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Abstract

To uncover that the magnetic field mechanism can stabilize electrically conducting turbu-
lent fluids, we investigate the stability of a special two dimensional anisotropic MHD system
with vertical dissipation in the horizontal velocity component and partial magnetic damping
near a background magnetic field. Since the MHD system has only vertical dissipation in the
horizontal velocity and vertical magnetic damping, the stability issue and large time behav-
ior problem of the linearized magneto-hydrodynamic system is not trivial. By performing
refined energy estimates on the linear system coupled with a careful analysis of the nonlin-
earities, the stability of a MHD-type system near a background magnetic field is justified for
the initial data belonging to H>(R?) space. The authors also build the explicit decay rates of
the linearized system.
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1 Introduction

The standard two dimensional incompressible magnetohydrodynamic(MHD) equations
obey
oU+U-VU —-vAU +VI1=B-VB,
#B+U-VB—-—uAB=B-VU,
(1.1)
V.U=V-B=0,

U(x,0)=Uop(x), B(x,0)= By(x),
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where U (t, x) = (U, (t, x), U, (t, x)), B(t,x) = (B (t, x), By(t, x)) are the velocity field and
the magnetic field, respectively, IT is scalar pressure. v > 0, u > 0 denote the kinematic
viscosity and the magnetic diffusivity. The system (1.1) comes from the geophysics, as-
trophysics, cosmology and has been applied in engineering (see [10, 19]). Many mathe-
maticians and physicians have devoted efforts to addressing some fundamental issues on the
MHD equations such as well-posedness, stability and large time behavior problems. In 1972,
Duvaut and Lions [12] built the local well-posedness in Sobolev spaces and established the
global existence with small initial data. Later on, Sermange and Temam [23] established
the global well-posedness of the MHD equations (1.1). Since then, there is a large amount
of literature on the global well-posedness and regularity issue of the MHD equations with
various partial or fractional dissipation (see [6-9]).
In this paper, we will investigate the incompressible MHD fluid system equations:

20,

8,U+U~VU—V< 0

)—l—Vl’I:B-VB,

0
8,B+U'VB+7](BZ>=B-VU, (1.2)

V.-U=V-B=0,
Uli=o = Uy, Bl = By.

Let
U?=0, BP=¢ =(1,0),
which is a steady solution of (1.2). The perturbation (u, b) with
u=U-UY, b=B-B".
satisfying

82214]

a,u—l—u-Vu—v( 0

)+V71=b-Vb+81b,

0
8;b+u~Vb+ﬂ<b2)=b'V“+alua (1.3)

V-u=V.-b=0,

ul;—o = ug, bl—o =by.

During the past thirty years, more and more attention has been paid to the stability and
large time behavior problems to the MHD equations with partial dissipations near a back-
ground magnetic field. Some studies which stated above are concerned with the fundamental
nonlinear phenomena associated with electrically conducting fluids. Many physicians found
that the magnetic field can stabilize electrically conducting fluids (see [1, 2, 13, 14]). It
is very interesting to understand the stability problem concerning the partially dissipative
MHD equations near the background magnetic field. There are substantial developments on
the stability problem of the MHD equations with various dissipation near a background mag-
netic field (see [3, 5, 11, 15, 17, 20-22, 24-26]). The purpose of this paper is to investigate
the smoothing and stabilizing effect of the magnetic field on the fluid motion.
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Recently, Lai, Wu and Zhang [16] consider the following MHD system

du+u-Vu—vdiu+Vr=>b-Vb+db,

8,b+u~Vb+n(0>=b~Vu+81u,
2

b (1.4)

V-u=V-b=0,

ul—o =ug, bli—o = by.

They established the stability of the system (1.4) near a magnetic background. Later on, Lai
informed us that they have obtained the stability issue of the system (1.3) with 822u1 replaced
by the damping term u; in a coming paper.

For convenience, we assume that v = n = 1 throughout this paper. Applying the
Helmholtz-Leray projection P = I — VA~!V. to the equation (1.3) and using the fact that
V.-u=V-b=0,one has

2
IP’<826”> — A7 3% A TR,

0 _
P<b2> — A9 A R,

Then the system (1.3) converts into
du=Tru+db+Pb-Vb—u-Vu),
b =TRib+du+P0b-Vu—u-Vb), 0s)
V-u=V-b=0,

Ul = uo, bli—o = by.

Differentiating (1.5) in ¢ and making several substitutions, we can convert (1.3) into the
following new system

Bt — (R} + TH)du — 3fu+ R3T u = Ny,
db — (R? 4+ THd,b — 32b + R3Tb = Na,
V-u=V-b=0,

(1.6)

uli=0 =uo, bli=o = bo,
where N, and N, are the nonlinear terms,
Ny =@, —RHP(D - Vb —u - Vu) + 3 P(b - Vu —u - Vb),
Ny = — THP®B-Vu—u-Vb)+3,P(b-Vb—u-Vu).
Our stability result can be stated as follows.

Theorem 1.1 Assume (ug, bo) € H>(R?) with V - ug =V - by = 0. Then there exists a suffi-
cient small € > 0 such that, if

luoll s +Nlboll 3 < & (1.7)
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Then (1.3) has a unique global solution that remains uniformly bounded for all time,

el + 161 + / o1 (0) P +f 1b2() e +/ N 2ad < Ce,
where C > 0 is a pure constant.

Remark 1.2 Due to the lack of the vertical dissipation 822u2, the system (1.3) has less dissi-
pation than that of the system (1.4). We need to establish the H3-stability and build more
subtle energy estimates than that in [16], which obtained the stability in H? space.

Remark 1.3 Now we explain why we need the H? regularity imposed on the initial data. The
most difficult term encountering in the proof is fRZ 812u282b1 aszdx. In order to establish the
stability, we are obliged to prove the bad term is uniformly integrable over [0, ¢]. Thanks to
the Holder inequality, Sobolev inequality, one has

t t
/ / st badxdr < / 12us 213 1 192Dl 2d
0 JR 0

t
< C/ 01wzl 2110261 | 2 [1D2 |l g3d T
0

<c< / ||aluz||,,zdr) ( / ||b2||H3dT) ol

We would like to remark that it is natural to consider the stability problem in anisotropic
Sobolev or Besov spaces. To examine this issue, one need to build a subtle energy structure
to build an priori estimate. For instance, in the references (see [4, 17]), the authors deal with
similar operators (Riesz) in an anisotropic functional setting.

Our second main result explores the large-time behavior of solutions to the linearized
system

ou — 752u —01b=0,
&b —Rib— du=0,

(1.8)
V-u=V-b=0,
uli=0 = uo, bli=o = by,
which can be converted to the following system of wave equations
Bt — (R + TH)du — fu + R3Tu =0,
dub — (R3+ THab — 32b + RIT, b =0, (19)

V-u=V.-b=0,

ul—o =ug, bli—o = by.

According to Lemma 2.3, we need to show that [ ([lu(t) 12,0 + 1b(0)|I3,,d7 is finite which

requires (A%, Ay > )ug € H'*, (A7%, A;*7)by € H'*?. We refer the readers to Sect. 4
for details.
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Now we give the definition of the partial fractional derivative A} withi =1, 2and y € R
as follows

AT =181 ).
Theorem 1.4 Let o > 0. Assume (ug, by) satisfies
(A7, A ug e HF, (A7, A% )bg e H'Y, V-ug=V -by=0.

Then the corresponding solution (u, b) of (1.8) satisfies

(u,b) € L®(0,00; H"), (Tou,Rib) € L*(0,00; H').
Moreover,

lu @t + 16@ 1 < C(AL+1)75,

forany t > 0, where C > 0 is a positive constant depending on uy and by,

The next theorem is to evaluate the decay estimates of d,u and 9;b, the extra terms
generalized by the perturbation near the background magnetic field By = (1, 0, 0).

Theorem 1.5 Assume (ug, by) satisfies

V-uy=V-by=0, (ug,bo) € H', (Tfuo, Ribo) € L?,

(AN TRuo, AN " TEbo) € L?, (A7'RiTaug, AT R Tabo) € L.
Then the corresponding solution (u, b) of (1.9) satisfies

180 2 + 101 (@)l 2 + IRy o) 2 < C(L+1)72,
186012 + 19162 + [RITab(0) 2 < C(L+1)72,
forany t > 0, where C > 0 is a constant depending on uy and by.
A brief outline of the proof. We first present the main ideas in the proof of Theorem 1.1.

The method we use to prove Theorem 1.1 is based on a bootstrapping argument. A natural
part of the energy functional is

t t
E1<t)=||u||§,3+||b||§13+/ ||azu1<r>||i,3dr+/ 162(2)1I3,5d T (1.10)
0 0

This part is not sufficient to bound the bad term f 31u1(823b1)2dx emerged in the H? esti-
mate. We have to seek another part of the energy functional

Ey (1) :/ 1812() |13, (1.11)
0

which can help us to control those bad terms. We need also verify that E,(¢) can be bounded
by a combination of E;(¢) and E, ().
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Let E(t) = E|(t) + 8§ E»(¢). From Proposition 3.1 and Proposition 3.2, one has

Ev(0) <CE(0) + E} 0) + E}O0) + C(E} (1) + E3 1))
+ CCEL®D) + E30) + C(E (1) + ES (1),
and
E»(t) <CE((0) +CE(t) + CEI%(t) + CEQ%(I).
These two inequalities which together with the definition of E(¢) give rise to
E(t) < EQ0)+ CE3(t) + CE*(t) + CE3 (7).
Thus a bootstrap argument guarantees us the global existence and stability.
We would like to remark that it is very difficult to obtain the large time behavior of the

nonlinear problem. The characteristic polynomial associated with (1.9) is given by

£ +E
HE

6

A+
€4

A+E+ =0, (1.12)

whose eigenvalues are

| —@+ED+ @ -8 - 4glel . —(& +&) — & — &) - 4g7lep
- GE CT €2 '

It is very easy to verify that A; ~ 0 as & — 0. When the solution is represented by the
integral form, the degeneracy of A, makes the decay evaluation of nonlinear terms extremely
difficult. It is not easy to estabilish the explicit decay rate of linearized system due to the
degenerate of the eigenvalue 1;.

The rest of this paper is organized as follows. Section 2 presents some crucial Lemmas.
The proof of Theorem 1.1 is performed in Sect. 3. Section 4 is devoted to the proof of
Theorem 1.4 and that of Theorem 1.5.

Al

2 Preliminaries
In this section, we state some important lemmas which can be found in [18].

Lemma 2.1 Assume that f, g, h, 0, f and d,g are all in L*(R?). Then there exists a generic
constant C > 0 such that

1

1 1 1 1
/R 8hldx < CILI s gy 101 F 12 o 18 1 2y 1928 12 gy 1 2k
Lemma 2.2 Assume that f,d, f, 3, f are bounded in H'(R?), it holds that

1 1 1 1
1 ey < CIF I ey 101 F e 12 1 19102 1 gy
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and

1 1

1 ey CIE e 180 s
1 1

1 ey CIE e 12 11 -

Lemma 2.3 For given positive constants Cy, Cy, Cy > 0, assume that f = f(t) is a nonneg-
ative function defined on [0, co) and satisfies,

[o¢]
/ f(H)=Cy<oo, f(1)=Cif(s), O=s<r1.
0
Then there exists a positive constant C, = max{2C, f(0),4CyC,} such that

f@O <C(1+n7", ve>0.

3 Proof of Theorem 1.1

In this section, we will prove Theorem 1.1. We first introduce the following energy func-
tional,

E(1) = Ei(1) + Ex(1),

where

Ei(1) = sup(Ilu(f)lli,ﬁIIb(f)Ili,a)+f0 ||32u1(f)||2;,3+/0 I152(T) 1173 (3.1

O<t=<t

Ey (1) :/ 181 (T) 172 (3.2)
0

3.1 A Priori Estimates

Proposition 3.1 It holds that

3 3 3
Ei(t) <C(E((0) + EZ(0) + EF(0)) + C(EE (1) + E7 (1))
5 5
+ C(ET(t) + E;(1)) + C(EZ (1) + ES (1)),
where C is a pure positive constant.

Proof Step 1. L*-estimates
Taking the L?- inner product to the equations (1.3) with (u, b), one obtains

| =

e, D)3 2 + 102ur (172 + b2l 2 = 0. (3.3)

| =
QU

t
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Step 2. H3-estimates
Applying 3i3 (i =1,2) to (1.3), and then taking the L?- inner product with (8i3u, Bi"’b) to
obtain

1d
5 77 107w 7B + 1097w 72 + 187 ba 172 = — / 0] (u - Vu) - 0} udx
+/8i3(b-Vb)-8[.3udx —/8,-3(u~Vb)-bedx—l—/af(b-Vu)-a?bdx

=-> cg/a;’fu-vaf*“u-a?udw > cg/aﬁb-va,?*ab-a?udx

I<a<3 l<a<3
-y Cg’/aﬁ‘wvaf’“bﬁfbdx—i- > cg*/a;‘b.va?*“u-a?bdx
1<a<3 1<a<3

=L+hL+5L+1,

where we use the fact that V- u =V - b = 0. We write

L=-Y%" c;‘/a;'u.vai3*“u.al.3udx

1<a<3

=-> Cg/a;’u-vaf—“u.afudx— > cg/agu.vag—“u.agudx

I<a<3 1<a<3

=l + Ipo.
According to the Holder inequality, one gets
In=- )Y C§ / 3u -V u - djudx
1<a<3
=- 3f3|u -Voiu - djudx — 3/81214 -Vdu - djudx —/afu Vu - dudx
<Cl187ull 2 (181ull oo |V OFull 2 + 197wl 4 1V Dyl s+ 187wl 2| Ve o)
<Cllullgl191ull3,..
To deal with I;,, we decompose it into the following three parts

Ip=— Z Cg‘/agu-vag_“u-f);udx

1<a<3

=— > c‘;/agula,ag—au.agudx— > Cg'/aguza;‘—“ulaguldx

I<a<3 I<a<3

-y cg[aguzaf”uzaguzdx

1<a<3

=l + Lo + L.
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Similar to estimate /;;, we find

I =— Z C;‘/&;‘ulala;*au-asudx

1<a<3
=—3/azulala§u~a§udx—3/322”1313214.agudx—fagulalu-agudx

<Cll03ull 2 (19211 | oo 13195l 2 + 10501 1141191 | 4 + 19501 [l 21124 o)

<Cllull s (19221 13,5 + 1011113,2).-

Thanks to the Holder inequality, we have

1|22:— Z Cg/&guzag_aulaguldx

I<a<3
:—3/32u2323u1823u1dx—3/8221428221418;141[1)6—/823u282u18§u1dx

3 3 2 2 3
=Clloyurll 2 (10222 ]| oo 105 ur [l 12 + 105 ua | 22 | 8501 (| oo + 1[5 2]l 2102241 [ £ov)

2
=Cllull gl 92m1 73

According to the Holder inequality and the fact that d,u, = —0,u;, we get

Lz =— Z C?/Bguzag_“uzafuzdx

1<a<3
:—4/82u28§u2823u2dx—3/8§u2822u28§u2dx
:—4/82u282281u182281u1dx—3/822u28281u182281u1dx

<C113331urll 2 (195 d1u1 [l 2 182w ]| oo + 1105 ua | 2 1123101 [ o)

2
=Cllull g3 1192011173
Hence, we get
2 2
Iy = Cllull g3 (10201 175 + 1011]l72)-

To estimate I,, we split it into five parts

L= Z Cg/@f‘hvaffab-ai}udx

I<a<3

=y Cg/f)f‘b'vaf""bﬁfudx—l— > Cg/agb.vagfab.agudx
1<a<3 I<a<3

=Y cg/afb.vaf—“b.afudwr > cg‘/agblalag’—“b]aguldx
I<a<3 1<a<3
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+ > cg/agblalag—“bzagude > c;/agbzag—ablaguldx

l<a<3 1<a<3

+ )¢ / 39br03 " byd3urdx

1<a<3

=hi+In+-+ bs.

According to the Holder inequality and the Sobolev inequality, we conclude

Ii= Y cg/a?b.vaf—“b-a?udx

1<a<3
:3/81b~V812b~813udx+3/812b-V8|b-813udx+/813b-Vb~813udx
<Cl187ull 2 (131611 L I V0T bl 2 + 187D 4l VA1l s + 187B1 211 VDIl )
<ClIbll 3 (152135 + 1d1ul7,2),

where we have used the fact that ||9,b]| z2 < C||b,|| 3. Similarly to the derivation of I, we
have

122: Z C‘;/B;‘blala;’“blaguldx

1<a<3
=3/azblala§bla§uldx+3/a§blalazbla§uldx+/a§blalbla§u1dx

<Cl83u1ll 2 (1321 | 181336112 + 119561 1] 4 11812b1 (|4 + 11336111 .2 19161 ] o)
<ClIbll g3 (b2l + 18211 17;5)-

Thanks to the Holder inequality again, we have

123= Z Cg‘/agblalag_“bza;uzdx

I<a<3

:3/82b181822b28§’u2dx+3/822b18182b28§u2dx+/8§b181b2823u2dx

<Cll3uall 2 (13:b1 1110218195 b2 12 + 13551 11 4 118182Da 1 14 + 135 D111 1219162 | 100

<ClIbll g3 (Ib21135 + 1322011175),

by= ) cg/agbza;‘—“blaguldx

I<a<3
:3/82b2823b1823u1dx+3f822b2322b18§u1dx+/323b282b1323u1dx
<Cl185u1 | 2 (1926211 13551 | 2 + 183521 1411836111 4 + 119552 2 1821 ]| .0)

<ClIbll g (12125 + 121 12,5),
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and
Ls= Y C§ / 33 by03 by d3urdx
1<a<3
=4 / 32085 by85urdx +3 / 82by03by 05 urdx
<ClIusll 2 (132021 1< 133621 2 + 13352117.4)
<Cllullg31lb2 1135
Thus we get

L < C(lullygs + 161 53)Ub2ll5s + 102w 15 + 1912172

Now we write

L=- )" cg’/a;*u-va?—“b-afbdx

1<a<3

=- Y Cg’/af‘u-vaf’“bﬁfbdx— > cg/agu-vagfab-agbdx

1<a<3

l<a<3
=- > Cg’/af‘wvaf’“bﬂfbdx— > cg/agulalagfab.agbdx
1<a=<3 l<a<3
- > cg’/aguza;‘—“b-agbdx
1<a<3

=D + Iz + L.

Thanks to the Holder inequality and Sobolev embedding, we get

Ly=— Y C‘;/af‘u-vaf’“b-afbdx

1<a<3

=—3/alu.vafb.afbdx—z./afu.valb.afbdx—/afu.vza.afbdx

<Cl33b1 2 (1810l V2B 12 + 187ull 4| VDbl o + 1187 ull 21 9 1o0)
<ClIbll s (1b212s + 191u]1%,2).-

Similarly,

Ly=— )" cg/agulalag—“b.agbdx

1<a<3

:—3/azulala§b-a§bdx—3fa§u,alazb-a§bdx—/agulalb-agbdx

<ClI3;bl 2 (1au1 | 113195511 2 + 1356114 1818251 1+ + 11952111 21816 o< )
<ClIb N3 (1b2 1175 + 132011173)-
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To bound 733, we further decompose it into three terms

Ly=— Z Cg‘/agugag_“b-afbdx

I1<a<3

=-3 f dup5b - 35bdx — 3 / d3u2d3b - d3bdx — / 35usdb - 35bdx
=I331 + L + L333.

By the Holder inequality and the Sobolev inequality, we obtain
Iy = — 3/32M2823b - 85bdx

= —3/82u23§b13§b1dx — 3/82u28§b28§b2dx

<Cloanll= 103621 + 3 [ a1 @361

<Cllllpo b2l +3 [ @31
Integrating by parts and using the fact that d,u, = —9d,u;, we get

_ 3 2 202, 3 3 2732
1332 = B 8214282(8219) dx = ) azug(azb) dx

3
=— E/agalul(agb)%zx=3/a§ula§b-alagbarx
<Cl133u1 ]|+ 1183b11 141191 87b ] .2
<Clbll 3 b2l + 182w 17;5)-

In view of the divergence-free conditions, integration by parts and the Holder inequality, one
can obtain

1333 :fazzalulazb . 823bdx
=—/822u18231b-8§bdx—/Bzzulazbﬂgalbdx

:—/822u18281b~823bdx+/823u|82b~82281bdx+/8§u1822b~82281bdx

<ClIurll 21829151 141195511 2 + (195111121826l e + 118301 1141195611 L) 119591 b ]l .2
<ClIbll 3 (Ib21135 + 12001 1135)-

Then, it leads to

L=< Cllullgs + 1613 Nba 35 + 13aur 1175 + ||alu||i,2)+3falu1(a§b1>2dx.
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9

In order to bound 14, we decompose it into the following terms

L= cgf/aﬁb-vaf—“u-aﬁbdx

I<a<3
=Y C§‘/8f‘b~V813""u-313bdx+ > cg/agb-vagf‘*u.agbdx
I<a<3 l<a<3
=) C?/E)f‘b.vaf—au.afbdx—i— > cg/agblala;—aulagbldx
1<a<3 I<a<3
+ > C§‘/8§‘b18|823_°‘u2823b2dx+ > cg/agbzag‘—“u.agbldx
I<a<3 1<a<3

+ > / 35 bydy “u2d;3badx

1<a<3
=y + I+ -+ Lys.

Thanks to the Holder inequality, one has

Iy=Y_ cg/a;xb-va?—“u-afbdx

1<a<3
:3/81b-V812u-bedx—l—?a/alzb-valu-813bdx+/813b-Vu-813bdx

<CUH DI I31bll o IVOTull 2 + 1871 4 | VOull 1o + 187Dl 21| V]| o)
<Cllull 3 15215-

By using integration by parts several times and the Holder inequality, we deduce

In=) cg/agblala;—“ulagbldx

1<a<3

:3/82b181822u18§b1dx+3/8§b18182u18§b1dx+/81u1(8§b1)2dx
2 3 2 3 3 2 2

=-3 8za]b1azu1azb]dx—3 82b|82u18281b1dx+§ 3]82M182(82b1) dx

+ / dui(33b1)*dx
=—3/3231b1822u18§b1dx+3/822b1822u182281b1dx

3

+3/azbla§ula§albldx - E/alagul(a;bl)zdxJr/alul(agbl)zdx

=-3

8,01b103u;05b1dx + 3/822b1822u182281b1dx

+3/32b]a§u.a§alb,dx+3/a§ula§bla.a§b.dx+/a.u1(a§b.)2dx
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<Cl1320101 114 1105ull 211956111 2 + Cl183b1 [l 1151 |1 41185 8161 ] 2

+ Cll32by [l 10501 112110591 b1 [l 2 4+ Cll95u1 [ 4119561 1| 411818561 [ 2

+ / dyuy (33b1)*dx

<Clbll g3 (1b2ll s + 132001 13,3) + / dyuy (33b1) dx.
According to the Holder inequality and Sobolev inequality again, one arrives at

143= Z Cé’/agblalas’_“uzagbzdx

I<a<3
:3/82b1818§u28§b2dx+3/822b18182u28§b2dx+/8§b181u2823b2dx
<Cl103ba| 2 (102b1 [l o< 10183 u2 | 12 4 195 b1 | 41191 Baua | o + 195 byl 2 | yu2 | ov)
<Cl1bll 3 (b2l 35 + 101l 3,2)-

Similarly, it leads to

Lu= )" cg/agbza;‘—“ulagbldx

1<a<3
:3/82b2823u|8§’b1dx+3/8§b28§u18§b1dx+/8§’b282u18§’b1dx

<ClIHbill 2 (:ball oo 15011l 2 + 183521l 4 185w | 4 + 1195 b2 | 2 1B | <)
<Clbll 3 UIb2 175 + 182101 13)-

and

Ls= Y C¢ / 33 by 0y “urd3brdx

1<a<3
:3/82b28§'u28§b2dx + 3 / 822b2822u28§b2dx + / agbzazuzagbzdx
<Cl133ba2 1l 2 (10262 ]| oo 1312 [l 2 + 103 b2 ]l 4 1031021l 4 + 195Dl 2 M| a2 [l oo
<Cllull g2 11b2 133
Collecting the estimate from I4; to Iys to give
L <Clullgs + 151 ) b2 1175 + 1922011135 + 1012]5,2) + / druy (33b1) dx.
Then one has

1d
5 7 106 D) s + 12201y + D217

(3.4
<Cll(u, b) | g3 (b2 1135 + 02u1 I35 + 191213,2) +4/ 3111 (35b1) dx.
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To handle the worst term f 01Uy (823 b1)*dx, thanks to the following equation
8|u1:8,b|+u-Vb|—b-Vu1, (35)

one can verify
/ dyuy (33b))*dx = [(atbl +u-Vby —b-Vu)(d3b))*dx

d
:E/bl(agbl)zdx —2/bla§bla§a,bl +/(u-Vb1)(8§b1)2dx

—/(b.wl)(a;bl)zdx
d

=E/b1(8§b1)2dx +2/bla§bla§(u - Vby)dx —2/b1823b1823(b«Vu1)dx
—2/bla§bla§a]uldx+f(u-Vbl)(agb.)zdx—f(b-wl)(a;bl)zdx

d
:E/bl(agblydx—{—z > cgfblagblagu.vag—ablderz/blagblu.vagbldx

I<a<3

—2/bla§bla§(b-wl)dx—2/bla§bla§alu,dx

+ /(u Vb)) (35b))*dx — /(b - Vuy)(33by) dx
=h+h+-+J.

By V - u =0, we can easily verify
I+ Js =2/b18§b1u -V3bidx + /(u - Vb)) (85b))*dx
:/blu.V(agbl)zdx+/(u-Vbl)(agbl)zdx

:/ - V(b (33b))}dx
—0.

To deal with J,, we first split it into the following four terms,

h=2Y" cgf/blagblagu-va;“bldx

I<a<3

=2y cg/blagblagulalagﬂbldx+2 > cg/bla;blaguza;—abldx

1<a<3 l<a<3

=2 ) cg‘/b] 35b135u, 3, 33—“b1dx+6/bla§blazuza§bldx

1<a<3
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+6/b1823b1822u2322b1dx+2/b18§b1823u232b1dx

=Jo1 + Jo + Jiz + Joy.

For the first term, the Holder inequality guarantees that

=23 Cg‘/blagblagu]ala;*“bldx

I<a<3
:6/[)18231)18214181 322b]dx+6/b|8§b] 82u, azbldx+2/b] 35b,10;u,0,bydx

<Clbillo 19501112 (121l o2 11818351 1 2 + 18311l 411818201 .+
+ 1183011211811 00)
SClIbIG (b2 + 1821 1135).

In term of (3.5), we get

Jxn :6/b18§b182u28§b1dx = —6/blalul(a§b1)2dx
=—6/b1(8,b1 +u-Vby —b-Vu)(33b))*dx
:—3/3,(b1)2(a§b1)2dx —6/b1(u : Vb,)(agbl)zdx+6/bl(b-wl)(agb,)zdx
=— 3% /(b,)z(agb,)zdx +6/(b|)28§’b18238,b1dx
—6/b1(u : Vbl)(agbl)%lx+6/b1(b-w1)(a§bl)2dx
=— 3% /(bl)z(agbl)zdx - 6/(b1)28§’b1823(u - Vby)dx
+6/(b1)2a§bla§(b - Vuy)dx
+6/(b1)2823b182381u1dx —6/b1(u - Vbl)(agbl)zdx+6/b1(b-wl)(a;bl)zdx

d —o
=—SE/(b1)2(8§b1)2dx—6 > cg/(bl)zagblagu.vag bydx

1<a<3

- 6/(191)233191“ Va3 bidx + 6/(1;1)23;1913;(19 -Vuy)dx

+6/(b1)2823b182331u1dx —6/171(” . Vbl)(agbl)zdx+6/b1(b.wl)(agbl)zdx

=Ni+ Ny +---+ Ny
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9

According to V - u = 0, we obtain
N3+ Ng=— 6/(1)1)2331;1“ -Vd3bidx — 6] by(u - Vby)(d5b))*dx

:—3/u-V(agbl)z(bl)zdx—3/u-V(bl)z(agbl)%zx

—3/M~V((8§b1)2(b1)2)dx
=0.

Thanks to the Holder inequality and Lemma 2.2, we have

Ny=—6 )" cg/(bl)2a§blagu-va;**bldx

1<a<3

=—6) cg/(bl)zagblagulalagﬂbldx

1<a<3

-6y cg/(b.)zagblaguza;‘—“b.dx

1<a<3

=- 18/(b1)28§b182u181822b1dx - 18/(b1)za§bla§ulalazbldx
—6/(b1)2823b1323u181b1dx
- 18/(b1)28§b|82u28§b1dx - 18/(b1)28§b] 82u293b dx

—6/(b1)2823b1823u282b1dx

<Cllby 170103511 2 (192201 1|2 19103 b1 [ 2 + 10311 | oo 181921 ] .2
+103urll 218161l o + 192uall L 183b1 [l 12 + 183Ul L 193b1 | .2
+ [103uall 2119251 || 1)

<Clbill g 13161 1 16115 (19221 1 3 + 1112 12)

<CIBIE s (1b2 s + 1821112, + 11u]1%,2).-

By the Leibniz formula and Lemma 2.2, we infer that
Ny :6/(b1)28§b1823(b - Vu,)dx

=6y Cg*/(bl)za;blagb-Vag""uldx

0<a<3

:6/(b|)2823b1b-V823u1dx+ 18/(b1)2823b]82b.V822u1dx
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+ 18/(b1)2823b1822b.V82u1dx+6/(b1)2823b1823b.Vu1dx
:6/(b1)233b1b.va§uldx + 18/(b1)2823b132b.V822u1dx
+ 18/(2)1)23;17132219.vazuldx+6f(b1)2a§bla§blalu1dx

+ 6/(b1)28§’b18§b282u1dx

<Clb1ll7 105611l 2 (6N oo 1V O3 || 2 + 10261l 14|V O3 ur || 4

+ 10361 141V 0au [l 4 + 1055111211912y [[ oo + 118352 | 2 1 2u || oo )
<Cl1b1ll g 10151 1 1611 (1221 15 + 1812][3,2)
<CIbI3,s Iballyys + 1021 17,5 + 191u]l3,2)-

We infer from the Holder inequality, Lemma 2.2 and the Sobolev inequality
Ns =6/(b1)2823b182381u1dx

<Cllb1 1|70 1185b1 1l 121185 81u1 || 2
<Clbill g1 113111l g1 113351 1| 21133 Byaa ] 2

<ClbN33 12175 + 182w 13;5)-

Reasoning with the same method yields

N-

<

:6/ by(b - Vu,)(d;by)*dx

:6fb1b131u1(8§b1)2dx+6fb1b232u1(8§b1)2dx
<Cl1b1llL 105611172 (161 | o 191w | oo + 12 Los (|00 || )

1 1 1 1
<Clbill5 101b1 1l 16113 1B 1 191511y 112l g2 4 152 g2 13221 11 112)

<CIIbI,s (b2l + 1920115 + N101ull3,2).

Collecting all the estimate from N; to N; yields
Jn < —3% /(b1)2(8§b1)2 + CUIb g5 + 1b15) (b2 13 + 120115 + 191u]3). (3.6)
With the help of V - u = 0 and integration by parts, we infer that
Jry =6 / b135b103u2d3b1dx
=3 / b133u23,(33b)*dx = —3/b13281u|82(322b1)2dx
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:3fazblaza,ul(a§bl)2dx+3/bla§alul(a§bl)2dx
=— 3/8281b132u1(822b1)2dx - 6/ 32b182u1822b161822b1dx

—3/81b1822u1(822b1)2dx —6fb1822u1622b181822b1dx

<Clldd1b1 2 182u1 2 19351 124 + Cll32by || o 1oty || oo 118361 1 1411818361 |l 2
+ Cl101b1 1o 10501 112110551117 4 4 C LI o0 19501 [l 4110551 11 1411919564 | .2
<CIbI35 (1ball3,s + 111 1%)-

Making use of the fact that d,u, = —9;u; and integrating by parts, one gets
.124 :2/b18§’b18§’u282b1dx = —2/b18;b182281u182b1dx
=2/81b18§b1822u182b1dx+2/b18§b1322u18281b1dx +2/b18§81b1822u182b1dx
:2/81b18§’b1822u182b1dx+2/b]823b|822u18281b]dx
—2/82b182281b1822u182b1dx—2/b182281b1823u182b1dx
—2/bla§albla§ula§bldx
<C193b1 [l 21103u1 [l 4 (101b1 [l Lo 19201 || 4 + 1By [ o< 1020161 [ 4)
+C18501b1 | 2 (10261 1741051 | oo + 11 [l oo 195w 11 2119251 || oo
+ 1151l 103wy [l o< 10361 11 2)
<CIbI5 b2 175 + 1821 13)-
Thus, it reaches
d
b= =3 /(b1>2(a§b1>2 + BN + 1815, b2 1135 + 02u1 1,5 + 1124]17,2).-
To deal with J4. We split it into the following terms

Jy= —2/b1823b18§’(b -Vu,)dx

=-2) cg/blagblagb-vagfauldx

0<a<3

=—2fbla§b1b.va§uldx —6/bla§blazb.va§uldx

—6/b18§b1822b-V82u1dx —2/bla§bla§b.w]dx
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=Ju + Jo+ iz + Ju.

Thanks to the Holder inequality and Lemma 2.2, we obtain

Jar = —2/b18§b1b~V823u1dx
<ClIbille= 1183011 2 1612 IV 33011l 2

1 1 1 1
<ClIb 12,1801 2, B0 2, 181611 2, 13351 1,2 1193304l 2

<CIIbI3,5 (1521135 + 102011173

For Jy,, we deduce from integration by parts, Holder’s inequality and Sobolev’s inequality
Jip=— 6/b1823b182b -VdZu dx
=— 6/b18§b182b131822u1dx - 6/bla§blazbza§uldx
=6/31b13§b132b1322u1dx +6/b182381b182b1822u1dx
+6/b1323b18281b]822u|dx —6/b18§’b]82b28§’u]dx
:6/81b18§b182b18§u1dx —6/82b182281b182b1822u1dx —6/b182281b1822b1822u1dx

—6/b182281b182b13§u1dx+6/b18§b13281b1822u1a’x —6/b1823b182b2823u1dx

<ClI3 b1l 1835111 2 13251 |4 193Ul o + CO2b 114 10201 bu | 2 1020 ] o
+ Cllby Il 1183811 | 2 (1935111 2 183y | 1o + 11821 | o 183w ] 2)
+ Cllbll 18351 12 (1929151 [l 419301 4 + 1926l o 1301 12)

<ClB12: (1521135 + 118201 113,5).

With the help of integration by parts and Holder’s inequality, it reaches
Jiy=— 6/1713;17132217 - Vdou dx
=— 6/b1323b1822b18|82u|dx - 6/b18§b18§b28§u|dx
=— 3/b18182u182(3§b1)2dx - 6/b1823b1322b2822u1dx
=3/azblalazul(agbl)zdx+3/blala§u1(a§b1)2dx —6/b18§b1322b2322u1dx
=- 3/ 8291b1 8511 (33b1)*dx — 6/ 32y yu,93b13,93b1dx
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—3/81b1822u1(822b1)2dx—6/b1822u1822b181822b1dx —6/b1823b1822b2822u1dx
<Cll0guy || 195b1 1l L (195 b1 [ 411920151 [| 12 + (1025111 411950161 ] .2)

+ Cllowby o< 105011l 21195611174 + Cllbyll oo 185w 114 105 b1l 41191055y Il 2

+ Clibilloo15b1 112 10552l 18301 ] 4
<CIIbI33 (1b2llys + 19211173

From the Holder’s inequality and the estimate of J5; in (3.6), it follows that
Jug = —2/bla§bla§b -Vudx
=— 2fbla§bla§blalu1dx - 2/b18§b18§b282u1dx
=- 2/b13§b18§b131u1dx + Cllbi 1336111 2118352l 2 | 821 [ o0
<ClbIGs 1ball7s + 19211 15,2) + %Jzz
<- %/(bm(a;bl)z + CUBIE + 1B13) (Nbals + 121115 + 1912 12).
So,
I < —% /<b1>2(a§b1)2 + CUIBIs + 1B1E) (1511 + 1820115 + N1312]12,2).
Integration by parts and the Holder inequality lead to
Js=— 2/bla§bla§alu1dx
=2[albla;bla§u1dx+2/bla§albla§uldx

:2/8]b|823b1823u1dx —2/82b182281b1823u1dx —2/b|a§alb,a§uldx

<Cll3urll 2 (181b1 1l oo 13511l 12 + 19261 [l 102 1359151 [ 12)
+ Cllby Il 18581 b1 [l 2 1185wy || 2

<Clbll 3 UIb2 175 + 182101 113)-

Thanks to the Holder inequality and (3.6), we find
J;=— /(b Vu,)(33b1) dx

:—/bla,u.(agb.)zdx—/bzazu,(agbl)zdx
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<ol e ll8ouy [l o 19561117 _/blalul(agbl)zdx
2 2 2 1
<Clbllys Uballys + 102u1l153) + —122

<-z- /(bl) (35b1)%dx + C(UIbIIs + 1615, (Iballs + 1821 117,5 + 1011 7,)-

Collecting all the estimates from J; to J7, we get

/a,ul(agb.)zdx 5%/;;1(3 b)?dx — ——/(bl) (33b))%dx

7
+ CUUIb s + 16125 + 1B1E,2) 3.7)

x (1521135 4 1182u1 13,5 + 191ull3,5).
Substituting (3.7) into (3.4), it shows that

1d
2dt

d
54E/b1(823b1)2dx— 185/(b1)2(a§b1)2dx

11, D)5 + 192u1 135 + 162175

+ CUIbl s + b1 + 1515, (Ib21175 + 1320011175 + 1B12el172),

which implies
t
Il )11 +2/ (12211175 + 1621175)
0
<I|uo, bo)I%s + 8 f b1 (33b1)dx — 8 / by (x, 0)(83by)2(x, 0)dx
—36/(191)2(3231?1)261)6+36/(b1)2(x,0)(323b1)2(x,0)dx

t
+ C/ (Bl g3 + 18155 + 1613, b2 13,5 + 192011175 + 191211 3,)
0

<I| (o, bo) 12,5 + Cllboll oo + Iboll2 o) 1335012 >
+ C(lbillzoe + 15111719551 117

+C sup (bl + 117, + ||b||H3)/ b2l 75 + 102u1 175 + 1912l17,2).-

O<t<t

Therefore,
3 ) 3 3
Ei(t) <C(E1(0) + E{ (0) + E{ (0) + C(E] (1) + E; (1))
(3.8)
s 5
+ C(EL(1) + E3(1)) + C(EL (1) + E3 (1)).
Hence we finish the proof of Proposition 3.1. O
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In order to close the energy estimate, we need the following result.

Proposition 3.2 Suppose that E|(t) and E,(t) are defined as in (3.1) and (3.2). Then exists
a positive constant C > 0, such that

Ex(t) < CE(0) + CEy(t) + CEL (1) + CE} (1),

Proof We first rewrite the second equation of the system (1.3) as

Bluza,b—i—u-Vb—i—(;)—b-Vu. 3.9
2

Taking the L2-inner product to (3.9) with d,u yields

I81ull?> =(8,b, dyu) + (u - Vb, dju) + (by, dyuz) — (b - Vuu, dyu)

322141

d
= (b, o) — (b, al(—u-vu—vH( X

>+b-Vb+81b))

+ (u- Vb, 01u) + (bz, d1uz) — (b - Vu, d1u)
_ d
Cdt

— (b, 31(b- Vb)) + (u- Vb, 01u) + (by, 01uz) — (b - Vu, du)

(b, du) + ||31b||2Lz + (b, 3 (u - Vu)) — (by, 3;35u;)

d
=E(b’ i) + 1016172 + My + My + -+ + Mg,

where we use the equation

322141

8,u:—u-Vu—Vn+( 0

) +b-Vb+0,b.
Taking advantage of integration by parts and the Holder inequality, we see that
M, =fb~81(u . Vu)dx:—/81b~ (u-Vu)dx

:—/8|b-u131udx—/81b]u282u|dx—/8|b2u282u2dx

<lo1bll 2wy lzoe 1011l 2 + 101b1 [l 2 [l oo (18201 [l 12 + 181 D21l 2 N[z | Lo [|92u2 ] 12

<Cllull g2 (162150 + 102u1 1172 + 191u]172).-
It is easy to see
M2 :falblazzuldx
<[191b1 12 183u1l .2

<C(Ibal + 19211 12,0)-
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From integration by parts and Holder’s inequality, it follows

M3:—/b-81(b-Vb)dx:/31b-(b'Vb)dx

=/31b~b181bdx—|—/31b~b282bdx
<I1b1llL 1916172 + 10161l 2 11b2 | 4 1926l 4
<ClIbll 2 1b21131 -

From Lemma 2.1, we obviously deduce

M4:/u-Vb-81udx
=/u181b-Bludx+/u282b~81udx

1 1 1 1
<lluillzo 10161 21012l 2 + Nluall [ 192121l 15 1182611 7, 18201611 7 1912 .2
<Clull g2 + bl 2) b2l 32 + 1B12l172)-

Young’s inequality ensures
2 1 2
Ms <Cllball32 + 5 a3
Thanks to the Holder inequality, we find

M6=—/b~Vu-81udx

:—/blalu-Bludx—/bzazu-aludx

<Ib1llool1Br2ell> + 152l oo l1Bouell 2 19yl 2
<Clull g + 1Bl 2) b2l 72 + 1B12l172)-
Collecting the bounds for M, through Mg, one has

1 d
ol <=(b, 8 CIba)? dur 7
2|| 1l _dt< 1) + Cb2llyr + 102u1ll0) (3.10)

+ Cllull g2+ 1612 U212 + 120131 + 131012).

Now we turn to establish H2-norm of d;u. Applying d? to (3.9) and then taking L>-inner
product to (3.9) with d?3,u to conclude

10107 ull7> =(0,07b, 0107 u) + (07 (u - Vb), 0107u) + (37 by, 010; uz) — (07 (b - Vu), 0,0} u)
822141

d
=—(8?b, 8,0 u) — (8?b, 3,0} (—u - Vu — Vr + ( 0

dt
+ (8,-2(u - Vb), 813,-2u) + (3,-2bz, 813,-2u2) - (3,-2(19 - Vu), 313,-2u)

>+b-Vb+alb)>
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d
=E(a,.2b, 3197u) + 110107117, 4 (87b, 8,07 (u - Vu)) — (87by, 8107 03u1)

—(07b, 9,97 (b - Vb)) + (0} (u - Vb), 8107 u) + (37 ba, 3107 uz)

—{(92(b - Vu), 3,8%u)
d
=Z<8?b, 3107u) + 19,9761, + Ky + Ko+ - + K.

According to integration by parts and Leibniz’s formula, K; can be divided into the follow-
ing terms

K, :/a,?b-alaf(u-Vu)dx:—/afa,b-af(u-Vu)dx

=- > Cg/afalb-af‘u-vaf*“udx

0<a<2
=— Y cg/a}alb.a;*ulalaf—“udx— > Cg/afalblaf‘uzazaf—“uldx
0<a<2 0<a<2

- Y o / 020, by 20507l x

O<a<2

=K + K2 + Ki3.
Thanks to the Holder inequality and the Sobolev inequality, we can get

Kn=- > c‘;/a}alb-affula.af—“udx

0<a<2
:—/afalb-ulalafudx—Z/afalb-a,.ulala,.udx—/a,?alb-al?ulaludx
<118781b1l 2 (luer 0w 19187l 2 + 2018201 114119114l o+ 1187w | 1191 4)
<Cllull 5 (121135 + 1312ll32)-
Reasoning in the same way gives

Kip,=-— Z Cg‘/afalblaf‘uzazaf_“uldx

O<a<2

<C Y N7 01b1ll 2110 wall 119207yl s

0<a<2
2 2
=Cllull g3 lballyys + 102111173,

and

Kz =— Z C;‘/algalbzafugazaf"’uzdx

O<a<2

:—/afalbzuzaza?uzdx—2/afa,bzaiuzazaiu2dx —/afalbzafuzazuzdx
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<C|19701ball 12 (lluzll oo 118287 uall 12 + [|Bsueall 4118282l o + 1187 w2l 411 Buaz | 4)

<Cllull g3 (1621175 + 131u132).-
So, we have

Ky < Cllull g3 (b2 1l + 182111175 + 1011 3,2)-
Integrating by parts and using the Young inequality, we get
Ky=— / 37b13,8793u dx = / 3,870,373 udx
<C(lIbals + 021 112,5)-

Thanks to integration by parts and the Leibniz law, we obtain

K3 = —/a,?b -3,0%(b - Vb)dx

:/ala,?b-af(b-w)dxz > cg/alafb.af‘b-va,?*“bdx

O0<a<2

= Z cs / 3107b - 37b1 310} “bdx + Z cs / 3107D - 8 br3,07 *bdx

0<a<2 0<a<2

:fala,?b-b,alafbdx+2/a,a,2b~a,-b,ala,-bdx+/a,a,.2b~a,?blalbdx

+ / 3107b - by3,07bdx +2 / 3107b - 8;b23,8;bdx + / 3107b - 87bydybd x

<CI13197b1l 2 (151l 131826l 2 + 111 4 191 9:bll 14 + 183y 141181 b 2
+ 1162l 18207611 2 + 1:52 1 41102911+ + 11876211 4182511 .4)
<ClIbll g3 15211

Using the Leibniz law again, we decompose K} into the following form:
Ky= / 82(u - Vb) - 30 udx

=> cg/a;”wva}*“b-ala}udx

0<a<2

= Z Cgfa;”ulalaizfab.alafuder Z Cg‘/af‘uzazal?*ab.alafudx
0<a<2 0<a<2

=K41 + Kyo.

By the Holder inequality and Sobolev inequality, we thus get

Ky=Y_ cg/af‘u]alaf—“b-alafudx

0<a<2
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:/ulalafb-a,a,?udx+2/a,-ula,a,-b-alal?udx+/al?ulalb-alal?udx

<ClI3107ull 2 Ul 0w 19187D 11 2 + 118201114 1918;b 1| o+ 187w 1l 419161l 4)

<Cllull g3 (121135 + Nd1ullp)-

We first split K4, into the following terms

K=Y c;‘/aﬁuzazaf—“b-alafudx

0<a<2
:fugazafb-Blaizudx+2/8iu28285b‘Blalgudx+/8i2u282b~818i2udx
=K1 + Ky + Kgp3.
Using integration by parts and the Holder inequality, we can obtain
Ki = f u23,97b - 38} udx

= / U23,9%b13,87urdx + f U23,87b23,87urdx

:—/a.uzazafb.afuldx—fuzazafa.b.a,?uldx+/uzazaszala,?u2dx

=—/aluzazafblafuldx—/aluzagblaguldx

+/azuzafalbla}u1dx+/uza,?a]blafazuldx—/uza}alblalafuzdx

<ll0vuzll oo (19207 b | 2 1071 1l 2 + 183D [l 2 18501 1] 1.2)
+ 1079151l 2 (NB2ua [l Lo 107 Nl 2 + Nzl oo 197 Bt [l 2 + Nzl oo 11810 ua [ 2)
<Cllull s + bl 3) U2l + 122011175 + 191013,2)-

Due to Lemma 2.1, the last two terms in K4,, one can get the following upper bounds
K + Kipz =2 / diurdr3;b - 3,07 udx + / 8 urdrb - 3,97 udx

1 1 1 1
<C||diuall 118 0auall 5 11020: b1 5 11920: 91 bl 5 11910 | 2

1 1 1 1
+ ClI7uall 2187 02ua [l 5 12511 1 113201511 5 119187 u ] .2

<C(lullgs + 121 53) U1b2ll3,5 + I181ull3,0).
So,

Ky <Clull g + 10159 b2 1125 + 1801115 + 18101%,0).
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By the Holder inequality and Sobolev inequality, we deduce
Ks= f 829,07 usdx
<1197b2121181 87wl .2
<Cllball3s + %nala?uniz.
Thanks to the Leibniz formula and Holder inequality, we have

Ke= —/al?(b -Vu) - 8,8 udx

=— Y cg/a;'b-vaf—“u-a,a,?udx

0<a<2
=- > Cgfaf’blalaf*“u.alafudx— > Cg/a;*bzazaf*”u.ala?udx
0<a<2 0<a<2

:—/blalal-zu-818,-2udx—Z/Biblala,vu-818i2udx—/8i2b181u-818i2udx

—szazal?u~ala,.2udx—2/a,-bzaza,-u-ala,?udx—faszazu-alafudx

<Cl19187ull 2 (15 Il oo 13107 ull 2+ 13:b1 | 1191852l 14 + 110751 1| a1 9n2e| 4
+ b2l 18297 ull 2 + 18:b2ll 4 182950l 4 + 1197 B2 | 1D 14)
<Clull s + bl 3) b2 135 + il 32)-

Combining all the estimates from K to K¢, we find

1 d
—118,0%u||?, <—(8%b, 323 ,u) + C(||b2]|%5 + 1|0 2
2” 1 ,u”Lz _dt< i ;01u) (|l 2||H3 I 2l’t1||H3) (3.11)

+ Cllullgs + 101 g3) Uball7s + I32ur 1135 + N91ul%,).

Putting (3.10) and (3.11) together gives

1 d d
—0gul2, <= (b0 £ 0%, 9% C1b2ll7s + l1B2u1 I3
2” 1u||H2 _d[< 11/[) + d[( i i l”) + (” 2”[-]3 + ” 2u1”H3) (312)

+ Clull s + 161 3) U2l + 182u1 135 + 191ull7,2).

Integrating (3.12) over [0, ¢] leads to
t
/ 01ull?, 52/b-81udx —2/b(x,0)-81u(x,0)dx+2/8i2b-8i281udx
0
t
—2/ 07b(x,0) - 87 91u(x, 0)dx + Cf (b2 1135 + 1201135
0
t
+ Cf (luell s + 1615 b2l + N102u1 115 + [101ull7,)
0
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<Cllboll 2119110l 2 + 1187 boll 12119 1ol 12)

t
+ CUIbN 2191l 2 + 18751 21197 1wl 12) + C/ UIB2l35 + 122011135
0

t
+C sup (lullgs + 1613) | Uballys + 1920117 + N01ul3,2),
0

O<t<t

which implies that

Ez(t)5CEI(O)+CE1(t)+CEl%(t)+CE2%(t). (3.13)
Hence we finish the proof of Proposition 3.2. ]

3.2. Proof of Theorem 1.1
Proof Multiplying (3.13) by % and then adding the resulting inequality to (3.8), one has
1 3 3 3
E\ (1) + %Ez(t) <C(E\(0)+ E{ (0) + E{(0) + C(E[ (1) + E; (1))
SED + CENO + EX0) + CE 0+ B (1),

which together with the definition of E(¢) implies

E(t) < CL(E(0) + E3 (0) + E2(0)) + CoE3 (t) + C3EX(t) + C4E3 (1).

We take || (i, bo) |l y> to be sufficiently small,

3 1 1 1 1
Ci{(E(0)+ EZ(0)+ E*(0)) < -min{ ——, —, (—)3 }.
1(E0)+ E2(0) + ())—4“"“{3603 5C, (6C4) }

The bootstrapping argument starts with the ansatz that

11
E@) <min{—— — (—)3 .
()—mm{%cg 6c 6, }

Then we can infer that
3 1
E(t) < CL(EO) + E2(0) + E*(0) + S E0),
which gives

E(t) <2Ci(E(0) + E3(0) + EX(0))
1 1 I 2

Sominy—, ——, ()3 ¢,
2 { 36C2° 6C3" 6C, }
This inequality implies the desired estimate. Theorem 1.1 is completed. |
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4 Proof of Theorem 1.4 and Theorem 1.5
This section proves Theorem 1.4 and Theorem 1.5. We are now ready to prove Theorem 1.4.

Proof From (1.8), we find

1d 2 2 2
5 71 )2 1 Taull s + [R1IE =0, (@.1)
and
1d 2 2 2
EE”(W’ VD)7 + IT2Vull;, + IR1 VD7, =0. “4.2)

From (4.1) and (4.2), we find
LAt + Bty =0 43)
dt 7 '

where

AW =[ull?> + 1612, + 1Vull2, + IVDI3,.
B(t) =2||Taull3, +2IR1bI12, + 2 5 Vul?, + 21 R Vb2,

Applying A;%, A5 to (1.8) and dotting them with (A;°u, A;°b) and (A;*°u, A,*°b)
in H'*°, respectively, we obtain

d —0 —20 —0 —<0
S LO+2IT(A, AUl + 21 RI(AT, AODI,

4.4)
20 BAT AT A U2, + 2 RIAT (AT, A)B2, =0,
where
L) =[(AT7, A Dull?, + (AT, AT*)bI,
AT AT ATl + A7 (AT, A)b]12,.
It’s easy to get from (4.3)
L(t) < L(0). “4.5)
The next job is to prove that
A(t) < CBTH (1)L (1). (4.6)

Applying the Plancherel theorem and the Holder inequality to obtain
lull: = [ 1ate.ofae
A I _do A 1
=/(|éz|“|u(é,r)|2)l+a<|sz| i, )T dg

@ Springer
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5(/ |5|_2|$2|4|§|2|12(§,l‘)|2d5)“%"(f 62147 (5, 1) PdE) T

2

20
20 2 2
<ITaVull 37 1A ul 57

and
IVullz: Z/ISIZIﬁ(E,t)ng
= [ et 0T el PO i o) e de

5(/|$|_2I§z|4|§|2|ﬁ(5,t)lzdé)'%'(/ 621 1§ P, 1) Pdg) T

2

20 2
<IT2Vull 37 1A A7l 37

Repeating the same argument gives
1612 = [ 1bee. nPas
=/(|sl|2|5(s,r>|2>#%<|sl|—2"|l3<s,z)ﬂﬁds
=<( / €172 6P € 171D, 1)PdE) T ( / 16172 1b (., ) Pdg) e

2

20 2
<IRiVbI 57 AT B 57

and
Vb, = f € PIb(E, 1) dE
= f (& P1b&E. D)7 (& 72154 |b(e, 1) 2 7 ds
<( / 17716 PIEPIBE, D)PdE) T ( / 1672 &P Ib(E, 1 Pdg) T
<IRAVBIL A AT BT

Combining the above four inequalities can obtain (4.6). Combining (4.5) and (4.6), we im-
mediately get

B(t)> CL 7 (0)A"*7 (1),

which together with (4.3) yields

%A(t) +CL™7 (0)A™7 (1) <.

@ Springer
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This inequality gives rise to
1 C _1 -
A=A 7O+ =L ) ,
o
which completes the proof of Theorem 1.4. O

We proceed to prove Theorem 1.5.

Proof Taking the L2-inner product to the equation (1.9); with d,u, we have

1d
EE(Ilaxulliz + IR Taull7, + 101u72)

.7
+ 19 Rulls + 113, Tou > = 0.
Similarly,
liuw AN Ul + 1 Toull?s + 1 Aul?,)
2r O e L2 L2 (4.8)
+ 18ull3> + 18, TAAT ull?, =0.
and

1d

~— (10, AT ull 2 + IR T AT ]} i

5 g7 WA ulle + IR T2 A ull s + ) 49)
F 1B RIAT ull7s + 19, AT ull7, =0.

Taking L’-inner product to (1.9); with u, we obtain

1d ) )
EE(“RI’/‘”LZ + 1 T2ully> + 2(0,u, u))

4.10)
+ 1R Toull72 + 191ull;, — l[0ull, =0.
Combining (4.7), (4.8), (4.9) and (4.10) yields
1d82 RiToull2 Pyt AN Ll Toul?
EE(” hull s + IR Taull, + 10wl + 10, AN ully + 1 T2ull;,
2 -1 2 -1 2 2 1 2
+lAullys + 119, A7 ully, + IR1T2A] ulle+|Iulle+5llRlulle
4.11)

1
+ Ell’fzulliz + (0w, u)) + 119, Raull72 + 110, Toull 72 + 13,17
F U TAAT wll7o + 18R ATl + 18, T2 AT 7,
1 2 1 2 1 2
+ EIIRJEMIILz + EHBIMHLZ - Ellatulle =0.
We can easily verify that

d 1
Ellf’:ulliz + llull7z + (B, u) > Ellazulliz + llul72

@ Springer
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Thus, by integrating both sides of (4.11) over (0, ), we derive

t
f (Bl + IR Toull7> + 011l 72)de
0

< Cllluol + 13ol2s + IAAT Qg + AT daao 2> + IR T2AT uoll2).

It follows from (4.7) that

d 2 2 2
E(Har””m + IR T2ully + 101ull;2) <0,

which together with Lemma 2.3 implies

19l}2 + IR Taull 72 + B1ull3, < CA+0)7"

We can prove the same result is true for b along the same method. The proof of Theorem
1.5 is thus completed. ]
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