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Abstract
In this paper, we study the existence and regularity results for some parabolic equations with
degenerate coercivity, and a singular right-hand side. The model problem is

—A p=2 .
gy (1+|W\ )|W\ Vu)_ ; in 0
,

ot (I+u])? = @ -nr
u(x,0)=0 on €2,
u=0 on 407,

0.1)

where Q is a bounded open subset of RY N >2, T >0, A € [0, p— 1), f is a non-negative
function belonging to L™ (Q7), Qr =2 x (0,7), 007y =02 x (0,T7),0<0<p—1+
E+y(+£Hand0<y <p-1

Keywords Degenerate parabolic equation - Existence and regularity of solution - Singular
term - Irregular data - Fixed point theorem

Mathematics Subject Classification 35J60 - 35J70 - 35B45 - 35D30 - 35B65

1 Introduction

Let © is a bounded open subset of RN (N >2), Q7 is the cylinder Q x (0, T) (T > 0), 307
is the lateral surface 92 x (0, T'). We consider the following double nonlinear anisotropic
singular parabolic problem

Y4+ Bu=g)f in Qr,

u(x,0)=0 on 2, (1.1)
u=0 on 407,
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where Bu = —div(b(x, t,u, Vu)), f is a non-negative function belonging to a suitable Leb-
sgue space L™ (Qr) (m > 1). Here, we suppose that b : Q x R x R¥ — R is a Carathéodory
function, and satisfying for almost every (x, t) in Qr, for every z € R, for all £,y € RY the
following

al§|P
b(x,t,z,f)fzm, (1.2)
14 14
O§9<p_l+ﬁ+y(l+ﬁ)’ (1.3)
Ib(x,t,2.8) <a(x,0)+ 2P + &7, 1.4
(b(x,t,Z7E)_b(-xvt5zvn))(S_n)>03 53’5777 (15)

where «, B are strictly positive real numbers and « is a given positive function in L (Q7)
with % + 14 = 1. Moreover, g : [0, +00) — [0, +00) is a continuous and possibly singular
function with g(0) # 0 which it is finite outside the origin and such that

Je>0: g(z)g% forallz > 0, (1.6)
Z

where 0 <y <p—1.

In the uniform ellipticity and non singular case (i.e. # =0 and y =0, it is proved the
existence results for the problems (1.1) in [1-5, 7, 8, 28-30] when f € L™ (Qr) or f is a
bounded Radon measure on Q7. We cite the paper [16], and the references therein, when
p=2,y=0,0<0< 1+% and f € L"™(Qr), where m > 1. Inthe case 8 =0 and p > 2,
the existence and regularity solution have been treated in [11]. Problem (1.1), in the coercive
case, has been treated in [9], they have proved the existence and regularity of solutions to
problem

e —div(|VulP?Vu) =L in Qr,
u(x,0) =up(x) on €2,
u=>0 on 407,

withy >0, p>2, f>0, feL"(Qr), m>1and uy € L*(R). If y =0, the problem
(1.1) is studied in [12, 19, 25].

Finally, concerning the singular model case the authors in [14] studied existence and
regularity of problem

B —div(b(x, t,u, Vi) + [ul*'u=gw) f in Qr,
u=0 on 907,
u(x,0)=0 in €,

where f € L"™(Q7) (m > 1), a: Qr x R x RY — R is a carathéodory function satisfying
forae (x,t) € Qr,Vz e R, V&€ e RV

al§|? .
b(x,t,z,6).§ > W with 0<0 <1,

and the singular term g satisfying (1.6) with 0 < y < 1. The corresponding results for
parabolic equations with singularities have been developed in [13, 15, 17]. The existence
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and regularity results for weak solution of degenerate elliptic equation with singularities
data have been proved in [18, 20, 21, 31-33].

Our main motive in this article is to investigate the results of [25] in the framework of
the operator non-coercive B(u). To reach this goal, we will face the following difficulties.
First, let us note that (1.1) can be singular on the right-hand side in the following sense:
the solution is required to be zero on the boundary of the domain but, simultaneously, the
right- hand side of (1.1) could blow up. Another important feature is the lack of coercivity
for positive 6, the operator B(u) is not coercive as u becomes large. Due to the lack of
coercivity, the classical methods can not be applied even if the data g(u) f are sufficiently
regular (see [27]). We will overcome these two difficulties by approximation, truncating the
degenerate coercivity of the operator term and the singularity of the right-hand side (see
problems (3.1)). We will prove by Schauder’s theorem that these problems admit a bounded
finite energy solution u,,.

The following lemma is useful when proving the boundedness of the solution u,, of prob-
lem (3.1).

Lemma 1.1 (See [6]) Let My, v, p, ¥, ko be real positive numbers, where 9 > 1 and p €
[0,1). Let A : R, — R, be a decreasing function such that
M kP

9
by [A(K)]", Yh>k=>k.

A(h) <

Then there exists | > 0 such that A(l) =0.

Next, we will review the results of the renowned Gagliardo-Nirenberg embedding theo-
rem.

Lemma 1.2 (See [10]) Letv e L*(0, T; W()I’K(Q)) NL*®0,T; L(R)), k,0 > 1. Then v be-
longs to L9(Q7), where ¢ =k %, and there exists a positive constant M, depending only

on N, k, o such that
f lv(x, H)|9dxdt < M2||v||LWw(0YT;LQ(Q))/ [Vu(x, t)|“dxdt. (1.7)
or or

Forany ¢ > 1,4q' = qu is the Holder conjugate of g. For fixed k > 0 we will use of the
truncation 7} defined as 7 (s) = max(—k, min(k, s)) and Gi(s) = s — Ty (s). We will also
use the following function

1, if s <A,
Bi(s) =152, if A<s <22, (1.8)
0, if s >2A.

For the sake of completeness, we recall a well-known inequality that will be useful in
what follows

Va>0,Vu>0,3C(n,a)>0: A+ <Ctt, Vtela,+o0). (1.9)
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2 Statements of Results
We first define the notion of a weak solution to (1.1) as follows:

Definition 2.1 We say that u € L'(0, T; WOI’I(Q)) is a weak solution of problem (1.1), if
b(x,t,u,Vu) € (L'(Q71)V, gu) f € L' (Qr) and the equality

a
/ —u(pdxdt—i-/ b(x,t,u,Vu).Vgodxdt:/ g) fedxdt, 2.1
or ot or or

for every ¢ € C®([0, T'] x ) which is zero in a neighborhood of d Q7 and  x {T}.

The first theorem we state concerns with the existence of L°°-solutions to problem (1.1),
where f € L"(Qr) with m > % + 1.

Theorem 2.2 Assume that (1.2)-(1.6) hold true. Let f € L (Qr) with m > % + 1. Then
there exists u € L?(0, T W(}’p(Q)) N L*°(Q7r) a weak solution to problem (1.1).

Remark 1 We apply Lemma 1.1, which requires the assumption p > 2, to obtain the L*-
estimates for u,, the solutions of (3.1). In the case p =2, y = 0 the result of Theorem 2.2
coincides with the classical boundedness results for degenerate parabolic equations ([16],
Theorem 1.1), furthermore if p > 2 the results of Theorem 2.2 are similar than the regularity
results of [14, 25]. To obtain the L°-estimate, the conditions (1.4) and (1.5) are unnecessary.
However, such conditions are needed to prove the existence of u,, solution of problem (3.1).

In the following theorem we give the result of existence and regularity in the case of
exact values of the summability exponent m = % + 1.

Theorem 2.3 Suppose that assumptions (1.2)-(1.6) hold, f € L™ (Qr) with m = % + 1.

Then, for every r € [p, +00) there existsu € L (0, T Wol'p(Q)) NL"(Qr) a weak solution
to problem (1.1).

Remark 2 Theorem 2.3 gives the result in the limit case m = X + 1 for parabolic equations.
As far as I know, the first time this case was addressed in the article [16] with p = 2 and

y = 0. The result of Theorem 2.3 has been obtained in [14, 25].

The next result deals with a given m < % + 1, which ensures the existence of solutions
in L7(0,T; Wy () N L*(Q7).

Theorem 2.4 Let us assume that (1.2)-(1.6) hold true, and that f € L™ (Qr), with

N+6+2 N
pIN+0+2) <m<— 41 2.2)

m; =
T (-DN+2p—(N—pb+Ny — p

Then, there exists u € LP(0, T}, Wol'p(Q)) N L3(Qr) a weak solution to problem (1.1), such
that

:m[p+N(p—1—9)+y(N+p)]
N+ p—pm ’

)

(2.3)
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Remark 3 The condition (1.3) implies that the assumption (2.2) is well defined. By (1.3) and
(2.2), we have § > p, since

(13) o p(N+6+42) . p(N + p)
' (p—DN+2p—(N=p)0+Ny p+Np—-1-0)+y(N+p)+p?
p(N + p)
m >
p+Np—1-0)+y(N+p)+p?
=8> p.

If0 <6 < 55 +v g thenmy < p/yso f ¢ LP(0, T; W7/ (). If 325 4y iy <
0<p—1+L+y+2) thenm > p',sofeLVOT; W (Q).

The first result deals with the case when the summability of f gives the existence of
solution u belong to L4 (0, T; W, (), with p — 1 < g < p.

Theorem 2.5 If hypotheses (1.2)-(1.6) hold and f € L™ (Q7) with m > 1, such that

N+6+42

= <m<my, 2.4
pP—-DN+p+1—-6N—-1D+y(N+p—1)

my

then there exists u € L4(0, T, Wol’q (2)) N L*(Q7) a weak solution to problem (1.1), such
that

=m[N(p—9—1)+p+V(N+p)]

(2.5)
N+1—-0+1H(m—1)+my

where § as defined in (2.3).
Remark 4 The hypothesis (2.5) is meaningful, because

p p
b<p-1+L+y(1+2).
my; <m;<=>06<p +N+y +N
Notice that the inequality (2.4) guarantees that p — 1 < g < p. In Theorem 2.5, we also
suppose m > 1,

_NAr+l

p p
le0<f<p—14+2L (1 —)
m<1&0<60<p ~|—N+y —I—N N

If y = 0; the result of Theorem 2.5 is similar that of ([25], Theorem 2.5).

Remark 5 Tt will be noted to the reader that the choice of the test functions in the proof of
the a priori estimates allowed us to widen the interval of variation of y and 6 compared to
that in [14], with the same regularity of the solution. If we compare the results of theorems
2.2-2.5 with those of theorems in [25], we can easily see that the singular term allowed us
to widen the interval of variation of 6 compared to that the assumption (3) in [25].
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6 Page6of23 H. Khelifi, F. Mokhtari

3 Approximating Problems

Let us first consider the following approximation problems

Yo — div(b(x, t, Ty(un), Vit)) = ga(uy) fu  in Qr,
u,(x,0)=0 on Q. (31)
up =0 on 40,

where f, € L*(Q7r) (for example, f, = T,(f)), such that

| fullzmory < NN fllLmory < C, 32)
Jo— f stronglyin L™(Q7), m=>1, '

and, we define g(0) =lim,_o g(z), we set

T, (g(2)) for z>0,
min{n, g(0)} otherwise.

8n ()= {
Using (1.6), we have for all z > 0
8:(2) =T,(8(2) <g(2) < z% (3.3)

Lemma 3.1 Assume that (1.2), (1.5) and (1.6) hold true. Then, the approximating problem
(3.1) has a non-negative solution u,, such that

duy e
a”t e L7 0, T; Wy "7 (),

u, € LP(0, T; Wy P () N C([0, T1; L2(R)),

and satisfying the weak formulation

T 9 0
f < " ,<p>dz+/ b(x,t, T, (), Vity).Vodxdi
0 at or

:/ 8n(uy) fupdxdt, (34)
or
for all n € N fixed and for every ¢ € L”(0, T; WOI’I’(Q)) NL>®(Qr), where

ou, du,

—, )= dx.

( ot (p> /Q Jt pax

Proof Letn € N and v € L?(Q7) be fixed. Consider the nonlinear parabolic problem

M div(b(x, 1, Ty(w), Vi) = g,(v) fu in Or,
w(x,0)=0 on €2, 3.5)
w=0 on 407,

it is clear that the problem (3.5) has a unique solution w with
d , 1
weL?,T,; Wol"’(Q)) N L*®(Qr) and a—l: eL? (0, T; W, PPUQ) + LY(Qr).
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Since the right-hand side on (3.5) belongs to L*°(Q7) see for instance [23, 24]. In particular,
it is well defined a map P : L?(Qr) — L?(Q7) where P(v) = w. By the boundedness of
the sequence {g,(v) f,}, in L*(Q7r), we have that w € L>*(Q7) (see for example [14]),
then, there exists Co, > 0, independents of v, w (but possibly depending in n), such that

lwllzeo;) < Coo- (3.6)

Our aim is to prove the existence of fixed point of the map P. Using w as test function in
(3.5), one gets

1
—/ |w(T)|2dx+/ b(x,t, T,(w), Vw).Vwdxdt
2 Ja or

= / g, (v) fywdxdt. 3.7
or
By (1.2), (1.6) and dropping a positive term on the left-hand side in (3.7)
Ywl?
a/ %dxdz <pr! / \wldxdt. (3.8)
or A +1T,(w)) or

Using the Holder’s inequality on the right-hand side in (3.8), we have

P

C 1
/ |Vw|Pdxdt < —n*'(1 +n)?| Q7|7 (/
or o

|w|”dxdt>
or
Poincaré inequality imply

lwliror < Cn, 107D, (3.9)

for some constant C(n, |Qr|) independent of v and w (possible depending on n). Let B
is a ball of L?(Q7r) of radius C(n, |Q7]) is invariant for the map P. Now, we prove that
the map P is continuous in B. Let {v,},, be a bounded sequence in B. By (3.9) there exist
a subsequence of {vy}, still denoted by {v,},, and a measurable function v belonging to
L?(Qr), such that

v, = v strongly in L?(Q7). (3.10)

Let us choose w, as a test function in the weak formulation of the problem solved by w,

(3.8) implies that
T T %
/ ||th||f,,(mdt < C4/ </ |wh|”dx> dt. 3.11)
0 0 Q

Since the ball of L”(Q7) is invariant for P, we have w,, belong to B and so, from the in-
equality (3.11), we obtain that w;, is bounded in L? (0, T’; WO1 "7(Q)). The growth assumption
(1.4), implies

’ _P_
/ |b(x,t, wh,th)V’dxdtf/ [laGe, D)+ lwil”™" + |Vwy P~ | P dxdt
or or

P p p
SIKILy gy T Iwilizror) + ”wh”mo.r;w&'”(m)

< 4o00.
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6 Page8o0f23 H. Khelifi, F. Mokhtari

Using the previous inequality with (3.5), and the fact that g, (v) f, € L'(Q1) we have % is

bounded in L' (0, T Wo_l’p’(Q)) + L'(Q7). As a result of the Corollary 4 in [34], we can
conclude that wy, is relatively strongly compact in L' (Q7). Thus, there exists a subsequence
of wy, still denoted by wy,, and a measurable function w belonging to L'(Q7) such that

w, —w aein L'(Qr). (3.12)

By (3.9), (3.12) and Lebesgue Theorem we have that wj;, converges strongly to w in L”(Q7),
and so P is compact.

Now we prove that P is continuous. Let w, = P(v;), (3.10) implies that v, — v a.e in
Qr, hence g, (v;) f, converges to g,(v) f, a.e in Q7 and by the dominated convergence the-
orem one has that g, (v,) f,, converge strongly to g, (v) f, in L?(Q7). Hence, by uniqueness,
one deduce that w, = P(v;,) converges to w = P(v) in L?(Qr). This gives the continu-
ity of S. Using Schauder’s fixed point theorem for every fixed n, we have there exist u,
in L7(0,T; Wy'"(R2)) N C([0, T1; L*(R)) and B e LP(0, T; Wg"”'(Q)) + L'(Q7), such
that u,, = P(u,).

Choosing ¢ = —u, = —u, Xju,<0}, Where xu,<oy denotes the characteristic function
of {(x,1) € Or 1 u,(x,t) <0} as a test function in (3.1). Using (1.2), and recalling that
gn(uy) f 1s nonnegative, we obtain

1/ 5 o _ B
—= | |u,|"dx — / |Vu, |Pdxdt > —/ &n(uy) fruu, dxdt > 0,
2 Jq (1+n)¥ Jo, or

dropping the term —3 [, |u; |*dx, we have

—/ |Vu, |Pdxdt >0,
or

so that [lu, || =0, thus u, > 0 almost everywhere in Q7. O

LP©,7; Wy (@)

4 A Priori Estimates

We shall denote by C;,i =1, ..., N various constants depending only on the structure of p,
0,y,T,||. Letu, € L?(0, T; Wol’p(Q)) NC([0, T1; L*(R2)) be a solution to problem (3.1).
In this section, we prove some uniform estimates for the sequence {u,}, and {% }n.
Lemma 4.1 Assume that (1.2)-(1.6), p —2 <y < 1 hold true. Let f € L"™(Qr) with m >
% + 1. Then, the sequence {u,}, is bounded in L*°(Qr) N L?(0, T, Wol'p(Q)) and {%”}
is bounded in L? (0, T; W="7'()) + L"™(Qr).

n

Proof Forevery 1 € (0, T], we take @(u,) = [(1 +u,)?~' — 11G} (u,) X(0,7) as a test function
in (3.4), we use the assumption (1.2), and the fact that

Un 1
@ (un) =/ (A4+»""=1) G (dy = ;Gk(un)pG/k(un),
0

@ Springer
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we obtain

/d>(u )x +a —1)[/ AVl P26
n p (1+un)(_) n K\Un

= / / fngn(un)[(l + un)p71 - 1]G;((un)dxdt
0o Ja
By (3.3), (1.9), (1 +u,)?~' — 1 < (1 + u,)?~! and the fact that
/ fugn @)1+ u)P ™" — 111G, (u,)dxdt
Q7 Nu, =0}
= / Ja lin(l)g(Z)[(l +0)P! - 11G(0)dxdt =0,
or 7

we have

/cb(u Jdx +a —n/f VUl PGl dds
" g o (Iuyr o i Tt

1 2P
5/ fn%G (up)dxdt
01 N{un>0}

n

+/ Sn&n(un)[(1 +un)p—1 - 1]G;((M,,)dxdl
Q7 NMun=0}

T
S/ /fn(l"_un)P_l_yG;((Mn)dxdt.
0 Q

Using Holder’s inequality on the right-hand side of the previous inequality, (3.2) and the
fact that 1 + u,, <2(k + G (u,)) as k > 1, one has

/ Gi(un(1)"d +// Vil ar
k u’l T x - 4 A x
Eg (1) 0 JEm (I +u,)f=r2

T
=Cill fliLmor) (/ / (k + G (u,))P==m dxdt) ;
0 JE, (1)

where E; ,(t) ={x € Q:u,(x,t) >k}, ¢t € (0, T). Hence

G u )”p +/T/ Md}cd[
k\*n) Lo (0, T;LP (Ey ) 0 JEL0 (1 4 u,)0=—r+2

T
<Cilf lmiom (f / (k+Gk(Mn))(p_l_”mdxdt> . @l
0 Epn(t)

The proof is divided into two cases.
Case 1: Suppose that

p p
—2<9 —1+ = 1+ ).
p <f<p +N+y(+N)

@ Springer



6 Page100f23 H. Khelifi, F. Mokhtari

Forall 1 < p—1<o0 < p, Writing

o |Vun|a
|VGk(Mn)| dxdt = w(l —l—un
or or (1 + un) P

Using (3.2), (4.1) and Holder’s inequality, we have

/ VG (u,)|°dxdt
or

\Y% n g
/ f VG (un)|? VG
B (1 + Uy )o-pt2
P—0
P
/ / (1 —l—un) dxdt
Egn(0)
T / i
<G, (/ / (k 4+ G (u)" (”ly)dxdt)
0 JEp @)

p—0o

< / f k+ Ge(u) 70 dxdt) . 4.2)
Ep (1)

. _ 2_ . . N
Choosing o = W this choice of o, implies that p — 1 <o < p and 0 <

(O—p+2)0 _ (N+p)o
;’T = /7. By (4.2), we deduce that

/ VG (u,)|°dxdt
or

T o
C2 (/ / (k + Gk(un))m/(p_l_y)dxdt)
0 JER, (1)
/ / (k+ Gi(u))
Ejn (1)

) . (4.3)

From Lemma 1.2 (here v = G (u,), k =0, 0 = p), (4.1) and (4.3), we obtain

/ / Gk (M,,
Ejn(

a T
N o
= (”Gk(un)”ioc(o’T;Lp(Ek‘”))) f f |VGk(un)| dxdt
0 JEg,@)

(N+p)o

T , pNm
C / / (k + G (w,))" P~ 1=V dxdt
0 Ef (1)
p o
(f /Ek ()

4.4
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Since
N
m>—+1, and o>p—-1>p—1—y, 4.5)
4

a(N+p)

then we have m

> 1. Thus, using Holder’s inequality, we have

T
0 Ep,n (1)

(p=1l=y)m'N

T o(N+p) pe
=< / / (k+ Gr(u,))™ N dxdt
0 Ep ()

1= p=l=y)m'N

T T (NEpo
X </ [Egn(2)] dt) . (4.6)
0

We denote by

(N+po

T T
An(k):/ |Exn(2)ld1, Gnk:/ / Gi(uy) ¥ dxdr.
0 0 Eg,n (1)

From (4.6) and (4.4), we can write for all k£ > 1

2p—l-o—y (N+p)o _ p—l-y
P 7
Gnk < C3Gnk An (k) pNm r
(N+]))o’(21z—l—a—y) (N+p)rr+p—o'
ook ) p o (47

(4.5) implies that 2’7_1% < 1, then, by Young’s inequality for all ¢ > 0,

2p—l-o—y (N+p)o _ p—1-y (N+p)o

Gy 7 Al P T < e o )
+ Gy 4.8)

Taking ¢ = ﬁ in (4.8) and applying (4.7) to (4.8), we get

(N+p)o—Nm'(p—1-y)

G < Ca\ (k) Nm'G+l=p+r)

(N+p)o (2p—1—a—y ) (N+p)o+Nm' (p—o)

+Csk N r Ay (k) PN . (4.9)

The assumption m > % + 1 implies

(N+p)o—Nm'(p—1-y) (N+po+Nmp—0)
Nm'(c+1—p+y) pNm'

1.

We note that |A, (k)| < T|2|, k> 1, and so

o (N+p) <2p—1—a—v ) (N+p)a+Nm'(p—0)
P A

Gu =Csk ¥ n (k) phm’ . (4.10)
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6 Pagel120f23 H. Khelifi, F. Mokhtari

Since G (u,) > h —k on E, ,(t) if h > k and Ej, ,(t) C E;,(t). By virtue of zf’jﬂ <1,
(4.10) can be written as

a(N+p) (ZP*]*'T*V) N+p)o | p—o
N 1 A (k) pNm' P

0(N+p) ’

(h—k)y "~

Csk

A, (h) < Vh > k>1. 4.11)

Lemma 1.1 applied to

_2p—l—-0—y U_(N—I—p)a

P N

N —
. and 9:( +p)0+p 07
pNm' p

we have, there exists a positive constant / such that A, (l) = 0. By the fact that |A, (k)| <
T|<2| (see the proof of Lemma A.1 of [6]), there exists a positive constant d, independent of
n such that [ < d,, so that

Therefore, from (4.12), it follows that the sequence {u,}, is bounded in L*(Q7r).
Case 2: Suppose that 0 <6 < p — 2. By (4.1), we can write

T
/ |VGk(un)|pdxdt§// Vi 1P (1 + )P "2 Pdxdt
or n,k (1)

1
7

T m’
<Cg / / k+ Gru,) P """ axdr | .
0 En,k(t)

From Lemma 1.2 (here v = G (u,), Kk = 0 = p), the previous inequality and (4.1) gives

T
/ / GGy " dxdi
0 Eg,n(1)

ya T
N
< (”Gk(un)||IL)oc(0,T;LP(Ek,n))> L ,/E o |va(un)|pdxdt
kot

. W+p)
Nm'
o[ [ a+Giw o rasar
0 Eg.n (1)
By Holder’s inequality with exponent % > 1 (since m > % + 1), we have

T
/ / Gr(uy) "W dxdt
0 Ey q (1)
// (k+Gk(Mn)
Egn (1)

Therefore, (4.11) holds true foro = p

w
|
R

p=l-y

ptN _
AI’L (k) Nm' P

Ss~——
~

<+n)p P= 1 b4

C9k n( ) N’”

(N+P)P ’

(h —k)

Ap(h) =

Vh>k>1.
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Using that % € (0,1) (since p —2 <y < 1) and that U;\%”) > 1, thus u,, is bounded in

L*=(0r).
Now, choosing u,, as a test function for problem (3.4). Using (1.2) and (1.6), we obtain

1 5 |Vu,|? 1—
o wmdx o | S dxdi< | fuulVdxd. (4.13)
2 /o or (I+uy) or

Dropping the non-negative term, by Holder’s inequality on the right-hand side of the in-
equality (4.13), and the boundedness of the sequence {u,}, in L>(Q7), we obtain

[Vu,|? BRI

or (L+uy,)? dxdt < | fllmon Q71 luy " liz=r)
T n

< Coll fllzmgq)- (4.14)

Therefore, from (4.14) and since the sequence {u,}, is bounded in L*(Qr), we get

Vi, |P
/ |Vun|pdxdt_/ Vu,|" (1w, dxdt
or or (1 n)

|Vun|?

————dxdt
o (Lu)? ™

<(1+ ||Mn||L°°(QT>)6

<Cy.

Consequently the sequence {u,}, is bounded in L”(0, T'; Wol'p(Q)). By (3.1), (3.2) and the

boundedness of the sequence {u,}, in L”(0, T’; Wol’p(Q)), we obtain the sequence {"5% }n is

bounded in L”' (0, T; W=7 (Q)) + L™ (Q7). 0

Lemma4.2 Letm = % + 1 and let (1.2)-(1.6) hold. Then, the sequence {u,}, is bounded in
LP(0,T; Wol’p(Q)) NL"(Qr) for every r € [p, +00).
Proof For t € (0, T, if we take ¢ (u,) = (1 4+ u,)»~Y* — 1 as a test function in (3.4), with

1+6
/LZL. (4.15)
p—1

By assumptions (1.2), (1.6), we obtain

_ (p—Du—1
/lIJ(un(x ))dx + (p l)ua/ /(1+ n)9(1+u WP dxdt

< f / FuulP~ VR dxdt, (4.16)
0 Q

where

(p—Du+l

¢
W(s) = dy> ——————— V>0 1. 4.17
() /Ow(y)yz(p_l)ﬁl §¢>0, u> (4.17)
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Thus, (4.16), (4.17), (3.2), and Holder’s inequality on the last integral, we get

ﬁ/ U, (x, 7)P~ D gy
p—Du o

+(p — Dua / / |V, |7 (14 u,) P~ VP10 dxdt
0 Q

€

S ”f”Lm(QT) (/ u;(ﬁ—l)ﬂ_}/)m/dxdt> m . (418)
or
The condition (4.15) implies that (p — 1)u+ p — 1 —6 > p, so (4.18) and (3.2) yield
(=Dutp-1-6 | P,

ess sup / [u,,(x, r)%] P=Dutp=1=0"

tef0,71J @

(p—Dp+p—1-6 |P
+/ Vu, r dxdt
or
1
<Cp (/ uf}l"lm‘y)'”/dxdt) +Cha. (4.19)
or

Thus, by the Gagliardo-Nirenberg inequality (1.7), where

v(x, 1) =u,(x, t)w’ = (pl:((ll))l;_i);bjll)—G’

K=p,

we have

N 2p=Dp+D
p—Dp+p—1-0

(p—Dp+p=1-6P— N
/ |:un P ] dxdt
or

p
((p=Dp+1) N
(p—Dp+p—1-0 (pp—l};w-;f—l—e
< M, | ess sup u,(x,t) P dx
Q

0<t<T
X /
or

By (4.19)-(4.20) and taking

=P((P—1)M+1)+N((P—1)M+P—1—9)
N ,

P

dxdt. (4.20)

(p=Dpt+p—1-6

Vu, p

we obtain

N+p
’ Nm'
/ ufldxdt <Cp3 </ u’(l(p—l)u—y)m dxdt) + Cy3. (421)
or or

Nﬂ’ =1 and by (1.3), we obtain

P _s. (4.22)

N
(p— D —y)m’ = ((p— D — )t
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From (4.22), Holder’s inequality and Young’s inequality with ¢ > 0, we deduce that

(p=Dp—y)(N+p)
(p=Dp—y)(N+p) sN
/ Uy N dxdt <Cpu </ ufldxdt)
or or
< 5/ lu, *dxdt + c(e). 4.23)
or
By (4.21), (4.23) and letting & = ﬁ, we get
/ lu,|*dxdt < Cis. (4.24)
or

On the other hand, since

146  N@O+1D-—p
w> > ,
p—17"(p—-D(p+N)

and

NO+1)—p
SEPORE TN

therefore, from (4.24) with r = s, it follows that the sequence {u,}, is bounded in L"(Q7).

Inequalities (4.18), (4.23), and the boundedness of the sequence {u,}, in L"(Qr), imply
then

/ |Vun|pdxd15/ Vi [P (1 4 w,) P~ 10 dxdt < Cy. (4.25)
or or

Thus from (4.25) immediately follows the boundedness of the sequence {u,}, in L”(0, T;
L.p
W, " (R2)). O

Lemma4.3 Let f € L™ (Q7), with m satisfies (2.2), and (1.2)-(1.6) hold. Then, the sequence
{1y}, is bounded in L*(Qr) N LP(0, T W()l’p(Q)), where § as in (2.3).

Proof We put

:p((p—1)u+1)+N((p—1)/L+p—1—9)

((p=Du—y)m' N (4.26)
in the proof of Lemma 4.2. By (2.2) and (4.26) we get
_ m—-1)(p+Np-1-0)+ymN - 1406
(p = DN +p — pm) Tp-
Consequently
az((p—l)u—y)mm NG =1 =0Ty NAP) o

-1 N+p—pm
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N

Note that 32 < 1. The Young’s inequality gives

N+p
’ Nm/ ’
( / ul(P=Du=ym dxdt) <e / ullP=DH=IM gy dt + c(e). (4.28)
or or

Taking (4.28) in (4.21) and letting ¢ = ﬁ, by (4.26) and (4.27), we deduce that the se-

quence {u,}, is bounded in L?(Q7). The rest of the proof is the same way in proof of
Lemma 4.2. O

Lemma4.4 Let [ belongs to L™ (Qr), with m satisfies (2.4), and (1.2)-(1.6) hold. Then, the
sequence {u,}, is bounded in L°(Qr) N L0, T; Wol’q (2)), where & and q are defined in
Theorem 2.5.

Proof Suppose that

Let ¢ and W as in (4.17). Choosing ¢(u,(x, t)) x(0.7)(¢) as a test function in (3.4). Using the
fact that

W) =P e vseRy,

we have

Vu,|?
ess sup /un(x,t)('”*lm“dx+/ Vi dxdt
Q

0<t<t or (1 + un)0+17(p71)ﬂ
~
<Cp ( / uff”’l)"”’)m/dxdt> +Cyy. (4.29)
or
Using Holder’s inequality with the exponents 5 and (4.29), we obtain

q

Vi, | v
[ e C——y
or or (1+un)9+1—(P—l)M

P—q

©O+1-(p—Duwq P
X < (1 +uy) P=q dxdt)
or

a

€ v
<Cpi (f u;@-“#—”""dxdz) +1
or

O+1-(p—Dwg L;q
X (/ u, "1 dxdt + l) . (4.30)
or

Now we take u, such that

_ @+ Dg+ym'(p—q) - 146
pP-Dp—qm' +q) p—1

n
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hence

(9+1—(p—1)u)q'

((p—Dp—y)m'= b —q (4.31)
Then, by the inequality (4.30), we get
AN
/ |Vu,|?dxdt < Cg ( / ufj!’*”ﬂ*”'"’dxdf) +Co. 4.32)
or or

Applying Lemma 1.2 (here v(x,t) = u,(x,t), 0 =(p — )i+ 1, x = ¢q) and from (4.29),
(4.32), we have

(N+(p=Dp+Dg
u, v dxdt
or

q
N
§<ess sup /un(x,t)(p_l)’”'dx) / |Vu,|9dxdt
0<t<T JQ or

gN+p) L p—q
P

/ Nm'
<Cy ( / u = Du=ym dxdt) ! + Cp. (4.33)
or

Set

N+ (p-Du+lyg
1 N

’

m
(p=Du—-v)
m—
then, by (4.31) we obtain
_(m=D(p+N(p—-1-0))+myN

, (4.34)

(p—D(N + p—pm)

and
_mIN(p—0-D+p+yN+p)] 4.35)
N+1—-@O0+Dm—1)+my ’
By (4.34), (4.35) and (4.33), we have (p — 1)um’ = § and
q</}\(]+r/))+p;q
/ wbdxdt < Cy ( f uidxdt) ' + Ca. (4.36)
or or

Since % + % < 1, then from (4.36), we deduce that the sequence {u,}, is bounded

in L*(Qr). Going back to (4.32) and (4.35), this in turn implies that the sequence {u,}, is
bounded in L4 (0, T; W, (). O
5 Proof of Main Results

5.1 Proof of Theorem 2.2

In virtue of Lemma 4.1, we have the sequence {u,}, is bounded in L*°(Qr) N L7 (0, T;
W, " (2)). Then, there exists a function u € L*(Qr) N L (0, T; W,'" (2)), such that, up to
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subsequence,

u, —~u weaklyin LP(0, T; W, " (),

u, —~u weakly*in L>(Qr) for o*(L*(Q7), L'(Qr)).

In view of Lemma 4.1, we have that the sequence {2 }, is bounded in L'(Q7) N

L 0, T; WO_I”’/(Q)). So, using compactness results (corollary 4 of [34]) we obtain {u,},
is relatively compact in L'(Q7). This implies that
u, — u strongly in L'(Qr), and ae.in Q7. 5.1

To carry on the proof, we need the following Lemma.

Lemma 5.1 [23] For all k > 0, there exists a function 6, such that for all ¢ > 0, we have

n

lim sup/ a(x,t, T,(u,), Vu,)(Vu, — Vuk)dxdt < 6(e),
{lun—uk|<e)

with lim 6, (e) = 0, u* = ¢y ().

By Lemma 5.1, we can adopt the approach of [22, 26], we deduce that there exists a
subsequence, still denoted by {u,},, such that

Vu, — Vu almost everywhere in Q7. 5.2)
From (5.1), (5.2) and the fact that b is Carathéodory function, we obtain
b(x,t,u,, Vu,) = b(x,t,u, Vu) almost everywhere in Q7. 5.3)
By (5.3), and Vitali’s theorem, one has
a(x,t,u,, Vity) = a(x,t,u, Vu) strongly in L” (7). (5.4)
We begin by proving an important lemma useful to prove of Theorem 2.2-2.5.

Lemma5.2 Let u, be a weak solution of (3.1). Then

im | gu(uy) fudxdt = / g(u) fydxdt, (5.5)

n—-+o00 or or

forall € LP(0, T; Wy () N L™(Qr).

Proof Lety € L?(0,T; WOI”’(Q)) N L*°(Q7) as a test function in (3.1), we obtain

ou,
/ " wdde—/ b(x, 1, Ty (), Vi) .Vrdxdt
o 0t or

= / gn(uy) furdxdt. (5.6)
or
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If g(0) < +o00, we obtain (5.5) hold true. Suppose that g(0) = lim,_.¢ g(z). Let ¥ be a non-
negative function in L*(Q7)NL?(0, T; WOI“’(Q)) as a test function in the weak formulation
(5.6), using (1.4) and Young’s inequality, we obtain

p/

B
14 dxdt

ot

1 1
/ gn(un)fndedt =< _f Iu,,l"dxdt + -
or P Jor D Jor

1
+—/ |V |Pdxdt
P Jor

l /
+— | (at.H)+ TP~ + [ Vu, |1’ dxdt
P Jor

oy
<C (IIMnllLP(QT) + H B + ||k||LP’(QT)>

LP' (07)

€ (Ml it iy + 1o it i)

<c. (5.7)

Therefore (5.7) implies that { f, g, (1)}, is bounded in L'(Q7). Passing to the limit as n —
400 in (5.5), Fatou’s lemma implies

few)ydxdt <C Vn, (5.8)
or

then we have

/ lim g(z) fo dxdt < +o0,
{u=0} z—0

so that, fo =0 a.e. on {# = 0} for all nonnegative ¢ € L7(0, T} WOI”’(Q)) N L*®(07).
Yielding

f=0ae.on{u=0}. (5.9)

For every fixed A > 0, we can write

fon )Yt = / fogn )t
or OrNfuy>r}
+ / Sn&n(up)Ydxdt
O7N{up <A}
=7, +7,,. (5.10)
For 7, ,, we have
0 < 8, () fuXun-ry < sup [g(2)1fp e L' (Qr). (5.11)
Z€[A,+00)
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Using Lebesgue’s dominated convergence theorem and that the sequence { Alun> M}n con-
verges to x>, a.e. in QOr, we get

n—o0

lim 7, , = / gw) fyrdxdt.
OrN{u>Ai}

Since g(u) fo € L'(Q7), Lebesgue’s theorem, with respect to A, imply that

r—0t n—o00

lim lim Z,, = / g) fyrdxdt = / g(u) frdxdt.
Q7 N{u>0} or
By (5.9), it follows that

lim lim I,LA :/ g() frdxdt :/ gw) fydxdt. (5.12)
o7 N{u>0}

Ar—0tT n—o0 or

Now in order to get rid of Ii 5~ We take 8, (u,) as test function in (3.1), where E; is
defined in (1.8), we obtain

du,
/ U, () dxdi + / b(x, 1, Ty (1), Vitn) V(B () )dxdt
or o1 or

=  fugn(un)Ex(u,)Ydxdt. (5.13)
or

Using integration by parties and definition of E;, we have

ou, oy
— & (u)¥dxdt = — O (u,)—dxdt, (5.14)
oy Ot or ot

where
¢
00 = [ 2.
0
Using (1.2), & (u,) = —% and the fact that

1
V(S ) ¥) = T ) VY — 5 )Y Vi,
we get
/ b(x. 1, Ty, Vity) V(85 ()Y )dxdi
or

< / b(x. 1, Ty ), Vity) B (). Vrdxcdr. (5.15)
or
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On the other hand

Sn&n(un) By (u,)Ydxdt = / Sn&n(un) By (u,)Ydxdt

QrN{un<i}

+/ fngn(un)E)L(un)wdxdl
OrN{A<uy <2}

or

S/ Sn&n(un) Ex(uy)ydxdt. (5.16)
O N{up<i}
Combining (5.13)-(5.15) and (5.16), we obtain

/ Sn&n(un) By (uy)Ydxdt < / b(x,t, T,(un), Vuy) By (u,).Virdxdt
OrNup <2}

or

9
- / 0w Y dxdr.
or ot

Using that E, is bounded and ® is continue we deduce that as n tends to infinity

@(u,,)aa—ll; N @(u)% strongly in LI(QT),

and
b(x,t,T,(uy), Vu,)8; (u,) = b(x,t,u, Vu) 2, (u) weakly in Lp/(QT).

This implies that

Jim sup / Fr8n (1) B () Ydxdt
OrNupy <A}

n—+oo
oy
<- O(u)—dxdt + b(x,t,u, Vu)E; (u).Virdxdt,
{u=0) ot {u=0)

then

lim lim 7., =0. (5.17)

r—>0n—o0

By (5.12) and (5.17) we deduce that, for all nonnegative ¢ € L?(0, T’; WOI”’(Q)) NL>®(Qr)
lim f Jn&n(u)¥dxdt = / feg(u)ydxdt. (5.18)
"= Jor or

Moreover, by decomposing any ¥ = ¥+ — ¢~ with ¥+ = max{y,0} and ¥~ =
—min{g, 0}, we deduce that (5.18) holds for every v € L7(0,T; WOI”’(Q)) N L*®(Q07).
This concludes (5.5).

Let n — +o00 in (5.6), by (5.1), (5.4) and (5.5) we get

/ a—ulﬁdxdt—i-/ b(x,t,u,Vu).Vl//dxdt=/ g) frdxdt, (5.19)
or ot or or

for every ¥ € L?(0, T; W, " (R2)) N L™(Q7). U
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5.2 Proof of the Theorem 2.5

From Lemma 4.4, we have the sequence {u,}, is bounded in L4(0, T’ WOI"’ Q) NLYQOr

and {%}n is bounded in L9 (0, T; W4 (Q)) + L"(Qr). Thus, the sequence {%}n is

bounded in L'(0, T, W~"<(R)) for every € < min {5, ¢'}. So, by corollary 4 of [34], we

get the sequence {u,}, is relatively compact in L'(Q7). This implies that we can extract a
subsequence (denote again by {u,},) such that the sequence {u,}, converges to u strongly
in L'(Q7). From (5.1), (5.2), we obtain

b(x,t,u,, Vu,) —> b(x,t,u,Vu) ae.in Qr. (5.20)
Using Lemma 4.4, (5.20), % > 1 and Vitali’s theorem, one has

q

b(x,t,u,, Vu,) — b(x,t,u, Vu) strongly in L»-1(Q7).
Thus, it is possible to pass to the limit in (5.6) as n — +o00, obtaining (5.19).
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