 and
A* < 400, A is bounded, positive definite and invertible. We also let i/ : H; — H,
be the conjugate operator of U,. The operator I/, has the form

(u;:f)(él,~,$n):/

1

T n
[[ue - fwad, feH.
i=1

Thus, the conjugate operator U*: Hy — H of U has the form U*f = (U} f,
Us fo... U f)T for f e H,.

Theorem 1 Suppose that a set Aof parameters is given and satisfy ' > 0. If U:H— H,
is the bounded linear operator defined through (1), then hy € H is the solution of (3)
if and only if hy is the solution of the equation

U Uhy + Ahp = U v. (4)

Moreover, hp depends continuously on v.

The proof of this theorem follows from a standard argument (cf., [7]). Note
that if A, ; = A, for all i € Ny, (3) or (4) reduces to the multiparameter Tikhonov
regularization method, with one parameter per kernel.

To close this section, we estimate |[U/@U*U + Aa)™" |y ;, that will be used in

analysis of the multiscale collocation method to be developed in Section 4.

Lemma 2 If}' > 0, then

1

U@ U+ an™ ”H%Hl < i

®)

Proof We first recall a basic inequality. Let X and Y be two Hilbert spaces with
norms || - ||x and | - ||y, respectively. For a compact operator A : X — Y, by using
the singular value system of A, we find that

HA(A*AJrI)_ <1. (6)

|
X—=>Y
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Letting A := UA '/, we have that
UUU+ AN = AL A+T) AL (7)

We define A} for all h := [hy, hy, ..., h,] € Hby

AR = > A Quihy 1 € Z,

iENQ

It follows for all h := [A, h», ..., h,] € H that

_1/2h _ ZFQ”l Lnel,

ieNy

Thus, we have that

2

[azn] = > Zﬁgm o ®)

neZ, ||ieNy H
n

Since Q,, i € Ny are orthogonal projections, form (8), we observe that
[a270], = 2 ¥ - 10uim ©)
neZ, ieNg
Note that for alln € Z,,i € Ny, 1’ < A,;. From (9), we conclude that
[a2n] < 2 30 S 1Quil, = 5 i
neZ, ieNy

In other words,

1
-172 B
HAA HH = (10)
Substituting (6) and (10) into (7), we obtain inequality (5). ]

3 The multiscale collocation method

The multiscale regularization method converts the Volterra kernel identification
problem to the second kind integral Eq. 4. A natural way to discretize this equation
would be the Galerkin method since it naturally fits into the Hilbert space setting
for regularization. However, the Galerkin method will double the dimension of the
integrals involved in Eq. 4. In particular, for Eq. 4, it will result in huge computational
costs in generating the coefficient matrix of the discrete system, since Eq. 4 involves
integrals of high dimensions. For this reason, we propose to use the multiscale
collocation method introduced in [11] to discretize the equation.

There are two difficulties in using the multiscale collocation method for solving
Eq. 4. For analysis of the collocation method, a natural norm to use is the L>°-norm,
while Eq. 4 was derived by regularization in L? spaces. The change from the L?>-norm
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to the L*°-norm requires a careful treatment. Note that the solution of Eq. 4 is the
minimum norm solution, in the L2 sense, of the original Volterra kernel identification
problem. While the collocation solution of Eq. 4 will approximate its exact solution
in the L™ sense. By the fact that the L? error is bounded by a constant time of
the L* error, the collocation solution approximates the exact solution of Eq. 4 in
the L? sense as well. The second difficulty comes from the fact that the solution
of Eq. 4 is a vector-value function with different components being functions of
different dimensions. This presents challenges to incorporate the basis functions and
collocation functionals having different dimensions.

Let Hl,; be the space of piecewise polynomials of total degree k, — 1 on €,
with the partition E,; :={E,,;: € Zn,@} described in [14], where N,() is a
positive integer. The partition &, ; satisfies that for each je Zy, ), there exists an
affine mapping ¢, ; ; from Q' := Q,(1) to &, ; ;. We will use this sequence of finite
dimensional subspaces H,, ;, i € Ny to develop the multiscale collocation method.
Although, the subspaces H,,; are dense in H,, for a fixed n € Z,, they are spaces of
piecewise polynomials in different scales. We use H;° to denote L*>°(£2,). For each
n € Z,, we let W° = @ieNO W,..;, where the closure is in the L* sense. Hence, we
conclude that C(Q,) ¢ W° C H;°. The bases for the multiscale spaces W, ; will be
used to generate the collocation solution.

To apply the collocation method to Eq. 4, we need to consider another important
issue if for all n € Z, the component £, o of the solution h, of (4) belongs to W¢°.
As a preparation for answering the question, we next show that || P, ;|| is uniformly
bounded by a constant independent of i. The case n = 1 of this result was established
in [38].

Lemma 3 For a fixed n € Z,, there exists a constant ¢ > 0 such that H P"JHoo <cg, for
all i € N,.

Proof Let S be a family of subsets of R” for which there exists a fixed & € S such
that for each element 2 € S, there is an affine mapping from € to Q. For each Q € S,
we define the orthogonal projection Qg from L?(R2) onto the space of polynomials
of total degree kK — 1 on Q. To prove this lemma, we first show that there exists a
positive constant ¢ such that for all 2 € S, || Oqll~ < c.

We let Q be an arbitrary element in S, and ¢ be the affine mapping from Q
to Q. Let wj, j € Z, denote the orthogonal polynomials of total degree <k —1
on , where ry = (k+Z_1). We assume that these polynomials are normalized so
that ||wjllc = 1 and set a; := [|w/||,. It can be verified that w; o ¢!, jeZ,, are the
orthogonal polynomials of total degree < k — 1 on Q and ||w; o ¢ s = 1. Since ¢ is
an affine mapping, the Jacobian J(¢) is a constant. We use J,, to denote the constant
VIJ(@)]. In this notation, we have that |w;o ¢~ | = a;/y.

12
Leta := (Z/lek a;z) .For f e L*™®°(Q), we write

Qaf =) cwjop™

JE€Ln,
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and obtain
12

o o
102 flle = Y lefl = | 2o lePei g | =102 fl
¢ ¢

€Ly, JELy,

A

%llf”z =al fodl, < ameas(Q)| f o plloc = ameas(R) || flloo-

(11)

Since for all i € Ny and j € Zy, ),

Pﬂ,if|3n,i,f = QEm;j (f'En,i,f) .

and E,; ; can be affinely mapped from the unit simplex €', the result of this lemma
is a straightforward consequence of inequality (11). O

Now, we review a multiscale property of H, ; (cf., [14]). We use d(A) to denote the
diameter of aset A, let p,; := max{d(E,, ) : j € Zn,} and observe that p, ; have the

property:

(I) For each n € Z,, there exist positive constants ¢y, ¢; and an integer u, > 1 such
that for all i € Ny

Cllt,;i/" < pni = Cz,u;i/n-

As usual, for a positive integer k, we use Wk°(Q,) to denote the space of
all functions 4 on €, such that D*h € H;°, for || < k, with the norm ||Al . =
max{||D*h| : |o| < k}. We define A, for h € W;° by

Anh = Z )\n,iQn,ih-
iENo
Thus, A;;! has the form
_ 1
Aly=>"— 0y
r An,i
ieNy ’

for y € W5*(g,). We next show that the inverse A;! is bounded as a map from
Wk (Q,) to W,

Lemma 4 If A is given and )" > 0, then there exists a positive constant ¢ such that for
all y e Wh(Q,),

D 1Oniylloe < cllylli.co- (12)

ieNy
Therefore, A" : W' (Q,) — W is bounded.
Proof Let y € Wh®(Q,,). We first prove inequality (12). Noting that Q, .y :=

P, i1 — P, fori € Ny, by the triangle inequality, we get that

1Onir1¥lloo < N Ppiz1(y = ¥ lloo + | Pri(y — yi)lloo, forany y; € Hy ;.
@ Springer
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Now that for each i € Ny, H,; is a piecewise polynomial space, from Lemma 3, there
is a positive constant ¢ such that for all i € Ny, || P,illoc < c. Thus, there exists a
positive constant ¢ such that for i € Ny,

1 Qnit1¥lloe = clly = yilloo- (13)

On the other hand, since y € W!'*(Q,), from Property (1), we know that for each
i € Ny, there exists y; € H, ; such that

Iy = yilloo < et ™ 1 11.00- (14)

Note that p, > 1. Substituting (14) into (13) and using the summability of the
geometric series, we obtain (12).
From the definition of A}!, we have that

_ 1
|4yl = 55 D 1Qnivlee. (15)
iENQ
Substituting (12) into (15), we conclude that A,y e W and A, ': WI>(Q,) — W
is bounded. ]

In the next lemma, we show that the component 4, 5 of the solution h, of equation
(4) belongs to W°. To this end, we remark that the operator U4, is an integral
operator with the kernel

1
Ko, 8) 1= /

max{n,—1,&1}

(1"[ u(t — s») (1‘[ u(t — m)) dr, (16)
i=1 i=1
for n:= 0, ....n)7 e R" and & :=(&,...,&)" € R”. When the input signal
u e C'[0, T1, the kernel K, , has continuous partial derivatives D‘f; Dg Ky n(n, &)
for all (n,&) € @y x Q, and for |a| <1 and |B| < 1. Specifically, there exists a
positive constant ¢ such that for |a| <1 and |B] <1 and for all (1,&) € Q, x @,
| D2 D‘; Ky .n(n,€)| < c. Thus, the range of U} U, is a subspace of W'*(€,).

Lemma 5 If A is given, u € C'[0, T] and )\ > 0, then the component h, 5 of the
solution hp of Eq. 4 belongs to W:°.

Proof We let y :=Uv — UUh. From Eq. 4, we have that A,h, » = y. Since A,
is invertible on H,, we obtain that h, » = A;'y. Since u € C'[0, T], we get that
y € Wh*(Q,). By Lemma 4 with n = 1, we conclude that hpa € WP, O

In practice, we use only finite number of regularization parameters. In the rest of
this section, we consider the case where finite regularization parameters are used. We
set for n e N, Z):={0,1,2,...,n— 1}, and A :={A,;: hn; > 0,n€Zy,i € Z \},
where ¢, is a positive integer. In this situation, A takes the form

AAh = Z )\n,iQn,ihn + )Ln,gy, (I - Pn,g”—l) hn ‘ne Zv s

ic70
ieZ?,

forallh :=[h, hy,..., h,] € H.
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To close this section, we describe the discrete equation of the collocation method
for solving (4). The collocation method requires the availability of multiscale colloca-
tion functionals. We let IL,, be the dual space of C(£2,,). For £ € L,, and h € C(R2,,), we
use (¢, h) to denote the value of the continuous linear functional £ at 4 and use ||£|| to
denote the norm of ¢. By using the Hahn-Banach Theorem (see [44], Theorem 3.1),
we can obtain a norm preserving extension of £ to H;,°. We use the same notation
for the extensions. A specific extension of the point evaluation functional from the
continuous function space to the piecewise continuous function space is found in
[2]- Let F be a finite dimensional subspace of L, and W be a finite dimensional
subspace of H°. We call F a W-unisolvent if for w,v e W, (¢, w) = (£, v), for all
¢ € IF implies that w = v. Following [11] (see also [10, 30]), we construct for each n a
sequence of finite dimensional spaces IF,,; C L, such that I, ; is W,, ;-unisolvent and
Lyi:=F,o®F,,&---&F,;is H,, -unisolvent.

To describe the collocation method in the abstract sense, we define the interpola-
tory projection P,,; from H;° onto H,;, n € Z,, for h € H° by (¢, P, ;h) = (£, h), for
all¢ e L, ;. We set

H>™ := H° x H® x --- x H>.

For a v dimensional vector L := (I}, b, ..., 1,)7,1, € Ny, n € Z,, we define a subspace
H, of H* by

Hy :=Hy xHyy x - x Hyy,.

The projection P, from H* onto H, is defined by Prh:= [P h; : i€ Z,]7, for
h € H*. With this projection, we let U, be the projection P, applied to U*U with
restriction on Hy, thatis Oy := PrU*U|y,, and we also let Ay, := Ay, . For a given
vector L and a parameter set A, the collocation method is to find an hy o € Hy such
that

(UL-FAL)IIL,A =PrU*v. (17)

The multiscale collocation method is the collocation method (17) using the multiscale
bases for W, ; and F, ;. We call the multiscale basis for F,; the multiscale collo-
cation functionals. The multiscale basis functions and the corresponding multiscale
collocation functionals on an n dimensional simplex were constructed in [14]. We
will not describe their construction here. Instead, we only define necessary notations
sufficient for us to formulate the discrete form of the multiscale collocation method.

We let w,(i) := dim(W, ;). Then there exists a positive integer m, such that
wy (i + 1) = muw,(i). In fact, in the construction presented in [14] the integer m,, is
the number of affine contractive mappings which define the simplex €2,,. Suppose that
Wi :=span{w,;;: j € Zg)nm}, i € No. We let Q,;; C ©, be the support of w,; ;.
We remark that the set {€,,;: jeZ) ,} is not a partition of €, when k, > 1.
However, a fixed number of its elements correspond to the same element in the
partition E,;. Hence, their diameters satisfy Property (I). Moreover, for all j, j' €
7Y, iy» Meas(QyijN Qnij) =0 0or Qpij= Quij. Let Ly :=span{t,;;: jeZ .},
i € Ng. We use §, to denote the linear functional in L, defined for v € C(2,)
by (8,”, v> = v(s). The linear functional ¢,;; is a finite sum of point evaluations,

that is, £,;; = Zseﬁ,“;, ¢85, where ¢, are constants and 2, ; is a finite subset of
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distinct points in €2,;; with the cardinality bounded independent of n € Z, and
(i, j) €Uy :={G j):ieNo, jeZ) ,}. Itis notable that the supports of the basis
functions w,,; j, (i, j) € U,, are shrinking as the level increases and so are the supports
of the collocation functionals £, ; ;.

Set Uy, :={G, j):ieZ,,, jeZ ,} Let Uy, :=UU, We define the matrix

I+1° wy (i)
block (Uy,) by
(Unan) = [{lw.ir.jrs Cunwnij) 2 @ ) € Upgy, G ) € Uy, |-
Then the matrix representation of U is given by
Uy :=[Up,:n.neil,). (18)
Weset B, . a = [Ani(€ni.jr, waij) s (@ J'), (G j) € Upy, | and obtain the matrix form

E;a of Ap, Epa:=diag[E,a:n€Z)]. Let vy = [(€u;;,U): (G, j) € Uy
ne ZU]. We then obtain the discrete form of (17) given by

n?

(UL +EL Db a=v,. (19)

For notational convenience, we will drop the subscript A from Eq. 19 because in
the next two sections we will focus on developing fast solutions for this equation
after a set of parameters are chosen. Specifically, we let E; := E; ». Hence, Eq. 19 is
written as

(UL +Eph, =v,. (20)

This is a Volterra integral equation of the second kind. For traditional collocation
methods for solving a Volterra integral equation of the second kind, the readers are
referred to [6].

4 Compression strategy

We propose in this section a matrix compression strategy which approximates the
coefficient matrix of linear system (20) by a sparse matrix. The compression strategy
is based on multiscale properties of the basis and collocation functionals used in the
collocation method.

We begin with a review of the multiscale properties of the basis functions and
collocation functionals.

(IT) For each n € 7Z,, there exist positive constants ¢, ¢; such that for all i € Ny
il < dimW,; < o,

where p, is the constant defined in Property (I).
(IIl) For any neN, (€, waij)=8udyj, i<i, j el jezb and

wa (i) wy (i)
there exists a positive constant y, such that for all (7, j'), (@, j) € U,, i > 7,

Yjen o |(Cnicyrs waif)l < v

wn (1)
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(IV) For any polynomial p of total degree k, —1 on Q,, (€,:;, p)=0 and
(Wnij» p), =0, for (i j)e U, where (-,-), denotes the inner product in
L*(Qn),n € Ly,

Property (IV) is called the vanishing moment property of the collocation
functionals and the basis functions. It is crucial for establishing the matrix
compression scheme.

(V) There exists a positive constant c3 such that for alln € Z,, (i, j) € Uy, €4, jll +
”wn,i,/'”oo < C3.

Property (V) means that ¢, ; ; and w,,; ; are uniformly bounded.
As a preparation for compression of the matrix U,, ,,, we estimate the norm of the
matrix block

Uy n)iri = [(Zn’,i’,/'” Un’,nwn,i,/) : j/ € Z?U”(,v), J€E Z&”(,-)]

of matrix U, . Let k¥’ := max{k, : n € Z,}.

Lemma 6 If u e C¥10, T, then there exists a positive constant ¢ such that for all
el i€ ZZH,

—kni/n—(lo k' /0
. S 14 / ) 1)

H (U”"”)i’,i
Proof Note that the support of wy, ; ;i 2, j. As proceeded in [11] by using the Taylor
expansion and by Property (IV), and the fact that the kernels are smooth, we have
that

<cu
o0

ky  ky
‘(Un’,n)v <clllwijll ||wn,i,j||oopnr_irpn,,-+n~ (22)

5

By the definition of the infinity norm of a matrix, we obtain that

H(Un/,")i',i 0 :j,gzloax Z ‘(Un’,n)if,j';i,j ' (23)
O e,

By Property (V) and substituting (22) into (23), we conclude that there exits a
positive constant ¢ such that

H (Un’,”)i/,i

From Properties (I), (II) and inequality (24), we obtain that

Ky kn ;
[e9) = Cpn’,i’pn,i+nwn(l)~ (24)

bl

ki _kni/n —kni/n—(log,, w,)kyi'/n
H (Un’,n)l-/yl-Hoo < cp, " = ey, "
proving the lemma. O

Lemma 6 leads to a block compression strategy for the matrix U,, ,,. Specifically,
we wish to form a new matrix V,,, by assigning most of blocks in U, , to be zero
without ruining the convergence order of the corresponding approximate solution.
Hence, we require the matrix V,, , to have the estimate that there exists a positive
constant ¢ such that

Z [ (Ui = Vi | &= < .
i€Z) .,
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This yields the following block truncation strategy. For n,n’ € Z,, we let k, , :=

k' :
T (log, 7o) and for a given L, we set

i

R (Un’,n)i/l- ’ 2i + i,/Kl’l’.l’l E l}’lv
(V""”) - {O, otherwise. (25)

Thus, for a given L, we have the compression matrix
Vi :=[Vun:n' . nek,)], (26)

which is an approximation of U,. In Eq. 20 we replace Uy by V, and have the
compression method

(VL+Eph, =v,. (27)

The coefficient matrix of this equation is now sparse, which leads to a fast solution.

5 Computational complexity

In this section, we consider the computational complexity of the compression method
by showing that the number of nonzero entries of the compression matrix V; is
bounded by a constant multiple of the size of the matrix. For a matrix A, we use
N(A) to denote the number of the nonzero entries of A. By N, we denote the
size of matrix V; and we will prove that A’ (V.) = O (N.). To this end, we recall
the definition of «,, , and assume that there is a positive constant p such that the
components /,, n € Z,, of the vector L satisfy

|Kn’.nln - ln’| S p. (28)

We remark that condition (28) limits the choice of {/, :n € Z,}. This condition
balances the levels of approximation for different kernels.

Theorem 2 If V| is chosen by compression strategy (25) for L satisfying (28), then
there exists a positive constant ¢ such that

N(VL) <cNp. (29)

Proof By the definition of V, it suffices to estimate N'(V,, ). For fixed n,n’ € Z,,
we let y; ;= [Knr,n(ln — 2i)—| +1,i € Z,. From the compression strategy, if i > y; or

i> Pi-‘ + 1, then block (V,, )i is equal to zero. Hence, we get that

N(Vn’,n) < Z Z N((Vn’,n)i’,i) . (30)
ieZ‘i_,A_P] i'eZs,
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Noting that, from Property (II), there is a positive constant ¢ such that for alln’, n€ Z,

and ' € Z?,H, i€ Z?H, the number of entries of (V,, ,)r; is less than or equal to

et il Substituting it into (30) and using the summability of the geometric series,
we get that

i
i K n=20 | +1 ' nln M
N(Vuw)<e Yy < ey ( z) ey
2. e

ieZ® ieZ® n
g1 [T
We next consider three different cases.

2y .
Casel: u,= pL,f" ", In this case,

In . I,
N =[] ) ze([4] 1)t

Case2: ,> ;L,zl',(""". Substituting this condition into (31), we see that N (V. ,) <culr.

Kt nln

Case3: u, < uff In this case, it follows from (31) that N (V,y,) < cu,,’"". Form
(28), we know that «, ul, <[, + c. Hence, we obtain that V' (V) < cul.

Summing all N (V,y ), for n, n’ € Z,, we conclude that

NV <e ) uh <ceNp,

nez,

where the second inequality follows from Property (II), and obtain the desired
estimate (29). ]

Theorem 2 reveals that the compression method (27) reduces the number of
nonzero entries of the coefficient matrix from O (N7) to O(Ny). This significant
reduction in the computational cost serves as a base for a fast algorithm for solving
the Volterra identification problem and it makes it possible to use the Volterra
system of high order (with order greater than two). In the next section, we will show
that this compression strategy will not ruin the order of convergence of the original
collocation method.

6 Convergence analysis

In this section, we analyze the convergence order of the compression algorithm. We
will show that the compression method converges in a nearly optimal order.

To establish the convergence result, we first discuss a somewhat more gen-
eral problem described below. Let K,/ , be an approximation of U, , and K :=
[K,,/,,, :n',ne ZU]. We assume that the matrices K, ,, ', n € Z, satisfy the condition
that there exists a positive constant ¢ such that for all h € Wk»>,

| (Unin = Ka) B < e il o (32)
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and forall h € H°,

k,,[,,/n

| (Unin =K} B| = ™" 1 (33)
where h := [h;;: (i, j) € Uy, | with
nlh— Z hl/wnlj (34)

(@ ))€Un,
In Eq. 20, we replace U by K and obtain an approximate equation of (20)

(K. +Ep)h, =v,. (35)

We write the solution hy of (35) ash; = [(HL) N

ntj

nez, (1) e Un,ln], and let

Ly wu()—1

h,,, = Z Z [HL] CWpij, n€Z, and hy :=[h,, . ne€ ZU]T

n,i, j

We also write the solution of Eq. 4 ashy =[h, :n € Z,1T. Our convergence result
concerns the bound for ||h,, —h,/, [|-

To estimate the bound, we let B, .+ Hpy, — H,, be the operator whose discrete
form is K,y , in the same basis and collocation functlonals and define the operator
B, :H; - H, by B = [B n:n,nelkl ] From the definitions of B;, h; and v,
we observe that Eq. 35 has the operator equation formulation

(EL + AL) h, = Prllv. (36)

We next present two technical lemmas. For n, n’ € Z, we let B,y , := Py, Opnly,,, -
It can be verified that matrix U4,, ,, is the discrete form of B,, ,, in the basis and colloca-
tion functionals used in the multiscale collocation method. We define two operators

B, = [Bn,m T me ZU] and O, := P, U;U|m, which map from H; — H, . In the

next lemma, we estimate the error U, — BB,. To this end, for k := [k, : n € Z,] we
define the space

WE® .= Wko(Q) x Woo(Q,) x - x W (Q,).

To prepare for the development of this result, we present another property of the
basis functions and the collocation functionals:

(VI) There exist positive constants ¢; and ¢, such that for all n € Z,, [, € Ny and
for all & € H,, ;, with i := Z(i,j)eUn,, hj jwp,; j there holds

cillillos < Ihlloo < e2ly + DIEn,Atlloo,

where i := [h; ;. (i, j) € Uy, ], and E,,, := [<£n,i’,j’» Wy j): @25, G ) EUn,ln]-
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Lemma 7 Letu € C¥[0, T]. If (32) and (33) hold, then there exists a positive constant
¢ such that for allh € W%,

| @0 = BoPih| =+ 3 i il e (37)

meZ,

and for allh € H*,

s

H (U” - E”) PL"HOO Sclut1) ) pm 1#2ml o - (38)

meZ,

Proof The proof of this lemma demands the following two estimates: There exists a
positive constant ¢ such that for all 1 € Wk(Q,))

| (Brw = Bur) Pussh| = el + Dy Ul o (39)

and for all h € H*,

| (Brn = Bun) Pus]| = cll+ D™ . (40)

We now present a proof for (39) and (40). For h € W*»> we write

(Bn’.n - En/,n) Pn,lnh = Z €, jWn' i, js (41)

@./)€Uy,,

where ¢;; € R. Let h:=[h;: (G, j)e€Uy,y,] and e:=[e;;: (i j) € Uy, ]. Using
Property (VI) in (41), we see that there exists a positive constant ¢ such that

|(Bun = Bu) Push| = et + DByl
oo
Applying functionals ¢,,; j, (i, j) € U, ,,, to bothsides of (41), we obtain the equation
(Un’,n - Kn/,n) h= En/,l,,re-

Hence, we get that

H (Bn’,n - Eﬂ’,n) pn,l,,hHOO =< C(ln’ + 1) H (Un’,n - Kn/.n) il”oo . (42)
Substituting (32) into (42), we get estimate (39). By substituting (33) into (42) proves
the desired estimate (40).

Estimates (37) and (38) are obtained by using (39) and (40), respectively, in
conjunction with the inequality

505 ] = 3 (8 o) ]

completing the proof. O
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Next, we estimate the error | B, — UiU| .

Lemma 8 Letu € CX[0, T]. If (32) and (33) hold, then there exists a positive constant
¢ such that for allh € H*,

— 3kl /m

|(B.— ) Pub| <l it 1) 32 ™" Wl o+ s

meZ,

(43)

Proof Since for all h € H;, we have that I/{U{h € Wkn2(Q,,), there exists a positive
constant ¢ such that

@, = UtOh| < (T = Pus) Uil < cptn™ "/ ||h]|o. (44)

Therefore, estimate (43) follows directly from the second estimate of Lemma 7,
inequality (44) and the triangle inequality. |

To give a bound for ||h, — h,; ||, we estimate [|U/*U + Aa)~'||oo. According to
the definition of I/*, we know that for all f € L?([0, T1),

14" fllos = W £ll2, (45)

T >
W := max sup / dat| .
€Ly (51 6rnb) € \ V1

Lemma 9 For a given A, there exists a positive constant ¢ such that

where

[[uc—&

i=1

[(aa+uw)™| <e (46)

Proof For w € H® we set
V= (AA —I—Z/l*L{)_l w and z:=U (Ax +L{*Z/l)_1 w.

It follows that v = AZI (w —U*z). From Lemma 3, we know that for each n € Z,,
| On.illcos i € Ny are uniform bounded. Recalling that for all h := [Ay, h;, ..., h,] € H,

Sn—1
Aglh = |:Z k;i O,.ih, + )»,;191 (I— Pn&,,l)hn ‘ne Zvi| ,

i=0

we have that there exists a positive constant ¢; > 0 such that [A}'|| < c1+. From
(5) and (45), there exists a positive constant ¢, > 0 such that

" w
147 2]lo0 < C2ﬁ”w”oo-
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Hence, we know that there exist a positive constant ¢ such that

Ivlle = 1AL (w —U2) Il

|8 42wy ]

IA

1
€ (lwlloo + I14*2ll0)

! <1+ W)n ||
c— — ) lw]lso-
A VA

This leads to estimate (46). ]

IA

Now, we estimate the bound for ||h, —h,/, [|-
Theorem 3 For a given A, let hy € WX be the solution of Eq. 4and u € c¥1o, T1.

If (32) and (33) hold, then there exist a positive constant ¢ and a positive integer { € N
such that for all L € N" satisfyingl' :== inf{l,, : n € Z,} > £ and for alln € Z.,,

Iy —hyy, oo < € (u;""’"/"nhmn,oo UESVY u;’“m""/'"||hm||km.oo) BENCY)

meZ,

Proof By Lemmas 8 and 9, there exist a positive constant c and an £ € N such that for
all L € N satisfying // > ¢ and for all h € H;, c||[(AL 4+ Bp)h|«x > ||h] . It follows
from the fact PLhy —h; € H; that

Ihs = hilloo < s = Prhall + ¢l (AL +BL) (Prhs —ho) oo (48)

From Eqgs. 4 and 36, we know that Py (A + U*U) hy = (AL + EL> h; , which leads
to the formula

(AL +BL) (Phy —hy) = PL(s +UU(PLhs —ha) + (B, = U1) Prha. (49)
Substituting (49) into (48), we get that
Iha =Bl < (1 el A + U U ha = Prhallos + el (BL = U1) Prhall:
In particular, for n € Z, we have that
Iy = B oo < (1 ClIA +UUNo) Iy = P ballos + 1l (Bo = Tn) Prhis oo
Finally, since hy € WK there exists a positive constant ¢ such that for n € Z,,

I, — Prhylleo < ctn /™ |[hyl, oo- (50)

From the first estimate of Lemma 7 and (50), we obtain (47). ]
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In the rest of this section, we consider the convergence property of the compres-
sion method (27). For this purpose we prove that estimates (32) and (33) hold when
K, := V. Forfixed n,n', we set Sy := {i : kpy n(l, — 2i) — 1 < 0}.

Lemma 10 /f u € C¥[0, T, then there exists a positive constant ¢ such that for
h € Wknoo

| (Ui = Vi) | = e g, (51)

and for h € HY,

kl/n

| (Ui = Vi) | = Il (52)

where h := [hij: G, j) € Uy, ]satisfy (34).

Proof We first prove Eq. 51. Since h € Wk by Proposition 4.1 of [14], there exists
a positive constant c such that

max {|h; j| : je Z) o} < cu, Ak, 00, forall ieZ .
It follows that

| U = V)| = max 3 | WUa)y s = (V)| " Wl e

i'eZ?
l r+1 0
zeZl 41

(53)

Using the compression strategy and substituting (21) into (53), we obtain that

H (Un’,n A\ n hH < c;fk nln/n Al max Z,uk/l/n( e ) (54)

’ 1 ieSy

To bound the right-hand side of the above inequality, we set iy o := min{i : i € S;}.
Using the summability of geometric series, we have the estimate

—knly I T
TR bufn(1=2ir0- L)

et Tk pax u
(1= i)

|(Unin = Vi) | = (55)

Since iy €Sy, by the definition of the set S;, we obtain that for all 7,

kn/n (l,l—2i,-/,(,— = )

n < 1. From (55), we obtain estimate (51).

. Healy
To prove estimate (52), we set B := u; """ (Uw.n — Vw.n) . By Property (VI),
there exists a positive constant ¢ such that

3knln/n

[(Unn = Vi) | < o™ B . (56)
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Since u € C¥'[0, T], by Lemma 6, there exists a positive constant ¢ such that

k,l/n(%l —i—#)
IBlloc < ¢ max Y "y s (57)
i/EZ?nf ieSy
By substituting (57) into (56), we obtain estimate (52). |

We are now ready to present the main result of this section.

Theorem 4 Foragiven A, lethy € W™ be the solution of Eq. 4. Ifu € C¥[0, T}, then
there exist a positive constants ¢ and a positive integer £ € N such that for all L € N¥
satisfying l' > € and for alln € Z,,

By =g, lloo < € | 1, " Ihulli 00 + Gu+ 1D D ™ 00 | - (58)
meZ,
Proof Estimate (58) follows directly from Theorem 3 and Lemma 10. ]

7 A numerical quadrature strategy

The numerical solution of the compression method (27) requires generating the
coefficient matrix V. Hence, we have to compute the entries in the blocks (V,y ).
for i’ € Z?,/H’ ie Z?lJrlwith 2i 4+ 1 [k <1y, for n’,n € Z,. These entries have the
integral form

Ly jrnij = / (€w.ijrs K. 8)) Wi j(€)dE, for i, j € Uy, i€Sy, jeZ .
Q

n

(59)

where K,/ ,(n,&) is defined by (16). In this section, we propose a numerical
quadrature strategy for computing (59). Ideally, such a quadrature strategy should
preserve the convergence order for the compression method and use only O(Ny)
number of functional evaluations in computing all nonzero entries of the matrix
V. The quadrature strategy proposed in this section is influenced by the work in
[21, 25, 40, 47].

To describe the quadrature formula for I, i, we set fr (€)=
(Cwirjrs Kwn(-, 8)), for & € Q,, and gy jri j(§) == fy.j/(E)wyij(§), for & € Q,,. Thus, we
have that

In’,i’,j’,n,i,j=/9 gr.jii,j(&)dE.

0
1y+1°

of @, satisfying that 2, = UleZo‘ Dy, and for ¢y, 1, € Z0 int(D;,,) Nint(D; ,) = &,

el
T

Fixn’ and n. Fori' € Z we choose a partition Dy := {Dy, : Dy, C Q.1 € Z(r),-/}

1| # 1p, where 1; is a positive integer and int(A) denotes the interior of A. Appro-
priate choices of the partition D; will be given later to ensure that the quadrature
strategy has the desired convergence and computational complexity properties.
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Let g, be a positive integer. We choose a set of points X;, := {S},ql :le Zgn fcDy,
and evaluate Fj ;== f (& ) forall j' € Z), .l € Z) and¢ e Z),. We also choose
the weights Ay, :={d}, :l€ )} and introduce two index sets Vi := {(i, j):i €
Sg', j (S Z(u)un(i)} and Si',,‘,/’ = {L € Z(r)ir : D[I,L C Qn,i,j} for (i/, ]/) (S Un’,l”/7 (i, j) S V,'f. For

j e ZSJ”, @ and (i, j) € Vi, we compute the quadrature

Loijmiii= D D Fiownij(&,)- (60)

€Sy ; ;1€

qan

Note that the values Fj,; are used repeatedly when computing Lo jr.ni,j for
(@i, j) € V;. Repeating using these values reduces significantly the number of func-
tional evaluations.

We let (M"’«")i',i denote the block (V"’ﬂ)i',i with I, 7 j ;; being replaced by

Ly jni; for J €L, iy JELS, - Setting (M, ) := [(M"/»")i’,i = Z?;,H’ ieZgH]
and M, := [M,, : n/,n € Z,], we have the completely discrete equation
(EL+Mph, =vp, (61)

which is an approximate equation for (27).
Next, we turn our attention to the choices of partitions D;. We require that they
satisfy the conditions:

(C-1) For i eZ? (G,j)eV; and (e Z°

. Ly +1° T’
mt(Dy ) = mt(Dy ).

(C-2) Fori e er+1’ ieS;,je Zg)n(i) and: € Z?i,, Wi jlini(p, ) € CP(int(Dy ).

Qn,i,j N il’lt(Dl‘r,L) =J or Qn,i.j N

Condition (C-1) ensures that for each ¢ € Z° , Dy, is contained in the support of the

basis function w, ; ;. Condition (C-2) impliesl that on D; ,, w,; ;jis a smooth function.

We choose p := P;‘Tn—‘ and require that the quadrature formula chosen in (60)

satisfies the condition that for all A € W#-*°,

i hE)ds =Y dy h (&) + E(Di.. Av., Xi,) (62)
7o 1eZ))

qn
with

|E(Dy ., Ais X )l < ¢ max {[(D*R)(&11.0)1} d(Dy )|Pmeas(Dy ) (63)
=P

o

for Si’,t,a € Dif’L. We also let dD,./ = max {d(Dl‘/,l) LE Z(r)i,} and e jrij = |In’,i/,j/,n,i,j —

Ly jnijl, forall (O, j)y € Uy, G j) € Vy.
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Lemma 11 Ifu € CK'[0, T with k* = p + k' + 1, then there exists a positive constant
c such that for (i, j') € Uy, (i, j) € Vs,

e jij< cdpD Wy ik /1! k" meas(Qp; ), (64)
and
=3i'k, /Q20") 1,k /(2
IVan =Ml < ¢ max {dgi/un,z T n>}, (65)
’ n'\ly,

Proof Since u € CK'[0, T], we know that f; ; € WX*°(,). Hence, from condition
(C-2), we have that gy j;; € WK°(D; ). Note that k* > p. By the definition of
ey jr.i,jand (63), we observe that

Cijij = =c \Iorzl\a);) Dagi’,j’,i,j)(%'i’,t,oz)” |d(Di’,L)|pmeas(Di’,z)
LGS/M

with &, o € Dy,. From conditions (C-2), we get that

Cirjij = =< Cd meas(Qn i, ]) max {|(Dagl/ J'i })(%_z La)|} (66)

We next estimate maxq|—p {|(D*g;.jr.i. ) Er.0.a)l }. We let Ko () :=D* Ky (1, &.0.0)
for |a| < p. Since u € C¥'[0, T], we know that K, (n), |a| < p, has continuous partial
derivatives D? K, (n) for n € Q,,, when |8| < k,». Hence, as proceeded in [11] by using
the Taylor expansion and by properties (I), (IV) and (V), we obtain that there exists
a positive constant c such that

| D frj0(8)] < cp, ", (67)

for |a| < p. It follows from the proof for Lemma 5.2 of [14] that there is a positive
constant ¢ such that for all |«| < p,

| D*w i j(8)] < cpli/™. (68)

Noting that gy j; j(§) = fr 7 (E)wy; ;(§) and gy j;; € WK°(Dy ), it follows from
(67) and (68) that there exists a positive constant ¢ such that

Ilgtlli); {1(Dgr.0.)) (Eiria) I} < ity e piknlm, (69)

Substituting (69) into (66), we get the estimation (64).
By (64) and the relation ) jezd, meas(Qn i,j) = meas(£2,), there exists a positive

constant ¢ such that

Vi — My alloo < ¢ max lk” o E /le n/n (70)
@)U,y
In+l/S’
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By the definition of S;, we conclude that there exists a positive constant ¢ such that

, ik jon
Yol < eyl Oy T, (71)

i€Z)) .\ /Sy
Substituting (71) into (70) yields estimate (65). ]

In order to ensure that the quadrature will not ruin the convergence result, we
need the matrix obtained via the quadrature formula to satisfy

HVn’,n - Mn',n Hoo S Cll/l«;l"k"/n,

where c; is a positive constant. Hence, it follows from Lemma 11 that we demand
that

p =3k, /20) 1k, /(2 ~lnkn
dD,-r/“Ln’ My /e = C1lty, /fl’
or equivalently,

dp, <cip,”, (72)

where g; := % (kw.nln—1') . This imposes an additional hypothesis on the partition.

Lemma 12 Letu € CX'[0, T\ withk* = p+ k' + 1. If Dy, i' € 7, satisfies (72), then
there exists a positive constant ¢ such that

Vi — My plloo < C.u,zlnk”/n- (73)
Proof By substituting (72) into (65), we obtain estimate (73). ]

In order to reduce the complexity of quadrature, we also require that dp, >

czu;,""’, where ¢, is a positive constant. This, combined with (72), leads to the
following condition on the partition.

(C-3) Fori' €Z) and: e Z?ﬂ, there exists two positive constants ¢; and ¢, such that
e, <d(Diy) < e, (74)

On the other hand, since Uezo. D;, = Qy, from the left inequality of (74), we get that

2! 0
foralli’ € Z; .,

T < cul (75)

where c is a positive constant.
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Table 1 Regularization

parameters related to the Parameters Parameters
uncompressed matrix Uy, related to Uy, related to V,
and the compressed
matrix Vg Al 7.50E -9 1.00E — 8

A2 1.50E — 8 3.00E — 8

A3 2.00E -6 5.00E -6

We next show that the quadrature strategy does not ruin the convergence rate of
the compression method (27). Let hy, be the solution of Eq. 61 and let

In wa()—1

h,,;, = Z Z (HL)n,i,jw"’i"’" nelZ, and hy :=[h,,.ne ZU]T.
=0 j=0

Theorem 5 For a given A, let hy € WK be the solution of Eq. 4. Ifu e c¥10, T
with k* = k' + p + 1 and h, € W**, then there exist a positive constants ¢ and an
¢ € N such that for all L € N satisfying l, > ¢ and for alln € Z,,

Iy =B lloo < € | 1 " Il 00 + Gu 1) Y s ™ [lli, 00 | - (76)

meZ,

Proof By Theorem 3, it suffices to prove that inequalities (32) and (33) hold with
Kim =M. B
Let h € Wk»> and h satisfy (34). By the triangle inequality, we get that

[0 = [0 Ve ]|V

oo

From (53), we have that HBH < c|lh|lk,,.co- Combining this inequality with Lemma
12, we obtain that =

H (Vn,m - Mn,m) hHoo S CM,;kmlm/m ”]’l”kmoo (78)

By substituting (78) and (51) into (77), we get (32).

Table 2 Output errors

of the Volterra systems Output errors Output errors
identified by the related to Uy, related to V.
uncompressed matrix Uy,
and the compressed e 1.44F -3 1.52E -3
matrix V, e 4.57TE -2 482E -2

e3 3.65E -2 373E -2

ey 487E -2 5.09E -2
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Table 3 Computing time for generating matrices U;, and V,, and solution time for solving Egs. 20

and 27

CT (s) ST (s)
UCM 4374.47 180.34
CM 551.63 1.20

CT computing time, S7 solution time, UCM uncompressed coefficient matrix, CM coefficient matrix

It remains to show (33). Let 4 € H®. From Property (VI), we know that ||, <
c||hll. Employing the same procedure as in the proof of (32), we obtain (33). ]

We next estimate the number M, , of the point evaluations of K,y ,, n',n € Z,
for generating the matrix M. The total number of the point evaluations of K, ,,
n',n € Z, for computing the entries My, is then given by

ML = Z Z Mn’,n-

n'e€’, neZ,

In the next theorem, we give an estimate for M.

Theorem 6 If M, is generated by the compression strategy (25) and the quadrature
strategy (60), then there exists a positive constant c such that

My <cNy. (79)

Proof We first estimate M,, ,,. Let M,, , » be the number of the point evaluations
of K,y , for computing [(M,, ,,)7; : i € Sy]. Since for a fixed i’ € Z?, +1» the evaluation

points of K, , for computing (M, ,)7; are the same for all i € Z,O/ L1 WE only need

to evaluate K,, , at these points once. Hence, from Property (II) and (75), we know
3k, n

that there exists a positive constant ¢ such that M,, ,,» < cuifr @ Letr:= S By

... . sl (1=3)1 3k,
the definition of g;, we obtain that M, ,,; < CM:,K," 2l 17O Note that p> 212"”1,” and
r < 1. By summing all M,y , 7,1 € Z?,H, we get that
7Kt b =Ly )+
My <ty . (80)

It follows from (28) and (80) that there is a positive constant ¢ such that M, ,, < C;LZ’,' .
Upon summing all M,, , for n’, n € Z,, we get the estimation (79). ]

Table 4 Parameters used
to identify the Volterra Parameters
systems of order two and three

Parameters of order two

A = 1.00E-38,

M =4.50E-6,
Parameters of order three

A1 = 1L.LOOE-S8,

A2 = 3.00E-8,

A3 = 5.00E—6,
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Fig. 1 Outputs of the simulation system related to the uncompressed matrix and the compressed

matrix
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8 Numerical experiments

We report in this section results of three numerical experiments for the multiparame-
ter regularization via the multiscale collocation method. Experiment 1 is to confirm
approximation of the compressed coefficient matrix, Experiment 2 is to compare the
third order Volterra system with the second order Volterra system, and Experiment
3 is to test the effect of number of parameters used in regularization.

We suppose that our true system obeys the initial value problem of the nonlinear
oscillatory system

V(1) + 6V (1) + dr2v(t) + 47203 = u(@), 0 <t < T,

81
v(0) = v'(0) =0, (81)

where u is the input and the solution v of (81) is the output. We will use the
multiparameter regularization method to construct its Volterra simulation system
of order three

Vu)(t) =v(@), tel0,T].

In our experiments, we first solve Eq. 81 with the right-hand-side being the
input uo(¢) = sin(0.1257¢?) by the adaptive Runge-Kutta-Fehlberg method (a Matlab
subroutine) and obtain the output vg. We then use the input uo and output vy to
identify the Volterra system. In this identification process, the wavelet bases on the
unit interval (1-D), the unit triangle (2-D) and the unit simplex (3-D) and their
corresponding collocation functionals constructed in [14] are used where k| = k, =
ks =2. Wechoosel; =8,hb =5and 5 = 2.

To test the resulting Volterra simulation system, we compare the outputs of the
true system (81) and the Volterra simulation system. We use

t
uy(t) = 4sin (0.1257'rt2) , Up(t) = 8sin (%) + 4sin(2wt),

3 3
12 I 12
13 (1) = 8sin (”22) + 4sin <2m5) . ua(t) = 8sin (”;) T 4sin(21)

as our testing input signals. We denote by v; and v; the output of the true system and
Volterra simulation system, respectively, corresponding to input u;, fori = 1,2, 3, 4.
We use

lv;i — Uill2

e =———, i=1,2,3,4
llvill2

Table S Output errors
of the Volterra systems Output errors Output errors
of order two and three of order two of order three

ey 486E —3 1.52E -3

e 1.LI2E—1 482E -2

e3 T.69E —2 373E -2

ey 6.97FE —2 5.09FE —2
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Fig.2 Outputs ;,7 = 1, 2, 3, 4 of the Volterra systems of order two and three
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to present the error of the output of the true system and that of the simulation system.
For each case in all experiments, the set of parameters for the case is chosen to
minimize the errors ¢;, i = 1,2, 3,4, corresponding to the case. One may also use
the L-curve principle developed in [3] to choose the parameters. The numerical
computation is performed in a personal computer with 1.6 GHz CPU, 512M memory
and operating system Windows XP.

8.1 Approximation by a compressed matrix

The numerical results presented in this subsection confirm that the compressed ma-
trix gives a satisfactory approximation property. The coefficient matrix U defined
by (18) is approximated by a compressed matrix V, defined by (26). To illustrate the
approximation property of the compressed matrix, we compare the errors of outputs
of the Volterra system identified by U, and the Volterra system identified by V,
relative to the true system (81). Since matrix Uy is full and matrix V is spare, we use
Gaussian elimination algorithm to solve Eq. 20 and use the multilevel augmentation
method in [12, 15] to solve Eq. 27. To show the efficiency of compression strategy, we
also compare the computing time for generating the matrices Uz, V. and the time
for solving Egs. 20 and 27.

0.4 T T T T T T T 0.4

03[
0.2

0.1

—0.1}
0.2+

-0.31

Fig. 3 Outputs v, of the Volterra systems of order three identified by multiparameter regularization
methods using output signal vy without noise (a—c)
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In this experiment, we use multiparameter regularization with on parameter for
each order term. For each of Egs. 20 and 27, we choose a set of three regularization
parameters A;, i =1,2,3 and let ;;:=4;, i=1,2,3 and je Ny, where 4;; is a
regularization parameter of (3). We list in Table 1 the parameters and in Table 2
the errorse;, i =1, 2, 3, 4.

Figure 1 illustrates the outputs of the Volterra systems obtained by using the
uncompressed matrix and the compressed matrix, corresponding to inputs u;, i =
1,2, 3, 4. In this figure, the red solid lines present outputs v; of the true system, the
blue dash lines in row (g;) present outputs v; of the Volterra system identified by
the uncompressed matrix Uy and the blue dash lines in row (b;), present outputs
v; of the Volterra system identified by the compressed matrix V. In Table 3, we
show the computing time for generating the coefficient matrices and the solution
time for solving the linear systems, with both uncompressed coefficient matrix and
compressed coefficient matrix, measured in seconds. Figure 1 and Table 2 show that
the outputs of the simulation systems related to the uncompressed matrix and to the
compressed matrix are similar. Table 3 confirms the compression strategy reduces
computing time significantly for both generating the coefficient matrix and solving
the corresponding linear system.

-06[

-08

Fig. 4 Outputs , of the Volterra systems identified using output signal vy with noise § = 10% (a—c)
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8.2 Approximation by Volterra systems of higher orders

In this experiment, we demonstrate that when the nonlinear system (81) is approx-
imated by Volterra systems, the approximate result given by those of order three is
better than that given by those of order two. Specifically, we compare the errors e;
corresponding to the Volterra system of order three with the error e; corresponding
to the Volterra system of order two.

Parameters A; used in this experiment for both systems are listed in Table 4. Again
we choose the regularization parameters in (3) by A;; :=A;, for i=1,2,3, je Ny.
In Table 5, we list the errors e;, i = 1, 2, 3, 4, for both systems. The outputs v;, i =
1,2, 3,4 of the Volterra system of order two and that of order three are displayed
in Fig. 2, where the red solid lines represent outputs v;, of the true system, the blue
dash lines in row (a;) are outputs v; of the Volterra system of order two,a nd the
blue dash lines in row (b;) are outputs v; of the Volterra system of order three, for
i =1,2,3,4. This experiment shows that the Volterra system of order three catches
the nonlinearity of the true system (81) better than that of order two does.

8.3 Multiple parameters corresponding to different kernels and different scales

In this subsection, we show improvement of using the multiple parameters corre-
sponding to different kernels and different scales in the regularization method for

-0.6

-0.8

Fig. 5 Outputs t, of the Volterra systems identified using output signal vy with noise § = 20% (a—c)
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identifying the Volterra system. Specifically, we identify the Volterra systems of
order three by the regularization method using one parameter, three parameters
(one for every kernel) and five parameters (two for the kernel of order one, two
for the kernel of order two, and one for the kernel of order three), respectively. In
particular, for the regularization method (3) with five parameters, we let A;; = A,
fori = 0, 1, ey 5, )»1’,' = )\.2, fori = 6, 7, 8, }»2’,' = )\.3, fori = O, 1, 2, 3, 4, }»2’5 = )\4, for
i=5and A3; = As, for i =0, 1, 2. In this subsection, we use the outputs v, of the
Volterra systems of order three to show the effects of the multiparameter regular-
ization method. We consider two cases: signals without noise and noisy signals. In
Figs. 3,4 and 5, the red solid lines represent the outputs v, of the true system (81), the
blue dash lines in image (a) represent the outputs v, of the Volterra system identified
with one parameter, the blue dash lines in image (b) represent the outputs v, of the

Table 6 Parameters for the
Volterra system identification Parameters
using the output signal vg

without noise 1 parameter
A=2.00E -8

3 parameters
A1 =1.00E-8
A =3.00E-8
r3 =5.00E—6

5 parameters
A =1.00E-8
r =1.50E-7
r3=750E-9
i =5.00E-3
A5 =5.00E—6
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Table 7 Output errors of the

Volterra system identification 1 parameter 3 parameters 5 parameters
using output signal vp without
noise el 441E -2 1.52E -3 1.22E -3

e 2.67E — 1 482F -2 491E -2

e3 542F — 1 373E-2 3.62F —2

ey 9.04E — 1 5.07E -2 438E -2

Volterra system identified with three parameters, and the blue dash lines in image
(c) represent the outputs v, of the Volterra system identified with five parameters.

8.3.1 Signals without noise

In this experiment, we test the performance of the multiparameter regularization
method solving the Volterra kernel identification problem when the signal vy con-
tains no noise. We list in Table 6 the parameters used in this experiment and in
Table 7 the errors e;, i = 1, 2, 3, 4 corresponding to each case. This example confirms
that using multiple parameters for different kernels and different scales in Volterra
system identification improves significantly the approximation results of the Volterra
simulation system.

8.3.2 Signals with noise

In this experiment, we conduct the same experiment described in the last subsection
for signals with noise. We test the identification method for the output signal
vo perturbed by the Gauss noise with mean 0 and two different variances which

reflecting two different noise levels § = 10% and § = 20%, where § := ””ﬁ’;}ﬁ‘j"z . We let

vy denote the noisy output signal. We list the parameters used in this experiment in
Table 8. In Table 9 we list the errors e;,i = 1, 2, 3, 4 of the Volterra systems identified
by the multiparameter regularization methods with different noise levels. We also
illustrate the errors in Fig. 6.

Table 8 Parameters for the Volterra system identification using output signal vy with noise § = 10%

and § = 20%
1 parameter 3 parameters 5 parameters
A1 = 1L.LOOE—6,
A = 6.00E-3, A2 = 1.LOOE-3,
§=10% A=3.00E—1 Ay =3.00E-2, A3 =1.00E-2,
A3 =3.00E—1 Ag =6.00E-1,
As =4.00E—1
A = 1.00E-3,
A = 1.00E-2, A2 = 1.L60E-2,
§ =10% A =490E-1 A =1.00E—1, A3 =230E-1,
A3 =4.00E—-1 Ay =3.40E—1,
As =530E-1
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Table 9 Errors of the identification using output signal vy with noise

8 =10% 8 =20%

1 parameter 3 parameters 5 parameters 1 parameter 3 parameters 5 parameters

el 82IE-1 4.80E -2 2.89F -2 9.92F —1 593E—-2 359E -2
ey 834E—1 248E — 1 213E -1 8I91E —1 218E -1 227E -1
es 7.82E—1 1.75E -1 146E — 1 1.82E —1 2.04E -1 146E — 1
es 122E-0 145E — 1 1.LI4E -1 1.62E -0 1.76 E — 1 1.20E -1

The experiments presented in this subsection reveal that when the output signal
contains noise of a higher level, the multiparameter regularization method for the
Volterra system identification is more efficient.
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