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Abstract
A functional Hilbert space is the Hilbert space H of complex-valued functions on some set
� ⊆ C such that the evaluation functionals ϕτ (f ) = f (τ), τ ∈ �, are continuous on H .
The Berezin number of an operator X is defined by ber(X) = sup

τ∈�

∣
∣X̃(τ )

∣
∣= sup

τ∈�

∣
∣〈Xk̂τ , k̂τ 〉

∣
∣,

where the operator X acts on the reproducing kernel Hilbert space H = H(�) over some
(non-empty) set �. In this paper, we introduce a new family involving means ‖ · ‖σt between
the Berezin radius and the Berezin norm. Among other results, it is shown that if X ∈ L(H)

and f , g are two non-negative continuous functions defined on [0,∞) such that f (t)g(t) =
t, (t � 0), then

‖X‖2
σ � ber

(
1

4
(f 4(|X|) + g4(|X∗|)) + 1

2
|X|2

)

and

‖X‖2
σ � 1

2

√

ber
(

f 4(|X|) + g2(|X|2))ber
(

f 2(|X|2) + g4(|X∗|)),

where σ is a mean dominated by the arithmetic mean ∇.
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1 Introduction

Let L (H) be the C∗-algebra of all bounded linear operators defined on a complex Hilbert
space (H , 〈·, ·〉) with the identity operator IH in L (H). When H = Cn, we identify L (H)

with the algebra Mn(C) of n-by-n complex matrices.
A functional Hilbert space is the Hilbert space of complex-valued functions on some

set � ⊆ C such that the evaluation functionals ϕτ (f ) = f (τ), τ ∈ �, are continuous on
H . Then, by the Riesz representation theorem there is a unique element kτ ∈ H such
that f (τ) = 〈f, kτ 〉 for all f ∈ H and every τ ∈ �. The function k on � × � defined
by k (z, τ ) = kτ (z) is called the reproducing kernel of H , see [2, 4, 5, 17] and references
therein. It was shown that kτ (z) can be represented by

kτ (z) =
∞
∑

n=1

en (τ )en (z)

for any orthonormal basis {en}n≥1 of H , see [30]. For example, for the Hardy-Hilbert space
H2 = H2 (D) over the unit disc D = {z ∈C : |z| < 1}, {zn}n≥1 is an orthonormal basis, there-

fore the reproducing kernel of H2 is the function kτ (z) =
∞∑

n=1
τnz

n = (1 − τz)−1, τ ∈ D. Let

k̂τ = kτ

‖kτ ‖ be the normalized reproducing kernel of the space H . For a given a bounded linear
operator X on H , the Berezin symbol (or Berezin transform) of X is the bounded function
X̃ on � defined by

X̃ (τ ) = 〈Xk̂τ (z) , k̂τ (z)
〉

, τ ∈ �.

An important property of the Berezin symbol is that for all X,Y ∈ L (H), if X̃ (τ ) = Ỹ (τ )

for all τ ∈ �, then X = Y (at least when H consists of analytic functions, see Zhu [31]). For
more details, see [3, 6, 8–10, 12–14, 16, 18–29]. So, the map X → X̃ is injective [15]. The
Berezin set and the Berezin number(radius) of an operator X are defined, respectively, by

Ber (X) = {X̃ (τ ) : τ ∈ �
}= Range

(

X̃
)

and

ber (X) = sup {|γ | : γ ∈ Ber (X)} = sup
τ∈�

∣
∣X̃ (τ )

∣
∣ .

The Berezin norm of an operator X ∈ L (H) is defined by

‖X‖ber := sup
τ∈�

∥
∥Xk̂τ

∥
∥.

For X,Y ∈ L(H), it is clear from the above definitions of the Berezin radius (or the Berezin
number) and the Berezin norm that the following properties hold:

(1) ber(tX) = |t |ber(X) for all t ∈C;
(2) ber(X + Y ) � ber(X) + ber(Y );
(3) ber(X) � ‖X‖ber and ber(X) = ber(X∗);
(4) ‖tX‖ber = |t | ‖X‖ber for all t ∈C;
(5) ‖X + Y‖ber ≤ ‖X‖ber + ‖Y‖ber.
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In the recent paper [7], the authors defined the t -Berezin norm on L(H) as follows:

‖X‖t−ber = sup
τ∈�

√

t
∣
∣X̃ (τ )

∣
∣
2 + (1 − t)

∥
∥Xk̂τ

∥
∥

2
.

The t -Berezin norm is also a norm on L(H) for t ∈ [0,1), and for t = 1 it is a norm if
the functional Hilbert space has the Ber property, i.e., for any two operators X,Y ∈ L(H)

such that X̃(τ ) = Ỹ (τ ) for all τ ∈ �, we have X = Y . Hence, the t -Berezin norm is a norm
in the familiar functional for Hilbert spaces, for instance Hardy and Bergman spaces. The
t -Berezin norm satisfies the following inequalities:

ber(X) � ‖X‖t−ber � ‖X‖ber for t ∈ [0,1].

A binary function σ on [0,+∞) is called a mean, if the following conditions are satis-
fied:

(i) If a � b, then a � a σ b � b;
(ii) a � c and b � d imply a σ b ≤ c σ d ;

(iii) σ is continuous in both variables;
(iv) t (a σb) ≤ (ta)σ (tb) (t > 0).

For instance, if μ ∈ (0,1), the weighted geometric mean is a�μb = a1−μbμ. The case μ =
1/2 gives rise to the geometric mean a�b. A mean σ is symmetric if a σ b = b σ a for all
positive numbers a, b. For a symmetric mean σ , a parametrized mean σt , 0 ≤ t ≤ 1 is called
an interpolational path for σ if it satisfies

(1) a σ0 b = a, a σ1/2 b = a σ b, and a σ1 b = b;
(2) (a σp b)σ (aσq b) = aσp+q

2
b for all p,q ∈ [0,1];

(3) The map t ∈ [0,1] 
→ a σt b is continuous for each a and b;
(4) σt is increasing in each of its components for t ∈ [0,1].
It is easy to see that the set of all r ∈ [0,1] satisfying

(aσpb)σr(aσqb) = aσrp+(1−r)qb (1.1)

for all p, q is a convex subset of [0,1] including 0 and 1. For instance, the power means

a mrb =
(

ar + br

2

) 1
r

(r ∈ [−1,1])

are some typical interpolational means. Their interpolational paths are

a mr,tb = ((1 − t)ar + tbr )
1
r (t ∈ [0,1]).

In particular, a m1,t b = a∇t b = (1 − t)a + tb is the weighted arithmetic mean, a m0,t b =
a�tb = a1−t bt is the weighted geometric mean and a m−1,t b = a!t b = ((1 − t)a−1 + tb−1

)−1

is the weighted harmonic mean. It is well-known that a!t b � a�tb � a∇t b for positive num-
bers a and b and t ∈ [0,1]. For more information about means, see [25] and references
therein.

In this paper, we define a new quantity and establish some related results. The main ideas
of this paper are stimulated by [7] and [11].



3 Page 4 of 18 M. Bakherad et al.

2 Main Results

We begin this section with the following definition.

Definition 2.1 Let X ∈ L(H) and σt be an interpolational path of a symmetric mean σ . We
define

‖X‖σt = sup
τ∈�

{√
∣
∣X̃(τ )

∣
∣
2

σt

∥
∥Xk̂τ

∥
∥

2
}

for 0 � t � 1.

Example 2.2 We consider the Hardy-Hilbert space, H2 (D), defined over the unit disc D =
{z ∈C : |z| < 1} as follows:

H2 (D) = {f :D→C : f (z) =
∞
∑

n=0

anz
n and

∞
∑

n=0

|an|2 < ∞}.

The inner product on H2 (D) is defined by 〈f,g〉 =∑∞
n=0 anbn, for f (z) =∑∞

n=0 anz
n

and g(z) =∑∞
n=0 bnz

n and {zn}n≥1 forms an orthonormal basis. We can identify H2 (D)

with l2(N), since

f (z) =
∞
∑

n=0

anz
n ↔ (a0, a1, a2, . . .).

Therefore, the reproducing kernel of H2 (D) is given by the function kτ (z) =
∞∑

n=1
τnzn =

(1 − τz)−1, τ ∈D and

‖kτ‖2 = 〈kτ , kτ 〉 = kτ (τ ) = (1 − ττ)−1 = (1 − |τ |2)−1
,

for any τ ∈D.
On l2(N), we consider the unilateral shift operator U defined by

U(a0, a1, a2, a3, . . .) = (0, a0, a1, a2, . . .)

for (a0, a1, a2, a3, . . .) ∈ l2(N). Thus, for any τ ∈D, we have

|Ũ (τ ) |2 = ∣∣〈Uk̂τ (z) , k̂τ (z)
〉∣
∣
2 = 1

‖kτ‖4
|〈Ukτ (z) , kτ (z)〉|2

= 1

‖kτ‖4

∣
∣
〈

U(1, τ , τ 2, . . .), (1, τ , τ 2, . . .)
〉∣
∣
2

= 1

‖kτ‖4

∣
∣
〈

(0,1, τ , τ 2, . . .), (1, τ , τ 2, . . .)
〉∣
∣
2

= 1

‖kτ‖4

∣
∣
∣
∣
∣
∣

∞
∑

j=0

τ j τ j+1

∣
∣
∣
∣
∣
∣

2

= 1

‖kτ‖4

(
1

1 − |τ |2 |τ |
)2

= |τ |2,

and due to the fact that U is an isometry, we conclude that

‖Uk̂τ‖2 = ‖̂kτ‖2 = 1.
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Then, we obtain that

|Ũ (τ ) |2 ≤ |τ |2 < 1 = ‖Uk̂τ‖2, (2.1)

and by the monotonicity of σt , we have

1 = sup
τ∈D

|τ | = sup
τ∈D

∣
∣Ũ (τ )

∣
∣≤ sup

τ∈D

{√
∣
∣Ũ (τ )

∣
∣
2

σt

∥
∥Uk̂τ

∥
∥

2
}

≤ sup
τ∈D

∥
∥Uk̂τ

∥
∥= 1 (2.2)

for t ∈ [0,1].
In conclusion, we have that ber(U) � ‖U‖σt � ‖U‖ber, and in particular, ‖U‖σt = 1 for

any t ∈ [0,1].

Following the ideas from the previous example and given that
∣
∣X̃ (τ )

∣
∣≤ ∥∥Xk̂τ

∥
∥, from the

Cauchy-Schwartz inequality, we have that

ber(X) � ‖X‖σt � ‖X‖ber

for t ∈ [0,1] and X ∈ L(H). It is easy to see that for the special case σt = ∇t (0 � t � 1),
we have ‖ · ‖σt = ‖ · ‖(1−t)−ber.

The next proposition shows some properties of ‖ · ‖σt .

Proposition 2.3 Let X ∈ L(H) and σt , τμ be interpolational paths of symmetric means σ

and τ . Then

(1) ‖X‖σ0 = ber(X) and ‖X‖σ1 = ‖X‖ber;

(2) ‖X‖σt �
√

ber2(X) σt ‖X‖2
ber for t ∈ [0,1];

(3) ‖τX‖σt = |τ |‖X‖σt for all τ ∈C;
(4) If the functional Hilbert space has the Ber property and t ∈ [0,1), then ‖X‖σt = 0 if

and only if X = 0;
(5) If σt � τs , then ‖X‖σt � ‖X‖τs for s, t ∈ [0,1].

Remark 2.4 If X ∈ L(H), then

‖ |X| ‖2
ber = sup

τ∈�

∥
∥|X|k̂τ

∥
∥

2 = sup
τ∈�

〈|X|k̂τ , |X|k̂τ 〉

= sup
τ∈�

〈X∗Xk̂τ , k̂τ 〉 = sup
τ∈�

〈Xk̂τ ,Xk̂τ 〉 = sup
τ∈�

∥
∥Xk̂τ

∥
∥

2 = ‖X‖2
ber

and for a semi-hyponormal operator X, i.e. |X∗| � |X|, the mixed Cauchy-Schwarz in-
equality

∣
∣〈Xk̂τ , k̂τ 〉

∣
∣
2 � 〈|X|k̂τ , k̂τ 〉〈|X∗|k̂τ , k̂τ 〉 implies that

∣
∣〈Xk̂τ , k̂τ 〉

∣
∣
2 � 〈|X|k̂τ , k̂τ 〉2 for

all k̂τ ∈ H , and then

ber(X) = sup
τ∈�

∣
∣〈Xk̂τ , k̂τ 〉

∣
∣� sup

τ∈�

〈|X|k̂τ , k̂τ

〉= ber(|X|).

Using the definition of ‖ · ‖σt and the monotonicity of σt , we have the next result.

Theorem 2.5 Let X ∈ L(H) and σt be an interpolational path of a symmetric mean σ for
all t ∈ [0,1]. Then

(1) If X is hyponormal, i.e., XX∗ � X∗X, then ‖X∗‖σt � ‖X‖σt .
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(2) If X is co-hyponormal, i.e., X∗X � XX∗, then ‖X‖σt � ‖X∗‖σt .
(3) If X is semi-hyponormal, i.e., |X∗| � |X|, then ‖X‖σt � ‖ |X| ‖σt .
(4) If X is (α,β)-normal, i.e., αX∗X � XX∗ � βX∗X for some positive real numbers α

and β with α � 1 � β , then

α‖X‖σt � ‖X∗‖σt � β‖X‖σt .

(5) If X is normal, then ‖X∗‖σt = ‖X‖σt .

Proof (1) It follows from the hyponormality of X that ‖X∗k̂τ‖ � ‖Xk̂τ‖ for all τ ∈ �.
Moreover, |〈Xk̂τ , k̂τ 〉| = |〈X∗k̂τ , k̂τ 〉| for all τ ∈ �. Hence, by the monotonicity of σt ,
we get

∣
∣〈X∗k̂τ , k̂τ 〉

∣
∣
2
σt‖X∗k̂τ‖2 �

∣
∣〈Xk̂τ , k̂τ 〉

∣
∣
2
σt‖Xk̂τ‖2 for all τ ∈ �.

Then, by the definition of ‖ · ‖σ t , we have ‖X∗‖σ t � ‖X‖σ t .
(2) The proof is similar to that of part (1).
(3) The condition of semi-hyponormality and the mixed Cauchy-Schwarz inequality imply

that
∣
∣〈Xk̂τ , k̂τ 〉

∣
∣
2 � 〈|X|k̂τ , k̂τ 〉2 for all k̂τ ∈ H . Also, ‖Xk̂τ‖ = ‖ |X| k̂τ‖ for all k̂τ ∈ H .

Therefore,

∣
∣〈Xk̂τ , k̂τ 〉

∣
∣
2
σt‖Xk̂τ‖2 � 〈|X|̂kτ , k̂τ 〉2σt‖ |X| k̂τ‖2 for all τ ∈ �.

By taking the supremum over all τ ∈ �, we get ‖X‖σ t � ‖ |X| ‖σ t .
(4) Since X is (α,β)-normal, we have α‖Xk̂τ‖ � ‖X∗k̂τ‖ � β‖Xk̂τ‖ for all τ ∈ �. It fol-

lows from the fact that σt is increasing in its both variables that

α2
∣
∣〈Xk̂τ , k̂τ 〉

∣
∣
2
σtα

2‖Xk̂τ‖2 �
∣
∣〈X∗k̂τ , k̂τ 〉

∣
∣
2
σt‖X∗k̂τ‖2 � β2

∣
∣〈Xk̂τ , k̂τ 〉

∣
∣
2
σtβ

2‖Xk̂τ‖2

for all τ ∈ �. Hence, α‖X‖σ t � ‖X∗‖σ t � β‖X‖σ t .
(5) It follows from the normality of X that X is both hyponormanl and co-hyponormanl,

and then by the parts (1) and (2) we have the desired result. �

Theorem 2.6 Let X ∈ L(H) and t ∈ [0,1]. Then the following conditions are equivalent.

(1) ‖X‖2
σt

= ber2(X)σt‖X‖2
ber.

(2) There exists a sequence {̂kτn} in H such that

lim
n→∞

∣
∣X̃(τn)

∣
∣= ber(X) and lim

n→∞
∥
∥Xk̂τn

∥
∥= ‖X‖ber.

Proof We first prove that (1) implies (2). By the definition of the supremum, there exists a
sequence

{

k̂τn

}

in H such that

‖X‖2
σt

= lim
n→∞

∣
∣X̃(τn)

∣
∣
2
σt

∥
∥Xk̂τn

∥
∥

2
.

It follows from the boundedness of the sequences
{∣
∣X̃(τn)

∣
∣
}

and
{∥
∥Xk̂τn

∥
∥
}

that there exists
a subsequence

{

k̂τnk

}

such that
{∣
∣X̃(τnk)

∣
∣
}

and
{∥
∥Xk̂τnk

∥
∥
}

are convergent. Then, we have

ber2(X)σt‖X‖2
ber = ‖X‖2

σt
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= lim
n→∞

(|X̃(τnk)|2 σt‖Xk̂τnk
‖2
)

� ber2(X)σt‖X‖2
ber.

Therefore,

lim
n→∞|X̃(τnk)| = ber(X) and lim

n→∞‖Xk̂τnk
‖ = ‖X‖ber.

Now, we prove that (2) implies (1). We have

‖X‖2
σt

= sup
τ∈�

{|X̃(τ )|2 σt ‖Xk̂τ‖2
}

� lim
n→∞

{|X̃(τn)|2 σt ‖Xk̂τn‖2
}

= ber2(X) σt ‖X‖2
ber.

Hence, ‖X‖2
σt

= ber2(X)σt‖X‖2
ber. �

We have seen in Proposition 2.3 that ‖ · ‖σt (0 � t � 1) fulfills the semi-norm properties,
except possibly for the triangle inequality. In particular, when σ = ∇t (0 � t � 1), we have
the next proposition.

Proposition 2.7 Let X,Y ∈ L(H) and 0 � t � 1. Then

‖X + Y‖∇t � ‖X‖∇t + ‖Y‖∇t .

Proof Let τ ∈ � be a unit vector. Then

t | ˜(X + Y )(τ )|2 + (1 − t)‖(X + Y )̂kτ‖2

� t
(|X̃(τ )| + |Ỹ (τ )|)2 + (1 − t)

(‖Xk̂τ‖ + ‖Y k̂τ‖
)2

= t
(|X̃(τ )|2 + |Ỹ (τ )|2 + 2|X̃(τ )||Ỹ (τ )|)

+ (1 − t)
(‖Xk̂τ‖2 + ‖Y k̂τ‖2 + 2‖Xk̂τ‖‖Y k̂τ‖

)

= t |X̃(τ )|2 + (1 − t)‖Xk̂τ‖2 + t |Ỹ (τ )|2 + (1 − t)‖Y k̂τ‖2

+ 2
(

t |X̃(τ )||Ỹ (τ )| + (1 − t)‖Xk̂τ‖‖Y k̂τ‖
)

.

Moreover, the Cauchy-Schwarz inequality implies that

t |X̃(τ )||Ỹ (τ )|+(1 − t)‖Xk̂τ‖‖Y k̂τ‖

�
√

t |X̃(τ )|2 + (1 − t)‖Xk̂τ‖2

√

t |Ỹ (τ )|2 + (1 − t)‖Y k̂τ‖2.

Combining the above inequalities, we have

t | ˜(X + Y )(τ )|2 + (1 − t)‖(X + Y )̂kτ‖2

� t |X̃(τ )|2 + (1 − t)‖Xk̂τ‖2 + t |Ỹ (τ )|2 + (1 − t)‖Y k̂τ‖2
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+ 2
√

t |X̃(τ )|2 + (1 − t)‖Xk̂τ‖2

√

t |Ỹ (τ )|2 + (1 − t)‖Y k̂τ‖2

� ‖X‖2
∇t

+ ‖Y‖2
∇t

+ 2‖X‖∇t ‖X‖∇t .

Therefore,

‖X + Y‖2
∇t

= sup
τ∈�

{

t | ˜(X + Y )(τ )|2 + (1 − t)‖(X + Y )̂kτ‖2
}

�
(‖X‖∇t + ‖Y‖∇t

)2
.

�

In the following theorem, we give an equivalent condition that ‖X + Y‖∇t = ‖X‖∇t +
‖Y‖∇t for all X,Y ∈ L(H).

Theorem 2.8 Let X,Y ∈ L(H) and 0 < t < 1. Then the following conditions are equiva-
lent.

(1) ‖X + Y‖∇t = ‖X‖∇t + ‖Y‖∇t .
(2) There exists a sequence {̂kτn} in H such that

lim
n→∞� (tX̃∗(τn)Ỹ (τn) + (1 − t)〈Xk̂τn , k̂τn〉〈Y k̂τn , k̂τn〉

)= ‖X‖∇t ‖Y‖∇t ,

where �(z) denotes the real part of a complex number z.

Proof (1) ⇒ (2) Using the definition of the supremum and the hypothesis, there exists a
sequence {̂kτn} in H such that

lim
n→∞

(

t | ˜(X + Y )(τn)|2 + (1 − t)‖(X + Y )̂kτn‖2
)

= (‖X‖∇t + ‖Y‖∇t

)2
.

Hence,

t | ˜(X + Y )(τn)|2 + (1 − t)‖(X + Y )̂kτn‖2

= t
(|X̃(τn)|2 + |Ỹ (τn)|2 + 2� (X̃∗(τn)Ỹ (τn)

))

+ (1 − t)
(‖Xk̂τn‖2 + ‖Y k̂τn‖2 + 2� (〈Xk̂τn, k̂τn〉〈Y k̂τn , k̂τn〉

))

= t |X̃(τn)|2 + (1 − t)‖Xk̂τn‖2 + t |Ỹ (τn)|2 + (1 − t)‖Y k̂τn‖2

+ 2� (tX̃∗(τn)Ỹ (τn) + (1 − t)〈Xk̂τn , k̂τn〉〈Y k̂τn , k̂τn〉
)

� ‖X‖2
∇t

+ ‖Y‖2
∇t

+ 2� (tX̃∗(τn)Ỹ (τn) + (1 − t)〈Xk̂τn , k̂τn〉〈Y k̂τn , k̂τn〉
)

� ‖X‖2
∇t

+ ‖Y‖2
∇t

+ 2
(

t |X̃(τn)||Ỹ (τn)| + (1 − t)|〈Xk̂τn , k̂τn〉||〈Y k̂τn , k̂τn〉|
)

� ‖X‖2
∇t

+ ‖Y‖2
∇t

+ 2
(

t‖Xk̂τn‖‖Y k̂τn‖ + (1 − t)|〈Xk̂τn , k̂τn〉||〈Y k̂τn , k̂τn〉|
)

� ‖X‖2
∇t

+ ‖Y‖2
∇t

+ 2
√

t |X̃(τn)|2 + (1 − t)‖Xk̂τn‖2

√

t |Ỹ (τn)|2 + (1 − t)‖Y k̂τn‖2

(by the Cauchy-Schwarz inequality)

�
(‖X‖∇t + ‖Y‖∇t

)2
.

Now, if we let n → ∞, we get

lim
n→∞� (tX̃∗(τn)Ỹ (τn) + (1 − t)〈Xk̂τn , k̂τn〉〈Y k̂τn , k̂τn〉

)= ‖X‖∇t ‖Y‖∇t .
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(2) ⇒ (1) Suppose that there exists a sequence {̂kτn} in H such that

lim
n→∞� (tX̃∗(τn)Ỹ (τn) + (1 − t)〈Xk̂τn , k̂τn〉〈Y k̂τn , k̂τn〉

)= ‖X‖∇t ‖Y‖∇t .

Then, for every n ∈N, we have

�2
(

tX̃∗(τn)Ỹ (τn) + (1 − t)〈Xk̂τn , k̂τn〉〈Y k̂τn , k̂τn〉
)

�
∣
∣(1 − t)X̃(τn)Ỹ (τn) + t〈Xk̂τn , k̂τn〉〈Y k̂τn , k̂τn〉

∣
∣
2

− �2
(

tX̃∗(τn)Ỹ (τn) + (1 − t)〈Xk̂τn , k̂τn〉〈Y k̂τn , k̂τn〉
)

�
∣
∣(1 − t)X̃(τn)Ỹ (τn) + t〈Xk̂τn , k̂τn〉〈Y k̂τn , k̂τn〉

∣
∣
2
,

where �(z) denotes the imaginary part of a complex number z. Hence,

� (tX̃∗(τn)Ỹ (τn) + (1 − t)〈Xk̂τn , k̂τn〉〈Y k̂τn , k̂τn〉
)

�
∣
∣(1 − t)X̃(τn)Ỹ (τn) + t〈Xk̂τn, k̂τn〉〈Y k̂τn , k̂τn〉

∣
∣

� (1 − t)|X̃(τn)||Ỹ (τn)| + t |〈Xk̂τn , k̂τn〉||〈Y k̂τn , k̂τn〉|
�
(

(1 − t)‖Xk̂τn‖‖Y k̂τn‖ + t |〈Xk̂τn , k̂τn〉||〈Y k̂τn , k̂τn〉|
)

�
√

t |X̃(τn)|2 + (1 − t)‖Xk̂τn‖2

√

t |Ỹ (τn)|2 + (1 − t)‖Y k̂τn‖2

(by the Cauchy-Schwarz inequality)

� ‖X‖∇t ‖Y‖∇t . (2.3)

It follows from t |X̃(τn)|2 + (1 − t)‖Xk̂τn‖2 � ‖X‖2
∇t

and t |Ỹ (τn)|2 + (1 − t)‖Y k̂τn‖2 �
‖Y‖2

∇t
that

lim
n→∞

(

t |X̃(τn)|2 + (1 − t)‖Xk̂τn‖2

)

= ‖X‖2
∇t

and

lim
n→∞

(

t |Ỹ (τn)|2 + (1 − t)‖Y k̂τn‖2

)

= ‖Y‖2
∇t

.

Therefore,
(‖X‖∇t + ‖Y‖∇t

)2 = ‖X‖2
∇t

+ ‖Y‖2
∇t

+ 2‖X‖∇t ‖Y‖∇t

= lim
n→∞

(

t |X̃(τn)|2 + (1 − t)‖Xk̂τn‖2

)

+ lim
n→∞

(

t |Ỹ (τn)|2 + (1 − t)‖Y k̂τn‖2

)

+ 2 lim
n→∞� (tX̃∗(τn)Ỹ (τn) + (1 − t)〈Xk̂τn , k̂τn〉〈Y k̂τn , k̂τn〉

)

= lim
n→∞

[

t
(|X̃(τn)|2 + |Ỹ (τn)|2 + 2� (X̃∗(τn)Ỹ (τn)

))
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+ (1 − t)
(‖Xk̂τn‖2 + ‖Y k̂τn‖2 + 2� (〈Xk̂τn , k̂τn〉〈Y k̂τn , k̂τn〉

))
]

= lim
n→∞

(

t | ˜(X + Y )(τn)|2 + (1 − t)‖(X + Y )̂kτn‖2

)

= ‖X + Y‖2
∇t

�
(‖X‖∇t + ‖Y‖∇t

)2

(by Proposition 2.7).

Hence, ‖X + Y‖∇t = ‖X‖∇t + ‖Y‖∇t . �

Recently, Altwaijry et al. in [1], introduced the following generalization of ‖ · ‖t−ber.
Given non-negative real scalars α and β such that (α,β) �= (0,0) and X ∈ L(H), let

‖X‖ber
α,β = sup

τ∈�

{√

β
∣
∣X̃(τ )

∣
∣
2 + α

∥
∥Xk̂τ

∥
∥

2
}

. (2.4)

Then, we have

1√
α + β

‖X‖ber
α,β = sup

τ∈�

⎧

⎨

⎩

√

β
∣
∣X̃(τ )

∣
∣
2 + α

∥
∥Xk̂τ

∥
∥

2

α + β

⎫

⎬

⎭

= sup
τ∈�

{√

α

α + β

∥
∥Xk̂τ

∥
∥

2 + β

α + β

∣
∣X̃(τ )

∣
∣
2

}

= ‖X‖∇t0
= ‖X‖∇t1

, (2.5)

where t0 = α
α+β

and t1 = β

α+β
.

As a consequence of Theorem 2.8 and the previous identity, we derive the following
characterization of the equality in the triangle inequality for the norm ‖ · ‖ber

α,β .

Corollary 2.9 [1, Theorem 10] Let X,Y ∈ L(H) and non-negative real scalars α and β such
that (α,β) �= (0,0). Then the following conditions are equivalent.

(1) ‖X + Y‖ber
α,β = ‖X‖ber

α,β + ‖Y‖ber
α,β .

(2) There exists a sequence {̂kτn} in H such that

lim
n→∞

(

t0X̃∗(τn)Ỹ (τn) + (1 − t0)〈Xk̂τn , k̂τn〉〈Y k̂τn , k̂τn〉
)= ‖X‖∇t0

‖Y‖∇t0
, (2.6)

where t0 = α
α+β

.

Proof We note that from the equality (2.5), the condition (1) is equivalent to

‖X + Y‖∇t0
= ‖X‖∇t0

+ ‖Y‖∇t0
, (2.7)

with t0 = α
α+β

. Now, by Theorem 2.8, the condition (2.7) is equivalent to the existence of a

sequence {̂kτn} in H such that

lim
n→∞� (t0X̃∗(τn)Ỹ (τn) + (1 − t0)〈Xk̂τn, k̂τn〉〈Y k̂τn , k̂τn〉

)= ‖X‖∇t0
‖Y‖∇t0

. (2.8)
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To finish the proof, it is enough to show that (2.8) is equivalent to

lim
n→∞

(

t0X̃∗(τn)Ỹ (τn) + (1 − t0)〈Xk̂τn, k̂τn〉〈Y k̂τn , k̂τn〉
)= ‖X‖∇t0

‖Y‖∇t0
. (2.9)

Indeed, if (2.9) holds, then

lim
n→∞

(

t0X̃∗(τn)Ỹ (τn) + (1 − t0)〈Xk̂τn, k̂τn〉〈Y k̂τn , k̂τn〉
)

= ‖X‖∇t0
‖Y‖∇t0

= ‖X‖∇t0
‖Y‖∇t0

+ ‖X‖∇t0
‖Y‖∇t0

2

= lim
n→∞� (t0X̃∗(τn)Ỹ (τn) + (1 − t0)〈Xk̂τn, k̂τn〉〈Y k̂τn , k̂τn〉

)

. (2.10)

On the other hand, by (2.3) for any n ∈N, we have

�2
(

t0X̃(τn)Ỹ (τn) + (1 − t0)〈Xk̂τn , k̂τn〉〈Y k̂τn , k̂τn〉
)

≤ (t0|X̃(τn)||Ỹ (τn)| |+(1 − t0)| |〈Xk̂τn , k̂τn〉||〈Y k̂τn , k̂τn〉|
)2

� ‖X‖2
∇t0

‖Y‖2
∇t0

.

Thus, if we assume that condition (2.8) is fulfilled, then we can conclude that

lim
n→∞� (t0X̃(τn)Ỹ (τn) + (1 − t0)〈Xk̂τn, k̂τn〉〈Y k̂τn , k̂τn〉

)= 0,

and

lim
n→∞

(

t0X̃∗(τn)Ỹ (τn) + (1 − t0)〈Xk̂τn, k̂τn〉〈Y k̂τn , k̂τn〉
)= ‖X‖∇t0

‖Y‖∇t0
,

and this completes the proof. �

Remark 2.10 We note that condition (2.6) is equivalent to
(2’) There exists a sequence {̂kτn} in H such that

lim
n→∞

(

αX̃∗(τn)Ỹ (τn) + β〈Xk̂τn, k̂τn〉〈Y k̂τn , k̂τn〉
)= ‖X‖ber

α,β‖Y‖ber
α,β .

Indeed, if we denote by t0 = α
α+β

, then by (2.6)

‖X‖ber
α,β‖Y‖ber

α,β =√α + β‖X‖∇t0

√

α + β‖Y‖∇t0

= lim
n→∞(α + β)

(

t0X̃∗(τn)Ỹ (τn) + (1 − t0)〈Xk̂τn, k̂τn〉〈Y k̂τn , k̂τn〉
)=

= lim
n→∞

(

αX̃∗(τn)Ỹ (τn) + β〈Xk̂τn, k̂τn〉〈Y k̂τn , k̂τn〉
)

.

Finally, we remark that in [1, Theorem 10], the authors obtained a similar characterization
of the equality ‖X + Y‖ber

α,β = ‖X‖ber
α,β + ‖Y‖ber

α,β .

3 Some Estimations for ‖ ·‖σt

In this section, we present some upper and lower bounds for ‖ · ‖σt . The following well-
known lemmas will be essential to prove our results.



3 Page 12 of 18 M. Bakherad et al.

Lemma 3.1 [25] Let X ∈ L(H) be a self-adjoint operator with spectrum in an interval J

and τ ∈ �.

(1) If f : J →R is convex, then f
(〈Xk̂τ , k̂τ 〉

)

� 〈f (X)̂kτ , k̂τ 〉.
(2) If f : J →R is concave, then f

(〈Xk̂τ , k̂τ 〉
)

� 〈f (X)̂kτ , k̂τ 〉.

Lemma 3.2 [24] Let X ∈ L(H) and f , g be two non-negative continuous functions defined
on [0,∞) such that f (t)g(t) = t for t � 0. Then

|X̃(τ )| � |f̃ 2(|X|)(τ )|| ˜g2(|X∗|)(τ )|
for all τ ∈ �.

For an operator X ∈ L(H), the Crawford Berezin number c̃(X) is defined as c̃(X) =
inf
τ∈�

|X̃(τ )|. In the following theorem, we obtain a lower bound for ‖ · ‖σt in the terms of c̃(·).

Theorem 3.3 Let X ∈ L(H) and 0 � t � 1. Then,

‖X‖σt � max

{√

ber2(X)σt c̃2(X∗X) ,

√

c̃2(X)σt‖X‖2
ber

}

.

Proof Let τ ∈ � and 0 � t � 1. Then

‖X‖2
σt

= sup
τ∈�

{|X̃(τ )|2σt‖X(̂kτ )‖2}

� |X̃(τ )|2σt‖X(̂kτ )‖2

= |X̃(τ )|2σt |X̃∗X(τ)|2

� |X̃(τ )|2σt c̃
2(X∗X).

Taking the supremum over all vectors τ ∈ �, we get ‖X‖2
σt

� ber2(X)σt c̃
2(X∗X). Similarly,

we have

‖X‖2
σt

= sup
τ∈�

{|X̃(τ )|2σt‖X(̂kτ )‖2} � |X̃(τ )|2σt‖X(̂kτ )‖2 � c̃2(X)σt‖X(̂kτ )‖2,

whence ‖X‖2
σt

� c̃2(X)σt‖X‖2
ber. Combining the above inequalities, we get the desired re-

sult. �

In the next result, we get some special case of Theorem 3.3.

Corollary 3.4 Let X ∈ L(H), r ∈ [−1,1] and 0 � μ � 1. Then

‖X‖mr,μ � max

{

2r

√

(1 − μ)berr (X) + μc̃r(X∗X)

2
,

2r

√

(1 − μ)̃cr(X) + μ‖X‖r
ber

2

}

.

In particular,

‖X‖∇μ � max

{√

(1 − μ)ber2(X) + μc̃2(X∗X) ,

√

(1 − μ)̃c2(X) + μ‖X‖2
ber

}
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and

‖X‖�μ � max
{

ber(1−μ)(X)̃cμ(X∗X) , c̃(1−μ)(X)‖X‖μ

ber

}

.

Proof Letting σt be the interpolational paths of the power means mr,μ for r ∈ [−1,1] and
0 � μ � 1 in Theorem 3.3, we have the first inequality. If we take the weighted arithmetic
mean ∇μ and the weighted geometric mean �μ, (0 � μ � 1) in Theorem 3.3, then we have
the second and the third inequalities, respectively. �

Theorem 3.5 Let X ∈ L(H), and let f , g be two non-negative continuous functions defined
on [0,∞) such that f (t)g(t) = t for t � 0. If σ is a mean dominated by the arithmetic mean
∇ , then

‖X‖2
σ � ber

(
1

4
(f 4(|X|) + g4(|X∗|)) + 1

2
|X|2

)

and

‖X‖2
σ � 1

2

√

ber
(

f 4(|X|) + g2(|X|2))ber
(

f 2(|X|2) + g4(|X∗|)).

Proof Let τ ∈ �. Then

|X̃(τ )|2σ‖Xk̂τ‖2 = |X̃(τ )|2σ |X̃∗X(τ)|
� |f̃ 2(|X|)(τ )||g̃2(|X∗|)(τ )|σ |X̃∗X(τ)|

(by Lemma 3.2)

� 1

2

(

|f̃ 2(|X|)(τ )|2 + |g̃2(|X∗|)(τ )|2
)

σ |X̃∗X(τ)|

� 1

2

(

|f̃ 4(|X|)(τ )| + |g̃4(|X∗|)(τ )|
)

σ |X̃∗X(τ)|
(by Lemma 3.1)

= 1

2

(

| ˜f 4(|X|) + g4(|X∗|)(τ )|
)

σ ||̃X|2(τ )|.

It follows from σ � ∇ and the above inequalities that

|X̃(τ )|2σ‖Xk̂τ‖2 � 1

2

(

| ˜f 4(|X|) + g4(|X∗|)(τ )|
)

σ ||̃X|2(τ )|

� 1

2

[
1

2

(

| ˜f 4(|X|) + g4(|X∗|)(τ )|
)

+ ||̃X|2(τ )|
]

�
∣
∣
∣
∣

( ˜1

4

(

f 4(|X|) + g4(|X∗|))+ 1

2
|X|2)(τ )

∣
∣
∣
∣

� ber
(

1

4

(

f 4(|X|) + g4(|X∗|))+ 1

2
|X|2

)

.
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Then, by taking the supremum over τ ∈ �, we get the first result. For the second inequality,
we have

|X̃(τ )|2σ‖Xk̂τ‖2 = |X̃(τ )|2σ ||X̃|2(τ )|

� |f̃ 2(|X|)(τ )||g̃2(|X∗|)(τ )|σ
√

|f̃ 2(|X|2)(τ )||g̃2(|X|2)(τ )|

=
√

|f̃ 2(|X|)(τ )|2|g̃2(|X∗|)(τ )|2σ
√

|f̃ 2(|X|2)(τ )||g̃2(|X|2)(τ )|

�
√

|f̃ 4(|X|)(τ )||g̃4(|X∗|)(τ )|σ
√

|f̃ 2(|X|2)(τ )||g̃2(|X|2)(τ )|

� 1

2

(√

|f̃ 4(|X|)(τ )||g̃4(|X∗|)(τ )| +
√

|f̃ 2(|X|2)(τ )||g̃2(|X|2)(τ )|
)

� 1

2

(√

|f̃ 4(|X|)(τ )| + |g̃2(|X|2)(τ )|
√

|f̃ 2(|X|2(τ )| + |g̃4(|X∗|)(τ )|)
)

(by the Cauchy-Schwarz inequality
√

ab + √
cd �

√
a + c

√
b + d)

� 1

2

(√

|( ˜f 4(|X|) + g2(|X|2))(τ )|| ˜f 2(|X|2) + g4(|X∗|)(τ )|
)

� 1

2

√

ber
(

f 4(|X|) + g2(|X|2))ber
(

f 2(|X|2) + g4(|X∗|)).

Therefore,

‖X‖2
σ � 1

2

√

ber
(

f 4(|X|) + g2(|X|2))ber
(

f 2(|X|2) + g4(|X∗|)).�

For the special case f (t) = g(t) = √
t , we have the following result.

Corollary 3.6 Let X ∈ L(H) and let σ is a mean dominated by the arithmetic mean ∇ . Then

‖X‖2
σ � ber

(
3

4
|X|2 + 1

4
|X∗|2

)

(3.1)

and

‖X‖2
σ � 1

2

√

2ber
(|X|2)ber

(|X|2 + |X∗|2).

Remark 3.7 If X ∈ L(H) and σ � ∇ , then by the inequality (3.1) and also the subadditivity
of the Berezin radius, we have

‖X‖2
σ � ber

(
3

4
|X|2 + 1

4
|X∗|2

)

� 3

4
ber
(|X|2)+ 1

4
ber
(|X∗|2) .

Now, if X is normal, then by the definition of the Berezin radius, we get ber(|X∗|) =
ber(|X|). Hence, we have

‖X‖2
σ � 3

4
ber

(|X|2)+ 1

4
ber
(|X∗|2)
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� ber
(|X|2)

� ber2 (|X|) (by Lemma 3.1) (3.2)

Moreover, if X is positive, then the inequality (3.2) and the fact that ber(X) � ‖X‖σ imply
that ‖X‖σ = ber(X).

Example 3.8 Consider for C2 the standard orthonormal basis
{

e1, e1

}

as a RKHS on the set
{

1,2
}

. Then for the self-adjoint matrix X =
[

2 1
1 −2

]

, which is not positive, we have

ber(X) = 2 � ‖X‖σ = √
5.

Theorem 3.9 Let X ∈ L(H), and let σ is a mean dominated by the arithmetic mean ∇ and
0 � μ � 1. Then

‖X‖2
σ � 1

2
ber
(

(1 + μ)|X|2 + (1 − μ)|X∗|2).

In particular,

‖X‖2
σ � 1

2
ber
(|X|2 + |X∗|2).

Proof Let τ ∈ �. Then

|X̃(τ )|2σ ‖Xk̂τ‖2 = |X̃(τ )|2σ ||X̃|2(τ )|
� ||̃X|2μ(τ )|| ˜|X∗|2(1−μ)(τ )|σ ||X̃|2(τ )|
� ||̃X|2(τ )|μ||̃X∗|2(τ )|(1−μ)σ ||X̃|2(τ )|

(by Lemma 3.1)

�
∣
∣ ˜(μ|X|2 + (1 − μ)|X∗|2)(τ )

∣
∣σ ||X̃|2(τ )|

(by the weighted arithmetic-geometric mean inequality)

� 1

2

(∣
∣ ˜(μ|X|2 + (1 − μ)|X∗|2)(τ )

∣
∣+ ||X̃|2(τ )|

)

= 1

2

(∣
∣ ˜((1 + μ)|X|2 + (1 − μ)|X∗|2)(τ )

∣
∣

)

� 1

2
ber
(

(1 + μ)|X|2 + (1 − μ)|X∗|2).

Taking the supremum over all τ ∈ �, we get

‖X‖2
σ � 1

2
ber
(

(1 + μ)|X|2 + (1 − μ)|X∗|2).

If we put μ = 0, then we have the second inequality. �
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Theorem 3.10 Let X ∈ L(H) and 0 � t � 1. Then

‖X‖∇t � inf
λ∈[0,1]

√

λ‖X‖2
ber + (1 − λ)‖X‖ber

(

(1 − t)‖X‖ber + t ber (X)
)

.

Proof Given u,v ∈ H and λ ∈ [0,1], we have the following refinement of the classical
Cauchy-Schwarz inequality:

|〈u,v〉|2 = [(1 − λ) + λ]|〈u,v〉|2

≤ (1 − λ)|〈u,v〉|2 + λ‖u‖2‖v‖2

≤ (1 − λ)‖u‖‖v‖ |〈u,v〉| + λ‖u‖2‖v‖2. (3.3)

Utilizing the inequality (3.3), yields

(1 − t)|〈u,v〉|2 ≤ (1 − t)(1 − λ)‖u‖‖v‖ |〈u,v〉| + (1 − t)λ‖u‖2‖v‖2, (3.4)

and

t |〈u,w〉|2 ≤ t (1 − λ)‖u‖‖w‖ |〈u,w〉| + tλ‖u‖2‖w‖2, (3.5)

for all u,v,w ∈ H and t ∈ [0,1]. Adding the relations (3.4), (3.5) and replacing v with u
‖v‖ ,

we obtain

(1 − t)‖u‖2 + t |〈u,w〉|2 ≤ λ‖u‖2
(

(1 − t) + t‖w‖2
)

+ (1 − λ)‖u‖ ((1 − t)‖u‖ + t‖w‖ |〈u,w〉|) .
(3.6)

By substituting u for Xk̂τ and w for k̂τ , we have

(1 − t)‖Xk̂τ‖2 + t |〈Xk̂τ , k̂τ 〉|2 ≤ λ‖Xk̂τ‖2

+ (1 − λ)‖Xk̂τ‖
(

(1 − t)‖Xk̂τ‖ + t |〈Xk̂τ , k̂τ 〉|
)

.
(3.7)

Taking the supremum over all τ ∈ �, we have

‖X‖2
∇t

= sup
τ∈�

{

(1 − t)‖Xk̂τ‖2 + t |〈Xk̂τ , k̂τ 〉|2
}

≤ sup
τ∈�

{

λ‖Xk̂τ‖2 + (1 − λ)‖Xk̂τ‖
(

(1 − t)‖Xk̂τ‖ + t |〈Xk̂τ , k̂τ 〉|
)}

≤ λ‖X‖2
ber + (1 − λ)‖X‖ber

(

(1 − t)‖X‖ber + t ber (X)
)

,

for any λ ∈ [0,1]. �

Remark 3.11 Taking λ = 1
3 in Theorem 3.10, we have a refinement of [1, Theorem 6]. More-

over, from the relation (2.5) and Theorem 3.10, we obtain for any pair of non-negative real
numbers α, β such that (α,β) �= (0,0),

‖X‖ber
α,β =√α + β ‖X‖∇t1
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≤√α + β inf
λ∈[0,1]

√

λ‖X‖2
ber + (1 − λ)‖X‖ber

(

(1 − t1)‖X‖ber + t1 ber (X)
)

= inf
λ∈[0,1]

√

(α + β)λ‖X‖2
ber + (1 − λ)‖X‖ber

(

α ‖X‖ber + β ber (X)
)

where t1 = β

α+β
.

Acknowledgement The authors would like to thank the anonymous referees who provided useful and detailed
comments on an earlier version of the manuscript.

Author Contribution The authors contributed equally to the manuscript and read and approved the final
manuscript.

Funding The authors declare that there is no source of funding for this research.

Declarations

Competing Interests The authors declare that they have no competing interests.

References

1. Altwaijry, N., Feki, K., Minculete, N.: A generalized norm on reproducing kernel Hilbert spaces and its
applications. Axioms 12, 645 (2023)

2. Aronzajn, N.: Theory of reproducing kernels. Trans. Am. Math. Soc. 68, 337–404 (1950)
3. Augustine, A., Garayev, M.T., Shankar, P.: Composition operators, convexity of their Berezin range and

related questions. Complex Anal. Oper. Theory 17(8), 126 (2023). 22 pp
4. Bakherad, M.: Some Berezin number inequalities for operator matrices. Czechoslov. Math. J. 68(143),

997–1009 (2018)
5. Bakherad, M., Karaev, M.T.: Berezin number inequalities for Hilber space operators. Concr. Oper. 6,

33–43 (2019)
6. Bhunia, P., Garayev, M.T., Paul, K., Tapdigoglu, R.: Some new applications of Berezin symbols. Com-

plex Anal. Oper. Theory 17(6), 96 (2023). 15 pp
7. Bhunia, P., Gürdal, M., Paul, K., Sen, A., Tapdigoglu, R.: On a new norm on the space of reproduc-

ing kernel Hilbert space operators and Berezin radius inequalities. Numer. Funct. Anal. Optim. 44(9),
970–986 (2023)

8. Bhunia, P., Paul, K., Sen, A.: Inequalities involving Berezin norm and Berezin number. Complex Anal.
Oper. Theory 17(1), 7 (2023). 15 pp

9. Bhunia, P., Sen, A., Paul, K.: Development of the Berezin number inequalities. Acta Math. Sin. Engl.
Ser. 39(7), 1219–1228 (2023)

10. Chien, F., Bakherad, M., Alomari, M.W.: Refined Berezin number inequalities via superquadratic and
convex functions. Filomat 37, 265–277 (2023)

11. Conde, C., Moradi, H.R., Sababheh, M.: A family of semi-norms between the numerical radius and the
operator norm. Results Math. 79(1), 36 (2024). 17 pp

12. Garayev, M.T.: On the invertibility of operators on a model space. N.Y. J. Math. 30, 436–450 (2024)
13. Garayev, M.T., Guesba, M.: Refinements of some inequalities involving Berezin norms and Berezin

number and related questions. Ann. Univ. Ferrara, Sez. 7: Sci. Mat. 70(2), 381–403 (2024)
14. Garayev, M.T., Gürdal, M., Saltan, S.: Hardy type inequality for reproducing kernel Hilbert space oper-

ators and related problems. Positivity 21(4), 1615–1623 (2017)
15. Guillemin, V.: Toeplitz operators in n-dimensions. Integral Equ. Oper. Theory 7(2), 145–205 (1984)
16. Hajmohamadi, M., Lashkaripour, R., Bakherad, M.: Some generalizations of numerical radius on off–

diagonal part of 2 × 2 operator matrices. J. Math. Inequal. 12(2), 447–457 (2018)
17. Hajmohamadi, M., Lashkaripour, R., Bakherad, M.: Improvements of Berezin number inequalities. Lin-

ear Multilinear Algebra 68(6), 1218–1229 (2020)
18. Karaev, M.T.: On the Berezin symbol. Zap. Nauč. Semin. POMI 270, 80–89 (2000). (Russian); Trans-
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