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Abstract In this paper we use a boundary integral method with single layer potentials
to solve a class of Helmholtz transmission problems in the plane. We propose
and analyze a novel and very simple quadrature method to solve numerically the
equivalent system of integral equations which provides an approximation of the
solution of the original problem with linear convergence (quadratic in some special
cases). Furthermore, we also investigate a modified quadrature approximation based
on the ideas of qualocation methods. This new scheme is again extremely simple to
implement and has order three in weak norms.

Mathematics Subject Classifications (2000) 65R20 - 65N38

Keywords boundary integral equations - Helmholtz transmission problems -
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1. Introduction

Traditionally, Helmholtz transmission problem (HTP) is the name given to a system
of Helmholtz equations with different wave numbers, one on a bounded domain
and the other on its complement, coupled through continuity conditions for the
unknown and some related fluxes. A relevant field where these problems appear
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is the scattering of acoustic waves in locally homogeneous media in time-harmonic
regime. This has led to extensive analytical and numerical studies, aiming at obtaining
reliable simulations and at paving the way for two important related problems:
electromagnetic waves and associated inverse problems. The books [8, 9] deal with
direct and inverse problems for the Helmholtz equation, with an emphasis on exterior
boundary value problems and on scattering in non-absorbing media. Although this
kind of problems have led research on the Helmholtz equation on unbounded
domains, transmission problems have also received attention in the last decades.
Different formulations using boundary integral equations can be found for instance
in [10, 13, 15, 26, 27].

More recently, HTP have also appeared in the analysis of the scattering of thermal
waves [17, 18], based on related work in physical literature [16, 24, 25]. Also, the
use of the Laplace transform with numerical quadrature for the inversion formula on
special contours [12] allows for the transformation of evolutionary problems into a
set of steady-state Helmholtz equations for several wave numbers. In all these cases,
transmission problems are more relevant than purely exterior BVP and the media
have absorbtion.

In this work we deal with an indirect formulation for HTP based on the use
of single layer potentials. This approach can fail when either the interior or the
exterior constants for the Helmholtz equation are Dirichlet eigenvalues for the
Laplace operator in the interior domain. In these singular cases, our integral system
cannot be used. It is however valid in all the situations related to diffusion processes
mentioned above and in most purely acoustic situations. The proximity to a Dirichlet
eigenvalue for the Laplace operator is in fact detected in the numerical methods as
a drastic increase in the condition number. At that point, the formulation should
be changed: for instance, a mixed single-double layer potential (Brakhage-Werner
or Panich potential, see [8, 9]) can be used. The corresponding system of boundary
integral equations has a similar structure but uses hypersingular operators. At the
present state of our research we are not able to develop and analyze a quadrature
method for these operators. Anyway, the range of applicability of our methods to
non-purely acoustic equations or to heat-diffusion problems (and the corresponding
inverse problems) supposes a wide set of interesting practical problems.

To solve numerically the integral system, we propose two numerical methods: a
family of quadrature methods (in which two particular cases show superconvergence)
and an improvement based on ideas of qualocation methods. All these discretizations
can be interpreted as non-conforming Petrov—Galerkin methods with discrete sets
of Dirac deltas for both trial and test spaces. We give a complete convergence and
stability analysis based on classical compact perturbation theory and in the previous
results of [4] when dealing with quadrature methods. We carry out the analysis of the
modified quadrature method with new techniques based upon some technicalities
related to qualocation methods [6, 11].

Quadrature methods for equations of logarithmic type had been previously
studied by an equivalent formulation with trigonometric polynomials in [19] or as
Dirac delta approximations in [4]. For equations of the second kind, the approach
is usually based on the classical analysis of Nystrom methods (see, for instance, [2,
14]). Here we give a simple alternative that works for the periodic case with simple
rules on equidistant grids based on a non-conforming Dirac delta approximation of
the identity operator and a perturbative analysis. Unlike the previous analyses of
spline-delta or delta-delta methods in [4], where discrete spaces of Dirac delta masses
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enter the Sobolev variational setting either in duality products (when Fourier series
converge absolutely) or as evaluations of piecewise Holder functions (when Fourier
series are semiconvergent in the point of evaluation), the product of two Dirac delta
distributions in the principal part of the operator of the second kind can only be
defined at a discrete level. This apparently trivial idea simplifies enormously the way
the subsequent analysis is carried out and supposes a novel feature of our variational
approach to delta methods that extends the techniques in [4] to new situations that
did not follow straightforwardly from the analysis in that work. Also, combinations of
two (or more) grids for quadrature methods following the philosophy of qualocation
schemes opens new horizons to proposing and analysing extremely simple high order
methods. To the best of our knowledge, this is a non-minor novelty of the present
work.

We believe that the possibility of obtaining a method of order three for a class
of two dimensional HTP requiring no implementation effort at all (setting up the
system is trivial, the only problem is solving it) has an interest in itself, since it gives
the possibility of obtaining reliable numerical results with very little knowledge on
the intricacies of boundary element methods. Both formulation and approximation
have, logically, drawbacks: it is not clear which modifications will be needed for non-
smooth interfaces (a fully satisfactory analysis of high order convergence collocation
on polygons is still lacking); the three dimensional case is even farther away from the
theoretical point of view.

We have also limited our analysis to estimates in weak norms. These are used for
a posteriori computations, such as the value of the unknown for the transmission
problem at some distance of the interface, or far-field computations. Nevertheless,
some improvements in this direction are at hand. Following the ideas of [4, 5], we
could obtain an asymptotic expansion of the error. From this, it is possible to obtain
some pointwise superconvergence results for the unknowns of the integral system
(the densities for the single layer potentials) as well as theoretical justification for
the use of Richardson extrapolation, either to accelerate convergence or to have a
global a posteriori estimate of the error. With the analysis developed in this work and
the results in [4], with due adaptations and some new technicalities, these additional
results can be easily proven. We do not carry out this analysis here to keep the paper
in a reasonable size.

Notation. Throughout the paper C, C’, C” will denote general positive constants
independent of the discretization parameter (h = 1/N) and of any quantity that is
multiplied by them, being possibly different in each occurrence.

2. Statement of the problem

Let Q~ C R? be a simply connected open set and I' := dQ~ its boundary which is
assumed to be a parameterizable regular curve. Our aim is to solve numerically the
following transmission problem

Au+ 2 u=0, in Qt :=R?*\ Q- (1)

Au+ pPu=0, in Q°, 2)
@ Springer



122 Adv Comput Math (2008) 28:119-139

ul i — ul = go, 3)

o 8,,u|ilflt — Boulf = g1, 4)

lim r'/2(8,u — tau) = 0, (3)
r—00

where o # —f are given parameters satisfying o # 0 and —A%, —u? are not Dirichlet
eigenvalues of the Laplace operator in Q. The equality given in (5) is known as the
Sommerfeld radiation condition at infinity and has to be satisfied uniformly in all
directions.

Conditions on the parameters «, 8, A and u that ensure existence and uniqueness
of solution to the problem above can be found for instance in [10, 13, 15, 26, 27].
Throughout this work we will assume that our parameters are such that (1-5) has a
unique solution.

Now we give a boundary integral formulation of the problem above. Letx : R — I
be a 1—periodic regular parameterization of I'. For simplicity, we will assume that
x € C*°(R), but the results we will see do not need as much regularity.

For a density ¥ : R — C we define the single layer potential

1
= [ G H Gl —xon o 7 —

H " being the Hankel function of the first kind and order zero. We use an indirect
formulation to find the solution to Problem (1-5), that is, we look for a function of

the form
_|svr. g,
“Elsyt, e,

where the densities ¥+ have to be determined. With this choice u satisfies Equa-
tions (1), (2) and (5). We now consider the following integral operators

1 1
vu = [ VeCowodi=[ 4P GIxC) - xo) v di R — ¢,
0 0

1 1
l /
1y = [ e di= [ KOO H G = x0) b0 d R — €
0 0
where 9, is the exterior normal derivative at x(s). The parameterized version of the
well-known jump relations of the single layer potential (see [7, Chapter 7], [10]) is
Sl ox = Syl ox = VA, (6)

X8, Sy ox =Ly + Py, IX'| 0, S Y[ ox = —1 ¢ + Ty 7)

If we consider the parameterized forms of the data functions, for which we keep the
same notation,

80 =80 oX, g = IX[g1ox,

then, by the jump relations (6-7), conditions (3—4) are equivalent to the following
system of integral equations

o J = Lo s [ )L
H : = . 8
Yt 06(%14-1“)}3(%1—]'\) vt 81
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In order to study the invertibility and regularity of this operator (and therefore to
the solution of the original transmission problem) we deal with the periodic Sobolev
spaces (see [14, Chapter 8] or [20, Chapter 5]),

H :={¢ € DNIpOF + Y k*p(k)* < oo},

0#£keZ

where D’ is the space of 1-periodic distributions on the real line and ¢ (k) are the
Fourier coefficients of ¢. The H® = L?(0, 1) inner product extends to the antiduality
bracket between H® and H~ for all s € R. Both will be denoted by (-, -). We will
use the notation || - || for the usual norm in H*.

It can be shown (see [18, Proposition 3.3]) that

H: H'x H* — H"' x H*

is an isomorphism for all s € R.

3. Quadrature methods

Let NeN,h:=1/N and
t; :=ih, tive := (I 4+ &)h, i=1,..., N,

where 0 # ¢ € (—1/2, 1/2). The method we propose consists of solving the following
system of linear equations

vii =W,y e,

N N
D VElige DY = Y Ve t) YT = gollise).  i=1,....N,

=1 =1
(]X N ! ﬁ N
ST FahY TG+ DY = BhY G ) ¥ =ha@), i=1,. N,
j=1 j=1
)

Note that implementation of this method is trivial. The first group of equations is
a quadrature method with displaced nodes whereas the second one corresponds to
a classical Nystrom method for equations of the second kind. The evaluation of
VP (tiz¢, tj) is not a problem since ¢ # 0 and the kernel of V” only has a logarith-
mic singularity on its diagonal. The values ¢ = +1/2 are not allowed for stability
questions (see [4, 20]). In Section 6 we will see that the choices ¢ = +1/6 provide
superconvergent methods.
Once we have the solution whi e CN to (9), we take

N
iZHéb(Mz—x(tj)Dl/ﬁ, ifzeQ,
=1
ui(z) = ’N (10)
l _ .
7 2 HY wlz—x@phyy,  ifzeQ,
=1

as an approximation to the solution to (1-5).
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To analyze the discretization above we are going to rewrite it as a generalized
Petrov—Galerkin method using the following Dirac delta spaces

Spi=C(8i=1,...,N), 8 :=C(dyei=1,....N),

8; and 8, being the 1-periodic Dirac delta distributions on the nodes ¢; and ¢,
respectively.
If fis continuous at x, we will denote

{£.8:) = {8, [} == f(0).

We also introduce the notation

1
{6i, 810 = E(Sij,

where §;; is the Kronecker symbol.
Now the linear system of equations given in (9) can be seen as a generalized

Petrov—Galerkin method in the following sense: if whi = (1//1i, ey w]f,)T eCVisa
solution to (9), then ;- := Z;\il wji 8; € Sy is a solution to
Vi € Sh,

Vi oy = (VA 0 = (8o, @), Yoy, €55,
&Yy o+ @Iy o) + vk o — B oh) = (81,9, Yo € Sh,

(11)
and vice versa.
We denote by [ -, -] to the antiduality in the product space (H* x H") x (H™ x
H™), that is,

if. gl := (f1, 8) + (f2, 82), f=(fi, )T e H* x H ,g=(g1.8&)" e H* x H .
Given ¥y, = (Y, , ¥;)" € Su x Sy and @, = (¢;,, ;)" € S¢ x Sy, we define

(HYn, @nln = V"V, 05} — (VY 0} +

SV o+ @Iy D) F Y el — BT L e, (12)

With these notations and taking g := (go, g1)' we can also write Method (11) in a
more compact form:

Y, € Sp x Sh,

(13)
[HYn, onln = (8 onl, Yo, € S x Sh.

4. Analysis of the principal part
Firstly, we are going to prove some stability and convergence properties of the

quadrature method proposed in the previous section applied not to the global
operator H but to its principal part. We begin by introducing the Bessel operator

1
Vo := —i/ log(4e~!sin® (- — 1)) o(t) dt, (14)
47 0
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which is a bounded isomorphism from H* into H**! for all s € R and elliptic from
H~'2 into H'/? (see [20, Chapter 5]).
The operator H defined in (8) can be decomposed as H = AP + K, where

Vo 0 1 -1 VE—Vy Vo—V*
A= , P = , K= . (15)
0 I ¢1 L1 alt —pJ

We also consider

Hoy = AP = [VO _VO].

o B
s 51

For all s € R, the operators A, Hy: H® x H® — Ht!' x H* are bounded isomor-
phisms (see also [18]) and K : H* x H® — H*t3 x H*3is bounded (see [20, Section
7.6.1]). For r, s € R we denote by || - ||,.; to the norm in H" x H*.

We summarize in the next result some properties related to the approximation
properties of the Dirac delta spaces S, and §j, in a wide range of Sobolev norms. A
natural operator onto Sy is Qy, : H' — S;,, t > 1/2, given by

N

Onp :=h)y_ et)s;.
i=1
Related to the discrete space S, we introduce the Fourier projection (see [1, 4]),
D; : D' — §;, given by
Djp e Sy,
__ R (16)
Dio(n) = ¢(u), VueAy:={neZ| -N/2<pu<N/2}

Note that this operator is also well-defined for ¢ = 0.

Lemma 1 ([4, Lemma 6]). The following approximation properties hold:
(a) fort>1/2,
lg — Onpll-« = Cih'llgll, Vo € H',
(b) fors,t e Rsuchthats < —1/2, s <t <0,
lg — Dyols < Cs B ll@ll:, Vo e H'.
)T

Keeping the notations of Section 3, we define for ¥, = (¢, lﬁ;— € S, x S, and

on = (¢, 977 € S5 x Sy, the sesquilinear forms

LAY, onln == (Vo . o, } + W5, o) b (17)

[(Ho¥n, onln == (Vou, . o, ) — (Vourr o) + (S o + 5 w5 o (18)

Theorem 2. There exists C > 0, independent of £, such that

HoVn,
sup IOV Ol oy v e Sy xSy

o,esixs,  lonll-1,-1
@ Springer
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Proof. Since Hy = AP and 'P_1|(Sh><sh) 2 Sy x S — Sp x Sj is uniformly bounded in
H~!' x H', we can equivalently show that

[ LAYh, @nlnl

= Clinll-1.-1, V¥, € S X Sp. (19)
0,8 x5, lenll-1—1

On the one hand, by [4, Proposition §],

H{Voon, ¥n}l

> allenll-1, Yon € S5, (20)
wneSy  1¥nll -1

with @ > 0 independent of 4. Since

{Vovn, on}l = [{Voen, ¥}l Yyn € Sh,on € S5,

and the spaces S, and S have the same finite dimension, we can reverse the inf-sup
condition (20), i.e., with the same constant «, we have

{Vo¥n, on}l

> allYnll-1, Yy, € Sh. (21)
ones;,  lonll—1

On the other hand, by [5, Lemma 9] there exists C > 0, independent of 4, such that

N N
lyullr < CY Wil Y¥n=) vidi €Sy

i=1 i=1

Given 0 # ¥, = Zfil Vi 8; € Sp, we take ¢ = hzwi#o(lﬂi/hﬂil)&- Then, lgnll-1 < C
and

N
1
{Wns ondnl = ) 1l > < nll-.
i=1

Therefore,
1 ) )
Liwnlier < 1t gl < ¢ W@l o W onbal = )
C llonll—1 ones,  llenll-1

From this and Inequality (21) we trivially obtain (19). O

Theorem 3. Let 1/;2 € Si x Sy, be the solution to the problem
wlf,? e S, x Sp,
[HoWy, onln = [Ho¥, onl, Yo, € S5 x Sh.

Then,
Iy —¥ill—1.-1 < Chl¥lli, vy € H' x H'.

Proof. Set &) := Py, and § := Py. Then,
&) € Sy x Sp.

(23)
LAE), oln = [AE, @ul, Vi € Sj, x Sp.
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Considering the separate components of § = (£, ,&)" and § = (67,77, (23) can

be written as
&, € S,
£ = Ons", - - )
(Vo&,, ont = (Vo™ gp), Yon € S,

By Lemma 1 (a),

IEF =& 1.1 < Chlg™ . (24)
If we show that
1§ =&, -1 = ChIE I, (25)
then using the relation between ¥ and & and applying (24-25) we obtain
¥ =¥l = IP7'E = gDl < Chligly < Chlgl,

which finishes the result.
Now we prove (25). By Lemma 1 (b),

1€~ =& -1 < ChIE o+ 1DRE™ — &, Il
Applying now (21),
Op— _ £ 0g— _ -
IDDE~ — &y < C sup [{Vo(DyE™ — &), endl _ C sup {VoDy5™, on} — (Voé ,(Ph)|.

ones; llonll -1 ones; llonll-1
Inequality (25) is then proven once we have

(VoD v, on) = (Vowr, o)l < Chllylillgnll-r, V¥ € H', ¢ €Sj. (26)

We consider the traslation operator f;¢ := ¢ (- — eh), defined by transposition (¢, * is
the inverse traslation),

{0, P)pxp = (@, 1, D) p -

Obviously it is an isometric isomorphism in H* for all s € R. It also satisfies the
following straightforward properties:

DY =D, °t*, (27)
Voo, 9) = Vot tip), Yo e H, g e H', (28)
{Vobx, 8,} = {Votbx, 178y}, ifx—y &7 (29)
Since by [4, Theorem 7]
VoD, ¥} — Voo, ¥in)l < Chllelli ¥l -1, Vo € H', Yy € S, (30)

trivial computations using (27-29) show now that
VoD, on} — Vo, on)l = {Vo 4, Dy, 6,70 15, 6, ony — (Vo 1, "W, 6, o)
= VoD, 1, Y., on} — (Vo 1, ¥, 1,  pn)|

< Chllg, Yl 1, enll-1 = ChIY i llenll-1,

i.e., (26) holds. O
@ Springer
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The theorems above imply that the operator G) : H' x H' — Sj, x S), given by

[(HoGO¥, onln = [Ho¥, @nl, Yon € S}, X S, 31)
is well-defined and furthermore,
I(Z—GD¥ll-1-1 < Chllglha, Yy eH xH. (32)

5. Convergence analysis

In this section we prove a uniform inf-sup condition for the global operator H. From
it, existence and uniqueness of solution to (13), and therefore to (9), follow readily.

Proposition 4. There exists C > 0, independent of A, such that for all # small enough

| [HYh, @nlnl

> Clinll=1,-1, Yy, € Sp x S
0,8 x5, Nonll-1-1

Proof. Notice that by the mapping properties of the integral operators given at the
beginning of Section 4, the operator Hallc :H'x H' - H' x H' is bounded.
Thus, from (32),

I(Z — G)Hy'Kell1 1 < Chllgll1 1, Voe H'x H,
and hence
I(Z +Hy'K) — (T + GYHY IOl 21 x -1y — O.

As T 4+ H, 'K = Hy"H is invertible, by a classical operator approximation result (see
for instance [3, Theorem 11.1.2]), for & small enough Z + GYH, 'K is invertible, with
uniformly bounded inverse. Besides,

7+ G;O,HEIIQ(ShXSh) : Sh X Sh — Sh X Sh.

Therefore, applying now Theorem 2, the definition of the operator G given in (31)
and the decomposition H = Hy + K, it follows that

1¥nll-1,-1 < CIET + GyHy K nll-1,-1
Ho(Z + GYHy ' K) ¥, HYn,
<C s [ [Ho(Z + G Hy K)Vn, @nlnl _c [ [HVYn, @il
@,E8E%S) lonll-1,—1 o,esixs,  Nonll-1,-1
and the result is proven. O
Theorem 5. The problem
Yn € Sp X Sh,

(33)

[(HYn, @nln = [HY, @ul, Yon € S;, x Sh,

is uniquely solvable for all 4 small enough. Moreover,

¥ —¥nll_ -1 < Chl¥iLs, Ve H x H'.
@Springer
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Proof. Proposition 4 implies unique solvability of (33) and by (32) it is enough to
show that

s — Gp¥ll-11 < Chl¥l,, V¥ e H x H'.
From the definitions of Gglﬁ and ¥, we have for all ¢, € S} x Sy,
[(HWn — G, @nln = [HY, @4] — [HG)Y, @uln = [K(W — Go¥), @n].
We can make use now of Proposition 4 to obtain that

KW — GO),
1¥n — Go¥ll—1,—1 < C  sup [k W) onll

©,E8: % S) lonll-1,—1
< CIKW - Gaplhi < ClIY =Gyl < C"hll L,
where we have applied once again (32) for the last inequality. O

The previous bounds also lead us to an estimation of the error in the approxima-
tion of u by the function u;, defined in (10).

Theorem 6. Let ¥ be the solution to (8). If ¢ € H' x H', then,
u@ —u,@| < Chl¥li.  zeR\T,

where C > 0 only depends on z.

Proof. Assume that z € Q7. In this case,

N
1

N
w@ = 7 Y H (wlz—x@)) vy = (5 HY (wlz=x(D. Y ¥78) = $“v; @,
j=1 J=1

Therefore, by Theorem 5,
lu(z) — up,(2)| = |S"Y~(2) — S"y¢, ()]

< CIH" (wlz —x( DIy~ =¥ -t < Ghllgl.

Obviously, when z € Q7, the proof is exactly the same since u} (z) = S* 1//,1+ (2). d

Although the constant in the theorem above depends on the point, it only blows
up when we are very close to I'. Moreover, when A ¢ R it is uniformly bounded in
the exterior of any ball containing I', whereas for A € R we can only assure uniform
boundness in compact sets.

6. Superconvergent methods

There are two special methods with better convergence properties belonging to the
family analyzed in the previous sections: those associated to the parameters ¢ =
+1/6. Notice that this special choice for logarithmic integral equations had already
been observed in [4, 19].
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Theorem 7. Let ¢y, € S, x §;, be the solution to any of the problems
Vi € Sp X Sh,
(M. onln = [HY. @a).  You € S;,/° x Si.
Then,
1 = ¥nll-2—2 < CR[¥ll2o, V¥ € H x H”.
Consequently, if ¥ € H?> x H?, then,

u@ —u, @) < ¥l zeR\T.

Proof. As a direct consequence of [4, Theorem 7],

VoD %0, v} — Vo, )| < CRllolallymll-1, Vo € H2, W€ Sy, (34)

and following step by step the proof of Theorem 3 we prove the existence of C > 0,
independent of 4, such that

1Y = ¥pllo—2 < CR*|[¥ll22, vy € H* x H?,
where 1/;,? € Sp x Sy, is the solution to the problem
102 (S] Sh X Sh,

0 £1/6 (35)
[Ho¥)), onln = [Ho¥, @il Yo € S, "0 x Sh.

Thus,

1 = ¥nll-2—2 < CR ¥z + 195 — 93|22,

and following the proof of Theorem 5 (recall that K : H® x HS — H*"3 x H**3 is
bounded),

1 —¥ll-11 < CIK@W — YDy < ClY —¥plla—2 < C'H* Y2z

The last assertion can be shown as in Theorem 6. O

Remark. To prove the theorem above it would be enough to have continuity of K :
H* x H® — H**3 x H**2, We can also obtain the result by analyzing the transposed
method of Scheme (35) and using some techniques that will be used in Section 9. By
this way the proof is more involved.

7. Modified quadrature method

In the detailed convergence analysis of the quadrature methods, even in the super-
convergent cases with ¢ = £1/6, we observe that the order of convergence in the
second group of equations in (9) can be increased by considering weaker norms
when we deal with regular solutions. This motivates the search of an improvement
in the test for the first N equations. We will replace the 1-periodic displaced Dirac
deltas by linear combinations of some of them. However, we will keep untouched the
remaining N equations in (9), which correspond to a Nystrom method for equations
of the second kind.
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We introduce the weighted averages

5 1
VS- = (VP (ti16, 1) + VP (tip1/6. 1)) + 3 (VP (tizsse, ) + VP (tivsse. 1))

following the ideas of qualocation methods (see [6, 21,22, 23]). Again we are avoiding
the logarithmic singularity of the kernel of V?. For the right hand side we likewise
define

i 5 1
g = 3 (80(ti16) + &o(tix1/6)) + 3 (80(tis6) + &o(tixs/6)) -

The new method consists of solving the linear system of equations

V=W ) eC?,

Z Z = i=1,...,N,

N
Ew;JrahZJﬂ(ti,z,-)l//;JrgW—ﬁhZJ*(zi,tj)wf = hg(t), i=1,...,N.

=1 =1

(36)
From the solution to this problem we construct an approximation u;, to the solution
of the original transmission problem as in (10).
We identify now (36) with a generalized Petrov-Galerkin method. With this
purpose, we introduce the 1-periodic distributions

5 1
5 = 3 (Bi—1/6 + Siv16) + 3 (Bi—s5/6 + 8i+5/6)s

and the space S} := C(§/, i=1,...,N). It is simple to see that S} is an N-
dimensional subspace of H* for all s < —1/2. Moreover, S} C S,l/G + 3;1/6. There-
fore, we can define for ¥y, € Sj, x S;, and @3, € S} x S, the quantities

[(HYn, onln, LAYy, @nln, [Ho¥n, @nln,

as in (12), (17), and (18). With these notations, the modified quadrature method (36)
can be equivalently written as

Yu € Sp x Sp,
(37)
(HYn, onln = (g onl, Yeon € S;, x Sh,

in the sense that if we define y;" = Z;V: | ¥;8; from a solution to (36), then ¥, :=
(¥, , ;) is a solution to (37) and vice versa.

8. Technical results

The starting point for the study of the quadrature methods was the independent
analysis of the corresponding numerical methods associated to the identity operator
and to V,. The only difference between the quadrature methods and the modified
quadrature method lies in the test for the first group of equations, related to the
logarithmic operator, where we have replaced the space §j, by S;. Thus, the aim of
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this section is to analyze the numerical scheme
VYn € Sh,
Vovm. o} = (fop), Ve, €8,

for solving the logarithmic equation Vyy = f. We will prove a uniform inf-sup
condition analogous to (21) and some convergence results. To do this we will deal
with qualocation methods (see [11, 21, 22, 23] and references therein). We introduce
the spaces of periodic smoothest splines of degrees zero and one,

(38)

Sh = {vn € Hlopligin €Po. Vit S) = {n € COlunlis € P Vi),
and consider the usual basis {n,-}{i , of S}1 such that n;(t;) = 6;;. We also define the
discrete sesquilinear form

N

h P S 1 —
(=75 2 (fl0) 8ye) + fUire) 8line) = (f8) = /0 f© 5@ ar

i=1
Notice that the operator T} : S} — Sy given by Th(zizil wimg) = % Zfil Wi 87,
satisfies

(W, pn)y = @, Thpn),  VYue H', py € S).

By the Riesz-Fréchet theorem, T,u; is the unique element in H~! satisfying the
identity above. Moreover, by [11, Propositions 1 and 3], there exist Cy, C; > 0,
independent of 4, such that

Cillwnll-r = I Thpenll-1 = Collpnll-1, Vin € S}, (39)
These notations allow us to write (38) in the equivalent form
Yn € Sh,

Vo, mndn = (f. lndns Y € S),.

From this point of view, (38) can be seen as a non-conforming qualocation method
with a discrete set of Dirac deltas as trial space, instead of the commonly used
periodic splines. The study of the properties of (38) will be carried out by analyzing a
standard qualocation method for a singular integral equation. With this purpose, we
consider the isomorphism D + J : H® — H*~! where D is the differential operator
and Jv := 0(0), and define Ag := V(D + J). It can be easily verified that

1 ! 1!
Agv = fp.v./ cotm(- —Hv()dt + —/ v(t) dt,
2 0 4 0

(p.v. stands for the Cauchy principal value). Ay is a periodic pseudodifferential oper-
ator and is therefore pseudolocal. Hence, if v, € 52, Apvy, is indefinitely differentiable
in the intervals (¢;, #;11).

The solution to the following qualocation method with S) and S} as trial and test
spaces

vy € SO,
(40)

(Aovn, i)y = (Aov, )y, Viun € Sy,
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satisfies (see [6, Theorems 2 and 5]) for k € {1, 2, 3},
v —vnll-ks1 < CHNllvlle, Vv e H (41)
Since
{Aovi, Thpnt = (Aovn, n)p, Yun € Sj, (42)
then (40) is equivalent to
v, € S(;,,

{Aovn, 0} = {Aov, @)}, Yo, € S

Proposition 8. There exists C > 0, independent of £, such that

Aovn, ¢
N2t 90~ Chugllo, vun e S0,
gres;  llopll=r
Proof. The solution to (40) satisfies the inequality ||vs|o < C|lv||; (take k = 1 in (41)).
Using then the same techniques as in [11], it can be proven that there exists C > 0,
independent of 4, such that

Apvp,
sup WAL oy gy, e S0, (43)

HRES), Il eenll -1

Applying now (39) and (42),

Aovp, ¢} Aovp, T Aovp,
i O*h ol _ up Aovn: Tupn}] - C sup [(Aovn Mh>h|’ Vop € SO,
ges;  llepll—i jnest I Thinll— wes,  luall-
and the result follows from (43). O

We introduce the element &, := h Zl]i 1 8i € Sy. It is very easy to prove that

11— &ll_s < G, s> 1/2. (44)
Lemma9. For all ¢} € S}, {Vo(&, — 1), ¢};} =0.

Proof. Straightforward calculations show that for all © € Ay and m € Z, the Fourier
coefficients of &, satisfy

1,if u =0,

En(i+mN) = {O, otherwise.

Then, by using the Fourier expansion of the Bessel operator (see for instance [20,
Section 5.6])

1
A Vou =1(0) + Y — 1(m) ey,
g L

we obtain

AT Vot~ D)= Y ey =~ logsin (T V).

1
lm| N
m#0
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Thus,
{Vo&r — 1), 8iz1/6} = —(1/N) log(4sin*(7/6)) =0,  i=1,..., N,
which completes the proof. a
We consider now the discrete operator Jyu := %(0) &, which can be understood as

an approximation of J. Furthermore, for all s < —1/2, the operator D + Jj, : S?l — S
satisfies (see the proof of [4, Proposition 16])

C(D + Jwvulls < lvallst1 = Cll(D + Tp)valls, Yy € ), (45)
where C,, C;, > 0 are independent of /. Note that Lemma 9 implies that
{(Vo(J — v, g1} =0, YveD, ¢ €S (46)

Proposition 10. There exists C > 0, independent of 4, such that
{ Vo, op}l

gres;  Nopll—a

> Cliynll-1, Yy, € Sp.

Proof. Let Y, € Sy and take vy, := (D + J;) "'y, € S9. Notice that Un(0) = 0, (0).
Then,

Vovn = Vo(D + Doy + VoI — Do
We apply now Proposition 8 and (46) to deduce that

H{Vovn, ¢} ,
S > Cllulle = iyl
grest llopl-1
where we have used (45) for the last inequality. O

Proposition 11. Let /) € S, be the solution to the problem
vy € S,
Vo, @i} = (Vour, @), Yo, € ;.
Then, for k € {1, 2, 3},
1 = vill-x < CHA 1Yk, Ve HL (48)

(47)

Proof. Given ¢ € H* ! we define v := (D + J)~'y € H* and take the solution v;, €
S9 to (40). Then, by the definition of A and (46),

Vov, ¢i) = (Aov, ¢;) = {Aoun, ¢} = (Vo(D + I 3}, Vo € ;.
Since (D + Jy)vy, € Sy, then ¢ = (D + J;)vy,. Finally, as
Y =¥ =D+ )@ —vn) + (= T,
applying (44) and (41) we obtain that
¥ = ¥illx < Cllv = vall i1 + 11 = &l 4[DO)] < CHlle < C"H 1Y [lx-1,

that is, (48) holds. O
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We finally need a result concerning the transposed method to (47).
Proposition 12. Let ¢; € S} be the solution to the problem
(/)* € S,
h € On (49)
{(Vogy,, v} = Voo, ¥n), Yy € Sh.
Then, for k € {1, 2, 3},
lo = @il < ChMlgllk-1. Yo € H".
Proof. 1t is a simple transposition argument. Taking into account that VO_1 : Hf —
H*! is bounded,
. (@, ¢ — ¢l Vo, ¢ — gp)l
lo — @il = sup ————" < C sup (50)
et 191l perer Wl
Taking now for ¥ € H*~! the solution ¥, € Sj, to (47), we have that
Vo, 03) = Vo, oi} = Vo, @),
and by Proposition 11,
|(Vovr, @ — i)l = |(Vo(¥ — ¥m), @)l < VoW — ¥ ll—kt1 1@ llk—1
< Cly — ¥l klleli-r < CRE Y el
From (50) we deduce the result. O

9. Analysis of the modified quadrature method

In this section we proceed as in the study of the quadrature methods, beginning by
analyzing the numerical method applied to Hy. From its properties we derive easily
the desired results for the modified quadrature method applied to the global operator

H.

Proposition 13. There exists C > 0, independent of 4, such that

H )
sup POV Ol oy v e Sy x Sy

0,esix8,  lonll-1,—1
Moreover, if 1/f2 € S;, x Sy, is the solution to
¥, € Sy x Sh,
[Ho¥y. onln = [Ho¥. ol Veu € S}, x Sp,
then, for k € {1, 2, 3},
1 = ¥ill-k—k < CHY W Ik, V¥ € H x HE,

whereas if <p2 € 8§} x Sy is the solution to

o) € S; x Sy,

(Mo, 9pln = [HoVn, @1, VY, € Sh X S,

(1)

(52)

(33)

(54)
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then, for k € {1, 2, 3},
lo — @pll—k—« < Ch¥ll@lk—1, Yo € H' x H~. (55)

Proof. From Proposition 10 and (22) we obtain (51). Notice that in particular this
implies that (52) and (54) are uniquely solvable. To show Estimate (53) we can
proceed as at the beginning of Theorem 3 and apply Lemma 1 (a), Proposition 11
and the fact that P: S, x S, — Si x S), is bounded in H* x H* as well as P! in
H* x H7*,

Finally, by using again the invertibility of P we deduce that (54) is equivalent to

(02 € SZ X Sh,
[AYs, @)1 = [A¥n, @], V¥i € Sp X Sh.

Therefore, setting ¢) = (¢;, . ;)" and @ = (¢~, ¢")T, these equations are also equiv-
alent to

@p €S
o = One™, B B
Vo, ¢, } = Vo, 7)., Yy € Sh.
Now (55) is a consequence of Lemma 1 (a) and Proposition 12. O

Theorem 14. There exists C > 0, independent of A, such that for all # small enough

[ [HYh, @il

> CllYnll=1,-1, Yy, € S, x Sh.
oesixs,  Nenll-1,-1

Proof. Since (51) holds, we can follow step by step the proof of Proposition 4. O

Theorem 15. The problem
Yn € Sp X Sh,
(HYn, onln = [HY, oul, You € Sj X Sp.
is uniquely solvable for all # small enough. Furthermore, for k € {1, 2, 3},
I = ¥ullk—r < CR“ I les. V¥ € H* x HE. (56)

Proof. The estimates for k = 1 and k = 2 given in (56) can be shown as in Theorems
5 and 7 applying (53). To prove the result for k = 3, we start by noticing that

W= Vlss < C sup LY =¥ 0ll

QeH X H? llell2.s

since (H*)~': H> x H®> - H? x H? is bounded. Given ¢ € H?> x H?, we take the
solution @) € S} x Sy, to (54). Then,

[HY, @)1 — [HoV¥n, @1 = [H¥n, @jln — [(HoV¥n, @jln = [K¥u, ).

Therefore, by easy manipulations we obtain the following equalities

[H(Y — ¥n), @1 = [Ho¥, @] + KW — V1), @] + [K¥n, @] — [HY, @))]

: (57)

= [Ho¥. @ — o)l + KW — V1), ¢ — 9]
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From this, by (55) and the result for £ = 1, we deduce that (recall the continuity of
Hp and K),

[H@W = ¥n). @11 < [Ho¥ lla3]l@ — @hll—s.—5 + KW — w22l — @)l 2.2
< CR ¥ 135010123+ ClIY = Ynll-1.-1ll0 — @31l 2.2

< CI\¥l35l@las + C'RY el 2

By the inequality given in (57) we prove (56). O

Pointwise error estimates of the form
lu@) — up@| < Ch ¥ lex.  zeR\T,

follow readily from (56).

10. Numerical results

We test our numerical methods on a problem (1-5) whose exact solution is known
explicitly. Let I be given by the 1-periodic regular and smooth parameterization

x(f) 1= (r(f) cos(2t), r(t) sin(2z )T, r(t) ;=74 4cos(2rt) + 2sin(4rt).

In this case, 2~ (the bounded domain defined by I') is non-convex.
We take the parameters

w=1, A= (1+41)/100, a =2, B =1,

and choose the functions gy and g; for the right hand side such that the solution to
Problem (1-5) is
edz ifze Q™,
Ll(z) = 1 ) . N
ZHO (AMzo —z]), ifzeQT,

where zo := (5,5)T and d := (v/2/2, —v/2/2)".

Table 1 Pointwise errors and

estimated convergence rates. N E1/3 €.C.I. E1/6 €.c.I. E €.c.I.

64 322(-1) 6.26(-2) 1.27(-2)
96  2.16(-1) 0986 2.63(-2) 2.140 3.60(-3) 3.122
144 145(-1) 0975 113(2) 2073 1.04(-3) 3.059
216 9.78(2) 0981 4.96(-3) 2041 3.05(-4) 3.024
324 655(2) 0986 2.18(-3) 2023 9.02(-5) 3.010
486 438(2) 0990 9.65(-4) 2014 2.66(-5) 3.004
729 293(2) 0993 427(-4) 2008 7.90(-6) 3.002
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Figure 1 Pointwise errors.

10

—log(E)

Tl

45 5 55 6 65 log(N)

We consider the points z; := (=6 4+ 3.6(j — 1), DT, j=1,...,6, (three of them are
in Q7) and compute for N = 64, 96, 144, 216, 324, 486 and 729 the pointwise error

6
> ) — un(z), (58)

j=1

where uy, is defined in (10). Notice that the ratio between two consecutive grids is 3/2.
Table 1 shows the error defined by the expression (58) when using the quadrature
method with ¢ = 1/3 (Ey3) and € = 1/6 (Ejs) and with the modified quadrature
method ( E). We also compute the estimated convergence rates (e.c.r.) by comparing
these errors on consecutive grids in the usual way.

In figure 1 we represent the errors in logarithmic scale, obtaining three lines whose
slopes give us the estimated convergence rates.
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