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Abstract We investigate a problem of approximate non-linear sampling recovery
of functions on the interval I := [0, 1] expressing the adaptive choice of n sampled
values of a function to be recovered, and of n terms from a given family of functions
®. More precisely, for each function f on I, we choose a sequence & = {£°}_, of
n points in I, a sequence a = {a,}_, of n functions defined on R” and a sequence
®,, = {¢x, i, of n functions from a given family ®. By this choice we define a (non-
linear) sampling recovery method so that f is approximately recovered from the n
sampled values f(¢'), f(£?), ..., f(€"), by the n-term linear combination

S(f)= SE @ a, f) =Y a(fE"), ... FE)px,-
s=1

In searching an optimal sampling method, we study the quantity
wf. @)y = inf 1f = SE @u. [y,

where the infimum is taken over all sequences & = {£§°}_, of n points, a = {a,};_, of
n functions defined on R”, and @, = {¢x,}/_, of n functions from ®. Let U;ﬁ be the
unit ball in the Besov space B ;. and M the set of centered B-spline wavelets

M s(x) = Nr(zkx +p—3),
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376 D. Diing

which do not vanish identically on I, where N, is the B-spline of even order r = 2p >
[e] 4+ 1 with knots at the points 0, 1, ...,7. For 1 < p,g < o0, 0 <8 <ococand o > 1,
we proved the following asymptotic order

Vp (U“ M)q = sup v, (fiM), < n“.

p.0°
fEU?;ﬂ

An asymptotically optimal non-linear sampling recovery method S* for v, (U7 5, M)4
is constructed by using a quasi-interpolant wavelet representation of functions in the
Besov space in terms of the B-splines My, and the associated equivalent discrete
quasi-norm of the Besov space. For 1 < p < g < oo, the asymptotic order of this
asymptotically optimal sampling non-linear recovery method is better than the
asymptotic order of any linear sampling recovery method or, more generally, of any
non-linear sampling recovery method of the form R(H, &, f):=H(f(E"), ..., f(€™)
with a fixed mapping H : R” — C(I) and n fixed points £ ={£°}7 .

Keywords Non-linear sampling recovery - Quasi-interpolant wavelet
representation - Adaptive choice - B-spline - Besov space

Mathematics Subject Classifications (2000) 41A46.41A15-41A05-41A25.42C40

1 Introduction

1.1

We begin with shortly considering some known problems of sampling recovery of
functions defined on the interval I := [0, 1]. Suppose that & = {’;’k}’,j:1 is a fixed
sequence of n points in [, and we want to approximately recover a function f on
I from the sampled values f(£'), f(£?), ..., f(¢"). Using this information we can
approximately recover a continuous function f on I, by the linear sampling recovery
method L defined by

L(f) = L(®,& f):= Y fEer, (1)
k=1

where ® = {¢}}_, is a fixed sequence of n functions I. Denote by L, := L,(I) the
normed space of functions on I with the usual gth integral norm | - ||, for 1 < g <
oo, and the normed space C(I) of continuous functions on I with the max-norm || -
lloo for p = co. We will measure the error of the approximate recovery (1) by || f —
L(®,&, f)l4. For asubset W C L, the worst case error of the recovery of f € W by
L(f) can be represented by

sup || f — L(®, &, Pllg-

few

To study optimal sampling linear methods of the form (1) for recovering f € W, we
can use the quantity

In(W)y = glf sup || f— L(®, &, Ny, (2)
£ few

where the infimum is taken over all pairs (®, &) with § = {ék}zzl and ® = {g}}_,.
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Non-linear sampling recovery based on quasi-interpolant wavelet representations 377

In a linear sampling recovery method (1) we use the information of the sampled
values of f at n fixed points & = {£%}7_,. Restricted ourselves by the same informa-
tion, we can consider some non-linear sampling recovery methods. One of them is
defined by

G(®,&,a, )= Y a(fE"), ... fEex, 3)

k=1

where a = {a;}}_, is a given sequence of n functions on R". Similarly to (2), to study
optimal linear methods of the form (3) for recovering f € W, we can use the quantity

Vn(W)r] = inf sup || f— G(D,§,a, f)”(Ja
®E.a pew

where the infimum is taken over all triples (&, &, a) with & = {Sk}zzl, a = {ar};_, and
® = {¢i};_,- Another is the sampling method R given by

R(H. &, f):= H(fE"), ... fE") (4)

where H is a mapping from R” into L,. To study optimal sampling methods of
recovery for f € W from n their values, we can use the quantity

Qn(W)q = inf sup ”f_ R(H, &, f)”qs
H.E few

where the infimum is taken over all sequences & = {Sk}zzl and all mappings H from
R" into L,.

We use the notations: x; := max{0, x} for x e R; A,(f) <€ B,(f) if A,(f) <
CB,(f) with C an absolute constant not depending on n and/or f € W, and A, (f) =<
Bu(f)if Ay(f) < Bu(f) and By(f) < Au(f).

Denote by U}, , the unit ball of the Besov space B}, of functions on L. The
following results are known (see [13, 17, 19, 20, 23] and references there).

Theorem 1 Let 1 < p,g <00, 0 <0 <oo and a > 1/p. Then there are the asymp-
totic equivalent relations

@n (Uz,e>q = hn (U;9> = Va (UZ,e)q = et/

Moreover, we can explicitly construct an asymptotically optimal linear sampling
recovery method L* of the form (1), that is,

sup || f— L*(f)llg = not Vel
feus,

1.2

In a sampling recovery method of the forms (1), (3) and (4) the points & = {£¥}/_, at
which the sampled values are taken, and the mappings L, G, R which can be linear or
non-linear are the same for all functions, i. e., the information and recovery method
are non-adaptive. Let us introduce a new setting of non-linear sampling recovery
with adaptive information and recovery methods. Namely, we will let the choice of
points {*;‘k}z:1 and a recovery approximant constructed from the sampled values at
these points depend on a concrete function.
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378 D. Diing

Let W C L, and ® = {gi}rex be a family of functions in L,. Let us have the
freedom to choose n terms ¢; from & and n sampled values for constructing
an approximate recovery. More precisely, given a function f e W, we choose a
sequence & = {Sk}’;:l of n points in I, a sequence a = {ax};_, of n functions defined
on R" and a sequence ®, = {¢,}i_, of n functions from &. This choice defines an
sampling recovery method given by

S(f) = S@p.a.8 ) =Y a(fE. ... FE)ex,. (5)
s=1

Then we consider the approximate recovery of f from its values f(£%),s = 1,2, ..., n,
by S(f). Clearly, an efficient choice essentially depends on f, and this dependence
is non-linear. Unlike sampling recovery methods of the forms (1), (3) and (4), for
each function f we will first search an optimal sampling recovery method with
regard to ®

vl f @)= inf |1 f = S(@y.a & .

where the infimum is taken over all sequences & = {Sk}zzl of npointsinl, a = {ax};_,
of n functions defined on R", and ®,, = {¢y,}i_, of n functions from ®. Then we want
to know the worst case of non-linear sampling recovery with regard to ® for f e W
by considering the quantity

v (W, @), 1= sup v,(f, D).
few
The idea of non-linear sampling recovery in terms of the quantity v,(W, ®),
naturally comes from the non-linear n-term approximation. The reader can find in
[10, 24] surveys on various aspects of this approximation and its applications.
For a given even natural number r = 2p, let N, be the B-spline of order r with
knots at the points 0, 1, ..., r, and

Mr = Nr( + IO)
be the centered B-spline. Denote by M the set of all such B-spline wavelets
My s(x) = M,(2"x ),

which do not vanish identically on I.
The main result of the present paper is the following theorem.

Theorem 2 Letl < p,q <00, 0 <6 <o00,and 1 < a < r. Then for the unit ball U;_e
of the Besov space, there is the following asymptotic order
Uy (UZﬂ’ M) = n % (6)
q
For 1 < p < g < oo, the asymptotic order of optimal non-linear sampling recovery
method for vn(Ugﬁ, M), is better than the asymptotic order of any linear sampling
recovery method of the form (1) and of any non-linear sampling recovery method of

the form (3) or (4). Namely, the asymptotic orders of A,, y, and o,, are n=+1/rP=1/4
while the asymptotic order of v, is n™¢.
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Non-linear sampling recovery based on quasi-interpolant wavelet representations 379

1.3

To construct an asymptotically optimal non-linear sampling recovery method S* for
v (U3 4, Mg which gives the upper bound of (6) we used a quasi-interpolant wavelet
representation of functions in the Besov space in terms of the B-splines M . It is

well known that a function on I has a B-spline wavelet representation:

o]

F@ =03 hs(FH)Mps(x) 7)

k=0 seJ (k)

where J(k) is the set of s for which M} ; do not vanish identically on I, and A, are
appropriate coefficient functionals.

There are many ways to define the functionals A (see [9, 10, 21] and refer-
ences there). For construction of an asymptotically optimal sampling method for
vn(U;’;ﬁ,M)q we need coefficient functionals of a special form A (f) which are
functions of a finite number of values of f. It is important that this number should
not depend on neither k, s nor f. Such a representation can be constructed by using
a quasi-interpolant of the form

Q(f.x) = Y A(fik)M(x—k), (®)
k=—00
defined for functions on R, where
Afis) =Y xifGs =) ©)
1jl=J

and A = {A;});<s a given finite even sequence. We can see later that the B-spline
wavelet representation (7) based on a quasi-interpolant (8)—(9) has the coefficients
Aks(f) as functions of no more than 2J + r values of f, with J any fixed number not
smaller than r/2.

An asymptotically optimal non-linear sampling recovery method S* is constructed
as the sum of a linear quasi-interpolant operator Q,;(n) and non-linear operator Gj,.
The linear part Qj,, (f) with an appropriate k(n) gives the same approximation
order n~@*/P=1/D+ as of 1,(U% )4 and y,(U% ), (see Corollary 2) while the “addi-
tional” non-linear part G} ( f) which is the sum of greedy algorithms at some B-spline
dyadic scales improves the approximation order for the case 1 < p < g < oo.

We restrict ourselves to consider the sampling recovery as an approximation
problem, not concerning the computation aspect. It is interesting to investigate the
cost of non-linear sampling recovery methods (algorithms) and complexity of our
problem. Notice that in the non-linear sampling recovery in terms the quantity v, of
the cost to compute the non-linear part of the approximant is mostly too expensive
(see [7, 8] for details).

The main results of the present paper were announced in [16].

We give a brief description of the remaining sections. In Section 2 we construct
a quasi-interpolant wavelet representation in terms of the B-splines My, € M for
Besov spaces and prove some quasi-norm equivalences based on this representation,
in particular, a discrete quasi-norm in terms of the coefficient functionals. In Section
3 we will discuss linear and non-linear sampling recovery methods using quasi-
interpolant wavelet representations, and give a Proof of Theorem 2.
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380 D. Diing

2 Quasi-interpolant wavelet representations
21
Let

S(p) := span{@(- — ) ez

be the space spanned by the integer translates of a B-spline ¢. A B-spline quasi-
inerpolant for S(g) is a linear map

Q,(f) = Y Mfile( —k)

keZ

from a normed space of functions f on R into S(¢) which is local, bounded and repro-
duces some nontrivial polynomial space [9, p. 63]. For construction of sampling meth-
ods of recovery we will consider some special types of discrete quasi-interpolants
for which the coefficient functionals A( f, k) are linear combinations of values of a
function f or its derivatives at a finite number of points.

Denote by N, the B-spline of order r with knots at the points O, 1, ...,r. The
B-spline N, can be defined as the characteristic function of the interval [0, 1). For
r > 2, N, can be defined recursively by convolution:

N, (x) :=f Ny_i(x — )N (y)dy.

Notice that the support of N, is [0, r] and N, satisfies the refinement equation:
Ny = 27 S (TN 2x — ). 10
) ; (S (2x —s) (10)

Let
M, := N, (- +7r/2)

be the centered B-spline. Denote by S, and S; the span of N,(-—s), s € Z, and
M, (- —s), s € Z, respectively.

Let A = {A;},<s be a finite even sequence, i.e., A_; = A;. We define the operator
O by

Q(f.x):= Y A(fis)M(x—s) (11)
for a function f defined on R, where
A(fi9) =Y Ajfls— ). (12)
ljl=J

It is easy to verify that Q is a bounded linear operator in C(R) and

1O(Hllce = AN Fllem
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for each f € C(R), where

1A= Ial.

=
Moreover, Q is local in the following sense. There exists a positive number § > 0
such that for any f € C(R), and x € R, O(f, x) depends only on the value f(y) ata

finite number of points y with |y — x| < . In the present paper, we will require it to
reproduce the space P,_; of polynomials of order at most r — 1, that is,

Op) = p, pePr.

Then, such an operator Q will be a quasi-interpolant for S} in the normed space
C(R). A method of construction of such a quasi-interpolant via Neumann series was
suggested in [5] (see also [4, p. 100-109]), is as follows.

Let the Laurent polynomials ]\71, and 5, be defined by

M.(z) = Y M.(k),
k

D,(z) = 1 — M,(2).

Further, for a given non-negative integer v we define A" = {A,} in terms of the finite
Neumann series:

AV(@) =Y uz* = 14 D@+ + D).
k

Clearly, A™ is a finite even sequence. The operator Q in (11)—(12) associated with
AW reproduces P,_; and therefore, is a quasi-interpolant [5].

For an even r =2p and J > p, general solutions for the construction of quasi-
interpolants of the form (11)-(12) with optimal approximation order were given
in [2, 3] intiated by a work of Schoenberg [22]. Such quasi-interpolants with near
minimal norm ||A| which may be useful for numerical applications have been
recently constructed. See [21] for a survey on this direction.

We will need a quasi-interpolant for S, in the norm of C"~!(R) introduced in [6].
This quasi-interpolant is based on the values of derivatives and defined as follows.
For f e C"'(R), we let

P(fix)== Y a(fk)N.(x—k), (13)

k=—o00

where

alfik) =Y wi i f7 &), (14)

j<r
with any point & € (k, kK +r) and
wj = (DT T @), <
Yr(x) =k+1—x)---(k+r—1-—x).

Then P is a quasi-interpolant which is a local bounded linear B-spline operator
mapping C"~'(R) to S,, and reproduces P,_; [6].
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382 D. Diing

22

In the present paper, we will consider sampling methods of recovering functions
on the interval I which possess a certain smoothness. Let us introduce Sobolev
and Besov spaces of smooth functions and give necessary knowledge of them. The
reader can read this and more details of Sobolev and Besov spaces in the books
[1,11,18].

LetG = [a, b] be aninterval in R. Denote by L ,(G) the normed space of functions
on G with the usual pth norm || - |, g for 1 < p < oo, and the normed space C(G)
of continuous functions on G with the max-norm || - ||, for p = co. For 1 < p < 00
and natural number «, the Sobolev space WZ (G) is the set of functions f € L,(G)
for which @~ is absolutely continuous on G and f©® € L,(G). The Sobolev semi-
norm and norm of WZ((G) are

| flws@) = I f¥llp.c, I fllws@ = 1 fllpe + | flweo)-
Let

(.0 = sup |25 fl e,
<t

be the /th modulus of smoothness of f where Gy, := [a + [h, b — lh], and the [th
difference Al f is defined by

i
(1
A f = E (—1)’_]<j>f(X+jh).
j=0

Let1 < p <00, 0 <6 <ooand0 <« </ The Besov space B} ;(G) is the set of
functions f € L,(G) for which the Besov quasi-semi-norm | f| B, (G) is finite. The
Besov quasi-semi-norm | f|x ) is given by

(o (f, t),,,@,}(’dt/t)l/e, 0 < oo,

sup..o I “wi(f.)pc, 6 = oo.

| flBe @) = { (15)

The Besov quasi-norm is defined by

B(f) = Ifllsy,@ = Iflpc+Ifls,@)- (16)

The definition of B, ,(G) does not depend on /, i. e., for a given «, (15)-(16)
determine equivalent quasi-norms for all / such that o < /.

In what follows, we will drop I in a notation if G = I, in particular, we will use
the abbreviations: L, := L,(I); Wg = WZ M; B;ﬁ = B;G(]I). We will assume that
continuous functions to be recovered are from the Sobolev space W or the Besov
space B9 , with the restriction « > 1/p which is a sufficient condition of the compact

p.o
embedding of these spaces into C(I).

2.3

Let a quasi-interpolant Q of the form (11)-(12) be given. For # > 0 and a function f
on R, we define the operator Q" by

Q"(f)= ono Qooiyn(f).
@Springer
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where
on(f.x) = fQx/h).
By definition it is easy to see that

0" (fix)y= Y AN(f k)M (h'x = k),
k

where

ALK =) e fR)).
J

If a function f is defined on R and possesses a smoothness « in a neighborhood of
I, then the approximation by means of Q" has the asymptotic order [9, p. 63-65]

If—0Q"flle = Oh*).

However, we consider only functions which are defined in I. The quasi-interpolant
Q" is not defined for a function f on I, and therefore, not appropriate for an
approximate sampling recovery of f from its sampled values at points in I. An
approach to construct a quasi-interpolant for a function on I is to extend it by
interpolation Lagrange polynomials.

For a non-negative integer k, we put x; = j27%, j € Z. If fis a function on I, let

rlsk;

Ur(f,x) = f(xo) + Z f o) 1 H( X —xj),

r—1 zskAs L -
Vi(f.x) == flopp) + Z f(xz ] H(X—xzk—r+1+;) (17)

j=0

be the (r— 1)th Lagrange polynomials interpolating f at the left end points
X0, X1, ..., X,—1, and right end points xpx_,1 1, Xk_,13, ..., Xo«, Of the interval I, respec-
tively. We define the function f as an extension of f on R by the formula

U(f,x), x<0
f@) = { f, 0<x<l (18)
Vi(f,x), x> 1.

Obviously, f is a continuous function on R. We introduce the operator Q; by

o f)= 0" (.
We have

Ou(fix) = Y ars(fIMis(x), Vxel, (19)

seJ (k)
where J(k) := {seZ: —r/2 <s < 2K47r/2} is the set of s for which M, do not
vanish identically on I, and
acs(f) = A (o) = Y afe ke — ). (20)
ljl=J

Notice that the number of the terms in Q( f) is of the size ~ 2.
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An important property of Q is that the function Q( f) is completely determined
from the values of f at the points xy, Xy, ..., x;x which are in I. For each pair k, s
the coefficient ay (f) is a linear combination of the values R s =), 1jl <,
and maybe, f(27%j) with j=0,1,....,r —lor j=2K—r 1,28k —r 43, .., 2%, if the
point 27%s is near to the ends 0 or 1 of the interval I, respectively. Thus, the number
of these values does not exceed the 2J 4 r and not depend on neither functions f
and nor k,s. The operator Qy also has properties similar to the properties of the
quasi-interpolants Q and Q". Namely, it is a local bounded linear mapping in C(I)
and reproducing P,_;, more precisely,

Or(p") = p. pePr, (21)

where p* is the restriction of p on I. We will call Qi a quasi-interpolant for C(l).

24

For approximation a function f € W<, it is natural to use the quasi-interpolant Q,,.
We will prove the following theorem.

Theorem 3 Let 1 < p < oo, a <r. Then foreach f € WZ, we have

1f = Quflly < Clflws2 ",

where C is a constant depending on J, r, o and the norm || A|| only.
Proof Let I, := [hs, h(s + 1)] N I, where we use the abbreviation & = 2% We have
If = Omfllb= Z/ | f() = Qu(f,0)IPdx = ) T, (22)
K I K

Let T be the Taylor polynomial of order « — 1 at a point x; € I; of f. For simplicity
we use the same letter T to denote its restriction on I. Then, for each x € 1

X _ poa—1
Fx) = f(x)—Tx) = / f(a)(t)% dr. (23)
X, (¢ —1)!
By (21) we have Q,,T = T, and therefore,
) = Ou(fox) = F(x) — Qm(F, x). (24)

Applying Holder’s inequality to the right side of (23) gives

1
FOI < ooy BP0
he=1/p
< @1 1N,y x€ L. (25)

Let us estimate the second term in (24). By definition it is easy to see that

On(F.x)= Y AF. l)M.(h"'x—k), xel, (26)
kelJ
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where

ANF k) = Z)Lk—jl}(hj)
j

and J;:= tkeZ: —r/2—1 <s—k < r/2}. Indeed, we have

On(F.x) = Y AMF, )M, (h"'x — k).
k

Further, M,(h~'x — k) #0 for some x € I, if and only if 0 < A~ 'x+r/2 —k <.
Hence, if M,(h~'x — k) #0, then 0 < (s+ 1) + r/2 — k and s 4+ r/2 — k < r. Thus, if
the inequalities

—r2—1<s—k<r/2

do not hold, then M,(h~'x — k) =0 for all x € I.
Using the inequalities 0 < M, (x) < 1 and |J;| < r, we obtain by (26)

A

|Om(F, 0| < Y |IA"F, k)l

kel

rmax |A"(F, k)|, xel, (27)
kel

IA

We will estimate A"(F, k) for k € J,. From the equation
A(F. k)= > M jF(hj),
jeZk
with Z, := {je Z: |j— k| < J}, we obtain
h,/ = . . _ = .
ACF, 0l < max [P Y il = A max [Pl (28)
J€Zk
Notice that
Ukes, Zx CZ; = 1{keZ: |k—s|<J+r/2}.

Let j € Z;. We first consider the case when 4j € I. This means that 0 < j < 2%, As
in (23), we have

B hj hi— a—1
Fihj) = Fhj) = / e P

: @D dt. (29)

Obviously, s € Z; and hj € I} := Ugez: Ix. Similar to (25), from (29) we derive that

|[F(hj)| < m

QJ 47+ DHhe1/p
(@ —1)!

—1
P A TR

I L, (30)
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We next consider the case when #j ¢ I. Then either —J —r/2 < j <0 or 2F <

j2¥ + J +r/2. For the case when —J — r/2 < j < 0, by (17) and (18) we have

= 2?’6& F(O
Fwj) = Foy + Y 22 PO

s=1

]_[(h]—h)

r—1 F(O)

= F(O)+Z

s=1

]_[(1—1)

Hence, by a simple computation we obtain
[F(pl = € max |F(hi)l,
where Cj is a constant depending on J, r only.

Similarly, for the case when 2% < j2% 4+ J 4 r/2, we have

|F(hj)| < szk max  |F(hi)|,

r+1<i<2k

where C; is a constant depending on J, r only. The inequalities (30)—(32) yield

I[Fhj)l < Gl flr,a0. j€ ZE

where C; is a constant depending on J, r, « only.
Combining (27), (28) and (33) gives

|Om(F, 0)| < Ch* P F DU gy, x €L,

where Cy = G3||A].
Let us estimate Z;. We have by (24), (25) and (34)

7, = /Ilf(X)—Qm(ﬁX)lpdx

IA

/I(IF(X)IHQm(F,X)I)”dx

T e 1p| £l ’
= } Ch* VP £ ) d
< /1,\.((0‘ - l)!Ilf Iz, + Ca I f ”Lp(ls)) Y

< QG F N L) -

Hence, by (22) we get

If=Onfll = Y1,
< CH)" Y NFONT
< (2CH)" YN NFNT -

s keZp
@ Springer
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If jis a natural number such that /; # ¢, then there are no more than 2J 4 r 4 1 the
term || f@ ||§,,( 1) in the sum taken over k € Z; in the last expression. Hence,

If = OmfIL < QCah®)" @I +r+ DY NI )

< (Ch)P| f@)p
< CP| flg 277",

where C is a constant depending on J, r, « and || A || only. O

25

If { fi )32, is a sequence whose component functions are in L, (G), for 0 < 6 < oo and

B > 0 we use the lg(L,,((G)) “quasi-norms”

o0

1/6
I fidllpr, @ = (Z{zf’knfkup,g}e)

=0

with the usual change to a supremum norm when 6 = oo. When { f;}72, is a sequence
of real numbers, we replace || fx|l,.c by | fk| and denote the corresponding norm by
I fiedll /- We will need the following discrete Hardy inequality

bty < Cliadly (35)
which holds if
bul < C(Zz““”mu + Y |ak|> (36)
k=0 k=m+1
withA > 8 > 0.

For the Besov space B, ,(G), there is the following quasi-norm equivalence
B(f) = Bi(f) = ar(£.27 I + 1 fllpc.
We let the B-splines Ny s be defined by
Nis(x) := N,(2x —s), k,seZ.

Let G = [a, b] be an interval with integers a,b. Let D(G, k) :={se€ Z: a2k —r <
s < b2k} be the set of s for which Ny ; do not vanish identically on G, and let Z; be
the span of the B-splines Ny, s € D(G, k). For each f € L,(G), the error of the
approximation of f by the the B-splines from X is given by

Ew(f)p = inf || f—9lpc-
pEX)K
For a function f € C"~1(G), we define the operator Py by

Pi(fix) = Y ars(f)Nes(x),

se D(G,k)
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where

ars(f) == alon(f),s).

and a (o (f), s) is given by (14) with & the center of an interval (27%j,27%(j + 1)),
j € Z, contained in supp(Ngs) N G. It was proven in [12] that the operator Pk can be
extended to a bounded linear operator from L, (G) into . We denote this extension
again by Py.

Let

pi(f) = Pe(f) — Pr—1(f) with  P_i(f) =0.

Theoremd4 Let1 < p <00, 0<6 <00, a>1/p, r>a.LetG=][a,b] bean inter-
val with integers a,b. Then for the Besov space B, ,(G), the following quasi-norms
are equivalent to the Besov quasi-norm B(f):

Bo(f) == I = PeH)New,cy + 1 flpe.
B3(f) == H{pe(HHlgw, @)
By(f) == HE(S)pcHle + I fllpc-

This theorem is known as a particular case of a more general result (see [12]).
It is easy to verify that there are constants C, C’ such that for each linear
combination

g= Y.  aNg, (37)
se D(G,k)
from X, we have
1/p
Cliglpe < (2—k 3 |as|P> < Clglpe. (38)
seD(G,k)

Let
qr(f) = Ok (f) — Ok—1(f) with O_1(f):=0.

Theorem 5 Let 1 < p <oo, 0 <6 <00, 1 <a <r Then for the Besov space B‘;’e,
the following quasi-norms are equivalent to B(f):

Bs(f) = I{f = Ox(Mlew, + I fllps
Bo(f) = I{qe( ML,

Proof We first prove the inequality
Bs(f) < Bs(f) (39)

forany f € B} ,.
Let f € B} 4. According to Theorem 4, f can be decomposed into the series

=Y ph)
k=0
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converging in quasi-norm B3( f) and in L,-norm. We will assume that the B-splines
Nis in the related quasi-interpolant Pi(f) are of order ' > r. Since pi(f) € Sk,
we have

Pe(fix) = Y fusNest), xel,

se D(I,k)

for some coefficient functionals f; ;. Hence, for each x € I

F =30 Y fusNes. (40)

k=0 seD(I,k)

The series converges in the L ,-norm. By (37) and (38) we also have

1/p
( > |fk,s|f’) = 2Pl pk (Pl - (41)

se D(ILk)

The expression in the right-hand side of (40) can be considered as an extension of f
to the whole R, which we denote by F. For an integer m, we define the function G,
on R by

Gp(x) == F(0) + (~)*! / " AL (F 0N, @du,

where h := 27", Let g, be the restriction of G,, on I. We will use the functions g,
and Q,,(g,;) for mediate approximations of f, based on the identity

f_ Qm(f) = (f_ gm) + (gm - Qm(gm)) + (Qm(f_gm))- (42)

Let us first estimate the norms | f —gull, and [Ign — Om(gm)ll,. Notice that
supp(F) = [—r, 2r'] C supp(G,,) = [-r' —r, 2r + r] =: G. By a standard technique
we derive that

If=8mlp <IF—=Gullpe = ro@2™), (43)
and
27™gnlp, <27IGY lpe < 2@,
where we use the abbreviation: w(27") 1= w,(F, 27""), . By Theorem 3 we have

ligm — Omgm)ll, < C27™ 180,

Hence,

lgm — Qm(gm)”p < CQw(2™). (44)
Further, let us estimate the norm || Q,,,(f — gn)ll ,- We put

O (x) = f(X) — gm(x) = (—1)’/ T (Fs )N, (wydu, x € L. (45)

By definition we have

On( @ x) = D A (G ) My s(x).

§=—00
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By replacing ¢,, by the integral in (45) and f by the series in (40) in the right side of
the last equation, we decompose Q,,(¢,,) into the series:

Om(pm) =Y Gk
k

where
ak () = Y Y fesh Grs H My (),
se D(I,k) I=—o00 (46)
01y (X) = (—1) / AL, (Nes. )N, (w)du.
We have
1Om(f = gmllp = 10m@mlp < llgrll,p. (47)

k=0
We will estimate the norm ||gx|l ,. From (46) we obtain for each x € I

@ =Y D> D fushiOks(hj) My (x)

seD(Lk) |I—x/h|<r/2 |j—l|<]

= Y M D ke Y frsOks(h). (48)

[l=x/h|<r/2 lj—l<J seD(Lk)

By Holder’s inequality and (41) we have

1/p 1/p'
5( > |fk,s|”> ( > |&kfs<hj)|f”)

se DI, k) se D(I, k)

Y festrs(hi)

se D(I,k)

1/p
< 2"/P||pk(f)||p< > |6k,s<hj>|P’) :

se D(I,k)

Therefore, from (48) we receive

1/p
G 2Plpi( Ol D Mpa(x) Y |Mj|( > |6k,s<hj>|"’> . (49)

lI—x/ h|<r/2 lj—ll<T seD(Ik)

Obviously, the number of M,,;(x) with the restriction |/ —x/h| <r/2, does not
exceed r. Further, the number of the nonzero oy s(4j), satisfying the condition

{l—x/hl <r/2, |j=1l <J, ands € D, k), (50)
does not exceed
Ah k) =r2*h+r+1

for each j. Indeed, if either 2% (hj+r?h)—s <0 or 2¥hj—s > r+1, then A} (N, hj)=
0, and consequently, by (46) ox s(hj) = 0. Hence, the estimation (49) can be contin-
ued as

g ()| < 2P\ pr ()Nl rAYP (R, k) max { My, 1 () |65 s () I Al (51)
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where the max is taken over all /, j, s with the restriction (50). From the inequality
|Ahu(Nkv;h])| 2r|Nk9||oo = 2’
for every h, u, k, s, j, and (46) we obtain

51 s (hj)| < 2. 52
Seng?fk)lak, (hpl < r+1) (52)

On the other hand, since Ny, are B-splines of order ' > r, they are in W/ and have
the rth derivative not exceeding 2"2"%. Hence we have

| A% (Ness h)| < 2 (2",
and consequently,
Jmax Gl = (4 D2/ (12"
Combining the last inequality and (52) gives for each j

max |Gxs(hj)| < (r+ 12 min{1, (h2%)},
se D(I,k)

and therefore, the max in (51) can be estimated by
max {1 (O fiesOrs ()]} < min{l1, (h2%)"} max M, (%), (53)
s 1S
where the max in the right side is taken over all / such that |/ — x/h| < r/2. Notice

that the norm || A|| is an absolute constant and the quantity A(#, k) does not exceed
h2* multiplied by an absolute constant. Hence, by (51) and (53) we have

lgi(x)] < 2P (h2ky7 min{l,(h2k)'}llpk(f)||pmlax{Mr(h_IX—l)-

From this inequality we derive
1
ity = [ lacoras
0
1
< 25(h2%?/7 min(1, (25 pr( I / (m;'ix M,(h”x—l))pdx

< 2421 min(1, (B2 pe( 112 / max M,(y D))" dy
< (25?7 min{1, (h2%PY | pi(F)IIL.
Thus, we have obtained the following estimate for the norms ||g|l »:

lgell, < (h2%)ymin{1, (R25)} pe( ).
which together with (47) implies
1Om(f = gmllp < Y (h2") min{1, (B2 M pr ()l -

k=0
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The last inequality yields

12" O (f = gm)llp < (Zz’“‘m)nzkpk(f)np + Y ||2kpk(f>||,,).

k=0 k=m-+1
Since @ > 1, applying the discrete Hardy inequality (35)-(36) gives
125 Ok (f — g1,y < 2 Pl Ml 1)
or equivalently,
HO«(f — g,y < (e, = B3(f). (54)
In a way similar to the proof of (54), one can derive that
B\(F,G) < B3(F,G) < B;(f).
Consequently, from the inequalities (43) and (44) we can see that
1 = gdlge, < Ho@ g
= Bi(F,G) < Bs(f), (55)
and
gk — Ok e, < IHo@ )
= BI(F,G) < Bs(f). (56)

We now are in position to prove the inequality (39). From the identity (42) and
the inequality

ek + vitlle L,y < Mutleew,) + Hoelew,
for the case 1 < 6 < oo, and the inequality
Iuk + vitle i,y < 2" (Kl ) + vt llee,))
for the case 0 < # < 1, we obtain
If = Oc(PHew, < IS —gllew, + 118k — Or(g e,
+ Ok (f — g e, (57)

Now we can see that (39) is true by (54)—(57).
Further, since [lgx()ll, < IIf = Qu(Nllp + 1 f = Qi1 ()l p, we have

Bo(f) < 2Bs(f). (58)
On the other hand, due to the inequality

1f=Om(Hllp = Y Ig(Hllp.

k=m+1
we receive by the discrete Hardy inequality (35)—(36)

Bs(f) = Be(f). (59)
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Finally, by definition

By(f) < Bs(f). (60)

Combining (39) and (58)—(60) completes the proof of Theorem 5. O
We will deduce from Theorem 5 a quasi-interpolant wavelet representation of

a function in BZ o in terms of the B-splines M, € M, and a associated discrete
equivalent quasi-norm for the functional coefficients. We assume that the order of

the B-splines My s is r = 2p an even natural number.
Let

Jk) = {seZ: —p<s<2k+p}
be the set of s for which M; ; do not vanish identically on I. We have by (19)
qi(f.x) = Q(f. %) = Qr1(f. %)
= Y as(HMesx) — Y a1 s(HMior (), (61)

seJ (k) seJ(k—1)

From the equation (10) it follows that

r r
My 150 = 271 ) (s’) Mi.s15—p(X).

s'=0

Hence, we get for each x €

D ks (HMors(x) = 27 3 ay Mf)Z( )Mk,ﬁsffp(x)

seJ(k—1) seJ(k—1)

> () M),

seJ (k)

where

s+3p
URGEED B (R DSV

j=s+p

The last equation and (61) give

Q)= Y cs(f)Mis(0), (62)
seJ (k)
where for s € J(k)
Jas(f). if 251 4 p <5 <2F 4 p,
sl ) 1= {ak,s(f) —d (), if —p<s<2&l4p. (63)

Let My := { My }sesy and X be the space spanned by M. If 1 < g < oo, for all
non-negative integers k and all functions

g = Z asMk,s

seJ (k)
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from X}, there is the norm equivalence

lglly = 27%4|{as} . (64)
where
1/p
s}, = ( > W) :
seJ (k)

From the last relation, (62) and Theorem 5 we obtain

Corollary 1 Under the assumptions of Theorem 5 let r =2p be an even natural
number. A function f on I belongs to the Besov space B, , if and only if f has a
quasi-interpolant wavelet representation

F=af) =) D cus(f)Mps (65)
k=0 k=0 seJ (k)

with the convergence in the space B, ,, and in addition the quasi-norm of the Besov
space B(f) is equivalent to the discrete quasi-norm

o0

1/6
By(f) = (Z(2<“—1/P>"||{ck,s(f»up)e) :

k=0

Remark From (20) and (63) we can see that for each pair k,s the coefficient
¢rs(f) in the decomposition (65) is a function of the values f(Z*k(s —J)), and
f(2‘k+1(s/ -, 1j<J, s =s—p,s—p+1,..,5s+ p. The number of these values
does not exceed 2J + r.

3 Non-linear sampling recovery of functions
3.1

Before constructing the non-linear sampling recovery methods based on quasi-
interpolant wavelet representations, we will briefly consider a linear sampling recov-
ery method using a quasi-interpolant Qy for C(I), given in (19)-(20). We will show
that it is a linear sampling method of recovery with nice approximation and local
properties. In this section, we assume that the order of the B-splines My, is r = 2p
an even natural number.

We have

OQu(f,) =) ars(f)Mp,(x) (66)

seJ (k)

where we recall that J(k) := {s € Z : —p < s < p2¥ + p} is the set of s for which M
do not vanish identically on I, and the coefficients ay ;( f) are given in (20).
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The formula (66) defines a linear sampling method of recovery of a function f
from its sampled values f 27%j), je Z(k), where

Zk):i={s€Z: —J+p<s<2k+7+p).

The number of sampled values is | Z (k)| which does not exceed 2% +2J +r + 1.

As mentioned above, for each pair k, s the coefficient ay () is a linear combi-
nation of the values f(27%(s — j)), |jl < J, and maybe, f(27%j) for j=0,1,...,r — 1
or j=2F—r42,2F—r 43, .., 2% if the point 27¥s is near to the ends 0 or 1 of the
interval I, respectively. Moreover, the number of these values does not exceed the
2J + r and not depend on neither functions f and nor k.

It is easy to see that for a given point x € I, we have

Ou(f)= Y ar(f)Mps(x).

[2-ks—x|<2-kp

Hence, the points 27%j, j e Z (k), at which the sampled values are taken in the linear
sampling method (19) for recovering f(x), are in the neighborhood of x

Ux) := {yeH: ly — x| < 27k(J+,0)}

whose size does not depend on x, and is 27¥ multiplied by an absolute constant. The
number of these points does not exceed 2J + r. This shows that the linear sampling
recovery method (19) possesses a good local property.

We recall that U}, ; denote the unit ballin B} ,. For 1 < p,g <occanda > (1/p —

, the space is embedded into the space B, ;' /% , that is,
1/q)+. the space B, bedded into the space Bf,/*~"/%* that

-(1/p=1/q)
U;,G C IU“UZ,Q r—1/@+

with a multiplier x. Hence, by Theorem 5 we obtain the following estimates of the
error for the linear sampling recovery method Q( f) in (19):

Corollary 2 Under the assumptions of Theorem 5 let r =2p be an even natural
number. Then there is the inequality

sup || f — Or(f)lly < C27@-W/p=laok, (67)

er;_H

and the number of sampled values of a function in Qi(f) does not exceed ).2* with
some absolute constants C and A. Moreover, the linear sampling method Q. (f) with
n = A2k < n, is asymptotically optimal for Yn(U3 0)q and 0, (U7 o)g.

32

Let us first establish the upper bound of v, (U ;‘j 9> M), in (6) of Theorem 2 for the most
difficult and interesting case where 1 < p < g < oco. In this case a linear sampling

recovery method does not work and therefore, we should construct a non-linear one.
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Recall that

M= [ M= (M (ks) €KY,
k=0

is the family of B-spline wavelets M} ; which do not vanish identically on I, where
K :={(k,s): seJk), k=0,1,2,..}.
Let
D* = (&, =27 (k,5) e K*}

be the set of dyadic points indexed by K*.

For each function f € U} we will choose a triple of a sequence & = {57}’/?:1 of n
points in D*, a sequence a = {a;}_; of n functions defined on R" and a sequence
{Mi,s,Yi—y of n B-spline wavelets from M. This choice will define a non-linear
sampling method of recovery of f from its values f(£°),s = 1,2, ...,n by

Su(fx) =Y aj(fE), ... FE") My, (x).
j=1

To establish the upper bound of (6) for the case where 1 < p < g < oo, we will show
that such a §,, can be explicitly constructed so that there hold the inequalities

Vn (UZ,wM) < sup [[f=Su(Hllg <n™7
q feUs,

From embedding theorems (see [1]) it follows that the space B , can be consid-
ered as a subspace of the largest space B, .. Hence, it is sufficient to construct S,
for U := Uj . It will be constructed on the basic of the following representation of
functions from U.

Corollary 1 says that for arbitrary positive integer m, a function f € U can be
represented by a series

f=0m(H)+>_ alf) (68)
k>m
with the functions
a(f) = ) eus(FHMis(x) (69)
seJ (k)

from the subspace X; and ci () given in (63). Moreover, gy satisfy the condition

(Ol = 275 Pl{eks (M, < 27%%, k=m+1,m+2,.. (70)

Our strategy of using the representation (68)—(69) for construction of a recovery
approximant S, (f) is as follows. We will choose two appropriate integers k and k*.
Then we take the quasi-interpolant Qz(f) as the main linear part of S,(f). The

@ Springer



Non-linear sampling recovery based on quasi-interpolant wavelet representations 397

non-linear part is constructed as a sum of greedy algorithms Gy with regard to the
representations (69) for non-linear approximation of each component function g, (f)
in the subspaces X7, k=0, 1, ... for k < k < k*.

Let my := |J(k)| = 2K +2p — 1 be the number of elements of M. We define a
integer k from the condition

QJ+nrmp, <n< QJ+rm;. (71)

Kkt

Next, we will select an integer £* and a sequence of non-negative integers {ny} P

such that

-
QI +rmp+Q@I+r > e <n. (72)
k=k+1

To do this we fix a number ¢ satisfying the inequalities

0<e<(ax—28)/8, (73)
where 0 < := 1/p — 1/q < «. Then an appropriate selection of k* and {nk}’;*:ml is
k*:= [e"log(An)] + k + 1. (74)

and
ne = (27 P k= k1 k42, ., K, (75)

with a positive constant A chosen such that there holds the inequalities (72) and n; <
my. Here [f] denotes the integer part of 7 € R.

Thus, the integers k and k* as well the sequence {”k}]::h | have selected. We are
now in position to construct a non-linear sampling recovery method which will give
the upper bound of (6) for the case where 1 < p < g < oo.

For a non-linear approximation of g ( f) we define the greedy algorithms G, with
regard to the decomposition (69) in the subspace X} as follows. We reorder the
indexes s € J(k) as {sj};f’z"l so that

Icks (] = ek, (] =+ ks, (O = ek (],

and then take the first largest n term for a non-linear approximation of gx(f) by
forming the linear combination

nk
Gi(q(f)) =Y crs,(f)Mys,. (76)
=1
The worst case error of this approximation for all f € U is

sup Igi(f) — Gl@i(F)llg < 272%n 2. (77)
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Indeed, we have (see [15])

1/q
( > |ck,s,<f>|‘f) < m Hers (MM p- (78)

J=ng+1
By the norm equivalence (64) and (70), we derive

lax(f) = Ge@llg =11 D crs,(f)Mis,llg

J=net+1

1/q
. 2"”( > |ck,s,.<f>f) < 202 e (D

j=nr+l1
& z—akztsknlzﬁ .

Thus, (77) has been verified.
We define the non-linear operator S} by

S,(fx) = Qi(fx) + GL(f.x)

where

k*
Gi(fx) =) Gra(f),»).

k=k+1
By (66) and (76) we have
k* ni
Sifhx = Y ars(HMsx) + Y Y ks, (F) Mg (). (79)
sel (k) k=k+1 J=1

Thus, S} is a sum of the linear quasi-interpolant Qj and non-linear operator G.
The last one is the sum of the greedy algorithms Gy in the subspaces X}. Since the
number of the sampled values determining each coefficient ay ;(f) or ¢k s(f) in (79)
does not exceed 2J +r, by (72) the total number of sampled values determining
all the coefficients ax (f) and ¢, s(f) in (79) does not exceed n and consequently,
we can consider ¢ (f) and ax s(f) as a function of values of f at certain n points.
Further, also by (72) the number of B-spline wavelets My, € M in (79) does not
exceed n. This means that S} is a non-linear sampling recovery method of the form
(5) with regard to the family of B-spline wavelets M and with the sampled values at
points in D*.
Since
&
Sp(f) = Qu(f) + D Grlgr(f)).
k=k+1
we obtain by (68)
&
F=Sif) = Y dax— Grlar(fNY + Y a(f).

k=k+1 k>k*
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From (70), (64) and (77), one can derive that for each function f € U

k*
Lf=SPllg = Y lax(h) = Gela( )l + 3 lax(Hllg

k=k+1 k>k*
I
< Z 2—ak28kn;8 + Zz—akzﬁk'
k=kt1 k>
By using (71), (73)-(74) and the inequalities ¢ > 1 > §, we can continue the last
inequality as follows

K
—8m—(a—8)k —(a—8+48¢)(k—k) —(a—8)k* —(a—8)(k—k*)
<n2 > o2 +2 > 2
k=k+1 k>k*
« ptp@dk 4 o=k
L n ‘.

Thus, we have proven the following theorem.

Theorem 6 The non-linear sampling recovery method S, given in (79) is of the form
(5) for the family ® = M. Moreover, it gives the upper bound of (6) in Theorem 2 for
the case where 1 < p < q < co. Namely, there are the following upper estimates

w (Vg M) < sup IF =Syl <™

fe po
33

Proof of Theorem 2 The upper bound of (6) for the case where 1 < p <g < oo is
in Theorem 6 and can be obtained from (67) in Corollary 2 by applying the linear
sampling recovery method (19) for the case where 1 < g < p < co. Let us prove the
lower bound.

We define the quantity of n-term approximation o, (Ug,e’ M) of U}, in the Ly-
q

norm with regard to M by

o, (U% ,M) = su inf -
(Uno M), = s k17—l

as the worst case error of the approximation of f € U} , in the L;-norm by elements
from the set

n

X,M) =1 9= Zaijl’sl : (k,', Sj) e K*

=1

Obviously,
v (U3 M) = 0, (Us, M)
q q
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Then the lower bound of (6) in Theorem 2 immediately follows from the last

inequality and the lower bound for 0, (U}, ;. M)4 established in [14, 15]:

o (UZ,Q,M)(] > n%.

34

Some remarks As mentioned in Introduction the investigation of computation com-
plexity and cost of asymptotically optimal non-linear sampling recovery methods
(algorithms) for v, in comparing with asymptotically optimal linear methods and
non-linear methods for 4, y,, and p,, is of great interest.

Theorem 2 is proven for univariate functions with the restrictions 1 < p,q < oo
and « > 1. It is natural to extend it to the case 0 < p,q < oo and « > 1/p, and
generalize it for multivariate functions on the cube [0, 1] or more general, on a
Lipschitz domain as in [20] for the quantities A,(W), and p,(W),.

Unlike A,(W),, p,(W), and y, (W), and depending on the family ®, the quantity
v, (W, ®), is not absolute in the sense of n-widths or optimal methods. Similarly an
approach to the quantity of n-term approximation o,(W, ®), (see [24] for details),
one can consider the quantity

Vn(Wv B)q = (Il)gg Vn(Wv q:’)qa

for a collection B of families ® with a given property, and find reasonable restrictions
to have nontrivial lower bounds of v,(W, B),.
Some of these problems will be discussed in a forthcoming paper.
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