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Abstract
The strength of plain-woven SiC/SiC composites was predicted with the multi-scale method.
Firstly, a three-dimensional unit cell was used to characterize the geometric structure of plain-
woven SiC/SiC composites. Secondly, the yarns were seen as minicomposites, whose axial
mechanical properties were obtained by the shear-lag model, and the fiber defect model was
adopted to simulate the failure process of minicomposites. The strength of plain-woven SiC/
SiC composites predicted with the multi-scale method is in good agreement with the exper-
imental result. Besides, the effects of heat treatment and load-carrying capacity of broken fiber
on the strength of plain-woven SiC/SiC composites were evaluated, and the effect of woven
geometry structure was also evaluated.

Keywords Ceramicmatrix composites . Failure . Finite element analysis . Heat treatment .

Strength .Multi-scale

1 Introduction

Fiber-reinforced ceramic matrix composites (CMCs) not only inherit ceramics’ outstanding
properties, such as high strength, high modulus, high hardness, chemically inert and high
melting temperature but also overcome the brittleness and notch sensitivity of ceramics. Given
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the excellent properties, CMCs have been applied to aero-engine, automobile brake system,
and other modern engineering structures [1–3]. According to the yarn structure, CMCs can be
divided into unidirectional, cross-ply, and woven structures. Compared with unidirectional and
cross-ply CMCs, woven CMCs possess better delamination resistance and impact tolerance,
and have become the main form in engineering applications. Hence, the strength prediction of
woven CMCs is an essential and critical task in the design of CMCs structures.

Curtin [4, 5] was the first to present a theory incorporating the statistical nature of the fiber
strength and the presence of fiber/matrix sliding to predict the ultimate tensile strength of
CMCs. Although the theory can only be applied to unidirectional CMCs, it also gives guidance
for strength prediction of woven CMCs.

Although woven CMCs possess complex geometric structures, many significant signs of
progress in modeling the mechanical behavior of woven CMCs have been made. The
conventional methods include micromechanics-based approaches [6–9], continuum damage
mechanics [10], and multi-scale methods [11, 12]. However, in the above studies, the strength
of woven CMCs has not been predicted.

Jacobsen et al. [13] predicted stress-strain response and failure strength of plain-
woven CMCs by using the theory of a cross-ply laminate. While the lamination
theory did offer an efficient method to predict in-plane effective properties, the unit-
cell micro-stress and micro-strain variations were shown to be more complicated than
that assumed by the lamination theory. Limited in plane stress, the lamination theory
cannot be applied to 3D woven CMCs. Yang et al. [14] formulated a new method-
ology for damage coupling analysis and characterized the damage coupling behavior
and its effect on the failure strength of CMCs. However, the theory is a phenome-
nological analytical method based on experimental results. Hence, it cannot be used to
analyze the failure process in micro-scale. Besides, some researchers have found that
the strength of SiC fibers could be changed by the high-temperature process [15].
However, the in situ strength of SiC fibers has not been used to predict the strength
of woven SiC/SiC composites.

By combining the minimum repeating unit of periodic structure with the
micromechanical model, the multi-scale method can establish the relationship between
the macroscopic mechanical behaviors of woven composites and the microscopic
constituent properties and the microscopic geometry structures, and it has been the
tendency of modeling the mechanical behavior of woven composites. The purpose of
this paper is to predict the strength of plain-woven SiC/SiC composites with the
multi-scale method. Firstly, a three-dimensional unit cell was used to characterize
the geometric structure of plain-woven SiC/SiC composites. To avoid the adjacent
warps being fastened together, a narrow gap was set between the adjacent warps.
Secondly, the yarns were seen as minicomposites, whose axial mechanical properties
were obtained by the shear-lag model. To simulate the failure process of
minicomposites, the defect model proposed by Zhang et al. [16] was adopted, and
it was assumed that global load redistribution occurred upon fiber fracturing [4]. The
in situ strength distribution of SiC fibers was count up to obtain the necessary
experimental data for the fiber fracture model. The strength of plain-woven SiC/SiC
composites predicted with the multi-scale method is in good agreement with the
experimental result. Besides, the effects of heat treatment and load-carrying capacity
of broken fiber on the strength of plain-woven SiC/SiC composites were evaluated,
and the effect of woven geometry structure was also evaluated.
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2 Material and Experimental Procedure

2.1 Tensile Tests of Plain-Woven SiC/SiC Composites

The manufacturing process of plain-woven SiC/SiC composites consisted of two steps.
First, the preforms were manufactured with SiC fiber bundles (SLF-SiC-NF-10,
Cerafil Ceramic Fiber Co., Ltd., Suzhou, China.), whose properties were similar to
Nicalon™. Second, the SiC matrix was deposited through the CVI (Chemical Vapor
Infiltration) technique at the temperature of 1100 °C for 500 h. Due to the low
densification characteristic of CVI, there were lots of pores between the yarns, and
the porosity was up to 34%.

Two plain-woven SiC/SiC specimens that were cut from the same plain-woven SiC/
SiC plate were subjected to the uniaxial tensile tests. The specimens were cut into the
shape of a dog bone (see Fig. 1) using high-pressure water jet cutting. Two aluminum
stiffeners were glued to both ends of the specimens to prevent them from being
crushed by the collet chucks of the testing machine.

The tensile tests of plain-woven SiC/SiC composites were performed on a hydrau-
lic servo load-frame (Model 793, MTS Systems Corp., Eden Prairie, MN USA) at
room temperature under a constant displacement rate of 0.05 mm/min. An extensom-
eter with a gauge length of 25 mm was used to determine the gauge-section strains.

2.2 Tensile Tests of Monofilaments

The method used herein to measure the in situ strength distribution of SiC monofil-
aments was similar to that used by Zhang et al. [16, 17]. Tensile tests of SiC
monofilaments were performed on a YG001B monofilament strength tester under a
constant displacement rate of 10 mm/min. The gauge length of monofilament was
25 mm. At the preparation stage, the monofilaments were heat-treated in the tube
furnace filled with Ar. The maximum heating temperature was 1100 °C, and the total
heating time was 500 h. The heating process was the same as the fabrication process
of plain-woven SiC/SiC composites so that the strength distribution of tested fibers
could represent the in situ strength distribution of fibers in plain-woven SiC/SiC
composites. Each monofilament was glued to a mounting tab that was made of
cardboard for ease of holding. Before tension, the cardboard was burnt out at the
middle to ensure the monofilament to bear the whole load.

Fig. 1 Specimen dimension of plain-woven SiC/SiC composites
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3 Modeling of Mechanical Behavior of Minicomposites

The primary damage and failure modes that dominate the mechanical behavior of
minicomposites include matrix cracking, interfacial debonding, and fiber failure.

(a) Matrix cracking

The matrix crack spacing L can be determined by [18].

1

L
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σ
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ð1Þ

where L is the matrix crack spacing, Lsat is the saturated matrix crack spacing, σ0 and m are the
statistical parameters.

(b) Interfacial debonding

Based on the shear-lag model [3], the fiber stress distribution can be described by
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where σ is the minicomposite stress; vf is the fiber volume fraction; τ is the interfacial shear
stress; rf is the diameter of the fiber.

The length of the debonding region d can be described by

d ¼ σ
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The stress of fiber at the bonding region can be described by

σ f0 ¼ E f
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where Ef and Em are the elastic modulus of fiber and matrix, respectively; vm is the matrix
volume fraction, αf and αm are the coefficient of thermal expansion of fiber and matrix,
respectively; ΔT is the variation between the room temperature and the manufacturing
temperature.

The composite’s average stain εc can be determined by
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(c) Fiber failure

To simulate fiber failure, the defect model proposed by Zhang et al. [16] was adopted. The
defects of fibers were divided into n kinds, and the actual fracture strength of fibers caused by
the jth kind of defect was named as σj (σ1 <… < σj <… < σn).

It was assumed that the jth (j = 1… n) kind of defect was randomly distributed, and the
probability of appearing at the arbitrary place was the same. Each fiber was uniformly divided
into NΔl segment, and the length of each segment wasΔl. The incident that the ith segment had

the jth kind of defect was named asAi
j. If each defect was independent, Pj could be used to

represent for P Ai
j

� 	
which was the probability that the incident Ai

j may happen.

If Aj was used to represent for the incident that the fiber with length of L had the jth kind of
defect, the probability that Aj may happen would be

P Aj

 � ¼ P ∪

i
Ai

j

� �
¼ 1−P ∩

i
A
i

j

� �
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Herein, set theory was adopted. ∪ is the union operation. ∩ is the intersection operation. A
i
j

represents the incident that the ith segment did not have the jth kind of defect.
If Bj was used to represent for the incident that the strength of the fiber with a length of L

wasσj, the probability that Bj may happen would be

P Bj

 � ¼ P Aj ∩

j−1

k¼0
Ak

� �
¼ P Aj


 �
⋅ ∏
j−1

k¼0
1−P Akð Þ½ � ð7Þ

Tensile tests were conducted on NL fibers with a length of L, and the strength of each specimen
was recorded as σ*

i (i = 1…NL). Then, find out the minimum strength σ*
min and the maximum

strengthσ*
max. Divide the region between σ*

min and σ*
max into n equal sections. The average

strength of each section wasσj. After that, count up the sample size cj of each section. Then

P Bj

 � ¼ c j=NL j ¼ 1;…; n ð8Þ

Based on Eq. (7), the formula of P(Aj) could be derived.

P Aj

 � ¼ P Bj


 �
= ∏

j−1

k¼0
1−P Akð Þ½ � ð9Þ

Base on Eq. (6), the probability that the fiber with a length of Δl had the jth kind of defect
could be calculated.

Pj ¼ 1− 1−P Aj

 �� 1=NΔl ð10Þ

Herein, the Monte Carlo method was used to generate random numbers obeying uniform
distribution for each segment. If the random number were smaller than the probability of the jth

kind of defect happening, this segment would be seen to have the jth kind of defect. If this
segment had the jth kind of defect and did not have a more severe defect, the strength of this
segment would be equal to σj (see Fig. 2). Compare the strength with its stress distribution for
each segment, and the fiber failure process could be simulated.

It was assumed that global load redistribution occurs upon fiber failure [4]. Once the fiber
broke at some point, the fiber stress at this point would rapidly drop to zero. However, to
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understand the failure process better, a slow-motion was given to the failure process, then the
fiber stress at the breakpoint could be seen to decrease step by step. At first, the fiber stress at
the breakpoint only decreased by a very small value, and the fiber stress nearby would show an
upward tendency through the interface shear stress transfer (see Fig. 3). The sliding region
would increase step by step until the fiber stress dropped to zero at the breakpoint.

4 Modeling of Mechanical Behavior of Plain-Woven SiC/SiC Composites

4.1 Unit Cell Model

To obtain the mechanical behavior of plain-woven SiC/SiC composites, the multi-scale
method was used by combining the unit cell model with the micromechanical model together.
The minimum repeating unit of the periodic structure was chosen as the representative volume
element, and its average mechanical behavior was seen as mechanical behavior of composites.

Based on the features of composite microstructure, some assumptions were made:

Fig. 2 Schematic diagram of determining fiber segment strength

Fig. 3 Schematic diagram of fiber stress distribution during fiber failure process: (a) fiber broke at bonding
region, (b) fiber broke at matrix cracking region, and (c) fiber broke at debonding region
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(a) The plain-woven SiC/SiC composites were composed of warps and wefts, and what
between yarns was all pores;

(b) The curve of warp in the axial direction was a trigonometric function;
(c) The weft in the axial direction was straight;
(d) The cross-section of yarns was a rectangle.

Based on the above assumptions, microscopic geometric parameters, including wavelength
and amplitude of warp, the width of yarn’s cross-section and height of warp’s cross-section
were obtained by measuring its three views (see Table 1).

Figure 4 shows the unit cell model of plain-woven SiC/SiC composites. Because the
adjacent warps are actually not fastened together, during the modeling process, a narrow gap
was set between the adjacent warps. The wefts and warps were assumed to be perfectly
bonded. Research on frictional sliding between weft yarns and warp yarns is in progress.

Figure 5 shows the finite element model that included 24,935 tetrahedron elements and
7759 nodes. Both the unit cell model and finite element model were established in the
commercial finite element software. The finite element grid information was exported to an
ASCII file in a particular format. In the calculation process, this information would be
imported into a self-compiled program with C language. The algorithm is described in the
following sections.

4.2 Periodic Boundary Conditions

The load was applied to the unit cell in terms of periodic displacement boundary
conditions [19].

uiþ−ui− ¼ εijΔx j ð11Þ
where ui+ and ui- are the displacements of a couple of boundary surfaces of the unit
cell in the direction of i; εij is the average strain of the unit cell; Δxj is the coordinate
difference of the couple of boundary surfaces in the direction of j.

4.3 Element Stress

The yarn elements were seen as transverse isotropy material. The modulus along the yarn
direction was modeled by the micromechanical model described in Section 3, and the concrete
expression could be described by

E1 ¼ σ

εc
ð12Þ

Table 1 Microscopic geometric parameters of the unit cell of plain-woven SiC/SiC composites

Item Value (mm)

Wave length of warp 9.72
Amplitude of warp 0.21
Width of yarn’s cross-section 1.28
Height of warp’s cross-section 0.24
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where σ is the nominal stress of yarns; εc is the average stain of yarns. εc can be calculated by
Eq. (5). The modulus perpendicular to the yarn direction is a constant. Based on the above
analysis, the yarn element stiffness matrix could be easily obtained.

However, there was a certain angle between the principal directions of yarns and the
principal axis of the unit cell, and the strain transformation matrix was used to transform the
element stiffness matrix of warps.

DT¼TTDT ð13Þ

Herein, T is the strain transformation matrix; TT is the transposed vector of strain transforma-
tion matrix; D is the original element stiffness matrix; DT is the transformed one.

Fig. 4 Unit cell model of plain-woven SiC/SiC composites

Fig. 5 Finite element model of plain-woven SiC/SiC composites
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T ¼

l21 m2
1 n21 m1n1 n1l1 l1m1

l22 m2
2 n22 m2n2 n2l2 l2m2

l23 m2
3 n23 m3n3 n3l3 l3m3

2l2l3 2m2m3 2n2n3 m2n3 þ m3n2ð Þ n2l3 þ n3l2ð Þ l2m3 þ l3m2ð Þ
2l3l1 2m3m1 2n3n1 m3n1 þ m1n3ð Þ n3l1 þ n1l3ð Þ l3m1 þ l1m3ð Þ
2l1l2 2m1m2 2n1n2 m1n2 þ m2n1ð Þ n1l2 þ n2l1ð Þ l1m2 þ l2m1ð Þ

2
6666664

3
7777775
. Here-

in, li, mi and ni are the direction cosines between the principal directions of yarns and the
principal axis of the unit cell (see Fig. 6), respectively.

The element stress can be calculated by

σe¼DTεe ð14Þ

4.4 Average Stress

Now that each element stress had been calculated, the average stress of the unit cell could be
calculated using the volume average method.

σ ¼ 1

V
∫Vσi

edV ð15Þ

Herein, V is the volume of the unit cell, and σi
e is the stress of the ith element.

4.5 Multi-Scale Modeling Process

For convenience, neither the friction between adjacent warps nor the friction between warps
and wefts was considered. The relevant study about this aspect will be the focus in the future.

Herein, the mechanical behavior of warps and wefts was the critical point. In terms of wefts,
along the warp direction, fiber and matrix connected in series to bear the load, and the bearing
capacity was feeble. It was assumed that once the wefts bore the load along the warp direction,
their transverse stiffness would reduce to a small value. Hence, the failure process of warp
elements was the focus of the whole multi-scale modeling process.

Because the strength of each warp element was very close, single warp element failure
would lead to a large number of elements to fail like the domino. Hence, once a single warp
element failed, the plain-woven SiC/SiC composites were considered to fail. The strength of
warp elements is much higher than the nonlinear critical stress. Hence, the domino failure of

Fig. 6 Schematic diagram of the principal directions of yarns and the principal axis of unit cell
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single warp element would not affect the largely nonlinear stress-strain curves of plain-woven
SiC/SiC composites. The flow chart of the multi-scale modeling process is provided in Fig. 7.

5 Results and Discussion

5.1 Evaluation of the Strength of Plain-Woven SiC/SiC Composites

The microscopic material properties of yarns are provided in Table 2. The definition of these
material parameters can refer to Eq. 1–5 in Section 3. The macroscopic material properties of
yarns perpendicular to the yarn direction are provided in Table 3.

As mentioned above, the strength of SiC fibers could be changed by the high-temperature
process [15]. Damage could be inevitably incorporated into SiC fibers during the fabrication
process. Hence, the statistical strength of SiC monofilaments after heat treatment (see Fig. 8)
was adopted to obtain accurate analysis results, and the theoretical model can refer to Eq. 6–10
in Section 3.

The stress-strain response and strength of plain-woven SiC/SiC composites are presented in
Fig. 9. It can be seen that the dispersion of the experimental results is very small, and the
present analysis and the experimental results are in good agreement. Note that the average

Fig. 7 Flow chart of multi-scale modeling process of the strength of plain-woven SiC/SiC composites
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strength of experimental results 1 and experimental results 2 is 318.8 MPa, and the strength
from present analysis is 300.3 MPa. The relative error is about 5.8%.

5.2 Effect of Heat Treatment

To evaluate the effect of heat treatment on the mechanical behavior of plain-woven SiC/SiC
composites, the statistical strength of SiC monofilament before heat treatment (see Fig. 10)
was also adopted in this Section. All the parameter values except SiC statistical strength were
the same as that in section 5.1.

The stress-strain response and strength of plain-woven SiC/SiC composites predicted with
the statistical strength of SiC monofilaments before and after heat treatment are presented in
Fig. 11. The strength predicted with the statistical strength of SiC monofilaments after heat
treatment is 300.3 MPa, and the strength predicted with the statistical strength of SiC
monofilaments before heat treatment is 520.3 MPa. The latter is much higher than the former,
and the latter is in good agreement with the experimental results. The reason may be that the
SiC monofilaments after heat treatment have much lower strength than the ones before heat
treatment, and the strength of SiC monofilaments after heat treatment is approximately equal to
the in situ strength.

5.3 Effect of Load-Carrying Capacity of Broken Fiber

In this section, the effect of the load-carrying capacity of broken fiber was evaluated. All the
parameter values were the same as that in section 5.1.

The stress-strain response and strength of plain-woven SiC/SiC composites predict-
ed with and without the load-carrying capacity of the broken fiber are presented in
Fig. 12. The strength predicted without the load-carrying capacity of the broken fiber
is 136.6 MPa, and the strength predicted with the load-carrying capacity of the broken
fiber is 300.3 MPa. The former is much lower than the latter, and the latter is in good
agreement with the experimental results. The reason may be that the latter was based
on the assumption that the broken fiber could still carry load where away from the
breakpoint, and this assumption was consistent with reality.

Table 2 Microscopic material properties of yarns

Item Value Item Value

Ef (GPa) 146 Em (GPa) 312
vf 0.425 vm 0.575
rf (μm) 6.5 τ (MPa) 17
Lsat (mm) 0.25 σ0 (MPa) 375
m 4 ΔT(°C) −1000
αf(×10−6/ ° C) 3.1 αm(×10−6/ ° C) 4.6

Table 3 Macroscopic material properties of yarns [20] perpendicular to the yarn direction

E2 (GPa) E3 (GPa) G12 (Gpa) G13 (Gpa) v12 v13

130.18 130.18 60.5 60.5 0.178 0.178
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5.4 Effect of Woven Geometry Structure

The stress-strain response and strength of plain-woven composites with different wavelength
of warp were analyzed to evaluate the effect of woven geometry structure.

Fig. 8 Statistical strength of SiC monofilament after heat treatment

Fig. 9 Stress-strain response and strength of plain-woven SiC/SiC composites
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Here, all the parameter values except the wavelength of the warp were the same
as that in section 5.1, and the wavelength of the warp was 7.776, 9.720, and 11.664,
respectively.

Fig. 10 Statistical strength of SiC monofilament before heat treatment

Fig. 11 Stress-strain response and strength of plain-woven SiC/SiC composites predicted with the statistical
strength of SiC monofilament before and after heat treatment
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The stress-strain response and strength of plain-woven composites with the different
wavelength of warp are presented in Fig. 13. With the decrease in wavelength of warps, the
stress of composites also decreased. However, when the wavelength of warps decreased, the
strength of composites increased. The reason may be as follow. The decrease in wavelength
leads the warp to bend more severely. The stiffness of warp in the direction parallel with fibers
is higher than the stiffness in the direction vertical with fibers, so the stiffness of warp is
equivalently weakened. However, when the wavelength decreased, the failure strain of
composites increased, which, as a whole lead to the increase of strength.

Fig. 12 Stress-strain response and strength of plain-woven SiC/SiC composites predicted with and without load-
carrying capacity of broken fiber

Fig. 13 Stress-strain response and strength of plain-woven composites with difference wave length of warp
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6 Conclusions

In this paper, the strength of plain-woven SiC/SiC composites was predicted with the multi-
scale method. Firstly, a three-dimensional unit cell was used to characterize the geometric
structure of plain-woven SiC/SiC composites. Secondly, the yarns were seen as
minicomposites, whose axial mechanical properties were obtained by the shear-lag model,
and the fiber defect model was adopted to simulate the failure process of minicomposites. The
strength of plain-woven SiC/SiC composites predicted with the multi-scale method is in good
agreement with the experimental result. Some conclusions can be obtained as follows:

(1) The strength predicted with the statistical strength of SiC monofilament before heat
treatment is much higher than the strength predicted with the statistical strength of SiC
monofilament after heat treatment, and the latter is in good agreement with the experi-
mental results. The reason may be that the SiC monofilaments after heat treatment have
much lower strength than the ones before heat treatment, and the strength of SiC
monofilaments after heat treatment is approximately equal to the in situ strength.

(2) The strength predicted without the load-carrying capacity of the broken fiber is much
lower than the strength predicted with the load-carrying capacity of the broken fiber, and
the latter is in good agreement with the experimental results. The reason may be that the
latter was based on the assumption that the broken fiber could still carry load where away
from the breakpoint, and this assumption was consistent with reality.

(3) With the decrease in the wavelength of warps, the stress of composites also decreased.
However, when the wavelength of warps decreased, the strength of composites increased.
The reason may be as follow. The decrease in wavelength leads the warp to bend more
severely. The stiffness of warp in the direction parallel with fibers is higher than the
stiffness in the direction vertical with fibers, so the stiffness of warp is equivalently
weakened. However, when the wavelength decreased, the failure strain of composites
increased, which, as a whole lead to the increase of strength.
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