Acta Applicandae Mathematicae (2021) 174:8
https://doi.org/10.1007/510440-021-00426-1

()

Check for
updates

Exponential Stability in Mean Square of Stochastic Functional
Differential Equations with Infinite Delay

Zhi Li" - Liping Xu'

Received: 3 August 2020 / Accepted: 12 July 2021 / Published online: 29 July 2021
© The Author(s), under exclusive licence to Springer Nature B.V. 2021

Abstract

A novel approach to the exponential stability in mean square of stochastic functional differ-
ential equations and neutral stochastic functional differential equations with infinite delay is
presented. Consequently, some new criteria for the exponential stability in mean square of
the considered equations are obtained. Lastly, some examples are investigated to illustrate
the theory.
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1 Introduction

Stochastic functional differential equations (SFDEs) have drawn growing attentions owing
to their applications in physical, biological, medical and social sciences, as well as in eco-
nomics and finance, that is, in every where future states depend not only on the present state
but also on the past states. On the other hand, neutral stochastic delay differential equa-
tions (NSFDEs) are often used to describe the dynamical systems which not only involve
derivatives but also depend on present and past states. Neutral stochastic delay differential
equations have attracted the increasing attentions due to the wide applications in the dis-
tributed networks containing lossless transmission lines, processes including steam or water
pipes, heat exchanges, and other engineering systems and population ecology. For stochas-
tic functional differential equation, we refer the reader to the books [8, 12] by Mao, among
other things. For neutral stochastic functional differential equations, we refer to [2, 7, 19].
As particular interest, the stability is always one of the most important issues in the theory
of SFDEs. One of the most important approach to stability for stochastic functional differ-
ential equations is a stochastic version of the Lyapunov direct method. Lyapunov functions
and functionals have been successfully used to obtain the stability of stochastic differential
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equations ([1, 4, 5, 11, 18]). Another widely-used approach to stability of stochastic func-
tional differential equations is the Razumikhin-type theorem. Razumikhin-type theorems
for exponential stability of stochastic functional differential equations have been presented
in [6, 10, 17, 23]. A Razumikhin-type theorem for the asymptotic stability of stochastic
functional differential equations has been given in [9, 20, 22].

In fact, it is not easy to find a Lyapunov function or functional for stochastic differential
equations and the stability conditions obtained by the Lyapunov’s function method are often
given in terms of differential inequalities, matrix inequalities and so on. The given conditions
by Lyapunov function (functional) and Razumikhin-type theorems are not only a little bit
strong but also general implicit and not easy to examine.

Very recently, we also observe that several authors have established some criteria for the
exponential stability in mean square of solutions to stochastic differential equations by using
the different technique from Lyapunov direct method. For example, Ngoc [13] and Ngoc
and Hieu [15] presented some explicit criteria for the mean square exponential stability of
general non-linear stochastic delay differential equations based on a spectral property of
Metzler matrices; Ngoc [14] obtained some explicit criteria for the mean square exponential
stability of stochastic delay differential equations by a comparison principle. However, there
are still two faults in the above articles. First of all, although the conditions in [13-15] are
explicit, they are seemly a little strong and difficult to be satisfied in practical application.
Secondly, explicit criteria for the mean square exponential stability of stochastic functional
differential equations and neutral stochastic functional differential equations with infinite
delay are still an open question.

In this paper, we will present a novel approach to the exponential stability in mean square
of stochastic functional differential equations and neutral stochastic functional differential
equations with infinite delay. Our approach does not involve Lyapunov functions and com-
plex calculations. Our approach is based on a comparison principle and a proof by reductio
ad absurdum and our conditions are also feasible. Our results improve some known results.

The rest of this paper is organized as follows. In Sect. 2, we introduce some necessary
notations and preliminaries. In Sect. 3, we present some criteria for the exponential stability
in mean square of stochastic functional differential equations with infinite delay. In Sect. 4,
we present some criteria for the exponential stability in mean square of neutral stochastic
functional differential equations with infinite delay. In Sect. 5, we state some comparisons
with existing results and present some examples to illustrate the advantage of our results.

2 Preliminaries

Let (2, F,P) be a complete probability space equipped with some filtration {F;},>¢ satis-
fying the usual conditions, i.e., the filtration is right continuous and F; contains all P-null
sets. Let | - | denote the Euclidean norm in R”. If A is a vector or matrix, its transpose is
denoted by AT. If A is a matrix, its trace norm is denoted by |A| = \/trac(AT A). More-
over, let w(t) = (w(?), ..., w,(t))T be an m-dimensional Brownian motion defined over
(2, F, P). Denote by BC((—o0, 0]; R") the family of all bounded, continuous functions ¢
from (—o0, 0] to R" with the norm ||@| pc = supy, l¢(0)|.
Consider the following stochastic functional differential equation

dx(t) = f(t,x)dt + g(t, x)dw(t) 2.1)
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on ¢t > 0 with initial data xo = & = {£(0) : 6 <0} € BC((—0o0, 0]; R"), where x, = x(t + 6),
—00 < 0 <0isregarded as a BC((—oo, 0]; R")-valued stochastic process, and

f iRy x BC((—00,0; R") - R", g:R; x BC((—0o0,0]; R") — R"™,

An F;-adapted process x(¢) is said to be the solution of the equation (2.1) if it satisfies the
initial condition above and moreover for each r > 0,

x(t):S(O)—I—/ f(s,xx)ds—i—/ g(s, xs)dw(s), 2.2)
0 0

where the stochastic integral is in the It0’s sense. The details on the existence and uniqueness
of the solution to (2.1), we can refer [3]. For example, when f, g, G are uniformly Lipschitz
continuous, or they are locally Lipschitz continuous and satisfy the linear growth condition,
Kolmanovskii and Nosov [3] proved that there is a unique continuous solution to (2.1),
and any moment of the solution is finite. For stability purpose, throughout the paper we
always suppose that equation (2.1) has a unique solution for arbitrarily given initial data &
BC((—00, 0]; R") and the solution is denoted by x (¢, &), or simply x(¢), when no confusion
is possible. For the purposes of stability, we shall assume that

f(,0)=0, g(t,00=0 foranyzr>0.

It is well-known that for a given & € BC((—0o0, 0]; R"), equation (2.1) has a trivial solution
when & = 0.

Definition 2.1 The trivial solution x (¢, §) of (2.1) is said to be exponentially stable in mean
square, if for any initial value &, there exists a pair of positive constants A > 0 and C such
that for all r > 0

Elx(t,£)I> < Cll€llsce™,

or, equivalently,

1
lim sup ?log Elx(t, £)]* < —A.

—00

Definition 2.2 The trivial solution x (¢, &) of (2.1) is said to be almost surely exponentially
stable if there exists a constant A > 0 such that there is a finite random variable 8 such that
forallt >0

[x(t, &) < ,Be_“ a.s.

3 Exponential Stability for SFDEs with Infinite Delay

To state the main result of this section, let us define some functions. Let n;(¢,6) : R, x
(—00,0] — R, (i =1, 2) be non-decreasing in 6 for each t € R, . Furthermore, 7;(t, 6) is
normalized to be continuous from the left in 6 on (—o0, 0]. Assume that

0
Li(t,¢) ::/ ¢O)dn;(t,0)], teR,, i=1,2, 3.1

is a locally bounded Borel-measurable function in ¢ for each ¢ € BC((—o0, 0]; R"). Here,
the integral in (3.1) is the Riemann-Stieltjes integral.
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Theorem 3.1 Let y(-) : R, — R be a locally bounded Borel-measurable function such that
foranyt e R, ¢ € BC(—00,0]; R"),

0
2E(¢" ). 9) <y OElpO)F + / Elp@)Pdlm (1, 0)], (3.2)

and

0

B (waclg” (1.1, )) < [ Blo@)Pdin. o)L (3.3)

If there exists B > O such that for any t € R,

0 0
V(t)+/ efﬂed[m(t,@)]-F/ e Pdln(1,0)] < —B, (3.4)

—00 —0Q0

then the trivial solution of (2.1) is exponentially stable in mean square. In particular,
E|x(z, £)|* exponentially decays with the rate B for any & € BC((—o0, 0]; R").

Proof Fix K > 1 and let £ € BC((—o0, 0]; R") such that IE||E||§C > 0. For the sake of
simplicity, we denote x(¢) := x(t, &), where x(¢, §) is the solution to (2.1). Let Z(t) :=
Ke P'E||&]2., t > 0. Then, we deduce that from K > 1 and E||&||3. > O that X (7) :=
Elx(t)]> < Z(t), t € (—o0, 0]. We will show

Elx()|* < Z(r), Vi>0. (3.3)

Assume on the contrary that there exists #; > 0 such that X (#;) > Z(#;). Let t, :=inf{t > 0:
X(t) > Z(t)}. By continuity of X (¢) and Z(t),

X)) <Z@), t€l0,t], X(t)=Z(), (3.6)
and
Elx(t)]* > Ke P"E||5c.

for some t,, € (t,, tx + %), m e N.
Applying the It&’s formula to the function V (¢, x) = ¢ |x(¢)|?, (3.2)—(3.3) and the Fu-
bini’s theorem, we have

Ee |x(0))

—BEOF +E [ ae®r()Pds + 28 [ exT6)70,x)ds
0 0
=+E/ e“traclg” (s, x,)g (s, x,)]ds
0
5E|§-‘(0)|2+E/ ae“|x(s)|2ds+f y (5)e”Elx(s)*ds
0 0

; 0
+ / e / Elx(s +6)dim(s, )1)ds
0 _

o0

t 0
+/ e‘”(f E|x(s+9)|2d[n2(s,9)])ds.
0

—0oQ0
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Let K; := KE||$||§C. Since 1, (s, #) and 1, (s, 0) are increasing in € on (—oo, 0], we derive
that from (3.6)

0

0
/ Elx(s 4+ 0)1*d[ni(s,0)] < Kie™# / e Pdni (s, 0)1,

and
0 0
/ Elx(s +60)*d[n2(s,0)] < Kye™# / e Pdlna(s, 0],

[e°] —00

for any s < t,. Then, it follows that

e Elx (£

<EEOP + f " e (Kya + Ky (s))ds

1.

0
ts 0 bx 0

+ / K e / P d [y (s, 0)1ds + / K e f P d[na(s, 0)1ds
0 - 0 -

] oo

0
e P dni(s,0)]+ f

—0o0

Iy 0
—Be0F + [ Ko [a sy +

0 —00

e P d[na(s, 9)]ds.
Taking (3.4) into account, we get

e Elx(t,)* <EI§(0))* + /0 " K e P o — B)ds
=EI§(0)|* + Ky(e“e P — 1)
=EI§(0)|* — K + K e e F"
=EI§0))> — KEII£3c + Ke*™ e P*E|§|5c
<Ke e PE|£ |3,
which conflicts with (3.6). Therefore

Elx(t)]> < Ke PE|&|3., t>0.

So, we know that the trivial solution to (2.1) is exponentially stable in mean square and
E|x(t, £)|* exponentially decays with the rate 8. The proof is complete. O

Corollary 3.1 Let Yi(-,-), V2(,+) : Ry x (—=00,0] = Ry, %), 60), k() : Ry — R,

i=0,1,2,...nwith 0 := ho(t) < h((t) < hy(t) <--- < h,(t) <+o0, t € Ry, be locally
bounded Borel measurable functions such that for any t €e R, ¢ € BC((—o0, 0]; R"),

n 0
26(¢" 0f1.9)) = 3 n@Blp-h)F + [ TieoBpoLas, 6D
i=0 -

0

E(raclg” (1, )81, 9)1) = D G (OBlg(—hi () + / Ta(t,)Elg(s)I*ds. (3.8)

i=0 -
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If there exists B > 0 such that for any t € R,
n 0 n 0
PO AGES / eI s+ Y OG0 + / e P YNy(t, 5)ds < —B, (3.9)
i=0 —o0 i=0 —00

then the trivial solution of (2.1) is exponentially stable in mean square. In particular,
E|x(z, £)|* exponentially decays with the rate B for any & € BC((—o0, 0]; R").

Proof Define the following functions for t > 0, s € (—00, 0]

Oa lfS € (_005 _hl(t)]a

ui(t,s) = {Vi([)’ if s € (—h;(1), 0],

n s
i, s) :=Zu,~(r,s>+f Yi(t,r)dr,
i=1 -

and

0 if s € (—o0, —h; ()],

vi(t,5) = {g;([), if s € (—h;(2),0],

N

Yo (t, r)dr.
o0

m(t,s) :=Zv,-(r,s>+f

i=l -

By the properties of the Riemann-Stieltjes integrals, one has for each i = 1, 2 that

0 s 0
/ ¢(s)d[/ T,-(t,r)dr]:/ () Yi(t,s)ds, t€R,,

o0

for any ¢ (-) € BC((—00, 0]; R"). Then for any t € Ry, ¢(-) € BC((—00, 0]; R"),

0 n 0
/ o ($)dni (@, s)]= Z viOp(—hi (1) + / G (s)Y1(z, 5)ds,
-0 i=1 -

0 n 0
| oedmeon=Y awscno+ [ s
- i=1 -

Therefore, (3.7)—(3.8) imply that (3.2)—(3.3) hold and (3.9) ensures that (3.4) holds. By the
Theorem 3.1 we can obtain our desired results. The proof is complete. O

4 Exponential Stability for NSFDEs with Infinite Delay
Consider the following neutral stochastic functional differential equation with infinite delay
dlx(t) = G(x)] = f(t,x)dt + g(t, x)dw(t) 4.1

on ¢t > 0 with initial data xo = & = {£(0) : 0 <0} € BC((—o0, 0]; R"), where

G :BC((—o0,0]; R") — R", f Ry x BC((—00,0]; R") - R",
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g:R; x BC((—o0,0]; R") — R™"",

An F;-adapted process x(t), —oo <t < 400 is said to be the solution of the equation (4.1)
if it satisfies the initial condition above and moreover for each r > 0,

x(t)—G(xz)zé(O)—G(xo)Jr/ f(s,xs)ds+/ g(s, x;)dw(s), 4.2)
0 0

where the stochastic integral is in the Itd’s sense. The details on the existence and uniqueness
of the solution to (4.1), we can refer to [3]. For example, when f, g, G are uniformly
Lipschitz continuous, or they are locally Lipschitz continuous and satisfy the linear growth
condition, Kolmanovskii and Nosov [3] proved that there is unique continuous solution to
(4.1), and any moment of the solution is finite. For stability purpose, throughout the paper
we always suppose that equation (4.1) has a unique solution for arbitrarily given initial
data & € beo([—r, 0]; R™) and the solution is denoted by x(z, &), or simply x(¢), when no
confusion is possible. For the purposes of stability, we shall assume that

G0)=0, f(,00=0, g(¢,0)0=0 foranyt > 0.

It is well-known that for a given £ € BC((—0o0, 0]; R"), equation (4.1) has a trivial solution
when & = 0.
We assume that there is a constant k& € (0, 1) such that for all ¢ € BC((—o00, 0]; R")

ElG(p))* <k sup Elp®). (4.3)

—00<6<0

Lemma4.1 Let (4.3) hold withO <k <land p>0,6 >0, K > 1. If

E'Elx(t)—Gx)P<K sup E|x©®)? 4.4)
—00<H=<0
forall 0 <t < p, then
SElx()|* < K sup E|x(0)%
T (1 = Vk)? —so<b=0

Proof Letk <& <1.For0 <t < p, we have
Elx(t) — G(x)* ZElx () = 2E(x (DIG (x)]) + E|G (x)|?
>(1—oElx®)* — (¢7' = DE|G(x,)[*.

Then, by (4.3) we have

1 k
Elx()]’ < 7—Elx() = Gx)P + = sup Elx(t +6)P”

—00<6=<0

Using the condition (4.4), we derive that forall 0 <r < p

K k
SERMF < sup Ex@F+- sup [e‘S’IE|x(t+9)|2]
— &

—00<H=<0 —00<60=<0

<

k
sup Elx(0)+ = sup [85’E|x(l)|2].

— &€ _00<0<0 &€ —co<t=p
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Moreover, this holds for —oo <t < 0. Thus,

K k
sup [e5’E|x(t)|2]51— sup Elx(0)+ = sup [e‘”u-zpc(z)F].
— &

—co<t=p —00<6<0 & —oco<t=p

Since 1 > ]f, we can obtain

e
sp [MElx(F] = " sup Elx(@)
e (1= £)(e — k) —urbeo
Lastly, letting & = v/k we can obtain our desired result. The proof is complete. O

Theorem 4.1 Assume that (4.3) holds with 0 < k < 1. Let y(-) : Ry — R be a locally
bounded Borel-measurable function such that for any t € R, ¢ € BC((—o00,0]; R"),

0
25((00) - G@) £¢.9)) <y OBIOF + [ Blp@Pdine.o). 49
and
0
B(tacls” . 050, 0)]) = [ Elo@)Pdlna(r o)) (4.6)

If there exists B > O such that for any t € R,

0

0
V(t)+/ e_ﬁgd[m(t,9)]+/ e P dny(t,0)] < —(1 = Vk)’B, 4.7

—00 —00

then the trivial solution of (4.1) is exponentially stable in mean square. In particular,
E|x (¢, £)|* exponentially decays with the rate B for any & € BC((—o0, 0]; R").

Proof Fix K > 1 sufficient large and let & € BC((—o0, 0]; R") such that IE||§||§C > 0. For
the sake of simplicity, we denote x(¢) := x(t, &), where x(¢, &) is the solution to (4.1).
Let Z(¢) := Ke’/stlEHSHéC, t > 0. Then, we deduce that from K > 1 sufficient large and
E[&|3c > 0 that X () := E|x(t) — G(t,x,)|* < Z(1), t € (—o0, 0]. We will show

Elx(t) — G, x)|* < Z(@t), ¥t > 0. (4.8)

Assume on the contrary that there exists #; > 0 such that X (¢;) > Z(#;). Let t, :=inf{r > 0:
X (t) > Z(1)}. By continuity of X (¢) and Z(¢),

X)) =Z@®), t€[0,1], X()=Z(), (4.9)
and

Elx(tn) — G (x,,)I* > Ke """ E||&[3,
for some t,, € (., t, + %), m e N.
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Applying the It6’s formula to the function V (¢, x) = e* |x(¢) — G(x;)|?, (4.5)—(4.6) and
the Fubini’s theorem, we have

E(e |x(1) = G(x)I*)

=E|§0) - G’ +]E/ @e® |x(s) = G(x,)|*ds
0

+21Ef e (x(s) — G(x,))" f (s, x5)ds +1E/ e“tracg” (s, x,)g(s, x,)lds
0 0
<E|£(0) — G(&)I? +]E/ ae™|x(s) — G(x,)|*ds +/ y(s)e™ Elx(s)|*ds

0 0

t 0
+ [ ( [ B +orpdm . on)ds + [
0 -1 0

Let K; := KE||$||§C and K, = (I_K—lﬁ)z Since 1, (s,0) and n,(s, 0) are increasing in 6 on
(—00, 0], we derive that from (4.9) and the Lemma 4.1

t

0
([ Bixts +0)Pdns. 0)1)as.

0

0
/ EIX(erG)IZd[m(s,@)]sze‘ﬂ“/ e Pdni (s, 0)1,

o0 —00
and

0 0
f Elx(s 4+ 0)1%d[n2(s, 0)] < Kre™#* / e P dn(s, 0)],

o0 —00

for any s < t,. Then, it follows that

" Elx(t,) — G(x,,)I?

<EJ£(0) - G2+ / "B (Kya + Kay (5))ds

t
0
[ 0 1y 0
+ / e Kye P / e P0dn: (s, 0)]ds + / e Kye P / e Pd[n,(s, 0)1ds
0 - 0

—BEO) - GOP + [ Kiewe
0
1 0
: [OH‘ m(?(s%l—/_

Taking (4.7) into account, we get for sufficient large K,

0
e Pdlni(s, )] +/

—00

e Podln (s, 9))]ds.

oo

e Elx(t) — Gx,)I* <El§0) = GE)I* + / * e Kie P (a — B)ds
0
=EI§(0) — GE)I* + K1 (e P — 1)
=E§0) — GE)I* — K1 + K e e P
=EI§(0) — G©)I* = KE[§ 3¢ + Ke™e P E|||I¢

<Ke* e P E€ |3,
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which conflicts with (4.9). Therefore
Elx(t) — G(x)? < Ke "E|§ |5, t>0.

So, by applying the Lemma 4.1, we know that the trivial solution to (4.1) is exponentially
stable in mean square and E|x (¢, £)|* exponentially decays with the rate 8. The proof is
complete. ]

Corollary 4.1 Assume that (4.3) holds with 0 < k < 1. Let Yi(-,-), T2(-,-) : Ry x
(=00,0] = Ry, (), 6(),hi(): Ry - R, i=0,1,2,...n with 0 := ho(t) < h(t) <
hy(t) < -+ < h,(t) < +o00, t € Ry, be locally bounded Borel measurable functions such
that forany t € Ry, ¢ € BC((—o00,0]; R"),

0
Yi(t, )Elp(s)|*ds, (4.10)

2E((¢(©) ~ G@) f(t.9)) = D vOElp(—=hi () + f
i=0

0

E(waclg” 1, )81, 9)1) = D G (OElg(—hi () + / Ya(t, $)Elg(s)Pds.  (4.11)
i=0 R

If there exists B > 0 such that for any t e Ry,

n 0 n 0
> POy ) + / e PNt 9)ds + Y PO (n) + / e Py (1, 5)ds
i=0 -0 i=0 —00
< —(1—=+k)B, 4.12)

then the trivial solution of (4.1) is exponentially stable in mean square. In particular,
E|x(z, £)|* exponentially decays with the rate B for any & € BC((—o0, 0]; R").

Proof Define the following functions for r > 0, s € (—o0, 0]

0, if s € (—o0, —h; ()],

ui(t,s) = {Vi(t)a if s € (—h; (1), 0],

m, s) :=Zui<r,s>+/ Ti(t, r)dr,
i=1 -
and

0, if s € (—o0, —h;(1)],

Ui(tss) ::{éi(t)’ ifse(_hi(t)ao]’

n(t,s) = Zvi(t, s) + / Yo (t, r)dr.

i=l

By the properties of the Riemann-Stieltjes integrals, one has for each i = 1, 2 that
0 s 0
/ ¢(s)a’[/ Y., r)dr] - / b($)Yi(t,s)ds, t€R,,
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for any ¢ (-) € BC((—00, 0]; R"). Then for any t € Ry, ¢(-) € BC((—00, 0]; R"),

0 n 0
/ d()dlm(t, )= Z viOp(—hi (1)) + / D ()Y (2, 5)ds,
e i=1 e

0 n 0
f d($)d[m(t,s)]= E Ci(t)d)(—hi(t))Jrf @ ()Ta(t, s)ds.
- i=1 -

Therefore, (4.10)—(4.11) imply that (4.5)—(4.6) hold and (4.12) ensures that (4.7) holds. By
the Theorem 4.1 we can obtain our desired results. The proof is complete. a

5 Comparison with Existing Results and Some Examples
Now, we state some comparisons with existing results to illustrate the advantage of our

results.
Consider the following stochastic differential equation with distributed delay of the form

0 0
dx(t)zF(t,x(t),/ kl(s)x(t—l—s)ds,...,/ k,(s)x(t+s)ds>dt
- - 5.1
0 0
+G<t,x(t),/ kl(s)x(t—l—s)ds,‘..,/ k,(s)x(t—f—s)ds)dw(t)

on ¢t > 0 with initial data xo = & € BC((—o0, 0]; R"), where k;(s) € L((—o0,0]; R,) for
i=12,...,rand F: Ry xR" xR — R", G : Ry xR" x R"™*" — R"*" satisfy the local
Lipschitz condition and the linear growth condition and F(¢,0,...,0) =0, G(¢,0,...,0) =
0.

By using the general Razumikhin-type theorem, Yang et al. [21] established the following
criterion for the exponential stability in mean square of (5.1) (see the Corollary 4.2 in [21]).

Proposition 5.1 Assume that there are A > 0 and nonnegative constants o;, B;, i =
0,1,2,...,r such that

0 0
/ ki(s)ds =1, k; ::/ e ki (s)ds < oo, (5.2)
" (0)F(t,9(0),0,...,0) < —Alp(0)|?, (5.3)
0 0
F(t,lﬁ(O),O,...,O)—F(t,(p(O),/ kl(s)w(s))ds,...,/ k,(s)go(s))ds)‘
. (5.4)
<aole(0) —w(0)|+Za,-\f ki(s)g(s)ds |,
i=l1 -
and
0 0 )
6(rv0. [ tends.... [ boroends)|
C i (5:5)
<ploOF + 38| [ kowoas.
i=1 —o0
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forallt >0, ¢, € BC((—o0, 0]; R"). If
A 1,3 +12r: +12r:( + Bk (5.6)
> — = i+ = i ki .
2" 21‘:10[1 25 “ o

then the trivial solution of (5.1) is exponentially stable in mean square.

According to (5.3) and (5.4), we know that for all > 0, ¢ € BC((—0o0, 0]; R")

0

0
20" OF (1,00, [ ki@peds..... [ kspe)ds)

=207 (0)F(t, ¢(0),0,...,0) + 2¢T(0)( — F(t,¢(0),0,...,0)

0

0
+F(t,ga(0),/ k](s)(p(s))ds,...,/

—00

k,(s)(p(S))dS)> (5.7

0
| ks

<=2 +2/0" )Y e
i=1

r 0 r 0
<= 200 OF + (Lo [ ko1ds)ioOF + Y [ kisllp)Pas
i=l o i=I -

o0

On the other hand, from (5.5) and the Holder’s inequality, we have for all + > 0, ¢ €
BC((—00,0]; R")

0

‘G(t,(p(O),/_(;kl(s)w(s))ds,...,/ k,(s)gp(s))ds)‘z

—00

(5.8)
r 0 0
sﬁo|<p<0)|2+Zﬂ,-/ k,-<s>ds-f ki () (s)ds,
i=1 - —

o0
which means that (3.7) holds with h;(¢) = 0, y(t) = Zf:lai fi)ooki(s)ds,—Zk,
Yi(t,s) = Y ;_,iki(s) and (3.8) holds with h;(r) = 0, (1) = Bo, Valt,s) =
SB[ ki) ki o).
Thus, we deduce that (5.3)—(5.5) are indeed stronger than (3.7) and (3.8). Moreover, by

the Corollary 3.1, we deduce that the trivial solution of (5.1) is exponentially stable in mean
square if (5.3)—(5.5) are satisfied and there exists a constant § > 0 such that

r 0 r 0
—2+ ) o / ki(s)ds + ) / ki(s)e Psds + Bo
i=1 o i=1 -

oo

r 0 0
+Zﬁi/ ki(s)ds / ki(s)e Pds < —B. (5.9)
i=1 —

—00

Besides, we note that the condition (5.2) is not required by using our Corollary 3.1. But,
if (5.2) is satisfied, then (5.9) reduce to

r r 0 r 0
—20+ Zai + Zai / ki(s)e Psds + By + Zﬁi f ki(s)e Pds < —p.  (5.10)
i=1 i=1 - i=1 -
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We remark that the condition (5.10) is weaker than (5.6). Indeed, if (5.6) holds with k; :=
fi)oo e k;(s)ds, then

2+ B+ > i+ Y (e + Pk <O.

i=1 i=l1

Therefore, by the continuity

—00 (o8]

r r 0 r 0
—2A+ Z“i + Zai / k; (s)e—)LAr+(—5+A)sds + Bo + Z Bi / k; (S)e—AS+(—/3+A)sds
i=1 i=1 -

i=1

-8 (5.11)

for some B > O sufficient small such that —8 + A > 0, which implies that (5.10) holds for
some B > 0 sufficient small such that — + A > 0.

Now, we consider the following stochastic functional differential equation with time
varying infinite delay

dx(t)=F(t,x@),x(t —56,()),...,x(t —36(1)))dt
+ G, x(t), x(t —681(t)), ..., x>t —35,))dw(t)

(5.12)

on ¢t > 0 with initial data xo = & € BC((—o0, 0]; R"), where §;(s) : Ry — R, fori =
1,2,...,rand F: Ry x R" x R - R", G : Ry x R" x R — R™™ satisfy the local
Lipschitz condition and the linear growth condition and F'(¢,0,...,0) =0, G(¢,0,...,0) =
0.

To compare with the results of [16], let us introduce the following definitions on both
p-th moment and almost surely stability with a certain rate.

Definition 5.1 Let the function A(¢) € C(R,; R,) be strictly increasing and A(t) 1 oo as
t — oo. Then, the trivial solution of equation (2.1) is said to be p-th moment stable with
decay A(t) of order y if there exists a pair of constants y > 0 and c(§) > 0 such that

Elx (@ &)|" <c@&r7 (), 120

holds for any £ € BC((—o0, 0]; R"). The trivial solution of equation (2.1) is said to be almost
surely stable with decay A(¢) of order y if

i Injx(z, §)|
imsup ———— < —y, as.
t—oo  INA(2)
By using the general Razumikhin-type theorem, Pavlovi¢ and Jankovié [16] established
the following criterion for stability in mean square of (5.12) (see the Corollary 3.1).

Proposition 5.2 Let A(t) € C'(Ry;Ry) be strictly increasing and A(t) 1 0o as t — 00,
A0) =1, and M(s + 1) < A(t)A(s) for all t,s > 0. Assume that there exist constants . > 0,
p>0,v>1anda;, B >0,0<i <r such that

2O

TF(@t,x,0,...,0)<— , 5.13
x F(t,x ) < pk(z)x (5.13)
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|F(t,x,0,...,0) — F(t, %, y1,..., ) <

M())[aou —Fl4 - Za,x “@ i,
(5.14)

A (@)
A(2)

(G X3, 3] = 5 Bolx P+ Zm “@ )il (5.15)

forallt >0and x,x,y1,...,y, e R". If

r

p> %ﬂo-#%Z(Oli-i-%ﬁi), (5.16)

i=1

then the trivial solution of equation (5.12) is stable in mean square with the rate function

A(t)ofordery=2p—/30_%zl 1( 2'31)/\M

By the Definition 2.1 and 5.1, we easily know that if the trivial solution of equation (5.12)
is exponentially stable in mean square, then the trivial solution of equation (5.12) is stable
in mean square with decay e’ of order A, and if the trivial solution of equation (5.12) is
stable in mean square with decay e’ of order A, then the trivial solution of equation (5.12) is
exponentially stable in mean square. In other word, exponential stability in mean square is
equivalent to the stability in mean square with decay e’. So, the Proposition 5.2 is equivalent
to the following Proposition 5.3.

Proposition 5.3 Assume that there exist constants >0, p >0, v>1and o;, §; > 0,0 <
i <r such that

xTF(@,x,0,...,0) < —plx|%, (5.17)
1 r
|F(t,x,0,...,0) = F(t,%,y1,....3) Seolx =%+ = Y e Oy|,  (5.18)
v
i=1
1 o _
G x. y1 -y < BolxP+ =) pie 1Oy ? (5.19)
v 1

forallt >0and x,x,y1,...,y, e R"If
Lg +li( +1,8) (5.20)
> = it 5Pi), .
Pralmy Ty

then the trivial solution of equation (5.12) is exponentially in mean square.
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In fact, by (5.17) and (5.18) we obtain for all # > 0 and x, y;, ..., y, € R"
2xXTF@, %, vy, ooy )
=2xTF(@,x,0,...,0) +2xT(F(t,x, y1,..., ) — F(t,x,0,...,0)

I
<= 20l + 20T Y e Oyl
i=1

1 < 1 <
2 —ud; 2 —us; 2
<—2p|x| +; E aje 1 0|x| +; E aje 1Oy,
im1 im1

Combining with (5.19), we can deduce that (3.7) and (3.8) hold. Therefore, by our Corol-
lary 3.1 we declare that the trivial solution of equation (5.12) is exponentially stable in mean
square if

I < 1 < 1 <
) _ ; —udi(t) 4 _ ; —udi(t) ,B8; (1) 4 ’ —udi (1) B8 (1)  _ 5.21
,0+,30+VEO!€ +ane e —I—VEﬂe e <-8( )

i=1 i=1 i=1

holds for some B > 0. We remark that (5.21) is equivalent (5.20). Indeed, by (5.20) we have
2p+ B +2i +1Xr:ﬂ 0 (5.22)
— - o; — i < U. .
8 " i=1 Vg

By the continuity and (5.22), we know that

r

1 ¢ 1
=2p+fot =D o+ =D (@it e 0N < —p (5.23)
i=1

i=1

holds for some sufficient small 0 < 8 < u, which means that (5.21) holds for some sufficient
small 0 < 8 < u.

Now, we present some examples to illustrate the advantage of our results.

Consider the scalar linear time-varying stochastic differential equation with delay

dlx(t) —k(x( —ho(t))] = (—a@®)x () +b(@)x(t — h((2)))dt + c(t)x(t — hy(t))dw(2),
(5.24)

where 0 <k < 1, a(t),b(t),c(t) : Ry — R, ho(t), hi(t), ha(t) : R, — R, are continuous
functions, and w(¢) is scalar Brownian motion.
We can deduce that (4.3) holds. Let

f(t,9) :==a®)e©) +bO)p(— (1)), g, ) :=c)p(—hy (1))
fort e Ry, ¢ € BC((—00,0]; R). Then, for all € R, ¢ € BC((—00, 0]; R) we have
20(0) f (1. 9) = — 2a()|p(0) > + 2b(1)p () p(—h (1)) 525
< —2a(D)lpO)* + b(1)|(¢*(0) + ¢*(—h1 (1)),
2G(9) f (. 9) <Vk[—a®)|pO)] + b()p0)p(—hi ()T + Vklp(—ho(1) [

(5.26)
<2Vk[@* () |@(0)]* + B> (1) (—hy ()] + VElp(—ho (1),
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and

g (t. @) = (> (—ha(1). (5.27)
Then, by the Corollary 4.1 we deduce that if for any r € R,

—2a(t) + |b(@®)| + |b(t)|eﬁh1(t) + 2\/E(a2(t) + bz(t)eﬁh'(’» + EkePho® + CZ(t)eﬂhz(t)
<-8, (5.28)

then the trivial solution of (5.24) is exponentially stable in mean square. In particular,
E|x (¢, £)|* exponentially decays with the rate 8 for any & € BC((—oo0, 0]; R).
For simplicity, we consider the following stochastic scalar equation

0

dx () = (— a()x(t) +/

—00

x(t +s)d[n(s)])dt £ b()x(n)dw (1), (5.29)

for t > 0, where n(¢) is a function of bounded variation on (—oo, 0] and a(t), b(t) are
continuous functions and w(t) the one-dimensional Brownian motion.
Let

0

[, 9):= —a(t)¢(0)+/ p(s)d[n(s)], g, @) :=b(1)9(0),

—0Q0

for t > 0, ¢ € BC((—00, 0]; R). Define V(s) := Var_s sn(-), s € (—o0, 0]. Then V (s) is
non-decreasing on (—oo, 0]. By the properties of the Riemann-Stieltjes integral, we have

0 0
| / Ol (s)]| < f 9O )IdLV (5)].

Thus,

0

20(0) f(t,9) < — 2a(1)¢*(0) +2/ lp(@e()|d[V ()]

—00

0

s(—za(r>+/_

By the Corollary 3.1, the trivial solution of (5.29) is exponentially mean-square stable if
there exists 8 > 0 such that

0
ae)FO+ [ Fedvel

oo

0 0
—2a(t)+/ d[V(s)]—I—/ e PdV ()] +b* (1) < —B, (5.30)

oo —00

forall ¢t > 0.
To illustrate further the effectiveness of the obtained result, we consider scalar stochastic
functional differential equation
0
dx(t) = —ax(@)dt + (/ e x(t+ s)ds)dt +x(®)dsdw(t), t=>0, (5.31)

—00

where « > 0 stands for a parameter and w(¢) is the 1-dimensional Brownian motion.
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Clearly, (5.31) is the form of (5.29) with a(t) = «, n(t) = €', b(t) = 1. So, by the Corol-
lary 3.1, the trivial solution of (5.31) is exponentially mean-square stable if there exists
B > 0 such that

0 0
—2a+/ efds+/ e Pesds +1<—8. (5.32)

(o9 oo

In other word, we can deduce that the zero solution of (5.31) is exponentially stable in mean
square if

NSRS

o=

But, by Yang et al. [21] we have the zero solution of (5.31) is exponentially stable in mean
square if

1 0
oa>1+ 5/ e “elds,

o]

which implies that by Yang et al. [21] we can not deduce that the zero solution of (5.31) is
exponentially stable in mean square if

V242
<.

3<
2 =¢ 2
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