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Abstract

The derivation of an approximate Class—I model for nonisothermal multicomponent sys-
tems of fluids, as the high-friction limit of a Class—II model is justified, by validating
the Chapman—Enskog expansion performed from the Class—II model towards the Class—
I model. The analysis proceeds by comparing two thermomechanical theories via relative
entropy.
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1 Introduction

Multicomponent systems of fluids, i.e. systems of fluids composed of several constituents,
are common in nature and industry, with applications including gas separation, catalysis,
sedimentation, dialysis, electrolysis, and ion transport [14]. Due to the complexity of such
systems, one distinguishes among different classes (or types) of models, depending on how
much information is assumed on the modeling stage. More detailed models have the advan-
tage that they describe the physical phenomena more accurately, but at the same time the
number of unknowns makes it difficult to analyze the systems, implement numerical algo-
rithms, and it is impossible to measure experimentally certain of the quantities involved. It is
thus expedient to understand the methods of passage from more detailed models to less de-
tailed ones, as the latter are simpler and easier to comprehend. Ample understanding exists
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in the literature concerning the mechanical aspects of modeling, considerations of consis-
tency with thermodynamics, and modeling of dissipation mechanisms for multicomponent
systems, see [1, 9] and references therein. The focus here is on the effect of friction as a
mechanism of passage to simplified models.

In the literature, Class—II models refers to models assuming detailed knowledge of the
constituent velocities (v, ..., v,) while Class—I models refers to those models using the
barycentric velocity v for the description of motion of the mixture. The reduction from
Class—II to Class—I models proceeds via relaxation induced by friction from the constituent
velocities to the common barycentric velocity. The mathematical theory of relaxation was
initiated in the works [4, 12] and in the context of problems with friction may lead to dif-
fusion equations [10, 13]. In the context of reduction from Class—II to Class—I models, the
relevant mechanism is one of alignment through friction to a common barycentric veloc-
ity and it is best captured through the Chapman—Enskog expansion [11, 15]. In this work
we describe this mechanism and provide a quantitative convergence result in a context of
nonisothermal models.

To focus ideas, let n be the number of components of the system. We consider the Class—
I model consisting of » mass balances, » momentum balances and a single energy balance:

00 +div(p;v;) =0, (I.1)
. 1
9, (p;iv;) +div(p;v; @ v;) = p;ib; — Vp; — 29 Zbijpipj(vi —vj), (L.2)
J#i
n 1 ] n 1
0 (,oe + Z E,o_,»vjz-) +d1v<z (,o_,«ej +pi+ Eij?-)Uj) (1.3)

j=1 j=1
n

=div(kVO) + ijbj v + pr,
j=1

fori € {1, ..., n}. For simplicity we consider the problem on T3 x [0, 00), where T2 denotes
the three dimensional torus, that is with space—periodic boundary conditions. The same anal-
ysis can be performed in a bounded domain €2, with no—flux boundary conditions, i.e.

pivi-v=0, (pv; ®v; + pihHv =0,

. 1, (1.4)
Z(pjej+pj+zpjvj>vj—/<v9 -v=0,
j=1

foralli =1,...,n, on the parabolic boundary €2 x [0, c0), where v denotes the outward
normal to the boundary 9€2.

The variables of the model are the n partial densities p;, the n partial velocities v; and
the temperature 6, which is assumed to be the same for all components. The remaining
quantities of the model are b; the external force exerted on the i—th component, p; the
partial pressure and p;e; the internal energy of the i—th component. Moreover, we define

PZZM, UZ%ZMU,‘, PZZPJ'» pe:zpjejv PbZZijj
j=1 j=1 j=1 j=1 j=1

to be respectively the total mass density p, the barycentric velocity v, the total pressure p,
the (total) internal energy pe and the total force pb. Finally, « is the thermal conductivity, pr
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the radiative heat supply and b;; are positive and symmetric coefficients, modeling binary
interactions between the components, with a strength that is measured by € > 0.

The thermodynamics of the model is described by a set of constitutive relations, assuming
that the Helmholtz free energy functions p;v; are given, which are

pivi = pivi(pi, 0), (1.5)
pivi = piei — pinit, (1.6)

i = (ivi)y (L7
pini = —(Pivi)e (1.8)

where p;n; are the partial entropies, i; the chemical potentials and we denote partial deriva-
tives by subscripts, e.g. f,, stands for 5—5_. The Gibbs-Duhem relation, determining the pres-
sure, is given by

Pivi + pi = pili. (L.9)

Given equations (1.1)—(1.3) and the constitutive relations (1.5)—(1.9), one can derive the
balance of the total entropy pn = Z';;l pjn;, that reads:

< a! 1 5
3 (om) +div | > pymjv; | =div V0 | + Z5KIVO)

j=1

(1.10)

1 n n 5 pr
+ Zzzbupimlvi —v"+ r

i=1 j=I

and a derivation of (1.10) can be found in [1, Sect. 5] or [7, Appendix C].

The above model was derived and studied in [2, 11] in the isothermal case and in [1] in
a more general setting including chemical reactions and viscosity, in the case € = 1. It was
further shown that, if we introduce the diffusional velocities u; := v; — v, (1.1)—(1.3) can
be approximated by a simplified model ignoring terms of order |u;|?, which contains only
the barycentric velocity v and the diffusional velocities u; (and not the partial velocities v;).
The approximate model, which is a Class—I model, reads:

3 pi +div(p;v) = —div(piit;), (1.11)
8, (pv) +div(pv @ v) = pb — V p, (1.12)

o 1_, S B Cfor Ny .-
o (2-+ 350%) + (2 + 5+ 3 500) = (90~ Y318, + i)
Jj=1

) (1.13)
+oF+pb- B+ Y pibj-ij,
j=1
where u; is determined by solving the Maxwell-Stefan system:
o Pi = — _
= bibpip i —iij) =€ <5<pb —Vp) — bibi + Vp,) : (1.14)

J#
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subject to the constraint

B

piut; =0, (1.15)

which ensures that the total mass density is conserved. The thermodynamics of the model is
described by the same laws (1.5)—(1.9) and the entropy balance now takes the form

N b NP 1_ -,
3, (pi) + div(pijD) = div 5KV9—;pm_fuj + =RVl

+ Zzbljplp]h/tl 78 | +_

tljl

(1.16)

The method used to derive the model (1.11)—(1.15) in [1] is of algebraic nature and
tailored to the specific model. To provide a systematic method, the authors of [11] view
this problem as a relaxation process in the collisional time € > 0: they rescale the last term
in (1.2) (which corresponds to friction) and investigate the limit € — 0 via a Chapman—
Enskog expansion. As € — 0, the friction forces the partial velocities v; to align to a single
velocity v, the barycentric velocity describing the motion of the center of mass, and the
Class—I model emerges as the O(e?)—approximation in the Chapman—Enskog expansion.
The methodological approach of relative entropy was developed for hyperbolic conservation
laws in [6] and generalized to hyperbolic/parabolic systems in [5]. It is used in [11] in order
to compare dissipative weak solutions to the Class—II model with strong solutions to the
Class—I model thus validating the Chapman—Enskog expansion.

Here, we employ a similar perspective in the context of non-isothermal models that in-
clude the balance of energy equation and entropy production inequality. As shown in [7],
the Chapman-Enskog expansion applied to the Class—II model (1.1)—(1.3) produces at an
O(e*)—-approximation the Class—I system (1.11)—(1.15), with the diffusional velocities u;
being of order O(¢). We here develop a relative entropy identity for Class—II models and
use it to justify the limiting process. This validates the high—friction limit in the weak—
strong solution context, i.e. we compare a weak solution of the Class—II model with a strong
solution of the Class—I model. It is shown that, as € — 0, the weak solution converges to the
strong one, in the relative entropy sense. Such a result assumes that a strong solution to the
Class—I model truly exists, which has been established near equilibrium, [9]. More precisely,
there exists a unique strong solution to Class—I models, which is local-in—time for general
initial data and can be extended for all positive times for initial data close to an equilibrium
state (see [9, Chap. 9] for more details).

2 The Relative Entropy Inequality for Class—Il Systems

Let w=(o1,..., Pn,V1,...,Vy,0) and w = (01, ..., Pn, V1, ...,17,1,9_) be two solutions of
the Class—II system. Motivated by [5] and [7], we define the relative entropy of w and ® as
follows:

1 n n _
H(w|d) (1) = /T (5 > pilvi = 5l + (o) @ld) + (on — 56 — 9)) dr Q.1
’ i=1 i=1
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i) (@|@) = pivri — pivi — (Bivi) p; (i — i) — (PiYri)e (6 — 6).

Throughout this paper, we use the convention f = f (@) and therefore when we write p; Vi,
Wwe mean (:Ol WI)(('U) while (:01 1//1),0, d(p' wl ‘ —o and Similarly (/51 1/’1’)9 = d(p' 1//’ |

If p;y; are C* on the set
U={0<p; <M, O<y<p<M, O<y<6<M, forsomey, M> 0},
such that

i¥i)op >0 and  (pivi)es <O, 2.2)

then according to [7], there exists C > 0 such that

i=1 i=1

Y (¥ (@ld) + (pn — pi)(6 —6) = C (Z i = pil> +16 — éﬁ) N X))

Therefore, the relative entropy defined in (2.1) can serve as a measure of the distance be-
tween w and w. We note, that the conditions in (2.2) (known as Gibbs thermodynamic sta-
bility conditions) are natural in thermodynamics, as they follow from the basic assumptions
that the temperature is a strictly positive quantity and that the energy is a convex function of
the entropy, satisfied for example for the ideal gas (for more details see [7, Appendix A]).

Remark 1 The assumption p;1/; € C3(U) does not cover many free energy functions that are
useful. The interesting case of the ideal gas,

Y; = R;0logp; —c;0logh, with R;, c; > 0 constants,
is not C? unless both p; and 6 are bounded away from zero, for instance on the set
0={O<y§,o,«§M, O<y<p<M, O<y<6<M, forsomey, M>O0}.

We refer to [7, Chap. 5] for a detailed explanation on which term is problematic. We note
the popular model of the ideal gas violates the third law of thermodynamics [3, Sect. 1.10,
Sect. 3.4], namely that the entropy vanishes when the absolute temperature goes to zero.

Let

n 1 _
H@l®) =) [Epim — i + (o) @I®) + (oim; — fii) —m}

i=1
and

- [1 _ _ o -
Q(w|d) = Z |:§pivi|vi — 0 * + (pivi) (@l@)v; + (pimi — B:71:) (6 — O)v;
i=1
+ (pi — pi)(vi — 5i)]-
We want to obtain an identity of the form:

3, H(w|®) + div Q(w|®) = RHS. 2.4)
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Carrying out the differentiations and using the equations (3.1), (3.5), (3.7) and (3.4),
along with the thermodynamic relations (1.6)—(1.9), we find that

1 n n _ _ _
RHS = - DN 0bijpip;l(vi —v;) — (B — 9;)I* — x|V logh — Viogd|*
i=1 j=1

= pi@l@)divi; — Y pi((vi = ) - V)b - (i = 0) + Y pi(bi — bi) - (v; — 07)
i=1 i=1 i=1

= D _(pim) @) (30 +5; - VO) = 3 pi(vi = Bi) - VO — i) + (% - %) ©~8)
i=l1 i=1

+ (Vlog6 — Vlogh) - Vg6 (0 — Ox) +div ((0 — 0) (x«Vlogh — & Vlog6))

l n n _
= =D Obypi(o = ) - (p; = 5@ =)

i=1 j=1

1 n n _ . i .

te DD O = 0)bypipi(vi =) - (B — 1)
i=1 j=1

1 n n ~ o ] )

+ E Z 2:(0 —0)bij(pi — pi)p;(V; — V) - v;

i=1 j=1

1 n n _ _ ~ _ _
+ < ZZ(Q —0)bijpi(pj — p;j)(v; —v;) - 1;,

i=1 j=1
where the relative quantities are given by

pi(@|®) = p;i — Pi — (Pi); (pi — 1) — (Pi)e (0 — 0)
(pini)(w|w) = pin; — pif — ()61'7_}1'),0,- (oi — pi) — (Pini)e (0 — é)-

The details of the computation proceed along the lines of [7, Appendix D] and are not
presented here. While the computation there concerns Class—I models, the formal compu-
tation can be adapted to the present case of Class—II modes in a straightforward way. A
rigorous derivation of (2.4) between a weak and a strong solution is presented in Sect. 3.3.

3 Asymptotic Derivation of Class-I Systems

The goal is to show how Class—I models are derived as asymptotic high-friction limits in
a context of nonisothermal models. We proceed as follows: (i) First, we interpret a Class—I
model as a Class—II system with error terms. (ii) Using the relative entropy formula we com-
pare an exact solution to an approximate solution of a Class—II system. (iii) This needs to be
done at some prescribed level of solutions; this is made precise in Sect. 3.2, in which we give
the definitions of weak and strong solutions. (iv) Finally, the derivation of the convergence
result is done in Sects. 3.3 and 3.4.
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3.1 Reformulation of the Class-I1 Model

First, we embed a solution of a Class—I model into an approximate solution of a Class—II
model. The equations of the Class—II model contain the partial velocities v;, while the equa-
tions of the Class—I model contain the barycentric velocity v and the diffusional velocities
u;.

Let (p1,..., pn, v, 60) be a solution of (1.11)—(1.13). Then we set

vV, =0V Uu;
and (1.11)—(1.13) and (1.16) read:
3 p; +div(p;v;) =0 (3.1
3,(pv) +div(pU @ V) = pb — Vp (3.2)

0; <pe—|— 5101)2) + div /Z:l:(pjej +pjvj+ E'Ovzv

(3.3)
=div(cVO) + Y pb; - v; + pF.
j=1
T B 2 U U .
a,;(pn) +div ijnjvj =div 5KV9 +EK|V9|
= (3.4)

1 n n o B ,5f
S D WL
i=1 j=1

Next, we rewrite (3.2) and (3.3) in a form that resembles the equations of the Class—II
model. We reformulate (3.2) as:

_ - _ 0 =
0, (p;iv;) +div(p;v; ® v;) = pib; — Vi — < Zbijpipj(vi —vj)+ R;, (3.5)
J#
where

Ri = 8,(5i0) + 8, (piiti) + div(p; 0 ® D) + div(pi 0 ® it;) + div(pi; ® )

o _ .0 o
+div(piu; @ u;) — pibi + Vpi + < Zbijpipj(vi —V)).
J#

Using (1.14), we obtain
Ri = 0,(5i) + 0, (priy) + div(p,5 ® D) + div(pi @ i)

+div(pu; @ v) +div(pii; @ u;) — %(,55 —Vp)
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and by virtue of 9,0 + div(pv) =0, we see that
0;(piv) +div(p;v @ V) = (9, 0; + div(p;v))v + 0; (3; v + (v - V))

= —div(pit;)v + %(Bz(ﬁf)) + div(pD ® )
— —div(Gi) T + %@5 ~Vp)
and thus
Ri = —div(p;it;) 0 + 0, (fiit;) + div(p; 0 ® it;) + div(pyit; ® ) + div(piit; ® ;).

Similarly, we reformulate (3.3) as:
n 1

n
- l__ . - - o) -
o [ pe+ E,ojvf +div| ) (,ojej—i—pj—i—i,ojvjz-) v;
im j=1

= div (RV0) + ) _ p;b; - 0+ 7 + 0,

j=1
where
_ 1__, (1 1 G, I,
Q=—-0,|=pv" ) —div Epvv + 0, EZ,OJUJ + div 3 pjU;V;
j=1 j=1
I N (3. L,
=0, 3 ,ojui + div 3 pjuiu] + div 3 p,-u?v
j=1 j=1 j=1
because due to (1.15)
I~ o, 1, 1T &
E p]vjz—ipv2=§ ,ojuj
j=1 j=1
and
I~ . o, I &, 3.,
5 ,Ojl)?vj—Epvzvzijzlpjuiu,+§/:1,0J*M§U.

(3.6)

3.7

(3.8)

The equations of the Class-I model are thus reformulated as equations of a Class—II
model (namely equations (3.1), (3.5), (3.7)), with the terms R; and Q given by (3.6) and
(3.8), respectively. The latter are viewed as error terms. The Maxwell-Stefan system

S Di = - -
- E bij0pip;(u; —uj) =€ (—_(Pb —Vp)—pib; + VPi)
— 0
J#
pji; =0
j=1
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i§ uniquely solvable [8, 11], which implies i; = O(¢) and thus for smooth solutions R; and
Q are of order O(¢) and O(e?) respectively.

3.2 Notions of Solutions

In the following, we give the definitions of solutions that will be used. We use the notation
w:((pla"'7pnvvlv'-'svn79)'

Definition 2 A function (p1, ..., On, V1, ..., V,, 0) is called a weak solution of the Class—II
model (1.1)—(1.3),if foralli € {1,...,n}:

0<pi € CY([0,00); L'(T%),  pivi € C°([0, 00); L' (T*; R?)),

0iv; ® v € L (T x [0,00); R? x R?), p; € L} .(T* x [0, 00)),
pib; € Lio (T? x [0, 00); R?),

loc

0<6eC0,00); L'(T?), (piei + %pivf) € C°([0, 00); L (T%)),

1
(piei + pi + 5PV € Lige(T* x [0,00); RY), k0 € Lo (T” x [0, 00); R,

loc

(pibi - vi + pr) € Li (T* x [0, 00)), 6 Zbijpipj (vi —v;) € L, .(T? x [0, 00); R?)
J#i

and (o1, ..., P, V1, ..., Uy, 6) solves for all test functions y;, & € C2°([0, 00); C>(T?)) and
¢ € C2([0, 00); C=(T?; R3)):
_/ p,—(x,O)I/fi(X,O)dx —/ / piatw,—dxdt —/ / Piv; - vl/f,d.xdt :O, (310)
T o Jr3 o Jm
—f (Pivi)(X,0)¢i(X,0)dX—/ / piv; - 0r¢p;dxde
T3 0 J13
—/ /(pivi®vi+pi1[):v¢idth (3.11)
0 T3
0 1 o0 n
= p,—b,-d),—dxdt——f / 0 ) bijpip;(vi —v;)¢;dxds
/0 ./1r3 €Jo Jr3 ; e !
and
00 1 n 5 o0 l n 5
- /T3(pe+E;pjv_f)<x,o>s<x,0)dxdt—/0 /T3(06+§;P/”j)3'5d"d’
00 n 1 o0
_/ / Z(pjej+p,-+—p,»u2i)uj-vsdxdt:—/ / «V6 - VEdxdr (3.12)
0o Jm o 27 o Jm

[o'e) n
+/ / (ijbj~vj+pr)$dxdt.
o Jm
j=1
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Definition 3 A function (py, ..., pu, V1, .., Uy, 0) is called an entropy weak solution of the
Class—II model (1.1)—(1.3), if it is a weak solution according to Definition 2 with the addi-
tional regularity

pn € C°([0,00); L'(T*),  pimivi € Lige(T? x [0,001; RY), i €{l,...,n}
«Vlogh e L} (T* x [0,00); RY), «|VIogh|* € L] (T* x [0, 0)),

pr
5 € Lioe(T* x10,00)), D bijpipjlvs — vl € Ly (T* x [0, 00))

iJj

that satisfies the weak form of the integrated entropy inequality

00 00 n
- [ om0 0ar - [ [ pagasar— [* [ 3 ooy vranar
T3 0 3 0 s =

oo 1 o 1
3_/ / —Kve-vxdxdz+/ / — K| VO xdxdr G.13)
0 T3 6 0 T3 92
+ii2ﬂ:/m/ bijpipjlvi —v~|2dedt+/oo P ydxar
2¢ o oo Jm RO ! o Jm 0 ’

holds for all test functions y € C°([0, 00); C>®(T?)), with x > 0.

Definition 4 A function (01, ..., p,, U1, ..., Un, 0) is called a strong solution of the Class—I
model (1.11)—(1.15), if (1.11)—(1.16) hold almost everywhere on T and for all ¢ > 0.

3.3 Derivation of the Relative Entropy Inequality
Next, we derive the relative entropy inequality comparing a weak with a strong solution:

Proposition 5 Let w be an entropy weak solution of the Class—II model (1.1)—(1.3) and @
a strong solution of the Class—I model (1.11)—(1.16). Then, the following relative entropy
inequality

~ ] n n t _ ) )
H@IO)O + 53 Z/O fT Obijpipj|(vi — v;) — (¥; — 1) dxds

i=1 j=1

t n t
+/ / 0_K|V10g0—Vlogélzdxdsfﬂ(wlcb)(O)—Z/ / pi(w|@) div v;dxds
0 JT3 i Jo J1
n t n t _
—Z/ / pi((v,-—z')i)~V)17i-(v,-—ﬁi)dxds-{-Z/ / pi(bi = bi) - (v; — v;)dxds
i=1 /0 JT° i=1 /0 /T
n t _ B n t B
—Z/ / (p,-n,-)(a)|c7))(859+17,-~V9)dxds+2/ / R; - 0;dxds
i=1 /0 /T i=1 /0 /T
n t B n t 0i _
= [ [t vam - ipaxas = Y [ [ 2 -5 Riavas
iz1 70 JT —Jo Jr

3 Pi
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The High—Friction Limit Page110f27 3

! t
+/ (Vlogf — Vlogh) - Vlogd (0 — Ok )dxds —/ Qdxds (3.14)
o J13 o Jms
1 n n t B
T e Z Z/ / 0b;jpi(vi —v;) - (pj — pj)(v; — v;)dxds
€io oo Jm

1 n n t _ i i i
+EZZ/ f3(9_9)bijpi:0j(vi_Ui)'(vi—vj)dxds
0o JT

i=1 j=1

n n

1 ! ~
te szo /TJQ — 0)bij(oi — p1)p; (Ui — U;) - ;dxds

i=1 j=I

1 n n t B _ ~ ~ ~
+-2 Zf /3(9 = 0)bijpi(pj = ) (@i = ¥;) - Biddxds
0 JT

i=1 j=1

. __
pr  pr _
+ — — — ) (6@ —0)dxds.
/o /'11‘3 ( o 0 ) ( )
holds for every t > 0, where R; and Q are given by (3.6) and (3.8).

Remark 6 The proof is done for periodic entropy weak solutions defined on T* x (0, 00).
The same proof would carry over to solutions defined on a bounded domain 2 x (0, co0)
that satisfy the no-flux boundary conditions (1.4). Concerning solutions of Class-II models
defined on the whole space R3 x (0, 00), the reader will note that the integrals in the relative
entropy identity (3.14) are still well defined for classical solutions that approach the same
constant states (p, U;, 0) at infinity, provided the functions decay sufficiently fast to the con-
stant sate as |x| — oo. For such classical solutions one can still derive the relative entropy
inequality and it would be useful if the error terms R; and Q are integrable.

Proof Multiply (3.1), (3.5), (3.7) and (3.4) by the test functions ¥;, ¢;, &, x respectively,
as in the weak formulation of the equations of the Class—II model, integrate them over
T3 x (0, 0o) and subtract them from (3.10)—(3.13), in order to obtain:

—/ (pi—ﬁ,-)(x,O)l/fi(x,O)dx—/ /(pi_ﬁi)at‘/’idth_/ /(p,-vl-
T o JT3 o Jr

= piv;) - Virdxdr =0,
—/ (pivi — pivi)(x, 0)g; (x, 0)dx —/ / (pivi — piv;)0,P;dxdt
T3 0 T3

o0 o0
- / / (oivi @ v; + pil— piv; ® v; — p;l) : Vepdxde :/ / (pibi — pib;) - pidxdt
0 T 0 T

1 [ - o
- E/ /3 gzbijpipj(vi —v;)—0 Zbijpipj(vi — 1)) | - pidxdr
o Jr

J# J#
o0 -
—/ / R,~-¢,~dxdt,
0 T3
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l & IR QR
—/TZ pe+§ijvf—pe—§ijvf (x, 0)& (x, 0)dx
j=1 j=1

0 1 n s N 1 n .
_/0 /T3 pe+§;p,’ j_pe_zj;pjvj 3,dxdr
+/ (kVO — ik V) - VEdxdt
0 T3
” ; 1 2 - - _ 1_ _,
-~ 'JT3Z (ojej+pj+ 5pjvj)vi = (pjej+ Pj+ 5p0j)v; | - VEdxds
j=1
o0 n n . - )
:/ / pr+zpjbj.vj_ﬁf—zlajbj.gj dedt—/ Ot dxdr
o J=1 Jj=1 o Jr3
and

o0
= [ =00 - [ [ on-piaxaa
T3 0 T3
o0 n 00 1 1 _
—f / E (pjnjvj—ﬁjﬁjﬁj)-Vdedtz—/ / (—KV@—:EV@>~dexdt
o Jrim o Jr\0 0

o0 1 n n 1 n n o _ _
+/ /3 Zzzbijpipjh}i_Uj|2_ZZZbijpipjlvi_vj|2 xdxdt
o Jr

i=1 j=1 i=1 j=1

o 1 A T, © r lor  pF
¥ e |VOP — —&|VOP ) xdxd: + Pr_ PP S dxd.
o Jmr\82 02 o J;3\O 0

We choose the test functions v; = (,&,« — %1712) ¢ di=0¢, E=-¢ and x=0¢
where

1 0<s<t
(=15 +1 t<s<t+4,
0 s>t+4+46

and let § — 0, to obtain:

1 d 1
—/ (o — p)(x,0) [ i — =07 ) (x, 0)dx —/ f (o — P05 | i — =7 ) dxds
T3 2 0o JT3 2
- 1, ' - _ 1,
+ | (oi —pi) | i — 57 ) dxds — (pivi — pivy) -V iy — zv; |dx =0,
T3 2 0 T3 2
t
—/ (pivi — pivi)(x,0)v; (x, 0)dx —/ f (pivi — p;iv;)0;v;dxds +/ (pivi — piv;)v;dx
T3 0 J1 T3
t t _
—/ / (pivi @ v; + pil — piv; @ v; — p;I) : Vu;dxds =/ / (0ib; — pib;) - vidxds
0 J13 o Jr3
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1 [ - o _ _
- —/ / 9Zbijpipj(vi - Uj) - Ozbijpipj(vi - Uj) - v;dxds
€JoJm\ i

t
—/ f Ri . "Didxds,
0 JT3

1< R
[ e+ 5o 1 32505 | s 000
s j=1 j=1
1 n 5 . 1 n -
SN TR SR A P
T j=1 j=1

t n n t
=—/ / pr + E pjbj-v; — pr — E pjb; - v; dxds—i—/ Qdxds
0 J13 ) o JT3
j=1 j=1

- / (pn — i) (x. 0) (x, O)dx — / / (pn — pia,fdxds + / (pn — pinidx
T3 0o J13 T

t n ~ t 1 1 ~ B
—/ / Z(pjnjvj—ﬁjﬁjl_)j)-Vdedsz—// (—Kve—:we)-vedxds
0 Jm3 i o Jm \0 0

t 1 1 n n o _ _
+/0 /1r3 % Zzbijpipjlvi —v;* - 7 Zzszpiﬁﬂvi — ;> | Gdxds

i=1 j=1 i=1 j=1

, 1 1o\ - , 57\ -
+/ / —k|VO — =& |VE] 9dxds+/ / P _ P\ Gdxds.
o Jm \ 62 02 0o Jr3\ 0 0

Then, summing everything up and by virtue of the computation
= o= 0 (= L) = o — i
o i i i ) i P i Vi i Vi) Vi
+ pe+lip~v?—ﬁé—liﬁﬁ?
L - 245 -

— (o0 — PO ==Y (pi — B

i=1
+ 3 Z(Pivf —2pv; - U; + piv}) + (pe — pe) — (pn — pin)o
i=1
1 n _ n _ - _ .
=§Zpi|v,~ — 2= (0¥, (pi — 1) + pe — pe — pnd + piif
i=1 i=1

1 n n _
=5 2 il =B+ D (i) @ld) + (on — 50 — 6) = H(wld)
i=1

i=l
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3 Page 14 0of 27 S. Georgiadis, A.E. Tzavaras

one gets the inequality:
Hwlw)t) H@l o))+ L+ b+ L+ L+ 5+ 1+ 1

where

n t 1
I =~ i — i) - O | i — =7 ) dxd
| ;/0 A}(p pi) (u 2v,) xds
n t ¢ .
- Z/ / (pivi — pi0;)0sv;dxds — / / (on — pn)d;0dxds,
i=1 Y0 T3 0 JT3

n t o i 1_2
I2=_§1:/0 /1;3(,0:‘1)1'—Pivi)'v<lti—§vi>dxds
n t
_Z/ / (pivi ®vi — Piv; @ V;) : Vu;dxds
i=1 Y0 /T

n t
- Z/ / (pivin; — pi0;7;) - VOdxds,
i=1 /0 JT
1 n n t
I3=EZZA ABObijpipj(vi—vj).vidxds

i=1 j=1

LA [ f -
__ZZ/ / 0bijpip;(v; —v;) - v;dxds
€ o J13 :

i=1 j=I

l n n t _ 2
_ZZZ/O /E39bijpipj|vi — v;|°dxds

i=1 j=1

1 n n t _ o . B
e ZZ/(; /1r3 6b;; pi p;10; — v;]*dxds,

i=1 j=1

! 1 1 _ _ t 1 1 ) )
. :/ / <_KW - ﬂzw) Vodxds _/ / <—'<IV9|2 - _—;z|v9|2) fdxds,
0 /12 8 g o Jm \ 82 02
n t .
Is=— Z/ / (pibi — pib;) - v;dxds
i Yo JT3
t n n
+/ / (pr—i—zpibi'Ui_ﬁf_Zﬁil;i-ﬁi)dxds
A — £
t -
_/ / (ﬂ - p__r) Odxds,
o Jm3 \ 0 2]
n t
Ie=— Z/ f (pi — pi) divv;dxds
i J0 JT
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n t t
I; = / / Ei-ﬁidxds—/ / deds
! ; 0o J13 0 J1

and the plan is to rearrange the above terms in five steps.

Step 1: We rearrange the terms 1), I, and Is. We start with I; and carry out the following
calculation:

t n
I=- / / D00 = 50 (), Bepi + (12)90,6) dds
0T
t n t n _
—/ / AT —ﬁi)asa,-dxds—f / > _(pimi = pifi)dsfdxds
o JI o o JIT 5
t n B
= —/ /3 Z(Pi = 1) (), 05 £; + (1) 050) dxds
0 JT° i—1
t n t n _
- [ f > pivi = ), Bidxds — f / > (pin) (@]@)d6dxds
0 JT3 T 0 JT3 T
t n B t n B B
- / f D Bii) (i — pi)d,6dxds — / / > (pif1)e (0 — 6)d,6dxds
0 T 0 T

and since

0ini) o = (=(PiVi)e) p; = — (i) p)o = —(i)g (3.15)

we see that

t n t n
h==[ [ S n-wnadds— [ [ Y eme@nios
0 Jmig 0 JT3 5
t n _ _ t n
_ / / 3 i 60 — )2, dxds — / f > (os — )G By idxds
0 Jm i 0 JT D

=Ty +-+ ha,

where

t t n
Lz = —/ /3 05 (pm)(0 — H)dxds +/ L Z(ﬁiﬁi)pi (0 — 0)0;p;dxds
0 JT 0 JT3 5

t n _ t 1 B B
= di 0ii0; | (6 — 0 =kVO - V(0 — 0)dxd
I/ w(anv)( v+ [ [ 7796V —axas

i=1

t 1 _ = _ 1 t n n o B ) ) _
_/0 /W §x|v9| (9—9)dxds—z/(; A}ZZbupimvi—m (6 — §)dxds

i=1 j=1
t ,5; B t n _

—/ / T(O—Q)dxds—/ / Z(ﬁiﬁi)pi(e—Q)Vﬁi-ﬁidxds
o J3 0 0 Jm S
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3 Page 16 0of 27 S. Georgiadis, A.E. Tzavaras

t n
- / f D _Bifie) (0 = 8) i div ydxds =: i3y + -+ iy
0 JT i)

and we have used (3.1) and (3.4) and an integration by parts in the term 1;3;.
Moreover,

t n t n
1131:// ZV(@?),-)-@(G—@)d)CdS—l—/ / Zﬁiﬁidivﬁi(e—é)dxds
0 JT3 T 0 JT3 ]
=:Iizi1 + Liz12.

Again using (3.1),
t n t n
ho= [ [ 0= i, Vs + [ [ 0= a0, frdiv s
0 JT o 0 JT o
t n t n _
= [ / > (b = BV, - idxds — f / > (pi = 5)([i)s V6 - Bidxds
0 T 0 JT
t n
+ / / D P = ) () i div Bideds =t Tay -+ + T,
0 JT° 5
We now write I, as
t n t n
b= [ Y= a0 Vidsas = [ [ 3" g -5 i - )
0 JT3 5 0 JT3 5
t n t n _
—/ / >0 V(v —ﬁ»dxds—/ / > _(pimivi = 4ifii ;) - Vodxds
0 JT 5T 0 JT T
and if we add and subtract the term with the relative pressure:

t n t n
12=—/ / Z(p,-vi—ﬁ,-m-vaidxds—/ / Y P =) Vi =)
0 J13 0 JT3 5

i=1
t n t n
—/ / > bt - Vi (v; —ﬁ,-)dxds—/ / > pi(|®) div 5;dxds
o JT 5 o JT o
t n t n _
[ @0t praivaasas— [ [ Y (pue - fyaiviasas
0 JT 5 0 J1 55
t n _ t n
- f / > (pimivi — pifiiv;) - VOdxds + / / > (pi — pi) div v;dxds
0 JT o 0 T

=t D+ + by,

@ Springer



The High—Friction Limit Page170f27 3

where I, cancels out with /g, while

t n P n
In= —/ f > (pin; — pii); - VOdxds — / / > pimi(vi — ;) - VOdxds
0T o Jmi
t n ~ ¢ n i
= —/ / Z(,Oiﬂi)(a)ld))ﬁi - VOdxds —/ / Z(ﬁiﬁi)pi (0i — pi)U: - VOdxds
0o J13 i=1 0o J13 P
t n B _ t n B
—/ / > (Bifii)e (0 — 6)v; - VOdxds —f f > oimi (v — ) - VOdxds
0 JT T 0 Jo i

=i+ +hn

and thus /57, cancels out with /14, and /;3;; cancels out with /3¢ and I,75. Furthermore, due
to

Vpi=piVii + pini Vo (3.16)

which can be obtained by applying the gradient operator to (1.9) and using (1.7) and (1.8),
we have

t n t n
Ly = —/ / Zvﬂi - (pi — pi)vidxds —/ / Zvﬂi - pi (v — v;)dxds

0 JT S o JT 5

t n ' n
= [ [ -mow—maras = [ [ S Vi o= poianas

0 JT o 0 JT o

t n _ t n
+f / Zﬁiﬁive-(vi—ﬁi)ddis—/ / > Vi (v — B)dxds
0 JT 0 JT o

=t Dby 4+ b,
where I, cancels out with /;4; and

t n
1213+1274=—/ /}Z(ﬂi’?i — o) (v; — v;) - VOdxds.
0 JT o

Regarding I;, using (3.5) we get

t n t n
Iy = 0 - Vi (v; — B)dxds — (v; — ;) - bydxd
11 /(; /J;3;pv U,(U UI) s /(; /;p;pt(vt vl) i dxdads
t n 0i t n Oi _
+// T’(vi—m-vndxds—// P — 71) - Ridxds
0 T3§ i 0 T3;Pi

Pi

1 t n n _ _ _ _ ~
+ g/ /% Zzpi(vi —0)0bijp;(V; — v;)dxds =: L1y + -+ + Iis.
0 Jr

i=1 j=I
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Notice that /17, cancels out with />3 and

t n 1 _ _ _
1214+I113=f / ZTvpi'(Ui_Ui)(Pi_pi)»
o Jm T Pi

which combined with I,,; gives, due to (3.16),
t n
L+ Lz + i = / /3 Z ni(pi — pi)(v; —v;) - VOdxds

0 JT )

and hence
t n _
L+ Lz + Ly + Lz + b= —/ /3 Zpi(vi — ;) - VO(n; — n;)dxds.
0 Jm i

Finally, (1.5)~(1.8) imply
(P oy = Pi(i)p; (3.17)
(pi)e = pini + pi(1Li)e (3.18)

and due to (3.18),
t n _
fan+ho== [ [ 3 5G00 - ddiviasas
0 JT iy

which cancels out with /37, because of (3.15), while due to (3.17), I»5 cancels out with /43.
Putting together I;, I; and I, we get

n t n t . _
I +12+16=—Z/ /zp,»(a)k?))divﬁ,-dxds—Z/ / Pl —5;) - Ridxds
i=1 V0 JT i=1 70 JT

3 Pi
n t t n B
—Z/ f pivi = ) - Vi (v —ﬁ,«)dxds—f f > pivi = ) - bydxds
= Jo Jm 0 JT3 =]
n t _ _ t 1 _ _
—Z/ / (p;n,»)(wlc?))(aﬁ—i-ﬁi-V@)dxds—i—/ / =kV0O - V(0 — 6)dxds
= Jo Jm o Jm 0

R . X (3.19)
- Z/ / pi (v — ;) - VO(n; — 7;)dxds —/ / —ik|VO|*(0 — §)dxds
—Jo Jm o Jrs 62

1 t n n _ t oF _
- i (v — 0)0bi; p; (0; — v;)dxds — (0 — 6)dxd
+€/0/1r322p(v, 9:)0bi; p; (U — 9;)dxds /O/TW( )dxds

i=1 j=1
1 t n n o . ]
C2e Jo Js ;;bﬁpiﬂﬂvi —v;|7(6 — 0)dxds.
The rest of the steps consist in combining the terms on the right-hand-side of (3.19) with

13, 14, 15 and 172
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Step 2: Combine I3 with the last and third—to-last term on the right—hand-side of (3.19).
We start by noticing that

1 non t B
I3=EZZv/(; [ESGbijpipj(vi—Uj)'Uidde

i=1 j=I
1 n n t ~ 5
_Z;]X_;/(; /‘E%Ob’/plplh)’_')/' dxds.
The reason is that due to the symmetry of b;;
1 Z Zn:ébijﬁ,-,aj(a,- — ;) - ;dxds = _L Z Zn:éb,-,-p,-,aj |0; — v;]*dxds
€ i 2¢ i=1 j=1
and thus the second and fourth terms of I3 cancel out with each other. Therefore, we have:

1 t n n _
F:=1I - i i__igbi‘_' _l‘—_‘dd
3+E/0 ASZZP(U U) jp](v Uj) xdas

i=1 j=1

1 t n n o ) i
B Z/ /g Y > bisidli; — ;6 - 6)dxds
0 JT°

i=1 j=1

1 t n n
:—/ / ZZGbijp;pj(vi—vj)-ﬁ,-dxds
€ Jo J13

i=1 j=1

1 F noon
- Z/ /3 ZZszjPiﬂﬂvi — v;|*dxds
0 J13 4

i=1 j=1

1 t n n _ _ _ _ _
+ - / /3 Z Zpi(vi — 01)0b;;p;(V; — V;)dxds
o Jr

i=1 j=I

n n

1 [ -
_;/0 /1r322bi_fepip_,.|vi_vjlzdxds

i=1 j=1
1 t n n B R
+ Z/o j;B ;;bijepi’oj|vi —vj["dxds=:Fi+---+ Fs
and we start by collecting only the terms that are multiplied by 6:

1 t n n B
F2+F5+F3:_Z/ /3ZZQb[jpipj|Ui—Uj|2dde
0 JT

i=1 j=1

n n

1 [ .
+Z/0 /11‘3 Zzebijpi/’ﬂvi—vjlzdxds

i=1 j=I

1 t o
Z Ob;ipi(v; — ;) - p: (0; — v;)dxd
+E/(;/T3ZZ i pi (Vi — v;) - pj(v; — v;)dxds

i=1 j=1
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3 Page 20 of 27 S. Georgiadis, A.E. Tzavaras

1 t n n_
__/ / Zzebifpipf(vi_vi)'(vi—ﬁi)dxds
€Jo Jm3 ' :

i=1 j=1

1 t n n B )
+ E/O /1r3 ZZ%U/O;P/(U,- —v;) - (v —v)dxds =: fi +--- + f5,

i=1 j=1

where the last two terms are added and subtracted.
Now, write the third term as

1 rt noono
fi= —;fo fT SN by — 5 - () — ) (@ — B)dxds

i=1 j=1
1 t n n ~
+ ;/ /3 Zngi]’pi(vi —0;) - p;(v; — v;)dxds =: f31 + fx
0o Jm i
and combine f3, with f4, in order to get

1 ! non
st fa=— [ /T 33 byi5 o — 5 - (i — v)) — (3 — ))dxds
0 3

i=1 j=1

n n

1 - M.
=_Z/ /3 Zzebijpipﬂ(vi—vj)_(vi_v/')ldeds'
0 Jr

i=1 j=1
Now, we write

1 t non . 1 t non .
F]:g/ /QZZGb,]p,pjvlv,dxds—E/ fSZZGb[jpiijj-Uidxds,
0 JT° 0 JT°

i=1 j=I i=1 j=1

1 ¢ non
Fy=—- 0bi; 1 (v; — v;) - Bidxds,
4 6/0‘ /]T?ZZ /,0/).,( j) xds

i=1 j=1
1 [ noono
fi= _E/o A} Zz‘gbi_/’pipj(vi —v;) - vidxds,

i=1 j=I

n n

1 (! - o -
H= E/o /1;3 ZZQbijpin(Ui — ;) - v;dxds,

i=1 j=1

1 [t "l _
fs= E/O /11-3 DD 0bipip;v; - (v — B)dxds

i=1 j=1

1 t n n _ )
B _/ / Zzebijpipjvj - (v — v;)dxds,
€ Jo Jr3

i=1 j=1

so that

M S _
F1+F4+f1+f2+f5=g/ /2220bijpipjvi'vidxcis
0 Jro

i=1 j=I
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] t n n ) l : n n o ] ]
— g/0 /1;3 ZZGbUPinv_; -v;dxds — ;/0 fw ZZ@b,«jp,-pj(vi — ;) - ;dxds

i=1 j=1 3ol =1

1 t n n B
__//Zngijpipj(vi—vj)-v,-dxds
€ Jo J13

i=1 j=1

1 t n n } o ) ]
+E/ fJZZQbfjpipj(vi_Uj)'v,-dxds
0 T i=1 j=1

n n

1 (! _
- 0b;jpip;vi - (vi — v;)dxd
+€/0 /@ZZ jPipjvi - (v; — U;)dxds

i=1 j=1
1/,/ non o }
- - Ob;;ipipiv; - (v; — v;)dxds
and, due to symmetry,
1 t n n . 1 t n n .
——/ / ZZGbijp,-pjvj-v,-dxds:——/ / ZZGbijp,-pjv,--vjdxds,
€Jo Jm i o €Jo Jm Do

which implies that

[ _
F1+F4+f1+f2+f5=2/0 fwzzebi.fﬁiﬂjvi'”id"ds

i=1 j=1

1 t n n ) 1 . " n o ] ]
_E/O A}ZZGbijpinv[.vjdxds—;/O /@ZZebUp,-pj(vi_vj).v[dxds

i=1 j=1 o1 o1

1 t n n B 1 ‘ n n .
T e 0b;jpip;v; - vidxds + — 0b::i0:0:v: - v:dxd
6/0 /1;3; 1 0iPjV; - vidx S+6/(; /WZZ ijPiPjVi "V S

=ti= Ti=1 j=1

n

1 t no o ) ]
+E/0 /w Zzebijpipj(vi—vj).vidxds

i=1 j=1

n n

1 /! _
- 0b;;pip;v; - (v; — v;)dxd
w2 o - waras

i=1 j=1
1 t n n
B _/ / ZZGbi.fpiijj - (v; — v;)dxds
€Jo JT T o
and a rearrangement of the terms gives

1 t n n _ B
Fi+F+ fit+thtfs= 2/0 /;TSZZ(Q —0)bijpipjv; - vidxds

i=1 j=I

1 t n n B
- _/ / ZZ(Q—Q)buPiPﬂi - v;dxds
€Jo Jr3

i=1 j=1
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n n

1 [ _
N ‘/ / > 20— 0)bipip; (v — ) - 7;dxds
€ Jo Jr3

i=1 j=1

1 t n n B
- _/ / 22(9—9)@15[,5/(@ — ;) - U;dxds
€ Jo J13

i=1 j=1

1 t n n _
= ‘/ / DD O —0)bypip;(vi =) - (5 — U;)dxds
€ Jo Jr3 7%

i=1 j=1

1 t n n ;
+ E/ /T ZZ(Q —0)b;j(pi — pi)p;(v; — ;) - V;dxds
0 3

i=1 j=1

1 t n n _
- 0 — B)bi; 01 (p; — py)(B; — ) - Brdxds,
+e/0 /WZZ( )bijpi(pj — pj)(; — v;) - v;dxds

i=1 j=1

so that

1 t n n _ ) i
b= _Z/O /JI; ZZQbiipiijUi —v;)— (Ui — Uj)lzdxds

i=1 j=1

1 t n n B
_g/ /1; Zzeb’jpi(vi_ﬁi)'(pj_ﬁj)(l_)i—ﬁj)dxds
o Jm3

i=1 j=I

1 t n n _ ] ) ]
+ E/O A3 ZZ(G —)b;jpip;j(vi —v;) - (v; — v;)dxds

i=1 j=1

n n

1 ! _ o ] )
te /0 /T3 DN O = 0)bij(pi — pi)p; (i — U;) - Bidxds

i=1 j=1

1 non . o ) ]
+g/ /222(9_9)bijpi(pj_pj)(vi_vj)'vidxds.
0 JT°

i=1 j=1

Step 3: Combine Iy with the sixth and eighth term on the right—hand—side of (3.19):
t 1 _ _ t 1 _ _
Iy +/ / =kVO - V(6 —0)dxds —/ / —k|VO*(O — 0)dxds
0o Jr3 6 o Jm 62
t t
:f f (kV1ogh — kVlogh) - VOdxds —/ / (k|V1og8|* — ik|V1ogd|*)Hdxds
0o J13 0 J1
t _ _ t _ _
—I—/ / kVlog6 - (VO — VO)dxds —/ / k|V1ogd|*(6 — H)dxds
0 J13 0 J13
t _ _ t _ _
= —/ / Ok |V1ogh — Vlogd|*dxds —/ / (Vlogh — Vlogh) - VOxdxds
0o J13 0 J13
t
+/ (Vlogh — Vlogh) - Vloghhicdxds
o J13
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t
=—/ / Ok |Vlogh — Vlogf|*dxds
0 JT3
! - - -
— / (Vlogh — Vlog#6) - Vlog6(6ic — Or)dxds.
0 J13

Step 4: Combine Is with the fourth and tenth terms on the right—hand—side of (3.19):

1 n 1 —
- or _
1 —/ / ,O,'(U[ — U[) . b,‘d.de —/ / T(Q — 9)dxds
> Ir3§ o Jr3 0
t n _ B t or oF _
:/ / Zpi(bi —b;) - (v; — v;)dxds —I—/ / (— — T> (6 — 0)dxds
0 Jr i o Jm\ 6 0

and finally,
Step 5: Combine I with the second term on the right—hand-side of (3.19):

t n
Pi _ ~
17—/ / T(vi —vi)-Ridxds
0o J1 ; Pi
t noo_ t _ t " 0i —
:/ / ZRi-ﬁidxds—/ deds—/ / > = (vi — ;) - Ridxds.
0 J1 T 0o J1 o Jm T Pi

1

Putting everything together, we arrive at (3.14). O
3.4 Validation of the High-Friction Limit

A careful estimation of the terms on the right-hand side of (3.14) implies the following
theorem:

Theorem 7 Let w be an entropy weak solution of the Class—II model (1.1)—~(1.3) and @

a strong solution of the Class—I model (1.11)—(1.15). We assume that the weak solution
satisfies

0<pi,....o0n<M, O<y=<p=<M, O<y=<O0=<M

and the strong solution satisfies

0<y§ﬁ],"~$ﬁn§M7 |l_)1|a'~'7|l_)n|§Ma 0<V§9_§M
IVOil,.... Vol <M, (06| <M, |VO<M
for some y, M > 0. Moreover, assume that k and % are Lipschitz functions of (p1, ..., Pu,
0), with k bounded away from zero, b; are Lipschitz functions of (01, ..., Pns U1y ..., Uy, 0),
forall i € {1,...,n} and the free energy functions p;vr; € C3(U) satisfy (2.2), for all i €
{1,...,n}. Then, if the initial data are such that H(w|®)(0) — 0, as € — 0, we have that

H(w|w)(t) — 0, forall t >0, as e — 0.

Remark 8 In the case of the ideal gas, Theorem 7 is still valid under the additional assump-
tion0 <y <p1,..., pp <M (see Remark 1 or [7, Sect. 5] for more details).
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Proof Having obtained the relative entropy inequality (3.14), Theorem 7 is a direct applica-
tion of Young’s inequality and Gronwall’s Lemma. In particular, we estimate each term on
the right-hand side of (3.14), as follows:

We start by noticing that, according to [7, Lemma 4.1], due to the smoothness of the free
energy and the bounds on the strong solution, we have the following bounds:

pi(@l@) < C (loi — oil* +16 — 61%)

and
[(pimi) (@]|@)| < C (|pi — i+ 16 —4§|2) ,
which imply that
d - _
- / / 3" (0im) @]@) (8,6 + 5 - VA)dxds
0 JT8 T
t n 5 -
SC// lpi — pil” +160 — 6]° | dxds
0o J13 ;
and

t
_// Zpi(w@)di\'ﬁ,-dxds
0 JT3

i=1"

¢ n
sc[ [ <Z|pi—,6i|2+|9—é|2>dxds.
0 JT NS

Again by the smoothness of the free energy, and thus the entropy, we obtain
In: — il < C(lpi — pil + 16 — 0])

and thus by Young’s inequality,

t n
_/ / > pi(vi = ;) - VO — i) dxds
0 JT
t n n
§C// (Zm—ﬁi|2+Zpl-|v,-—6,-|2+|9—9'|2>dxds~
0 J13 i=1 i=1

Moreover, by Young’s inequality and the Lipschitz continuity of b;,

t n ' n
//Zp,«(bi—éi)-(v,-—mdxds sc/ / 2 (pilvi = 5> + pilb; — bi?) dxds
0 JT3 T 0 JT3 T
t n n
sc// <Z|pf—ﬁi|2+2p,~|v,-—ﬁi|2+|e—é|2)dxds.
0 I\ i=1

Furthermore,

t
‘—/ / (Vlogh — Vlogh) - Vlogh(0ic — Ok )dxds
0o J13
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t
S// I\/gﬁ(VlogG—V10g§)~V10g9_(/c—/Z) |dxds
o J13

9
Vorx
+// VoK (V1ogh — Viogd) - Viog (@ — ) Yx |dxds
0 J13 x/§

1 t ~ _ t n B
5—/ / 9K|V10g9—V10g9|2dxds+C// > o = pil* +10 — 617 ) dxds
2Jo Jrs 0 J13 \'Z]

by Young’s inequality, the lower bounds of 6 and « and the Lipschitz continuity of «.
Also, by (3.6) and Y, piit; = 0, we have R; = O(e), >, Ri = O(€?) and Q = O(€?).
Thus, ", R;v; = O(e?) and

t n
// D Ri -t — Q) dxds| < O(e?)
o JT Ao
and
t n i _
—/ / > = (v — ) - Ridxds
0 Jm T Pi
t n ) t n Iéz
<C // pi|vi—ﬁi|dxds+// pi —dxds
0 ’H‘3§ 0 ’]1‘3; P,-z
t n
sc [ [ o -upads + o),
0 ’]1‘3;
Finally,

1 t n n _ . ) i i
__/ / Y2 0bypii =9 - (p; — 5 (@ — ))dxds
€ Jo J13

i=1 j=1
/ n n

§C/ / (Zm—/3,-|2+Zp,-|v,-—a,-|2)dxds
0 JT \ =) i=1

and C does not depend on €, because %(17,- —v;) = O(1) and the remaining terms are treated
in a similar fashion.
Putting everything together, we obtain

1 n n t B
H(I) (1) + ZZ/O /T Obijpip;|(vi — v)) — (B — ) Pdxds

i=1 j=1

1 [ ~ ~
+ 3 / / Ok |Vlogh — Viogf|*dxds < H(w|®)(0) (3.20)
0 JT3

t n n
+cf/ (Zm—ﬁi|2+2pi|vi—6i|2+|6—9|2>dxds+0<e2),
R i=1
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where by virtue of (2.1) and (2.3),

t n n t
// Do =i+ il = 5P+ 16 — 6 dxdssC/ H(w|®)(s)ds.
0 J13 \; ] 0

i=1

The dissipation terms on the left-hand side of (3.20) are non-negative and thus can be ne-
glected, yielding

H(w|®)(1) < [H(w|®)(0) + O(e?)] +C/ H(wlw)(s)ds,
0

where C > 0 is independent of €.
By Gronwall’s Lemma

H(w|d)(t) < [H(|@)(0) + O(e*)]e",

where C > 0 does not depend on €. Letting € — 0, H(w|®w)(0) — 0 and thus H(w|®)(t) —
0, for all # > 0 and the proof is completed. g

Acknowledgements We would like to thank the anonymous referee for his/her many valuable comments.

Funding Research partially supported by King Abdullah University of Science and Technology (KAUST)
baseline funds. The first author acknowledges partial support from the Austrian Science Fund (FWF), grants
P33010 and F65. This work has received funding from the European Research Council (ERC) under the
European Union’s Horizon 2020 research and innovation programme, ERC Advanced Grant no. 101018153.

Declarations

Conflict of interest The authors have no conflict of interest to report.

References

1. Bothe, D., Dreyer, W.: Continuum thermodynamics of chemically reacting fluid mixtures. Acta Mech.
226, 1757-1805 (2015)
2. Boudin, L., Grec, B., Pavan, V.: Diffusion models for mixtures using a stiff dissipative hyperbolic for-
malism. J. Hyperbolic Differ. Equ. 16, 293-312 (2019)
3. Callen, H.: Thermodynamics and an Introduction to Thermostatistics. Wiley, New York (1985)
4. Chen, G.-Q., Levermore, C.D., Liu, T.-P.: Hyperbolic conservation laws with stiff relaxation terms and
entropy. Commun. Pure Appl. Math. 47, 787-830 (1994)
5. Christoforou, C., Tzavaras, A.E., Relative entropy for hyperbolic—parabolic systems and application to
the constitutive theory of thermoviscoelasticity. Arch. Ration. Mech. Anal. 229, 1-52 (2018)
6. Dafermos, C.M.: Stability of motions of thermoelastic fluids. J. Therm. Stresses 2, 127-134 (1979)
7. Georgiadis, S., Tzavaras, A.E.: Asymptotic derivation of multicomponent compressible flows with heat
conduction and mass diffusion. ESAIM: Math. Model. Numer. Anal. 57, 69—106 (2023)
8. Giovangigli, V.: Convergent iterative methods for multicomponent diffusion. Impact Comput. Sci. Eng.
3,244-276 (1991)
9. Giovangigli, V.: Multicomponent Flow Modeling. Birkhiuser, Boston (1999)
10. Hsiao, L., Liu, T.-P.: Convergence to nonlinear diffusion waves for solutions of a system of hyperbolic
conservation laws with damping. Commun. Math. Phys. 143, 599-605 (1992)
11. Huo, X., Jiingel, A., Tzavaras, A.E.: High-friction limits of Euler flows for multicomponent systems.
Nonlinearity 32, 2875-2913 (2019)
12. Jin, S., Xin, Z.: The relaxation schemes for systems of conservation laws in arbitrary space dimensions.
Commun. Pure Appl. Math. 48, 235-276 (1995)
13. Jin, S., Pareschi, L., Toscani, G., Diffusive relaxation schemes for multiscale discrete-velocity kinetic
equations. SIAM J. Numer. Anal. 35, 2405-2439 (1998)

@ Springer



The High—Friction Limit Page270f27 3

14. Wesselingh, J.A., Krishna, R.: Mass Transfer in Multicomponent Mixtures. Delft University Press, Delft

(2000)
15. Yang, Z., Yong, W.-A., Zhou, Y.: A rigorous derivation of multicomponent diffusion laws. arXiv:1502.

03516 (2015). Preprint

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under a pub-

lishing agreement with the author(s) or other rightsholder(s); author self-archiving of the accepted manuscript
version of this article is solely governed by the terms of such publishing agreement and applicable law.

@ Springer


http://arxiv.org/abs/1502.03516
http://arxiv.org/abs/1502.03516

	Alignment via Friction for Nonisothermal Multicomponent Fluid Systems
	Abstract
	Introduction
	The Relative Entropy Inequality for Class--II Systems
	Asymptotic Derivation of Class--I Systems
	Reformulation of the Class--I Model
	Notions of Solutions
	Derivation of the Relative Entropy Inequality
	Validation of the High--Friction Limit

	Acknowledgements
	References


