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Abstract

This paper establishes the large time behavior of the solution to two dimensional Boussinesq
equations with mixed partial dissipation. Our main result is achieved in terms of the global
H?-stability. Finally, we also obtain the decay estimates of linearized Boussinesq equations.
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1 Introduction

This note is concerned with the following two dimensional Boussinesq equations with mixed
partial dissipation:

U +U-VU, —udnU;+0,7=0, (x,1) €R*x (0, 00),
Uy +U-VUy, —kdUs+ T =0, (x,1) € R*x (0, 00),

4O +U-VO — 33,0 =0, (x,1) € R? x (0, 0), (1.1)
V.U =0, (x,1) € R* x (0, 00),
Uli=o = Uy, Ol;=0 = Oy, x eR?,

where the unknown U = (U,, U,) denotes the velocity field, 7 is the pressure, ® is the
temperature, i and « are the velocity viscosity, 1 is the thermal diffusivity. For the term
® in the second equation of (1.1) represents the buoyancy forcing generated due to the
temperature variation.
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Let
u=U-060=0-0" =7 —-7".
Then (u, 0, ) obeys

duy +u - Vuy — pwdpu, + 91 =0, (x,1) € R? x (0, 00),

Qs +u-Vuy —kdjus+ 0w =6, (x,1) € R? x (0, 00),

860 +u-VO —nd 0 =—u,, (x,1) € R* x (0, 00), (1.2)
V.-u=0, (x,1) e R* x (0, 00),
uli=o = uo, 0];=0 = 6o, x eR?,
where
U°=0, 0'=x, 7= %xg (1.3)

is the steady solution of (1.1). Many geophysical flows such as atmospheric fronts and
ocean circulations can be modeled by the Boussinesq equations. Recently, the stability and
large time behavior issues on the Boussinesq equations have gained more and more interests
and become the center of mathematic investigation. In the last thirty years, a considerable
amount of literature has been published on the stability problem concerning the Boussinesq
equations. Some of them focus on the stability of 2D Boussinesq equations with various
partial dissipation (see e. g. [1], [2], [4], [5], [8], [9], [10], [11]). In 2019, Ji, Li, Wei and
Wau [6] obtained the stability of the 2D Boussinesq eqution (1.2) under the assumption that
H'-norm of initial data is small. However, they didn’t give the large time behavior of the
system (1.2). Very recently, Lai, Wu and Zhong [7] have established the global existence
and stability of 2D Boussinesq equations with partial dissipation and temperature damping
in the Sobolev space H?(R?). In addition, the large-time behavior of ||Vu||;2 and || V]2
is also obtained via energy methods. Motivated by [1], [9] and [7], the purpose of this paper
is to address large time behavior of the solution to the system (1.2) and decay estimates of
linearized equation of system (1.2). Our results are stated as follows.

Theorem 1.1 Let (g, 6y) € H*(R?) and V - uy =0. If

lluoll g2 + 160l 2 < &, (1.4)

holds for sufficiently small ¢ > 0, then, the system (1.2) admits a unique global smooth
solution satisfying

t
w132 + 10152 + 2/ w211 (D32 + k1912 (D) 3,2 + 1[1010(2) [15,2dT < Ce?
0
(1.5)
forallt > 0and C = C(u, k,n) is a positive constant. Moreover,

I31u2(Dll2 = 0, [[ur(®)l2 =0, (10,02 — 0, as r—o0. (1.6)
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Remark 1.2 Compared with Theorem 1.1 in [6], we obtain the stability under the H2-norm
of the initial data (ug, 6p) is small because the achievement of large time behavior of the
solution (u, 6) to system (1.2) is heavily dependent on the uniform estimate (1.5).

Applying the 9, and 9, to (1.2), and (1.2),, respectively, to conclude
T=A"90—-AT'V .-V - (u@u)+ puA™1810nu; + kA7 320 1us. (1.7)
Then, the equation (1.2) can be rewritten as
Buy +u-Vuy — wdnu; + 1A' —, ATV -V (uQu)
+ wd AT 3 douy + k31 AT 920112 =0,
Bitr +u -V —kdus — 0101 AT'0 —HLATIV V- (u Qu) (1.8)

+ pd AT 910Uy + kAT 8,011y =0,
8;9 +u-Vo — )’]8119 = —Uj.

The linearized equations of (1.8) is

By — AT N (udy +kd)uy + 80,4760 =0,
By — AT (udy +kd)uy — 39,4716 =0, (1.9)
8t9 - 7]3119 = —Uj.

The following theorem gives the explicit decay rates of the solution of (1.9).

Theorem 1.3 Let (u, 0) be the corresponding solution of (1.9). Then we have the following
two conclusions:
(i) Let 0 > 0. Assume initial data (ug, 6y) with V - ug = 0 satisfying
AT uoll2 + AT 60l 2 + AT 26012 < & (1.10)
for some & small enough. Then (u, 0) obeys the following decay estimate

le ()|l 2 + 0] 2 <Cer™%, (1.11)

where C > 0 is a constant independent of € and t.
(ii)Let m > 0. Assume initial data (ug, 6y) with V - uy = 0 satisfying

luollz2 + 60l 2 + AT 60l 2 < & (1.12)
for some & small enough. Then (u, 0) obeys the following decay estimate
137 u(@)ll 2 + 1976 ()]l 2 < Cer™ 3, (1.13)

where C > 0 is a constant independent of € and t.
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Remark 1.4 By taking the time derivative on (1.9) and making several substitutions, the
system (1.9) turns into the following degenerate wave equations with damping:

Byt + (WR33F + Kk RIDF — nd11)d,uy — (RT + unR7d3 + knRId))u; =0,

Bty + (WR33F + K RZ3? — nd1)diuy — (RY 4+ unR35 + knRIdHu, =0,  (1.14)

340 + (WR30Z 4+ K R?07 — 1811)8,0 — (R} 4+ unR}d3 4+ knR0})0 =0,
where R; = 0;(—A)~ 5 withi = 1,2 denotes the standard Resiz transform. Compared with
the wave equations in [1], this system is more complex. The upper bounds for the kernel
function G, and G,, which is presented in Sect. 4, are more sophisticated to handle than

that in [1]. These upper bounds play a crucial role in achieving the decay estimate in Theo-
rem 1.3.

Remark 1.5 Now we explain why we cannot obtain the decay rate of the system (1.8). The
methods of proving Theorem 1.3 heavily depends on the spectral analysis of the wave equa-
tions (1.14). Unfortunately, it is very difficult for us to decouple the system (1.8). Conse-
quently, we cannot build the decay estimates of system (1.8) via spectral methods. It is of
great interest to address this problem.

The rest of this paper is organized as follows. Some crucial lemmas are presented in
Sect. 2. We first build a priori estimates and exploy the bootstrap argument to establish H2-

stability in Sect. 3. The large time behavior of the solution to system (1.1) is also obtained
in Sect. 3. The proof of Theorem 1.3 can be found in Sect. 4.

Notation We recall the definition of the fractional Laplacian, Af3 fE&) =1&° f (&), for any
real number B and i = 1,2, £ = (£, &).

2 Several Useful Lemmas

For the convenience, we first recall the following version of the two dimensional anisotropic
inequalities in the whole space R%. Lemma 2.1 is due to Cao and Wu [3].

Lemma 2.1 Assume f, g, h, ,g and 0h are in L*(R?), then, for a constant C,
/ fehldx < CIlf 2wy 18 2o, 19181 2o oy 1 o g 102 ey (221)

Lemma2.2 Let f = f(t), witht € [0, 00) be nonnegative continuous function. Assume f is
integrable on [0, 00),

/OO f(@®)dt < oo.
0

Assume that for any § > 0, there is p > 0 such that, for any 0 <t, <t, witht, — t; < p,
either f(ty) < f(t1) or f(t2) = f(t1) and f(t2) — f(t1) <&. Then

f@®)—0, as t— oo. 2.2)

This Lemma can be found in [7].
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3 Proofs of Theorem 1.1
3.1 H>-Stability

For the sake of conciseness, we construct a suitable energy functional:

E@®) = sup (lu(®)]%: + 1001132

O<r=<t

t
+2/ wlldaur (D12 + k181120112 + 011210012 2d . 3.1)
0
Step 1 L?-energy estimate. A standard energy method yields

t
lu@)l72 + 16172 + 2/ pllo2ur () 172 + k10162 (T) 152 + 0119162 1I3.dT
0
2 2
= lluolly2 + 6oll72- (3.2)
Step 2 H2-energy estimate. Applying A to both sides of the first, the second and the third

equation of (1.2), respectively, then taking the L’-inner product with (Au;, Au,, A8) to
obtain

|~

NAu®IZ, + 1A0D17) + plldo Auy |12, + k191 Auzll?, + nlld AO3,

N —
QU

t

=— / A(u-Vuy)Auy + A(u - Vuy) Aurdx +/ (ABAuy — Auy AB)dx
R? R?

—/ Al -VO)AOdx =1, + I, + L. (3.3)
R2

It is not difficult to check that I, = 0. To estimate /;, we decompose I, into the following
form:

[| :—/ 8|1u-Vu18|1u| +281u~V81u|81|u1dx
R2

—/ 822M'V141822M| +282u~V82u|822u1dx
R2

—/ 811u-Vu2811u2+281u~V81u2811u2dx
R2

— / Ot - Vipyopuy + 20,u - Vorutr 0rourdx
R2

=1+ T+ Iz + L. (3.4)
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Thanks to the fact that V - u = 0 and the Sobolev embedding, one gets
I :—3/ (@1111)*0 1 dx —/ 011202110111 dx
R2 R?

—2/ 81u28281u18“u|dx
R2
<Cllowur |l 2 18n121 1174 + Clldauer [l oo 10v1 202 2191101 ] 2
+ Clld1uzll oo [10201u1 || 210111l 2
<Cllull g2 (102u1 132 + 191u2l3,2)-
Similarly,
Lo, Iz, Tha < Clull 2 (1821112 + 1812621%,2).

Next, we split I3 into the following two parts:

13:—/ 8]1(M'V9)3|19+822(u-V@)azzgdx
R2

:—/ 8]114-V98]19+28]M-V8|98”9dx
R2

— / 82214 . V98229 + 23214 . V8298229dx
R2
=131 + Ix.
We can infer from the Holder inequality and the Sobolev inequality
131 = —/ 811u18168119dx —/ 811u28268119dx — 2/ 81u . V8198119dx
R2 R2 R2

=ClI3nuill 2110101 141101101 4 + CllOr1uall 4110201 21191160| L4
+ Cllowull2IV016] 4110116l L4

<Cllull 211010132 + CllON g2 (10102132 + 1016115,2)

<Cllull g2 + 101l ) (101u2]l3,2 + 13:1613,2)-

To handle I35, we write

132 §C|/ 3221/[13198220 + 82u1818298220dx|
R2

+C|/ 822u28298220dx|+C|/ 82u2(8220)2dx|
R2 R2

=l + I3y + I33.
According to the Holder inequality, it deduces
I3 <C (102201 (| 24110161 4 + 102011 41101020 [| L4) 19220 1| .2
<Cl61l 2 (102u1 132 + 19:6117,2)-
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Integrating by parts and the Holder inequality give rise to

I3 §C|/ 0102110,0020d x|
R2

§C|/ 32141(318298229 +329322819)dx|
R2

<Cl12uy | L+ ([101020 1| L4 10220 1| L2 + 1026 1411919220 [| £2)
<Cl01 219211172 + 18:101132)- (3.9)

Form Lemma 2.1 and the Young inequality, one can follow that
I <C| /2 111 (9220) x|
R
<C| / 110102200220dx|
R2

1 1 1 1
<C 119102201112 19220 112, 11319220 |1 25 [l | 25 1180001 2,
<C(lullg2 + 101l z2) (11 13,2 + 11810113,2).- (3.10)

Combining the estimates from (3.5) to (3.10) and integrating over [0, 7], we can obtain

t
IAu@®)7: + 1A6@)117, + 2/ wld2Aui (172 + elldy Auzll7, + nlldy AO |7 de (G.1D)
0

t
<llAugll, + 1 A6 |17, + C/ Ul g2 + 101 g2) (10211 1152 + 10112172 + 1010117,2)d T
0

Adding (3.2) and (3.11) leads to

t
||u(r)||§,z+||0(r)||i,z+2/ oty 12, + k12113, + nll910113,.d7
0

<Colluoll3 + 160l132) + Cr sup (Ju(o)ll > + 16(2) 1 )

0<t<t
t
X / (102u1 1132 + 012l + 1016 117,2)d T, (3.12)
0
which along with the definition of E(¢) ensures
E(t) < CoE(0) + C E3 (1). (3.13)
To apply the bootstrapping argument, we make the ansatz

1
E() < Yok (3.14)
1

We choose ¢ suitable small such that the initial H?-norm E (0) sufficiently small, namely,

1
4C3Cy

E(0) := lluoll + 116oll5, < &% == (3.15)
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In fact, when (3.14) and (3.15) holds, (3.13) implies
E() < ! + 1E(t)
—4ct 27
Therefore, the bootstrapping argument then concludes that, for all # > 0

1 C
E(t) < —5 < &,
8C2 = 2

which gives the desired inequality (1.5).
3.2 Large Time Behavior of the Boussinesq equation (1.2)

Now we pay our attention to show the inequality (1.6). Applying 9, to (1.8), and 9; to
(1.8),, then taking the L2-inner product with d,u; and d,u», respectively. After performing
L?-inner product on both side of (1.8); with 3,6, we add them to get

1d
EE(”azMI(Z)”iz‘F||3|M2(f)||iz+||319(1)||iz)+M||322M1||iz+K||31|M2||i2+'7||3119||iz
= —/ oou - Vu0uy + 01u - Vuydiurdx
R2
—/ 82010, A7 00ou; — 310,90, A”'08urdx
R2
+/ 8281A71V-V-(u®u)32u1dx+/ ATV -V (4 ®u)djurdx
R? R?
—/ 8114 V9819dx —/ 81u2819a’x
R? R?
+/ (131 A7 91 ouy + kD1 AT 321 1u2) Doy dx
R2
+/ (1 AT 000wt + kAT 0201112) D urdx
R2

=h+h+hK+Is+Js+Jg++J7+ Js. (3.16)

Thanks to the fact V - u = 0, it’s not hard to see that

Ji=- /2(82’/“)23]”1 + 02Uz (B2u1)” + 011 (B1u2)” + (0yu2)* Druzdx
R
=0.
By L”- boundedness of the Riesz transform and the Holder inequality, we get

J2 Cl|R0d10l 210211 [l 22 + ClI R 916l 12 10112l 2
<Cl[9:101 2 (10211 ]2 + 10122 12)

=Cllull 2101 z2-
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Thanks to L”- boundedness of the Riesz transform and Sobolev’s embedding, one arrives at

J3 SClIRy Ry (31 (u - Vuy) + 2 (u - V) [l 211211 | 12
=Cl|01(u - Vuy) + 02(u - Vua)ll 2 10211l 2
§C||81u . Vu| +Lt . V81u1 + 82M . Vbtz +Lt . V82M2||Lz||82u1 ||L2
=CUowull L4 llVurllps + Null Lo IV Ourll 2 + Clldull 4 [ Vuzll ) | 02uy |l 2
<Cllully.
Similarly,
Jo <Cllull},..-
Applying the Holder inequality to get
Js <Cl1a1ull 4 IVO 411161l 2 < Clluell 2110172,
and
Js =Cllo1uzll 21101012 < Cllull 21101l 2
Integrating by parts and the L”- boundedness of the Riesz transform give rise to
J7 4 Js <Cllull3,.

Inserting the estimate from J; to Jg into (3.16) and integrating over [s, ] with0 <s <t < 00
to obtain

U201 (D172 + 1012 (D115 + 13:0(D)]125)
— (13211 ()32 + 19122() 172 + 1910 () ][72) < C(* + &)t — 5). (3.17)

Thanks to (1.5), one has
[o ]
/ 02u1 (T)172 + 101u2(T) 172 + 1016(T) [17.dT < Ce™.
0

Therefore, as a result of Lemma 2.2, we conclude that
012 (@)l 2 — 0, [Ou1 (D2 —> 0, 010@)]l2—0, as t— oo.

This helps us to complete the proof of Theorem 1.1.

4 Proofs of Theorem 1.3

Lemma 4.1 Assume that ¢ satisfies the follow equation in R?,

dup + (uR307 + K RYOT — nd11)0i¢ — (R} + unR70; +knRidN =0,  (4.1)
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with the initial conditions

¢(x,0) =o(x), ¢(x,0) =i (x).

Then the solution ¢ to (4.1) can be explicitly represented as

1
¢(x,1) =G, (¢1 - E(Afl(ﬂaé‘ +x0}) + 77311)¢0> + G20, (4.2)

where G| and G, are given as follows,

At At

o~ e+
Gl(%-at):?

1 At Aot
= — + 4.
o Gy(§,1) 2(6 e, 4.3)

with Ay and ), being the roots of the characteristic equation

A2+(ﬁgéﬁff+nﬁ)x+§%+"¥gﬁf+Kﬁ)=o
or
Al=—l<E§:E§i+nﬁ)—lvF, 4.4)
2 HE 2
Aa=—%<E§E%§i+n#>+%vF, (4.5)
here

(4.6)

(S o) AT

Proof Applying the Fourier transform on the space variable x to both sides of (4.1), we
obtain

4 4 2 20, 4 4
08 + (M . n§|z> 03 4 B NEE + ke

=0’
B o :

namely,
(@ —22) (@ —A)$=0 or (B —r)(® —r)p=0.

It is not difficult to rewrite the wave equation into two different systems,

@ — 2= T (4.7)

(@ — 1) f =0, (4.8)
or

(@ —1)p =2, (4.9)

(0, — A)g =0. (4.10)
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By taking the difference of (4.9) and (4.7), it deduces

PED=0—2)" @G- 1. @.11)

Then, (4.8) and (4.10) yield
FE. D= F(E,0) =" @1 — M), 4.12)
B(E. 1) = 'Z(E.0) = ™' (¢ — Mido)- (4.13)

Inserting (4.12) into (4.11) leads to

BE, 1) =(a— 1) ((e“’ — My + (hpe — m“’)%)

e)»zt _ e)»lt - R o~
= (P —A 2
o — (@1 — Aa¢) + €™ ¢y
et — et uES + K&} o 1, ~
= — 22 0 2 _ 1t Apt
o <¢1 + 5 ( e + né; )¢0> + 7 +e)do
e +ics} S\
(zm +5 (W + néf)«po) + Gao. (4.14)
where we used the definition of X, in the third inequality. This completes the proof of
Lemma4.1. ]

Due to the fact that G 1(€,t) and 62(5 t) have a strong dependence on frequency, we
need to be divided frequency space into several subdomains to obtain the optimal upper
bound of GI(S t) and G, (&, 1).

Lemma4.2 Let R* =S, U S,. Here

pE +KE DA 4 dng(uE +cED)
{éeRz < 2 . l+77512>— i 122 1
€] &1
1 (e + k&l )\
() |
RS
Then G(&,t) and G, (&, t) satisfy the following estimates:
(a) V& € 81,
&} + K&} 2 né; + k&l 2
Reh| < —=| —=— , Rery<——|=22——2L ,
= 2( er T s (T
~ _a e
G, 0| <te * R T (4.15)
|Ga(E. )] < Ce™ 46",
(b) V& € 83,

= _Z(Méﬁ + &}

T +n$12>, hy < —cokf,
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4, 4
e C 3 néy +rk| 2
IG1(§, D) < W(e 1T +"E1>t+e—f0512’ ,
H K 2
L

(4.16)
1Ga (. 1)| < Ce™ %1,

Proof (a) For & € S|, we divide S; into the following two regions:

4 4 2
SH:[SGSI:OSFS%(%-HI&Z) }

S12={5651:F<0}.

For any & € S}, according to the definition of A; and A, in (4.4) and (4.5), A; and X, are
real roots and satisfy

1 (&) + K&l 5
o< —— 2251
= J ee )

L (p&) + &} 2
MS_Z(T +7751>-

By the mean-value theorem, we know

uES i}

_1 2
3T +”51)’,

G (&, 1)| <te" <te
|G1(&, 1) <t <

g et

1 2
~ LT g
1Ga(E. 1) < Ce T T

For any & € S)», A; and X, are a pair of complex conjugate roots, then one has

R —l(ue§+)($i‘+Ez)rei_vgrt_e_i—?-t
Gign=e ¥ o
Ll - N )
iv/—T
4 g4 . /—T
_ o HEE ey 2sin ()

V=T
We can infer from | sinx| < |x| that

ué’é‘ +K8i‘

e

o~ _1 2
1G1(E.1)| <te e

uEE‘HEf
€12

3 +ngd)t

~ 1 -
1G2(, )] = E(e’REAl + Ry < Ce

(b) For & € S,, Ay and A, are real roots, we have

3 ([ uES + K&} 2)
o< —o (B2 TEEL L e2),
: 4<|w !

and

4 4
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__ LIEIT (&) +4nE] (uE) +K8)))
216172 (&3 + 1E]) + €l + VT

_EI2E 4 nER (g + kD)
|E172(us +kED) + gl

In order to control X,, we further divide S, into the following two regions:

Sy ={§ € 8::1&1| = |51},
Sn=1{eS: & <|&l}.

For & € S5, we obtain

_ L nuE gD 1+ sl +kED
T OUESETT A KERHIER T uES +KEE+IER

4 4
<_1+77(M52 + &) < nK 512
(u+ K +2n)&2 uw+k+2n

For & € S,,, one has

< G ENE b A RED B nE s ARE)
T pE A KE A ENER T (A +2pE T ptx+2n!

K ni

m, m} Then we have

Let ¢ = min{
A2 < —coéf, when £¢€S,.

Thanks to £ € S,, we have

4 4
Az—kl=ﬁ>%<%+n§f).

Consequently, we can easily obtain the upper bounds for G 1(€,1) and 62 (&,1) where ¢ =
min{%n, co}. This completes the proof of Lemma 4.2. ]

Now we are ready to prove Theorem 1.3 according to Lemma 4.1 and Lemma 4.2.

Proof Applying Lemma 4.1 to (1.14) leads to

1
u(x,t) =G, <3,u(x, 0) — E(A—l(p,a;* + 13} + na“)uo) + Guo,

| 4.17)
9@Jﬁ=c<aMLor—;A”uw§+K&%HwM%)+Gﬁw
Setting ¢ = 0 in the linearized equations (1.9), we get
duy(x,0) = A" (ud3 + k31 — 31,476,
duz(x,0) = A (d) + k8 )z + 3,0, A6, (4.18)

0,0(x,0) = 1011600 — ua.
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Then, inserting (4.18) into (4.17) yields
1
ui(x,t) = EGl (A"(w‘ig‘ +Kd) — 77311>M10 — 310,A7'G 160 + Gauyo,

1
ux(x,t) = EGI (A‘l(uag‘ + 1)) — 77311>M20 + 3131 A7'G160 + Gaun, 4.19)

1
0(x, 1) = —EGI (A—l(ua;‘ +idf) — na“)eo + G260y — Gum.

(i) To estimate ||u;]|;2, by Plancherel’s Theorem and dividing the spatial domain R? as in
Lemma 4.2, we have

M«Ez + K S]

e G190||L2(Sl)

§16 ~
- 7751>G1M10||L2(s]> +l—

lurll2 = N2 < —|I<
&2

né; + K&l

e 77§|2>G1ﬁ10||L2(52)

. 1
+ 1Gauoll 2s,) + 5”(

&6 ~
&2

=K+ K, + K3+ Ks+ K5+ Ks.

+-—= G190||L2(sz) + ||G2M10||L2(52)

Thanks to (4.15) and the fact that x"e™ < C(n) for any n > 0 and x > 0.

4 4 et
néy +«§ 2\, ~ 1 (T e
K] S”( |%_|2 + 7751 te * €]2 1 u10||L2(Sl)

ué +ied
‘5‘2 =2 L 7
uoll 2

<clle ™

<Cll& e 4 & | Tl 2
<Cr A w2
where o > 0. By L”-boundedness of the Riesz transform and (4.15), we get
K, §||§1§0||L2(s1)

&Skt
-3 2“%'2 L tngdye~

<l|lze Ooll .2
<llte™ 458y | .2

<Clle #E728, | 2
<CllEl" e #1ET G|,
<CrE| AT 0] 2.

From (4.15), one can follow that

g2
K3 <Clle” 35"yl 12
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6

<CrE A o]l 2.
Similarly, due to (4.16), one gets

g st

4 4
. 1 3BT 2 . ~
K, §C||<M$2|s|2 gl _n%_12> e <e 3( 2 +n§p)t €7COE12I>MIO||L27
wES+ic
e Tt

Ny
<Clle™"tyl| 12
_o o
<Ct z|| AT uroll 2,

and

4, o4
1 néy +rk| gy 5\~

2 ns1 - t
€ + e )Gyl 2,

—0—— | ¢
“%‘ﬂ‘éf + n%—% (

HE

Y
Ks <C|| !

<ClIE ey .2
<CrE A TPl 2.
The estimates for K¢ are similar to those for K4 and the bound is
Ke <Clle™ "ol .2
<Cr AT uoll 2
Combining the estimates from K; and K¢, we can obtain
a2 <C 3 AIAT w0l 2 + 1AL 6011 2.
Similarly,
luall 2 <Cr=% (1A uoll 2 + AT 76l ),
and

16112 <Cr T A 6oll 2.

(ii) The bound for ||8]"u||;> and ||8{"6]| ;> are similar to case (i). This completes the proof of
O

Theorem 1.3.
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