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Abstract
In this work, we study a class of degenerate Dirichlet problems, whose prototype is

- div(L + ()|l Tulogh (1 + |u|)) =finQ
(1 + lul)” ’
u=0 on o<,
where € is a bounded open subset of RY. 0 <y < 1,0 <0 <1and 0 <8 < 1. We prove
existence of bounded solutions when f and c belong to suitable Lebesgue spaces. Moreover,

we investegate the existence of renormalized solutions when the function f belongs only to
L'(Q).
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1 Introduction

In this paper we are interested in the existence of solutions for some nonlinear elliptic equa-
tions whose simplest model is

Vu
—div(—2 -1, logf (1 —finQ,
1v((1+|u|)y +e(o)ul’tulogh( +|u|)) f in
u=0 onod<2,

(1.1)
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where Q is any bounded open subset of RV, N >3,0<y <1,0<8<1land0<p <1,
the measurables functions ¢ and f belong to a suitable Lebesgue spaces. It is clear that the
nonlinear differential operator in the model problem (1.1) presents a strong lack of coerciv-
ity so that the classical theory for elliptic operator (see [21]) cannot be applied. In this paper,
we will prove first an L°°- estimate, when f and c¢ belong to some Lebesgue spaces (see
Theorem 3.2), and then we prove the existence of a generalized solution (the so called renor-
malized solution, see Definition 2.3 and Theorem 4.1 below) when the datum f is merely
integrable.

When ¢ =0, f € L™(2) and m > 1, there is a wide literature about problems like (1.1)
(see for instance [1, 5, 9, 10, 12, 14, 17]). In these papers, existence and regularity of so-
lutions have been proved for different ranges of the parameter y and depending on the
summability of the datum f. If y =0, 8 =0 and 6 = 1, existence, uniqueness and regular-
ity of distributional solutions of (1.1) have been proved in [6, 7] (see also [8], where the case
of singular coeffecient c(x) is studied). In [27] the case of 0 < § < 1 was deeply studied un-
der different summability properties of c(x) and the datum f, while the case of unbounded
domains was considered in [23]. For other related results, we refer to [11, 13, 15, 16, 24, 29].

When f is just an L' or measure data, # = 1, 8 = 0 and the operator A(u) =

le( a +|u|)y> is replaced by a p-Laplacian operator, the authors in [2, 4, 18, 19] proved
the existence of solutions of problem (2.1) using the framework of renomalized solutions
which was introduced in [21, 22].

The main difficulty that we face in this work is due to the presence of the non-coercive op-

erator dw((ww c()|ul®ulogh (1 + |u|)). In the case where the datum f € L™ ()

with m > %, under some restriction on the parameters 6 and y that is, 6 + y <1 and
for every 0 < 8 < 1, we show that problem (1.1) admits at least one bounded solution

(see Theorem 3.2). In order to deal with the case m = 1, the operator A(u) is replaced

by dlv(b(u) (IJrVIZ\)V) where b is a continuous function on R such that b(s) > (1 + |s|)?
for every s € R, with ¢ < y. Under this assumption and 6 4+ y < 1, one can establish the
existence of a renormalized solution for problem (1.1) (see Theorem 4.1).

In the case & = 1 and B = 0, one can recover the existence result of a solution in both
cases (m > % and m = 1) by adding a lower order zero term g (see Theorems 5.1 and 5.2).
Indeed, under some suitable assumptions on the continuous function g (see assumptions
(5.2)-(5.3) and condition at infinity (5.4)), problem (1.1) admits at least one solution.

This paper is organized as follows. In Sect. 2 we precise the assumptions on data and we
give the definitions of weak solutions and renormalized solutions. Section 3 is devoted to
study the existence of bounded weak solutions to problem (2.1) when 6 +y <1 and m > %
In Sect. 4, we establish the existence of renormalized solutions in the case where 0 +y <1
and m = 1. Finally, in Sect. 5 we show how the lower zero order term g will help us to insure

the existence of renormalized solutions if we assume that @ =1 and g = 0.

2 Assumptions and Definition of Solution
Let us consider the following nonlinear elliptic problem

[ —div(a(x,u)Vu—i—q)(x,M)):f in €, 2.1)

u=0 onodQ,

@ Springer



Existence Result for Solutions to Some Noncoercive Elliptic Equations Page30f20 18

where  is any bounded open subset of RY, N >3, a(x,s): 2 x R— R" and ®(x, s) :
Q x R — R¥ are Carathéodory functions (that is, continuous with respect to s for almost
every x € 2 and measurable with respect to x for every s € R) satisfying

b(s)

a(x,s)> ——, ae.x e, VseR, 2.2)
(1 +Is]?

where b is a continous function in R such that b(s) > o9 > 0, Vs e Rand y € (0, 1).

sup la(x,s)| € L*(R), k>0, ae.xe€q, 2.3)
|s|<k
|P(x,s)| < c(x)|s|910gﬂ(1 +1s]), ae.xe, VseR, 24

where ¢ belongs to L"(R2),r >2,0 <6 <1 and 0 < 8 < 1. Finally, assume that the datum
f is a measurable function such that

fel™Q), m>1. 2.5)

Notations. Hereafter, we will make use of two truncation functions 7; and Gy: for every
k>0andr eR, let

T, (r) = min(k, max(r, —k)), Gi(r)=r — Ti(r).

1 ~ s L

For every s € R, we set a(s) = m and we define a(s) = / a(r) dr whichis a C!
N 0

increasing function on R.

For the sake of simplicity we will use, when referring to the integrals, the following

notation
[ 1= rwa
Q Q

Finally, throughout this paper, C will indicate any positive constant which depends only on
data and whose value may change from line to line.

Now we give the following definition of weak solutions to problem (2.1) in the sense of
finite energy solutions.

Definition 2.1 A measurable function u is a weak solution of (2.1) if a(x, u)Vu € (L*(2))",
®(x,u) € (LX), and

/a(x,u)VMV¢+/ <I>(x,u)Vrp=/ Sfo,
Q Q Q

holds for every ¢ € Hy (2) N L™(Q).

Before giving the definition of renormalized solutions to (2.1), let us first recall the defi-
nition of generalized gradient of u introduced in [3].

Definition 2.2 Let u : Q — R be a measurable function defined on € which is finite almost
everywhere such that 7y (1) € HO1 (R2) for every k > 0. Then there exists a unique measurable
function v defined in €2 such that

VTk(u) = VU X{ju|<k} @.C. in Q, Vk > 0,
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Let us now define the renormalized solution to (2.1).

Definition 2.3 A real function u defined in 2 is a renormalized solution of problem (2.1) if

u is measurable and finite almost everywhere in €2, (2.6)
Ti(u) € Hy(Q) Yk >0, 2.7)
1 2
— a()a(x,u)|Vu|"— 0 as m — 400, 2.8)
m J{@|=m)

and if, for every function S € W!*°(R) such that the support of S is compact, Supp(S) C
[—k, k], u satisfies

/ a (e, 1) VuV (S(u)g) + / S Cr, 1)V (S(u)p) = f FSe. 2.9)
Q Q Q
for every ¢ € Hj () N L™ ().

Remark 2.4 'We notice that, since @(3-00) = 00 which means that the set {|&(x)| < k} may
be equivalent to {|u| < k’} with &’ > 0, then, due to (2.7) and (2.3) we deduce that the con-
dition (2.8) is well defined.

The renormalized equation (2.9) is formally obtained through a pointwise multiplication
of (2.1) by S(u)¢e. Let us observe that by (2.7) and the propreties of S, every term in (2.9)
makes sense.

3 Existence of a Bounded Weak Solution to Problem (2.1)

In this section, we will prove the existence of a bounded weak solution to problem (2.1). We
begin by recalling the following technical Lemma proved in [26] (see also the Appendix of
[10D.

Lemma3.1 Leta > 0andlet ¢ : [a, +oo[ — R be a nonincreasing function which satisfies

w(k)? 1
h) < D' Yh>k>a,
so()_(h_k)pw() >k=a
. wk) .
where . lim = =0and p,v > 0. Then, there exist k*, kg > a such that k* = ky + d and
—+00

@(k*) =0, where

d+v)p
s

d’ =Mlp(ko)]"2
with M > 0.

Now we state the main result of this section.
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Theorem 3.2 Assume (2.2)-(2.4), withr > N, and assume that f belongsto L™ (2), m > %
Furtheremore, we suppose that y + 6 <1 so that

Is|”

im ——— =¢eR". (3.1)
Isl>400 1 4 |a(s)]

Then there exists a weak solution u for (2.1) in the sense of Definition 2.1.

Remark 3.3 We point out that from the limit condition (3.1), we derive the existence of a
nonnegative constant C and real number k, > 0 such that for every |s| > ko, one has

Is|” <C+ [a)). (3.2)
Proof For n € N let us define
,(x,s) =T, (P(x,5)),
an(x,s) =alx, T,(s))
and

fn = Tn(f)

Let us consider the following Dirichlet approximate problems

: — div(an(x, u,)Vu, + &, (x, u,,))) = f, inQ, (33)

u, =0 on 0Q2.
Note that the existence of weak solutions u,, € HO1 (2) follows from the classical results of
([21]) and Schauder’s fixed point theorem. Moreover, thanks to Stampacchia’s boundedness

theorem (see [28]), the solutions u, belong to L*(£2).
In order to prove Theorem 3.2, we have to distinguish two cases.

The case y + 0 = 1. In this case, it easy to check, by Hopital’s rule that

|s]°

m ——e—=
Isl>+o00 1 4 |a(s)|

)

so that £ = 0, where ¢ is defined in (3.1). Next, we define the nonnegative function W

0 if |s| <k,
s k.

W(s) = —1+s—1+k1fs>k,
-5 k.
— — —— if 5§ < —k,
1—s 14k

and let us take W (&/(u,,)) as test function in (3.3), using assumptions (2.2), (2.4) and since
[T, ()| <|s|, |W(s)| <1 forevery s € R and for k > ko, using (3.2), we obtain

Ve (u,))? Va(u,
050/ Vel c/ c(0)logh (1 -+ Juy ) L
1Ean =k (I + la(u,))) (1@ )| > k) 1+ or(uy)|

+ f 7.
{1 (up) >k}
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where the positive constant C does not depend on k. On the other hand, applying again (3.2),
one has for every |s| > ko

log(1 + Is) <log(1 + C(1+[@(s)))7) < log((1 + C)(1 + [@(s)])?) (3.4)
< C(1 +log(1 + [&(s)])),

which then implies that

Ve (u,)|? / ~ |V (u,)|
o — =<C c(x) logf (1 + G (up) ) ——=——
0/{\5(M,1>|>k] (14 & (u,)))? (@) >k} g L+ or(u,)|
|V (uy)|
+c/ c(x)erf 1£1. 3.5)
(@) > k) L+la@a)l  Jigwnisk

Now we deal with the first term in the right hand side of (3.5), we have

|V ()]

c(x) logf (1 + |&(uy)|) —=——
/u&‘(u,,)|>k) () tog™ (1 + o )|)1+|05(Mn)|

< ! () log(1 + ()] 2
<— c(x)lo a(u,)]) ——————.
log" P (1 4+ k) Jium=x) s 1+ Jor(un)l

Let us notice that |s| = k + |G (s)| in {|s| > k}, which gives

f () logh (1 + ()| - 2l

(1@ ()| >k} 1+ o (uy)l

< ()] log1 +k+ G @) — log(1 + k| Lrxe)

S—F c(x)|log a(u,))|) — log —_—
log" (1 + k) Jygwni=x) ¢ 14 lor(uy)]

IV ()|

+logf (1 +k) ~ )
(& )| >k) 1+ Ja(u,)]

Then, using Holder and Young inequalities, we obtain

|V ()]

c(x)log’ (1 + [&(u,) ) —=——
/n&‘(un>|>k> L+ o(u,)|

H{S

2

||C||LN(Q) / ~ _ 2%
< g 1o 1oe( 4 4+ G @) —log(1 +0F)

1

</ VEwP )
{16 (un) | >k} I+ |&(un)|)2

ap Ve (u,))?
+Clog (14+4) e I e it
(@ un) >k} 4 Jigwnisn 1+ 1@ @,)))?
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where 2* = %, so, with the help of Sobolev inequality, it yields that

~ |V (u,)| Cllcllpy V& (u,)|?
/ c(0) logf (1 + 1@ (un) ) ——= < — L (/ ~—2>
{16 (un )| >k} 1+ |Ol(1/l,,)| 10g (] + k) {1 (up )| >k} (1 + |Ol(l/ln)|)
(%)) |V&(uil)|2
+Clog (1 + k) )+ —/ Vet
(1@ )| >k} 4 Jigun=r 1+ 10 (u,)))?

Then, from the previous inequality, (3.5) and using again Young’s inequality, we obtain

(@ _ C”C”LN(Q) )/ |V&(14n)|2
2 log' P+ k) g e (14 1@ @w,))?

<C( +log* (1 +k)) c2(x)+/ [f].
{1a(un )| >k} {1& (un )| >k}

We remark that there exists k; > O such that for every k > k;

@ _ _Cliclive @
2 log' P +k) 47
Thus we have if k > k;,
Qo V& (u,)]?

4 {led(up)|>k} (1 + |&(un)|)2

<C( +log®# (1 +k)) cz(x)-l-/ [f].
{1a(un )| >k} {1& (un )| >k}

Now putting k = e — 1, w =log(1 + |&(u,)|), Ay = {w > h} and applying Poincaré in-
equality we obtain

/ Gr)P =c(a+r) [ @ +If1).
{w>h}

{w>h}
Let us take [ > h > 0, then
A CAy, |Gy(w)| =1 —hin Ay,

so0, using Sobolev and Holder inequalities, it follows that

s

C T zad
1A = g (LNl + 1 fllmiey) 1443070 V1> b,

h)%
1
Denoting w(h) = ((1 + hzﬂ)||c||Lzm(Q) + ||f||Lm(Q)) ® since m > %, which means %(1 —
%) > 1, and since hETooM =0, then, Lemma 3.1 implies that there exists k*(w, N, «y,

B,m, f) > 0 such that |{w > k*}| = 0 and @ (u,) is bounded as desired. Moreover, since
a(£00) = F00, we deduce that u,, is bounded as well.

The case y + 0 < 1. In this case, one can easily check that

|s|?

im ——log?(1+|s))=0.
Jim g og’ (D
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18 Page 8o0f20 A. Marah, H. Redwane

Then, using as above the test function W (c(u,,)) in (3.3) and by Young’s inequality it results

oo V& (u,)|*

— ~—SC/ Cz(x)—i-/ [ fl.
2 Jigni=ry (1416 (un))? (@ n) =k} (@) =k}

Then, by following the proof of the previous case, we deduce that

2*
z e L
Al < V&wmmm+wmmﬁ |An E 073 VL > .

Hence, applying Lemma 3.1, it follows that there exists k* such that |[{w > k*}| =0, that is,
u, is bounded as desired.

Now, taking u, as test function in (3.3), by assumptions (2.2), (2.4) and using Young’s
inequality, one obtains, if ||u,||z~@) < C that u, is bounded in Hol (€2). Hence, thanks to
Rellich-Kondrachov Theorem, we deduce that up to subsequences,

u, — u weakly in H; (),
u, — u strongly in LZ(SZ),
u, — u a.e.in Q.

So that, due to the assumptions (2.3) and (2.4), one can pass easily to the limit in (2.1) as n
tends to infinity to conclude the proof of Theorem 3.2. a

4 Existence of Renormalized Solutions
The existence result of renormalized solutions for problem (2.1) can be stated as follows

Theorem 4.1 Assume that (2.2)-(2.5) hold, with r € [2, N), m = 1, and that y + 6 < 1.
Suppose that 8 < y and that b(s) > oo(1 + |s]|)?, Vs € R with q € [B, y). Then there exists
at least a renormalized solution u for (2.1) in the sense of Definition 2.2.

Remark 4.2 In what follows, we will only deal with the case & + y = 1 since in the case

0 + y < 1, up the change of the unknown & (u) and by proceeding as in [2, 4] one can

deduce that u is a renormalized solution of (2.1) for every 8 > 0. Indeed, we remark that for

log? (1 + |s)

every 0 < B; < B, we have lim ——
|s|—-+o00 |s |ﬂl

|s| <so (so > 0) and where |s| > s¢, the assumption (2.4) on & could be written as follows

=0, so, by distinguishing the sets where

| (x,$)] < C )1 +s|"),

where 0 < 6 <6’ < 1 such that y 46’ < 1, and C’ is a positive constant. Then, we conclude
the proof of Theorem 4.1.

Proof We take Ty (u,) as test function in the approximate problem (3.3); using assumptions
(2.2) and (2.4), we obtain

|VTk(un)|2 0 4 / |VTk(un)|
<k +k)Tlogf(1+k LMl T4 Ny 2 e
aO/Q(l-i-lunl)y <k"(1+k)2log"(l +k) QC(X)(1+|Mn|)% + kI fllg
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By Young’s inequality, it follows that

|VTk(un)|2

= | — 20 Y loo2h 2
STy <Ck*(1+4+k)" log (1+k)/;2c ) + kIl oy

so, we get
/ VT wn)l? < CR (1 + K log??(1 +k)/ )+ A+ R 1 f L1 e
Q Q

then, we deduce that, for every k > 0,
Ty (u,) is bounded in H, (). 4.1
Moreover, using Ty (cZ(u,)) as test function in the problem (3.3), we deduce that
Ti(&(u,)) is bounded in H, (). 4.2)
The next step is to prove that u, converges almost everywhere to a measurable func-

tion which is almost everywhere finite. To this end, we follow the classical approach of
[3, 25]. Let us start by evaluating the measure of the set {|&/(u,)| > k} as k — oo, we take

a(up) d
/ —(1 +T 2 as a test function in (3.3), using assumptions (2.2) and (2.4) lead to
0 r

o / _IVa)l® /c(x)|un| log? (1 + [y ) — VLU /Ifl
o O+ @un)? = L+ @)

and using (3.2), (3.4) we obtain

IV (u,)? / 018 Vo (u,)]
_ M| 1 ) 4.3
ao/g (1 + |a(u,)))? = \u,,|>k0}C(X)|u Mog™(1 + |u |)(1 + | (uy,)])? *3)

Vo (u,)|
1% log? (1 + |u,, /
+/”un‘<k0)c(x)|u |”log” (1 + |u |)(1+| w2 [f]

|V (u,)|
1+ o (un)|

+C/ ()1+| <”i|)| /'f'

Then, by using Holder and Young inequalities in the right hand side of (4.3), we obtain

a [ IVau)? gz ( [ IVE@IP N
5 i B = el ( [ nost + @wndi”) " (| Grmes)

o (I +lo(u,)]) (14 & (u,)))?
+C/cz(x)+/ Lf1,
Q Q

c/ c(x)logf (14 |G (un)))
Q
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18 Page 10 0f 20 A. Marah, H. Redwane

_ __2N
where r = NAND)

inequality leads to

o [ _IVE@)PE (/ |V ) )“—
2 Jo A (@unh? = O g (0 + @ wa))?

+c/c2(x)+/ [f].
Q Q

Using Young’s inequality, we get

A|v1og(1+|a(un)|)|25c((f9c’(x))“+“” +fgc2(x))+/ﬂlf|),

so, by Sobolev inequality, we find

(note that B < 1 implies r < N). Then, an application of Sobolev

(/Q|log<1+|&(un)|>|2*)22* sC((ch’(x))“IZ“”+/Qc2<x))+fg|f|).

Then, for every k > 0, the previous estimate implies that

@) > k) Smg(%k)z ((/ﬂc’(x))’“zf”+/Qc2(x>)+/ﬂ|f|),

which yields

klir+n supmeas{|a(u,)| >k} =0. 4.4)

Now, we show that u,, is a Cauchy sequence in measure. For ¢, k > 0, we observe that
{lun —uml > 1} C{lunl > kYU {Jum| >k} U T () — Tic(um)| > 1},
which leads to
meas ({|u, — uy| > t}) < meas({|u,| > k})
+meas({|um| > k}) +meas({|Ti(un) — Ti(um)| > 1}).
To estimate meas({|T(u,) — Ty (u,)| >t}), by using (4.2) and applying Rellich-

Kondrachov theorem, we deduce, up to subsequences, that Tj(u,) is a Cauchy sequence
both in L?(£2) and measure. Then, for any fixed & > 0, there exists n, > 0 such that

meas({| Ty (u,) — Te(un)| > 1)) < g

for every n, m > n, and for every t > 0.
We remark that, due to the proprety of & (& is C' increasing), we have

{|un| > k} = {a(un) > &(k)} U {&(“n) < &'(—k)},
so that

meas({|u,| > k}) = meas({&(u,) > a(k)}) + meas({i(u,) < a(=k)}).
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Then, using (4.4) and the fact that &/(00) = +00, there exists ko > 0 such that for any fixed
& > 0, we have

2
meas ({uy| > k) +meas({Juy| > k) = 5.
for every n, m € N and for every k > k.
Hence, for every ¢ > 0, we obtain

e
meas({|u, — un| > 1}) < 3
for every n, m > n,.
Hence, we deduce that u, is a Cauchy sequence in measure which means that there
exists a measurable function u which is finite almost everywhere in 2 such that up to a
subsequence still indexed by n

u, — u ae.in 2, 4.5)
Ty (u,) — T (u) weakly in Hy (). (4.6)

Next, we prove that
i a(uy)ay, (x, u,)| Vi, |* = o(n, m), 4.7)

M J{(& un) <m)

where w(n, m) denotes any quantity that vanishes as the arguments goes to its natural limit

(that is n — +00, m — +00).
1 Tm(a(un)) ds
We use — —— — as test function in (3.3) with m > k > ky, using (2.2),
m Jp@uy (I+1s)?
(3.2) and (3.4), we obtain

% (1+|Tn(S)| 4

) IV )
M Jk<i@nim > 1+l @n)]

SE/{k >| }c(x)(l+|&(un))|>1—"+f‘|VTm(&(un))|
<|a(up)|<m

m
T (@(un))
_/ /Tk(a(un» (T +1sD? |s|)q
Since |&(u,)| < m is equivalent to |u,| < m; = max {a&~'(m), —a&~'(—m)}, for n > m,, we
obtain

2 1+ |s| q9 5
M Jie<i@un)<m (1 + |5(un)|) Veu)] *+8)
1
<— )1+ [@ ) 1P|V T, (@(u,))]

M J{k<|@(un)|<m}

/ /Tm(a(u,l))
LGy (14 IsDe’
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1
Remark that lim ﬂ = 400, then, for some C; > 0, using the assumption (2.2) in
Is|—>+oo 1+ |a(s)|

the left hand side of (4.8) and if k > k*, we have

Ciag

)iV = [ vawr.
m J{@un)<m)

Next, we estimate the first term in the right hand side of (4.8), using Holder inequality with

) < 14 |s]

M Sk <@ i<m N1+ (@)

1—q+ﬁ+1 N-(1—-g+pB)N-2)

- =1,
2+ 2t 2N
we obtain
1 5 B N
— )1+ [@ @) 1P|V T, (@(u,))]
M J{k<|@(un)|<m}
C 1 lI+ﬁ
<= Q) T, G, 2* VT, @, )
_mIICIILW(m(meaS( ) +/Q| (a(un))l /I @)l
C N 5 3
el x| |VTm<a(un>>|)
m LN--¢+BHN-2) (Q) Q
(j 4+ﬂ %
+Z||c||LW®(/Q|Tm<a<un>)| ([ wr.@ar)”

Using Sobolev together with Young inequalities, lead to

1 ~ ~
— ) (1 + @)D" =PIV T, @)

M J{k<|@(un)|<m}

c ~ 3
<—c 2 ( VT, (a(u 2)
= m” ”LWN@W*Z)(Q) _/g.2| m( ( n))|

2—q+p

C
—||C VTm a n 2)
+m”‘”LW@(/Q' @)

Cio -
% / VT, @)
m Jq

2
== (el _ s el
m LN-(-¢+B)(N-2) (@) —(1= q+ﬂ)(N 2) (Q)

Hence, from the previous result, one can deduce that

1
~ 2
y V& )| (4.9)
M 1@ ) <m)
2
< (el el )
LN-(I-g+p(N-2) () (l—q+ﬁ>(N 2 (Q)

Tm(a(un))
— | VLGP + — / / s
/ ¢ Jn T @y 1+ |S|)q

@ Springer



Existence Result for Solutions to Some Noncoercive Elliptic Equations Page 130f20 18

Now, we pass to the limit as n goes to infinity and then as m tends to infinity in the right
hand side of (4.9). By virtue of (4.2), one has

1
—f VT @ (un)) > = w(n, m).
mJjq

As regards the last term in right hand side of (4.9), the fact that f, is bounded in L' ()

gives that
/ /Tm(ﬂt(un)) ‘
T @Gy (L4 s))?
Wy [ o 1 1/k s
1) — P a—— L) — —_—,
SO o A+ s E®m Jo (14 s
. N N Y ds
since ¢ < 1, by Hospital’s rule, one has lim — —— =0, so that
m=oom Jo (14 [|s))?

1 Tm(a('ln)) 1
—/ fn/ ———ds=wb,m).
m Jo 0 (I+[she

Therefore, we conclude the proof of (4.7).
Now we prove that for any k > 0,

Ty (u,) — Ty (u) strongly in Hy (). (4.10)

We follow the method of [20]. Let 7 > k and take the test function @ x(u,) = Tox (U, —
Ty (uy,) + T (u,) — T (n)) in (3.3), we have

/an(x,un)VunV%,k(un)va D, (x, u) Vo (u,) 4.11)
Q Q

= / fn‘ph,k (un)-
Q

In what follows, we study the behavior of each term of (4.11) as n — 400 and & — +-o00.
By (4.5), we have ¢, x (u,) converges to Toi (u — T, (1)) almost everywhere in Q as n — 400
and that Ty, (u — T;,(u)) goes to zero as h tends to +00, so, by the Lebesgue’s convergence
theorem, we obtain

/ Fooni(un) = w(n, h). 4.12)
Q
Let M =4k + h, for n > M, one can write,
/ an(x, un) Ve, Voo i () (4.13)
Q

=/ a(x, T (up))VTi(un) V (Ti(un) — Tie(u))
Q
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+/ a(x, Ty (w,)Vu,Vu, — T, (u,))
{lun 1>k}

—/ a(x, Tos (up))VTy () VTi(u).
{lun |k}

Using (2.3), (4.5) and (4.6) yield that a (x, Ty (u,,))V Ty (u,,) converges weakly in (L?(£2))"
to a(x, Tar(u))VTy (1) and that VT (u) x{u, >k converges strongly to zero in (L2(2))V.
Moreover, since the second term on the right hand side of (4.13) is positive, we deduce that

/ a,(x, Mn)vunvfph,k(un) (414)
Q

> / a(x, T ))VT(un)V(Ti () — Te(w)) + 0 (n).
Q
Now, we deal with the second term in the left hand side of (4.11), we have forn > M

/ch(xa un)vwh,k(un) (415)
Q
=/ D (x, T )V (Ti(u) — Tic(u))
Q
+/ d)(x, TM(un))V(un - Th(un))xﬂun\SM)
{lun|>k}

—/ D (x, Tog () VT ().
{lin| >k}

Due to the assumption (2.4), one has |® (x, Tj (1,,))| < Cc(x) € L*(Q2) where C is a constant
depending on k. On the other hand, by (4.5) we have

®(x, T (u,)) — ©(x, T (u)) ae. in Q.
Then, by Lebesgue’s convergence theorem, we deduce that
®(x, Ti(un)) — ®(x, Te(w)) strongly in (L*(2))".

Moreoever, using (4.6) and the fact that u is almost everywhere finite, we obtain

/qu(x’ La))V (Te(un) = T ) = (), (4.16)
/H O T ) V@ = 0w, @.17)

and
/” P T ) VT )i @is)

= / D (x, Ty (W)VTy () Xu>ny + @ (1) =w(n, h).
{lu|>k}
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Putting together (4.12), (4.14), (4.17) and (4.18), from (4.11) it follows that
/ a(x, Te(u)VTi(un)V (T (1) — Ti(w)) < w(n, h).
Q
Moreover, writing

/ ax, Te(ua) |V (Ti(un) — Te()|?

Q

= / a(x, Tk(un))VTk(un)v(Tk(un) - Tk(u))
Q

—/ a(x, T, DV T )V (T (un) — T (u)),
Q
s0, by (4.6), letting n tends to infinity, we obtain
/ a(x, Tew )V (Ti(uy) = T @) > = o (n).
Q

Moreover, using (2.2), we conclude that (4.10) holds.

Now we pass to the limit in the approximated problem (3.3). Let S be a function in
W!°(R) with compact support, contained in [—k, k], k > 0 and let ¢ € H, () N L>().
Using S(u,)¢ as test function in (3.3) we have

/S’(un)a(un)an(x,un)IVbtnlzrva/S(un)an(x,un)Vunvw 4.19)
Q Q
+/ S(un)¢n(x,un)V¢+f S (un)at (Un) P (x, ty) Vit @
Q Q

:/ SaSun)e.
Q

Since S has a compact support contained in [—k, k], the strong convergence of f, to f in
L'(R) together with (4.5) imply that

/fns(un)(/)=/fns(”)(p+w(n)
Q Q

For n > k, using assumption (2.4), the pointwise convergence of u, to u together with the
Lebesgue’s convergence theorem yield that

fS(un)%(x,un)Vw:/S(u)fb(x,u)vw-irw(n).
Q Q

Similarly by (4.6) we obtain
/ S ()@, (x, u,)Vu,@ :/ S (w)®(x,u)Vup + w(n).
Q Q
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In view of (2.3) and (4.6) we obtain
/QS(un)an (x, un)Vu, Vo = /Q Sup)ax, Te(u,))VTi(u,)Ve
=/QS(u)a(x,u)VuV<p+a)(n).
Finally, thanks to (4.10) we get

/yw»%um»Wme

Q

2/ S (up)a (uy)a(x, Te(ua)) |V Ti(u,) o
Q

=/Swnammwm%+wmy

Q

Gathering all the previous results, we deduce that the condition (2.9) in the definition of
renormalized solution holds. The condition (2.8) follows from (4.7) and (4.10). Since u is
finite almost everywhere in 2 and since T (u) € HOl (R2) for every k > 0, we deduce that u
is a renormalized solution of problem (2.1) and the proof of Theorem 4.1 is completed. [

5 Non Coercive Operator with a Lower Order Term

In this section, we consider the following problem similar to (2.1) of the form

—div(a(x,u)w+q>(x,u))+g(u):f in Q, 5
u=0 on o<, .
where g is a continuous function in R such that:
g(s)s >0, Vs eR, 5.2)
lim |g(s)| = 4o0. (5.3)
s—+o0

‘We assume that there exist §;, &, > 0 such that

|s|

lim e~ ={ eR,
Isl=+oo (1 + Ja(s)D22(1 + [g(s)])*r

which means the existence of a real number k; > 0 and a constant C > 0 such that for every
|s| > k;, one has

Is| < CA+ @)D+ gD (5.4)

As we said in the introduction, the presence of the lower order term g is crucial in the sense
that it guarantees to existence of renormalized solutions when 8 =1 and 8 = 0.
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Theorem 5.1 Assume that (2.2)-(2.4) and (5.2)-(5.3) hold with r > N and m > 5. Further-
emore, we suppose that 0 =1, 8 =0.If §; < % — ﬁ and 8, =1, then there exists a weak
solution u for (2.1) in the sense of Definition 2.1.

Proof Let us consider the following approximate problem similar to (3.3) admitting a solu-
tion u, € HOl (€2) by Schauder’s fixed point theorem.

- dlv(a,,(x, u,,)Vu,,) - dlv(q)n(x7 un))) + g(un) = fn m Qa (55)
u, =0 on 2.
By taking Ty (u,) as test function in (5.5), using (5.2), it’s easy to check that
g(u,) is bounded in L' (). (5.6)

Now, let j > 0, by (5.3), there exists jo > 0 such that |g(s)| > j for every j > jy. Then,
using (5.6), we obtain

. 1 C
meas({|u,| > j}) < 7”g(un)”Ll(Q) = 7,

which leads to

lim supmeas{|u,| > j}=0. (GN))]

j=4oe g,

Thus, (4.6) and Fatou’s lemma yield that u is almost everywhere finite in 2.
As in the proof of Theorem 3.2, we use W (a(u,)) as test function in (5.5), dropping the
positive term, using assumptions (2.2), (2.4), condition (5.4) and for k£ > k;, we obtain

Vo (u,)? Va(u
ao/ SLLICT S cf (1 + g - emL
@)=k (1 + la(,)]) (&) >k) I+ Ja(u,)]

+ f 7.
{1& (up) >k}

by Young inequality, we obtain

a |Va (u,)|? / 2 2
- - <C )+ g ) D™ + Lf1,
2 Ji@an =k (1410 (ua)])? &) [>k) &) |>k)
and applying Holder inequality with — + 28; + ——— =1, it results
m m

m—1- 261m

/|V10g(1+|a(un)|)|2§C||C||L2'"(Ak)</ (1 +1gn)” 14
Ay Ak

+||f||L’”(Ak)|Ak| |Q|2(31

where A, = {|&(u,)| > k}. Thus, thanks to (5.6) and the proof of Therem 3.2, it follows that
¢ Yo et
411 = G (lelin + 1 i) T 14 T V>
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1

Since m > 3 and <y — ﬁ imply that 2- ) > 1. Then, applying Lemma 3.1,

there exists k* such that [{w > k*}| =0, that is, U, 1s bounded. a

(m 1- 251m

Theorem 5.2 Assume that (2.2)-(2. 5) withr =N, m=1, 8 =0and 0 = 1. Assume that
(5.4) holds with 8, € (0, 1) and 8; = 52 . Then there exists at least a renormalized solution
u for (2.1) in the sense of Definition 2. 2

Proof Due to (5.6) and (5.7), the proof of Theorem 5.2 is similar to one of Theorem 4.1, the
1

only difference is the convergence result (4.7). In order to prove it, we use — T}, (& (u,,)) as
m

test function in (5.5), dropping the positive term and using (5.4) with §; =

1
— V& (un)]? (5.8)
M J {6 ()| <m}
1 - 1-5 -
< E/ e (1 + @)D + |g(un))) = VT, (e (uy))|
{1a(un )| <m}

1
mJjq

Now we estimate the first term in the right hand side of (5.8), using Holder inequality with
1 & 1- 82

N>

1
—|— — =1 and by (5.6), we obtain

1 N 1-5, ~
— )+ (@) D21+ 1gw)) T VT, (@ (u,))]
M J{\G ) <m}

C —i 2
< el ( [ @) ( [ 1+ lgtunDl) f VT, @w,)P)
—||c||L~<m(f<1+|g(un>|>| fwT @u)P)’
c % - :
< el / ITu@ D)™ ( /Q VT @)

C _ 1
titellve ([ (9T.@@R)"
m Q
Using Sobolev and Young inequalities, it yields that
1 ~ 2
— [Va(u,)| (5.9)

M J @ un)| <m}

C 1 ~
<— (||c||,fN‘?Q)+|| ||L‘N‘?Q) +— / FaTu (@ (un)).
Q

We pass to the limit in each term in the right hand side of (5.9) as n and m tends to infinity
respectively. Since the first term in the right hand side easily goes to zero as m — o0,
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using Lebesgue’s convergence theorem and the fact that u is finite almost everywhere in €2,
we deduce that

1
mJg

Thus, (4.7) holds true. At last, repeating the proof of Theorem 4.1, we conclude that u is a
renormalized solution of (5.1). Therefore, the proof Theorem 5.1 is completely proved. [

Data Availability Data sharing is not applicable to this article as no new data were generated or analysed
during the current study.
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