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Abstract Competition is a fundamental force shaping population size and structure as a
result of limited availability of resources. In biomathematics, the biological models with
competitive interactions exist widely. Furthermore, the nonlinear-diffusion (including self-
and cross-diffusions) terms are incorporated to the biological models to better simulate the
actual movement of species. Therefore, better compatibility with reality can be achieved
by introducing nonlinear-diffusion into biological models with competitive interactions. As
a result, a competition system with nonlinear-diffusion and nonlinear functional response
is proposed and analyzed in this paper. We first briefly discuss the stability of trivial and
semi-trivial solutions by spectrum analysis. Then the boundedness and the non-existence
of steady states are studied. Based on the boundedness of the solutions, the existence of the
steady states is also investigated by the fixed point index theory in a positive cone. The result
shows that the two species can coexist when their diffusion and inter-specific competition
pressures are controlled in a certain range.

Keywords Steady states - Competition model - Nonlinear-diffusion - Boundedness -
Existence
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1 Introduction

Competition models, having enormous impacts on various fields including biological, eco-
logical and biochemical processes, enrich modern research to a large extent [1-3]. In biol-
ogy, competition models are widely regarded as the crucial tools to understand the mecha-
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nisms leading to biodiversity. During the past years, the competition models derived from in-
teractions of several species have been extensively studied. Among those models, the Lotka-
Volterra competition model is considered as the basis of a model reflecting competitive in-
teractions between species [4-9]. However, there is a limitation in classical Lotka-Volterra
model that has the competitive interaction of two populations: with the increase of one com-
petitor’s density, its competitive capacity will increase and tend to infinity. But in reality, this
capacity between different species should be upper-bounded. To overcome this deficiency,
several types of models have been proposed. For example, this deficiency can be remedied
by the following model with nonlinear functional response:

du __ clv

S =ular —biu— 1), (L
5 .
5 =v(@ — b — fi—';),

where u# and v stand for the densities of two competing species, a; and a, refer to their
intrinsic growth rates, b, and b, account for their logistic growth rates, ¢; and ¢, are their

maximum inter-specific interaction coefficients. Here, all parameters are positive constants.

The terms <" and <2 represent the functional response, their limits lim <“* = ¢;u and
1+v 1+u v—o0 1tV

lim ‘ff; = c,v imply that the competitive capacity of species cannot increase at an infinitely

U—00

great rate when the density of its competitor increases. In the past few years, the models
based on (1.1) have been well studied, and some valuable results have been obtained, see
[10, 11] for examples.

In the field of population dynamics, the diffusion phenomenon of different species in the
environment is a very universal survival and life style. Therefore, a large number of models
of the multi-species interacting populations are described by reaction-diffusion systems. For
example, Barabanova [12] studied a reaction-diffusion system with exponential nonlinearity.
He discussed the global existence of nonnegative solutions and the asymptotic behavior of
global solutions for system. Jia [13] considered a reaction-diffusion population model with
predator-prey-dependent functional response. He investigated the conditions which ensure
the model has a unique positive constant solution, and studied the dynamical properties of
the model, including the large time behaviors of the nonconstant solutions and the local and
global asymptotic stability of the positive constant solution. For more detailed backgrounds
of reaction-diffusion systems, one can see [4, 14—16] and the references therein.

In recent decades, there has been considerable interest in being able to reveal the dynam-
ics of reaction-diffusion models with nonlinear diffusion. Just because of this, the cross-
diffusion terms are introduced into a system of reaction-diffusion equations to model the
situation that one species influence the movement of another species, which was proposed
firstly by Kerner [17] and applied firstly to biological models by Shigesada et al. [18]. Re-
cently, many researchers have devoted to the study of the population models with cross-
diffusion from various mathematical viewpoints. For example, in [19], the authors presented
a general instability analysis on cross-diffusion system with two species. They showed that
cross-diffusion can destabilize a uniform equilibrium which is stable for the kinetic and self-
diffusion-reaction systems; On the other hand, cross-diffusion can also stabilize a uniform
equilibrium which is stable for the kinetic system but unstable for the self-diffusion-reaction
system. Bendahmane [20] discussed a predator-prey model with cross-diffusion. He estab-
lished the existence of weak and classical solutions for model by means of an approxima-
tion system, the Faedo-Galerkin method, and the compactness method. Paper [21] studied
three species food chain model with a Holling type-II functional response involving cross-
diffusions. The authors presented the equilibrium solutions of the model and proved the
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stability of positive coexistence equilibrium, and conducted Turing instability induced by
cross-diffusion. In [22], the authors investigated the Shigesada-Kawasaki-Teramoto model
for two competing species with triangular cross-diffusion. By using the scalar maximum
principle and the Hopf boundary point lemma, they determined explicit parameter ranges
within which the model exclusively possesses constant steady state solutions. Moreover,
there have many valuable surveys on the mathematical developments of cross-diffusion
equations arising from various research fields, one can see [6, 23-31] and the references
therein.

Based on model (1.1), in [28], Li et al. proposed the following model with cross-diffusion

B — Aldyu+dpv) =u(@ —bju—25),  (x,1) € Q x (0, 00),

1+v
o — Aldaiu+dpv) = v(a —bw — {3, (¥, €Qx (0,00, (1.2)
anu:anv:O; (x’t)eagzx (07 OO)’

u(x,0) =up(x) >0, v(x,0) =vy(x) >0, xe,t=0,

where 2 is a bounded domain in R” (n > 1) with smooth boundary 92, n is the unit outward
normal vector on the boundary 92, a;, b;, ¢;, i = 1,2 have the same biological meaning
as in model (1.1), dy; and d,, are the self-diffusion coefficients of two species, dj, and
dy denote their cross-diffusion pressures. Here, dy1, dy», d»1, dy; are positive parameters. In
[28], the authors studied the existence and stability of positive equilibrium, and gave the
Turing bifurcation critical value and the condition for the occurrence of Turing pattern to
model (1.2).

In [18], Shigesada et al. described that the movement of two species in the actual ecolog-
ical environment is affected by nonlinear diffusion forces. So, it is more realistic to consider
the nonlinear diffusion effects to model (1.2). With what in mind, by making appropriate
modifications, model (1.2) can be revised as the following form with nonlinear diffusion
effects and Dirichlet boundary conditions

S — Allar + Briu + ovyul = u(ar —biu — {15),  (x,1) € 2 x (0, 00),

ot 1+v
B — Al(oz + B + Bv)vl = v(ay —byv — {25),  (x,1) € 2 x (0, 00), (1.3)
u=v=0, (x,1) € 022 x (0, 00),

u(x,0) =uo(x) >0,#0,v(x,0) =vp(x) 20,0, xe€Q,r=0,

where all parameters are positive constants, the parameters a;, b;, ¢;, i = 1,2 have the same
biological meaning as in model (1.1), «; and «, are the diffusion rates of two species, B
and By, are their self-diffusion pressures, 1, and f;; are their cross-diffusion pressures,
the nonlinear terms A(oju) and A(opv) model the situation that the two species move in
random ways, and the nonlinear terms A[(B1u + B12v)u] and A[(B21u + Brv)v] describe
that the movement of two species is under influence of population pressure caused by intra-
and inter-species interferences, uy and vy are continuous functions. Obviously, compared
with model (1.2), the model (1.3) is more logical and close to real situations.

In this paper, we focus on the existence of steady state solutions of model (1.3), that is,
the existence of classical positive solutions of the following elliptic system

—Al(ey + Buu + Bov)ul =ula —bju— 312), xeQ,

I+v
—Al(or + poru + Prv)vl =v(ar —bv — %), x€Q, (L.4)
u=v=0, x €0RQ.

Since the cross-diffusion terms are introduced, one interesting problem is that whether their
increase will affect the possibility of existence of positive solutions for model (1.4) or not.
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Therefore, the main purpose of this paper is to consider the effects of cross-diffusion pres-
sures on the positive solutions of model (1.4). Our approach to the proof is the fixed point
index theory [31]. It should be pointed out that we extend the conclusions in [31] in analyz-
ing the existence of positive solution since the standard conclusion frameworks in [31] are
not comprehensive for our model (it only can obtain that system (1.4) admits a positive solu-
tion if the signs of the first eigenvalues of suitable operators are the same). More specifically,
we not only prove that (1.4) has a positive solution when the signs of the first eigenvalues of
suitable operators are the same, but also show that (1.4) has a positive solution when one of
these first eigenvalues is less than O and one is equal to 0. Due to the cross-diffusion pres-
sures are related to these first eigenvalues, and therefore they affect the existence of positive
solution of model. Moreover, we also show that the inter-specific competition pressures are
also related to the existence of positive solution of model (1.4).

The rest of this paper is organized as follows. Section 2 states some known results about
eigenvalue problem, a scalar equation and the fixed point index theory. In Sect. 3, we briefly
discuss the stability of trivial and semi-trivial solutions of (1.4) by spectrum analysis. In
Sect. 4, we first give the boundedness of positive solution of (1.4), and then present the
sufficient conditions which ensure (1.4) having no positive solution. Using the fixed point
index theory, the existence of positive solutions of (1.4) is investigated in Sect. 5. Section 6
gives the conclusion to end the investigation.

2 Preliminaries

In this section, we first consider a certain eigenvalue problem and a scalar equation, and then
give some known results for fixed point index theory.

2.1 Eigenvalue Problem

For a(x) > 0in C?(Q) and b(x) € L>®(L2), consider the eigenvalue problem

{ Ala(x)ul +b(x)u=ru, xe€, Q2.1

u=20, x €08,

where €2 is the same as €2 in (1.2). By [31], we obtain that the problem (2.1) has an infinite
sequence of eigenvalues {X;(Aa(x) + b(x))} such that A; (Aa(x) + b(x)) > A1 (Aa(x) +
b(x)) with corresponding eigenfunctions ¢;, ¢;41,...,i =1,2, ..., where lim A;(Aa(x) +
11— 00
b(x)) =—o00,i > 1.
Denote by || - ||;2 the usual L2-norm in L?(£2). From [31] we have

[o (=1VIa@)ul? + a(x)b(x)u?)dx
M (Aa(x) +b(x)) = — . 22
1(Aa(x) +b(x)) uev?/lllvg(s‘z) ” a(x)u||iz (2.2)

Clearly, 1;(Aa(x) + b(x)) is increasing in b(x). The following Lemma 2.1 and Lemma 2.2
can also be obtained from [31].

Lemma 2.1 Leta(x) > 0in C*(Q), b(x) € L®(Q), and u > 0,0 in Q withu =0 on 3.
Then the following conclusions hold:

1) If (Aa(x) +b(x))u >,#£0, then L (Aa(x) + b(x)) > 0;
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(Gi) If (Aa(x) +b(x))u <,%#0, then L (Aa(x) + b(x)) <O0;
(iii) If (Aa(x) + b(x))u =0, then A (Aa(x) + b(x)) =0.

Lemma 2.2 Assume that by(x)/a;(x) > by(x)/as(x), where a;(x) > 0 in C*(Q), b;(x) €
Lo(Q) fori=1,2.

(@) If A (Aay(x) + b1 (x)) <0, then Ay (Aaz(x) + ba(x)) < 0;
(i) If Ai(Aax(x) + by (x)) = 0, then Ay (Aa;(x) + b (x)) > 0.

Let T : E — E be a linear operator on a Banach space E and denote by r(T') the spectral
radius of 7. Then we have the following statements for »(7"), which can be shown by the
similar manner in [32, Lemma 2].

Lemma 2.3 Leta(x) > 0in Ci(ﬁ), b(x) € L*(R2), and M be a positive constant such that
b(x) + Ma(x) > 0 for all x € Q. Then we have

G) If »(Aa(x) +b(x)) > 0, then r[$(—A + M) Y b(x)+ Ma(x))] > 1;
(1) If A (Aa(x) + b(x)) <O, then r[ﬁ(—A + M) N b(x)+ Ma(x))] < 1;

(i) Ifr1(Aa(x) + b(x)) =0, then r[-—(=A + M)~ (b(x) + Ma(x))] = 1.

a(x)
2.2 A Scalar Equation

In this subsection, we consider the scalar equation

{ —Alpul=ufw), xe, 23)

u=0, x €0L,

where 2 is a bounded domain in R" (n > 1) with smooth boundary 9. The functions
¢ :[0,00) = [0,00) and f : [0, o0) — R are assumed to satisfy the following hypotheses:

(H2.1) ¢(0) > 0 and ¢(u) is C2-function in u with ¢’(x) > 0 for all u > 0;
(H2.2) f(u)is C'-function in u with f’(u) < 0 for all u > 0;
(H2.3) f(0)>0and f(u) <0 on (Cy, oo) for some positive constant Cy.

Now we give the existence and uniqueness theorem of positive solutions of (2.3), which
can be proved by the similar technique in [31, Theorem 2.11].

Theorem 2.1 Consider the scalar equation (2.3) with hypotheses (H2.1)-(H2.3).

@) If M (@0)A + £(0)) <0, then (2.3) has no positive solution;
@{1) If 2 (@(0)A + f(0)) > 0, then (2.3) has a unique positive solution.

2.3 Fixed Point Index Theory in Banach Space

Let E be a real Banach space and W C E a closed convex set. W is called a total wedge if
aW CWforallea >0and W — W = E. A wedge is said to be a cone if W N (—W) = {0}.
For y e W, define Wy ={x € E:y + yx € W for some y >0},Sy={x6Wy:—x EW},}.
Then Wy is a wedge containing W, y, —y, and S, is a closed subspace of E containing y.
Let T be a compact linear operator on E which satisfies 7(W,) C W,. We say that T
has property @ on W, if there is # € (0, 1) and w € W, \ S, such that w — tTw € S,. Let
F: W — W is a compact operator with a fixed point y € W and F is Fréchet differentiable
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at y. Let L = F'(y) be the Fréchet derivative of F at y. Then L maps Wy into itself. For an
open subset U C W, define indexy (F, U) = index(F, U, W) = indexy (I — F, U, 0), where
I is the identity map. If y is an isolated fixed point of F', then the fixed point index of F at
y in W is defined by indexy (F, y) = index(F, y, W) = indexy (F, U(y), W), where U (y)
is a small open neighborhood of y in W.

Next, we represent two results that will be useful in proving the existence of positive
solutions of system (1.4). Theorem 2.2 is due to Li [33], and Theorem 2.3 is due to Amann
[34].

Theorem 2.2 Assume that I — L is invertible on Wy.

(1) If L has property a on Wy, then indexy (F, y) =0.
(ii) If L does not have property a on W, then indexw (F,y) = (—1)¥, where y is the sum
of multiplicities of all the eigenvalues of L which are greater than 1.

Suppose that B is an open unit ball of E, V is a real vector space, P is a nonempty
subset of V. Denote by (E, P) an arbitrary ordered Banach space. For every p > 0, denote
P, = pB N P. Then we have the following statements.

Theorem 2.3 Let F : I3p — P be a compact map such that F(0) = 0. Suppose that F has
a right derivative F (0) at zero such that 1 is not an eigenvalue of F (0) to a positive
eigenvector. Then there exists a constant oy € (0, p] such that for every o € (0, op],

(i) if F'.(0) has no positive eigenvector to an eigenvalue greater than one, then indexy (F,
Py)=1.

(i) if F,(0) possesses a positive eigenvector to an eigenvalue greater than one, then
indexwy (F, Py) =0.

3 Stability of Trivial and Semi-Trivial Solutions

This section focuses on the stability of trivial and semi-trivial solutions of model (1.4). The
arguments are based on the spectrum analysis of the linearized operators.

Clearly, model (1.4) has a trivial solution (0, 0). With Theorem 2.1, we know that the
problem

—Al(o + Briwul =u(a; —bu), x e,
u=0, x€o

has a unique positive solution u* for A; (a1 A + a;) > 0. Thus (1.4) has semi-trivial solution
(u*,0) when Aq(c1 A 4+ a;) > 0.
Similarly, (1.4) has semi-trivial solution (0, v*) when A; (22 A + a;) > 0.

Theorem 3.1 The solution (0, 0) is asymptotically stable if .y (a1 A+a;) < 0and Ay (ax A+
ay) < 0, whereas it is unstable if .\ (a1 A +ay) > 0 or L (A + ay) > 0.

Proof The linearized operator of (1.4) at (0, 0) is

G = a1A+a1 0
= 0 (¥2A+[12 ’
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In view of [35], we know that all eigenvalues of G| are {A; (1A + a1)} U {A; (a2 A +
ay)}, i =1,2,.... Thus the conclusion can be obtained directly by spectral analysis. O

Theorem 3.2 (i) The solution (u*,0) is asymptotically stable if »i(A(ay + Bou™) +a; —

1327) <0, whereas it is unstable if 11 (A(cz + oru*) +az — 135) > 0.

(ii) The solution (0, v*) is asymptotically stable if (Ao + B1av*) +a; — ”“j;) <0,

T+
whereas it is unstable if A (A(a; + B1ov*) +a; — l‘jj;) > 0.

Proof We only prove the (i) since we can make a similar argument for (ii). The linearized
operator of (1.4) at (u*, 0) is

G |:A(ot1 +2B11u*) +a; — 2bu* B Au* — ciu* j|
2 =

0 Az + Bau*) +ax — ff:;i

Similarly, by [35] we derive that all eigenvalues of G, are {);(A(x; 4+ 2811u™) + a; —
2b1u)} U (2 (Al + Buu®) + ar — 135)} i = 1,2,.... Clearly, A;(A(et; + 2B11u*) +
a; —2biu*) < A (A(ay 4+ 2B11u*) + a; — 2b1u*) < 0 for any i > 1. Combining the spectral

analysis, we can obtain the conclusion directly. O

4 Boundedness and Non-existence of Positive Solutions

This section deals with the boundedness and non-existence of positive solutions of (1.4),
which play a critical role in proving the existence result in Sect. 5.
Denote

e, v) =a;+ Buu+ Py, Y, v)=a+ puu+ Prnv,

Flu,v)=ay —bu— ffv, 2@, v) = a — byv — lci”u.
Then model (1.4) becomes
—Alpm,v)ul=ufu,v), xe,
=AY (u, v)v]=vgu,v), x€, 4.1

u=v=0, x €08.

The following lemma is useful in the calculation of the priori upper bound of positive
solution to model (1.4), which is an immediate result of the proof of Lemma 3.2 in [31].

Lemma 4.1 Let (u,v) be a positive solutiﬂn of 4.1). If o(u,v)u and ¥ (u,v)v attain
their maximum at x = xo and x = x; over Q, respectively, then f(u(xp),v(xg)) >0 and
gu(x1), v(x1)) > 0.

Theorem 4.1 Suppose c¢; > ay, c; > a. Then there exist constants My, M, > 0 such that
every positive classical solution (u, v) of (1.4) satisfies

ux) =My, v(x)=M,.
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Proof Assume that (u,v) is a positive solution of (1.4). Let xo be a point such that
@ (u(xg), v(xo))u(xo) = max{p(u, v)u}. Applying Lemma 4.1 to the first equation of model

xeQ
(4.1), we have f(u(xo), v(xo)) > 0. Since f,, f, <0, we have

fux), 0)) = f(uxo), v(x0)) =0 and  f(0,v(x0))) = f(u(xo), v(x0)) = 0.

This means that u(xp) < 4 and v(x9) <

= o by given condition ¢; > a;. With ¢,, ¢, > 0,
we have

aar _ai(c —a)(a1by + a1 ) + atbifio

max{p(u, v)u} < 90(—

xeQ cr—ar b bi(ci —ay) '
and so
1 1 b b
1) < g, v <~ max{o(u, v} < a(c1 —ar)(orby + a1 i) + atbi B 5y,
o aj xeQ a1b(ci —ay)
for all x € Q.

By the similar reason, we can show that there exists a positive constant M, such that
v(x) < M, for all x € Q when ¢, > a,, where

ax(cy — az)(oaby + ax ) + a2b2,321

M, =
bl (cr — ar)

Thus, the proof is finished. O

In the following, we give the non-existence of positive solutions for (1.4). By Sect. 2.1,
we know that when a(x) =1 and b(x) =0 in (2.1), A;(Aa(x) 4+ b(x)) is the eigenvalue of
A, denoted as ;. In this case, the principle eigenvalue of A in € with the homogeneous
Dirichlet boundary condition is A;, which will be used many times in the later. In addition,
for any ¢ € L'(Q), we let g = ﬁ Jo edx.

Theorem 4.2 Suppose that A;, D;,i = 1,2 are given positive constants. Then there exist
positive constants D?, Dg such that model (1.4) has no positive solution if

a1 > DY, ay > DY, Dy < P12 < Ay, Dy < Pa < As.
Proof Assume, on the contrary, that (1, v) is a positive solution of (1.4). Multiply the first

equation of (1.4) by (# — u) and the second equation by (v — v), then integrate over 2 by
parts, and then add them together to yield

- / Al(ar + Buiu + rov)ul(u —u)dx — / Al + Baru + Brrv)v](v — V)dx
Q Q

= / 2B11uVul* + BrouVuVv + o |Vul* + Biov|Vul* +2800|Vol* + v VuVy
Q

+ | Vol* + Boru| V| }dx
4.2)

ol
:/Qu(al biu — ?)(u —u)dx+/ v(ay — byv — 1j_—u)(v—i)d)c
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_ _ . c1v + cjvv __z_clu(v—ﬁ)(u—ﬁ)
_fg{[a' bt = a0 T T T arnasw
_ — cou + couu 2 cv(u—u)(v—")
+/9{[“2 S T v Sl i U PR OB

With (4.2), Young’s inequality, Theorem 4.1 and the given conditions B, < Ay, B2 < Az,
we have

/{a1|W|2+a2|Vv|2}dx

Q

2/{2,311H|VM|2  BouVuVo 4 [Vul + Bizv|Vul> +2B50| Vol + fa1vVuVu
Q

+az|Vv|2+ﬁzlu|Vv|2}dx—/{2/311u|Vu|2+ﬂ12uVqu+ﬂlzv|Vu|2+2/322v|Vv|2
Q
+ Bo1vVuVu + Bou|Vo|*}dx

< / (2B811uVul* + BrauVuVv + o | Vul* + Biav|Vu|* + 282v|Vv|* 4 BrvVuVu
Q

+a2|Vv|2+,82|u|Vv|2}dx—/{ﬂlququ—i-,levVqu}dx
Q

_ _ . c1v + cjvv 2 cu(v —v)(u —u)
—/Q{[al by(u +u) —(1+v)(1+5)](u u) Arod 19 tdx
B — CoUl + coun 2 cov(u —u)(v—"ov)
+/g{[“2 PO - o Y T Tar ot

—/{ﬂlququ+ﬂ21vVqu}dx
Q
ciu 2 2
s/ﬂ[alﬂ(lﬂ)(lw)) J@e) + 2l — id
v 2 (2
+/Q[“2+(<1+u)<1+m) J@en) + el - (v — 1)d

/3122“2 2 2 2 ﬂ221U2 2

+ [ [=—1IVul" +e1lVu["ldx + [ [02|Vu|" + ——IVv[7]dx
o 4o Q 40,

—\2 —2 A%Mlz 2

<[ [(a1 +C(e1) +&)(u—u)" + (a2 + C(e2) +&1)(v — V) +(T +02)|Vu|

Q 1

A2M?
+ (01 + ——2)IVv|*]dx,
40,
where, C(g;) = C(g;))(M, M), &; > 0,0, >0,i =1,2,u < My,v < My, M|, M, are the
same as defined in Theorem 4.1.
It follows from the Poincaré inequality that

a;+C(e) +¢ AZM?
/(011|VM|2+0!2|VU|2)(1X 5/[(— G e | M vup
Q Q A 40, 43)
a, +C(g) +¢ AZM? .
b 2 (&2) i

+ 01 + —22)|Vv|*ldx.
Al ' 40,

@ Springer



26 Page 10 of 21 J. Wang, H. Zheng

We choose D! and DY satisfying

a+C(g) +¢ AZM?
40, and Dgz_wﬂwr My
A 40,

s _@tClnte N AIm}
'= 8l 401

respectively, then (4.3) is a contradiction with assumptions o > D?, oy > Dg. Thus, when
a; > DY, oy > DY, Dy < Bia < Ay, Dy < Ba1 < Ay, model (1.4) has no positive solution. [J

5 Existence of the Positive Solutions

In this section, we investigate the existence of positive solutions of (1.4) by calculating the
fixed point’s index. We assume that the following hypothesis always hold.

(HS]) )\1(0[1A + (11) > 0 and )L](Ole + (12) > 0.

Obviously, the hypothesis (H5.1) shows that the model (1.4) has semi-trivial solutions
(u*,0) and (0, v*).
Let G(u, v) = (pu, v)u, ¥ (u, v)v), S = (81, S2), where

c1v

Sy, v) =ula; — bju — I + M(ay + Briu + Biav)),

+v
cu

+ M(az + Baiu + Brov))
1+u

Sr(u, v) =v(a, — brv —
with M being a sufficiently large positive constant so that S; is monotone increasing with
respect to u and S, is monotone increasing with respect to v for all (u,v) € [0, M;] X
[0, M>]. The existence of M follows from «; > 0 and o, > 0.

Since the Jacobian determinant J = ag;“;‘)’) satisfies
_0G(u,v) oy +2B1u+ B Brau
(u,v) Bav as + Boiu + 2BV

= (a1 +2B11u + B1ov) (a2 + Boru + 2B2v) — Biafoiuv > 0,

G is invertible and denote the inverse of G by G~'. Define operator H : C(Q) xCQ) —~
C(Q)xC(Q)by H(u,v) =((—A+M)"'S,(u, v), (—A+M)~'S,(u, v)). Then H is com-
pact. Simple calculation gives that (u, v) is a solution of (1.4) is equivalent to (u, v) satisfies
(u,v) = (G~ o H)(u, v). Denote F = G~! o H throughout this section.

We introduce the following notations:

Co(Q):={ueC@):u=00n9Q}, E:=Cy(Q) @ Co(Q),
D:={u,v)€Co(Q)D®Co(Q:u <M +1,v<M+1},
K=ueCi(Q):0<u@),xeQ), W=K&K,

Oy ={u,v)eW:u<p,v<p,p =max{M,, My} +¢,¢ >0},
D’ :={(intD) N W} for p’ > 0.

Note that D’ is open in W and every positive solution of (1.4) is a fixed point of F in
D’. To show that model (1.4) has a strictly positive solution (u, v), we prove that F has a
nontrivial fixed point in D’.

Let

1 C]U>k a) —blu* 1 Czbt* (12—1721)*

= - ;o hh=—(a— - :
a 14+v*" o+ Bru* o I+u*" o+ Bpv*
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Now we state the existence theorem of positive solutions to model (1.4), which will be
proved in the later.

Theorem 5.1 (i) If the first eigenvalues A (A(o; + B2v*) +a; — chleri) and A (A(as +

Bou*) +as — ff:;i ) have the same signs (i.e., if both of them are either positive or negative
or zero), or one of these first eigenvalues is less than 0 and one is equal to 0, then model
(1.4) has a positive solution.

(i) If B12 = B21 = 0 and both hy, hy have the same constant sign, or one of hy and h; is
less than O and one is equal to 0 on (0, M), where M = max/{ Z—i, Z—;}, then the conditions in
(1) are necessary and sufficient for the existence of positive solutions to model (1.4).

Remark 5.1 By the formula of the first eigenvalue (i.e., (2.2)), we know that Bi,, B influ-

5

ence the signs of A (A(a; + Bpv*) +a; — ffvi) and A; (Ao + Bou*) +ap — %). So
the changes of B2, B21 can lead to all the cases in Theorem 5.1 arising, and therefore the
cross-diffusion pressures affect the existence of positive solution of model (1.4). In Theo-
rem 5.1(i), we give a sufficient condition for the existence of positive solutions of model
(1.4). Biologically, this implies that the two competition species # and v can coexist, and
the cross-diffusion pressures have an important effect on the coexistence of the two species.
Theorem 5.1(ii) shows a necessary and sufficient condition for the existence of positive so-
lutions of model (1.4) under 81, = B,; = 0. Biologically, this means that the coexistence of
two competition species # and v is not affected by the cross-diffusion pressures when their
self-diffusion, inter-specific competition pressures and growth rates meet certain conditions.

In order to complete the proof of Theorem 5.1, we first give the following Lemmas 5.1-
54.

Lemma 5.1 Indexy (F, D) =1.

Proof Clearly, d D contains no fixed points of F. Thus indexy (F, D’) is well-defined. De-
fine an operator F,, by G 'lo H, for n € [0, 1], where

Hy(u,v) = (—A+M)™' Sy (e, v), (= A+ M)7' S5, (u, v)),
Cc1v

1+v
(37}

Sy =u(u(ay —bju — )+ M(ay + Briu + Brav)),

o, =v(laz — byv — 1 )+ M(az + Baru + Baov)).

“+u

Then clearly F = F) and, for each u, (u, v) is the fixed point of F), if and only if (u, v) is
the solution of the following problem

—Al(ay + Buriu + Bv)ul = pu(ay —bju — ), x€Q,

1+v
—Aloa + Boiu + Prv)vl = pv(as —byv — %), x€Q, G.1
Uu—=1v= 0, X € 082.

As in Theorem 4.1, we can see that every fixed point of F), satisfies u(x) < M; and v(x) <
M, in Q for each p € [0, 1], and so every fixed point of F), is in D but not on 9 D. Further,
the homotopy invariance property of degree shows that indexy (F,,, D) is independent of
u. So

indexy (F, D') = indexy (F;, D’) = indexy (Fy, D).
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Noting that if « = 0, then (5.1) has only the trivial solution (0, 0), we get indexy (Fy, D') =
indexyw (Fo, (0, 0)). Moreover, by the definition of A;, we know that ;A1 <0 and apr; <O0.
For the point y = (0, 0), we observe that W, = K ® K, S, = {0} @ {0}, and W,\S, =

(K @ K)\{(0,0)}. Set L; = F}(0,0). Assume that (i) is an eigenfunction of L, corre-

sponding to some eigenvalue A > 1. Then we have

[ (=A+ M) (Mai§) = a1 (1),
(=A + M)~ (Mazn) = ar ().

If n #£ 0, then we have r(é(—A + M) " (May)) < 1by ayr; < 0and Lemma 2.3(ii), which
contradicts A > 1. So n = 0. Similarly, we can derive £ = 0 by a;A; < 0 and Lemma 2.3(ii).
This implies that I — L, is invertible on W, and L does not have an eigenvalue which is
greater than or equal to one.

Now we suppose that L has property o on Wy. Then there exist 0 < ¢ < 1 and (¢, ¢3) €

W,\S, such that (I —¢L,) <$L) € S,. So we get
2

¢r — aiz(—A + M) (M) =0.

Since ¢; € K\{0}, we may conclude that % > 1 is an eigenvalue of é(—A + M) ' (M),
which contradicts the above conclusion. This shows that L; does not have property o
on Wy. Then we conclude that indexy (Fy, (0,0)) = 1 by Theorem 2.2(ii). Therefore,
indexy (F, D) = 1. O

Lemma 5.2 Indexy (F, (0,0)) =0.

Proof Clearly, F(0,0) = (0,0) and F is compactin Q. Let L, = F'(0, 0), where F’(0, 0)
is the Fréchet derivative of F at (0, 0). Then by calculation, we have

. (S)_ é(_A_FM)*I[(a]-I-MOl])é:]
2N\p)= é(_A_f_M)_l[(az-i-MOlz)ﬂ]

for each (§,n) € E.
We first show that 1 is not an eigenvalue of L, corresponding to a positive eigenfunction

(i) Assume that L, has an eigenvalue 1, i.e., L, <i> = (i) This can be written as

follows

—Alé§) =ai§, xe€Q,
—A(azn) =an, x €L,
E=n=0, x €012

By Lemma 2.1(iii) we know thatif £ > Oorn > 0, then A (¢;A+a;) =0or A (cx A+a;) =
0, which contradicts the hypothesis (H5.1). Thus 1 is not an eigenvalue of L, corresponding
to a positive eigenfunction.

Next we calculate indexy (F, (0,0)). Since A (o;A + a;) > 0, we get r(T;) > 1 by
Lemma 2.3(i), where

1
T, := a—(—A + M) a + May)).
1
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Then using the Krein-Rutman theorem, one can see that (7}) is an eigenvalue of 7} with
((i)) and A =r(Ty) > 1, then
there is an eigenvalue greater than one with a positive eigenfunction. By Theorem 2.3, there
exists a o € (0, p") such that indexy (F, Q,) = 0 for any 0 < ¢’ < o). On the other hand,
since (0, 0) is isolated, there exists § > 0 such that (0, 0) is the only fixed point of F in Qj;.
If we take o’ < min{oy, 8}, then

a positive eigenfunction ¢. That is, if we consider the pair

indexy (F, (0,0)) = indexy (F, Qy) = 0. O
Lemma 5.3 (i) If A1 (A(or + Bou™*) +az — fﬂ;) > 0, then indexy (F, (u*,0)) =0.
(i) If 11 (Ao + Brav®) + a1 — £5) > 0, then indexy (F, (0, v*)) = 0.

Proof (i) For the point y = (u*, 0), we observe that W, = Co(Q2) @ K. Set L3 = F'(u*,0).
By calculation, we have

_ oy + 2By u* Brau* e P
Ls—((_A+M)< 0 a2+l321”*>> <0 y)’

a=a —2byu* + M(a; +2B11u*),
B=u"(—c ‘J: MpBir), (5.2)
Y =a— 155 + M(aa + Bau®).

First we prove that / — Lj is invertible on Wy. Suppose that there is (&, n) € Wy such

&\ (0
that (I — L3) ('7) = <O> Then we have

{ (—A+ M) "ok + Bn) = (a1 +2B11u*)E + Brou™n,

(A + M) (@ — 25 4 M@+ poul = (@ + foyy. O

The second equation in (5.3) implies

—Al(02 + B n] = (a2 — 2, x€Q,
77:0, XEBQ,

where n € K. If n # 0, then we can consider n as a positive eigenfunction of A(ay +

Bou*) + (ay — l‘fr‘l‘; ), and so A (A(oy + Bou™*) +a; — l‘f:;) = 0, which contradicts our

assumption. Thus n = 0. Substituting n = 0 into the first equation of (5.3), we have

Al(a; +2B11u*E]+ (a1 —2b1u*)E =0, xeQ,
§=0, x €9Q.

If £ #£0, then O is an eigenvalue of A(w; + 28y,u*) + (a1 — 2bu*), and so we have
M (Ao +2B11u™) +ay — 2byu*) > 0, which contradicts the fact that A (A (ce; +2811u™) +
a; —2bju*) < 0. Thus £ =0, 1.e., (§,n) = (0,0), and so I — Lj is invertible on Wy.

Next we show that Lj has property & on W,. Observe that S, = Co(Q2) @ {0} and
W,\S, = Co(Q) @ {K\{0}}. Since A1 (A (o + Baru*) +ar — ;‘i‘;’; ) > 0 from the assumption,
r(T») > 1 by Lemma 2.3(i), where

C2M*

(=A+M) [a, —

= + M(o + Baru™)],
st Borit” T+ (a2 + Bo1u™)]

Tgl

@ Springer



26 Page 14 of 21 J. Wang, H. Zheng

and so r(1>) is an eigenvalue of 7> with a corresponding positive eigenfunction ¢3 € K \ {0}
by the Krein-Rutman theorem. Set t = 1/r(T3). Then ¢ € (0, 1) and (0, ¢5) € W\ S,. Thus

(3)

1B12u* (—A+M) ! (02— (2o +M(@2+B210™ NG} 1(—A+M) ™ ((—ei +MB12)u"¢3)

(g +2B11u*) (a2 +P21u*) . o +2pu*
o 1AM T (@ — R+ Mo +B214™)$3)
¢5 — ar+pyu*

1Brou* (—A+M) " (= Rz +M(@+2u" )9 t(=A+M) " (—e1+MBr)u*¢})

(a1 +2B11u*) (az+Bou*) ) oy +2pyu*
* *
o5 — ) ¢35

18120 (—A+M) ! (3= 2oz +M(@2+B21* )G} 1(—A+M) ™ (—e1 +MB12)u*¢})
(a1 +2B11u*) (o2 +B21u™) o +2Byu*

€S,

i.e., L3 has property «. Therefore indexy (F, (u*,0)) = 0 by Theorem 2.2(i).
Using the similar technique, we can prove (ii). ]

Lemma 5.4 (i) If 1 (A(ap + Boiu*) +ax — l‘f:;) <0, then indexw (F, (u*,0)) = 1.

(i) I 2 (A e + Brov®) +ar — £25) <0, then indexyy (F. (0,v7)) = 1.

Proof We only prove (i) since we can make a similar argument for (ii). Consider the follow-
ing two cases:

@) (A0 + o) +ay — 22 <0;

(b) Ai(Alor + foru*) +a — 25) =0.

1+u*

Case (a). Note that W, = Co(Q) ® K, S, = Co(Q) & {0}, W,\S, = Co(Q) & {K\{0}}.
Assume that <i) is an eigenfunction of L3 corresponding to some eigenvalue A > 1. Then

we have

{ (—A+ M)~ (ak + ) = (@1 +2B1u*) (hE) + Brou* (An), (5.4)

(=A+M) (a2 — ff:; + M (a2 + Bau™))nl = (a2 + Bau™) (An).

By Lemma 2.3(ii), our assumption (a) implies

¥
Mg (84 M) @ = 2 M o)) < 1,
and so 1 = 0. Substituting n = 0 into the first equation of (5.4), we can similarly derive
E=0by A (A(a; +2B11u™) +a; —2bu*) < 0 and Lemma 2.3(ii). This implies that / — L3
is invertible on Wy and L3 does not have an eigenvalue which is greater than or equal to
one. Further, as in Lemma 5.1, one can easily check that L3 does not have property «, so
indexy (F, (u*,0)) = 1.

Case (b). Define F,,, = G~' o H,,, for u; € [0, 1], where

Hy, (,0) = (A + M) Si(u, v), (A + M)~ S, (u, v)),
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Cc1v

Si1(u,v) =u(a; — byu — o

+ M(a; + Briu + Biav)),

a0 (1, ) = 0@ = byv = 15— a1+ Mty + Bt + fv)).
Clearly, (u*,0) is a fixed point of F,, for each u; € [0,1] and Fy = F. Also we can
easily verify that every fixed point of F, satisfies u(x) < M; and v(x) < M,. Hence
F,, has no fixed points on dD x [0, 1]. By the homotopy invariance property of degree,
indexy (F, (u*, 0)) = indexy (F),,, (u*, 0)).

Now we show that indexy (F),,, @*,0)) =1.Set L, = F/;l (u*,0). Then we have

_ ay + 2B u* Brou* NCH:
Lm_<(_A+M)( 0 az+ﬂzlu*>> (O y*>’

where «, § are defined as in (5.2) and y* =a; — fi—‘;; — g+ M(oy + Bou®). Fix g > 0.
Suppose that (i) is an eigenfunction of L, corresponding to some eigenvalue A > 1.

Then 7 satisfies An(as + Boiu*) = (—A + M)~ (y*n), ie., A((ar + Bo1u*)n) + B*n=01in
2 and n = 0 on 02, where
cou* 1—x cou*

M1
B*=02—1+u*+ . (a2—1+u*+M(Olz+l321M*))—T,

n € K. If n #£ 0, then we can consider 7 as a positive eigenfunction of A(w, + f21u*) + B*.
This implies A (A (o + Bo1u*) + B*) = 0. Since A > 1 and p; > 0, we have 0 = A1 (A(ay +

Bou®)+ B*) < A(ay+ Boju*+a; — %) by Lemma 2.2(i), which contradicts our assump-
tion (b). So n = 0. Thus £ satisfies A(a; + 281 1u*)E = (—A + M)~ («£), and so
N . 1=A
A((ay +2B11u™)E) + (ar — 2bju™ + . a)§ =0

in 2and £ =0o0n 0. If £ #£ 0, then 0 is an eigenvalue of A(«; +281u*) + (a) — 2bju™ +
1’T)‘ot), and so A (A(ay +2B11u™) + a; — 2byu™* + 1%0{) > 0. Since A > 1, we get

M (Ao +2811u*) +a; —2biu™) =0

by Lemma 2.2(ii), which also contradicts the fact that A (A (o¢; +2811u4*) +a; —2b1u*) < 0.
Hence I — L, is invertible in W, and L, has no eigenvalue greater than or equal to one.
As in Lemma 5.1, one can easily check that L, does not have property « on W}.. Thus we
conclude that indexy (Fy,,, (u*, 0)) = 1 by Theorem 2.2(ii). a

Combing Lemma 5.1-Lemma 5.4, we give the proof of Theorem 5.1.

Proof of Theorem 5.1 (i) By Theorem 4.1 we obtain that (0, 0), (u*, 0), (0, v*) € D’. Sup-
pose that F has no positive fixed point in D’. Then by Lemma 5.1 and the additivity of
index, we have

indexy (F, (0, 0)) + indexy (F, (u*, 0)) + indexy (F, (0, v*)) = indexy (F, D) = 1. (5.5)

If Ai(A(ay + Br2v*) +a; — fj:;) > 0 and A (A(ay + Bou™) +ax — fi’:;) > 0, then by
Lemmas 5.2 and 5.3 we have

indexy (F, (0, 0)) + indexw (F, (u™, 0)) + indexy (F, (0, v*)) =0,
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which contradicts (5.5). By the similar arguments, when the signs of first eigenvalues
M(A + Brav®) +ar — £ and Ay (Ao + Baru®) + ay — 24 are both negative or
zero, or one of these first eigenvalues is less than 0 and one is equal to 0, we can also de-
rive a contradiction by using Lemmas 5.1, 5.2 and 5.4. Therefore model (1.4) must have a
positive solution in D’. This concludes the proof of Theorem 5.1(1).

(ii) If B2 = B>1 =0, then model (1.4) becomes

—Al(ar + pumul =ular —byu — 1), x€Q,
—Al(@ + puuyvl =v(ay —byv — 22), x€Q, (5.6)
u=v=0, x €0Q.

Similar to the proof of Theorem 5.1(i), we can show the sufficiency of the conditions in
Theorem 5.1(ii). We now prove the necessity. Here we assume /; < 0 and 4, < 0. The other
cases are proved in the same way.

Let (u, v) be a positive solution to system (5.6). Then u solves

C]l_)
I+v

Al(ay + Briw)ul 4+ u(a; — byt — )=0, xe€Q, u=0, xeci.

Hence u is a positive lower solution to

Al(oy + Bruiw)ul +u(a; —bu) =0, xe€Q, u=0, xe€0df. 5.7
Obviously, % is an upper solution to (5.7). So (5.7) has a positive solution ©*, and hence
(A + Bru®) +a; — biu™) =0.
By the similar technique, we can obtain that
Al(oy + Bv)v] +v(a, —bv) =0, xe€, v=0, xe€dQ (5.8)
has a positive solution v*. Hence

A (Ao + Bv™) +a, — byv*) =0.

By iy <0, hy <0 and Lemma 2.2, we have

cjv*
ManAta =1 _li_ o) <Mi(Alen + Buu®) +ar —bu*) =0
and
cou” . «
(A +a — 1+u*) <A (Aaz + Bnv™) +a; — b)) =0.
Therefore the signs of Aj(o A +a; — l‘ﬁ;) and A; (o A +ay — l‘f:;i) are all negative.

Similarly, we can also prove that the other cases are true. This completes the proof of (ii). O

Remark 5.2 If the signs of the first eigenvalues A{(A(x; + B12v*) + a1 — l“jr—”;) and

M (Ao + Bou™) +ax — fﬁ;) are opposite, or one of these first eigenvalues is greater

than 0 and one is equal to O, then by Lemmas 5.2-5.4, we have

indexw (F, (0, 0)) + indexw (F, (u*, 0)) + indexy (F, (0, v*)) = 1.
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By Lemma 5.1, we get indexy (F, D’) = 1, hence it cannot show that whether (1.4) has a
positive solution or not. However, if ay, a2, Bi2, B21 also satisfy o; > DY,y > D3, Dy <
B2 < Ay, D, < 31 < Ay, then by Theorem 4.2 we know that model (1.4) has no positive
solution. Biologically, this implies that there may be at least one species cannot persist. From
the nature point of view, it is also reasonable.

According to Theorem 5.1(i), if we can find some conditions such that the signs of the
first eigenvalues Ay (A(a; + B1ov*) + a; — 1) and A (A(as + Bou*) + ap — 2%5) sat-

cu*

1+v* 1+u*

isfy any of the situations in Theorem 5.1(i), then the existence of positive solution of (1.4)
can be obtained. In fact, the following Corollary 5.1 and Corollaries 5.2-5.3 give some

sufficient conditions for the signs of the first eigenvalues A (A(a; + B12v*) +a; — 1” J'r’;i)

and A (A(ap + Boiut™) +a; — fi”:;) to be negative and positive, respectively. From Theo-
rem 5.1(1), it follows naturally that those conditions are sufficient for system (1.4) to have a

positive solution. We give the specific analysis as follows.

Corollary 5.1 System (1.4) has a positive solution either if

(1) the cross-diffusion pressures By, and B,y are sufficiently large for fixed «;, a;, b;, c;, Bii,
i=1,2,0r

(ii) the inter-specific competition pressures ¢ and c, are sufficiently large for fixed «;, a;,
bi, Bij,i,j=1,2.

Proof (i) By (2.2), we have

clv*

14 v*

— Jo (=Y + Brav*)ull* + (a1 + Br2v*)(ar — fl';i)uz)dx

W2 /ey + Bravull2, '

Obviously, there exists a constant m; > 0 such that

M(Aar + Biov™) +a; —

)

cv*

1+ v*

M(A(ay + Bipv™) +a; — ) <0

for all By, > m. Similarly, there also exists a constant m, > 0 such that

*

M (Ao + ™) +a — ) <0

(&)
1+ u*
for all B,; > m,. Thus the result follows from Theorem 5.1(i).

Similarly, (ii) can also be proved. O

__ajby—ciar/(ar+by) _ abi—cray/(a1+by)
Corollary 5.2 If &, > —==52202t=2, 4 > — =2l =, c1 < an, ¢ < a4y, fio <

alw=c) B < %2_62), then model (1.4) has a positive solution.

ap
Proof From the proof of Theorem 5.1(ii), we know that ‘;—: and Z—; are the positive upper
solutions of (5.7) and (5.8), respectively. Since u* and v* are the unique positive solution of

. Koo ALk o G . _aiby—ciap/(ar+by)
(5.7) and (5.8), respectively, u* < oV S5 From the assumptions A > Sy sy
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@by —cra; /(a1 +by)

and | > — wb ey e get
ci(az/b)
M(Aar + Bi(ar /b)) +ar — —————) >0
+ax/bs
and
c2(a1/by)
A (A(ar + Barlai /br)) +ax — m) > 0.
By assumptions ¢; < ai,¢; < @z, fia < “HU=W, By, < 2(02=2) e get that UZUUCED
and %}W are monotone decreasing in v > 0 and u > 0, respectlvely. So
ci(ap/br) ca(ay/by)
ar — v /(1 +v¥) _ al—% a — cou* /(14 u*) - ‘12_%
o1 + Brov* a1 + Brz(az/ba) o + Bau* a + ailai/br)’

and so A (Ao + B2v™) +a; — fri;) > 0 and A; (Ao + Bou™) +az — 1+u*) >0 by

Lemma 2.2(ii). Therefore model (1.4) has a positive solution by Theorem 5.1(i). O
arbi—cra/(a1+by) oy (a1 —cy) a(ag—ca)

Corollary 53 If A > — b a2 €1 < 1,0 < ay, Bix < a LB < .

a5 A max{le gy gug b‘ < ﬂ“ , then model (1.4) has a positive solution.

ay o B2’ bifn

Proof Similar to the proof of Corollary 5.2, we can prove that

*

cu
Ay + Bou™) +as — )>0
1+ u*
_apby—coay/(a1+b1) a(ap—cy) e _ 011/322
when A; > b a2 <@ and B < R Substituting u = Y * into
(5.7) and using the given conditions Z—; > Z—;, Z—; < ?; we get
B
Al + Briw)ul +u(ar — biu) = e A[(1 + —u)u] +u(ay — biu)
22 1022 1022 by B
[(1+l8 v*) P2 P *al——ﬂ v*)
ay  onfn a2 Bi1 a2 Bi1
2
a? B a1 Bxn biay B
= 12/3 v*(bzl)* —(12) + ﬂ U*((ll — —‘BU*)
a; B B i
_ a1 B v la; — (251231 (b20é1 _ biay B v¥]
B s o B
> 0.
So, 482 y% ig 4 positive lower solution to (5.7), and @B gk ¥,
a1 ) ) a2 fi1 S0
. ap(aj—cy aj—civ D 5
By assumptions ¢; < a; and B < o we know that Sty s mono

o]

tone decreasing with respect to v > 0, so by Lemma 2.2(ii) and given condition o >
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max{£2, 9811} e have

B2’ bifn
cv* azB11B12 craaBriu*/(a1B)
M(A(a) + Biov™) +a; — ) > M(A(e + —u")+a; —
1+ v* ai B I+ azBr1u* /(01 B22)
o
(A + 2P o i)
a1 B
> (Ao + Bu*) +ar — bju®)
=0.
Therefore, by Theorem 5.1(i) we know that model (1.4) has a positive solution. O

6 Conclusion

A rigorous investigation on the dynamics of a competitive model with cross-diffusion and
nonlinear functional response subject to the homogeneous Dirichlet boundary condition is
discussed. We first prove the stability of trivial and semi-trivial solutions of model (1.4) by
spectrum analysis. Then the boundedness and non-existence of positive solution of (1.4)
are obtained. By using the fixed point index theory in a positive cone, we prove that the
existence of positive solutions of model *(1.4) can be characterized by the signs of the first
eigenvalues A; (A (o) + Bi2v*) +a; — f‘ﬁ)*) and A; (A(ey + Bo1u*) +a; — :5). Combining
with the previous analysis in this paper, we get the following conclusions:

(D Assume that the cross-diffusion pressures of two competition species u and v are
controlled in the certain range. (i) If the signs of the first eigenvalues A (A (o) + B12v*) +
a;— f‘ﬁ; ) and A; (A(ay + Boju®) +ar — fif; ) are the same, or one of these first eigenvalues
is less than O and one is equal to O, then (1.4) has a positive solution (see Theorem 5.1(i));
(i1) Suppose that the signs of the first eigenvalues above are opposite, or one of these first
eigenvalues is greater than 0 and one is equal to 0. If the self- and cross-diffusion pressures
also meet additional conditions (i.e., & > DY, 0y > DY, Dy < B12 < A1, D2 < a1 < Ay),
then model (1.4) has no positive solution (see Remark 5.2). Biologically, the former case
implies that the two competition species # and v can coexist, and the later case implies that
there may be at least one species cannot persist. From the nature point of view, it is also
reasonable.

(II) Assume that the cross-diffusion pressures B, = B,; = 0, and some certain condi-
tions also hold (i.e. &2; and h; have the same signs on (0, ‘M)). Then the conditions in Theo-
rem 5.1(i) are necessary and sufficient for the existence of positive solutions to system (1.4)
(see Theorem 5.1(ii)). Biologically, this means that the two competition species u and v can
coexist, and when their self-diffusion, inter-specific competition pressures and growth rates
meet certain conditions, their coexistence is not affected by the cross-diffusion pressures.

(IIT) Either if the cross-diffusion pressures 1, and fB,; or the inter-specific competition
pressures c¢; and c; are sufficiently large, then system (1.4) has a positive solution (see
Corollary 5.1). Biologically, this means that the two competition species # and v can coexist
when their pressures of cross-diffusion or inter-specific competition are sufficiently large.
Moreover, we also prove that when cross-diffusion pressures are controlled within a certain
range, two species can also coexist (see Corollary 5.2 and Corollary 5.3).

The methods and results in the present paper may enrich the research of dynamics in the
competition model. Further studies are necessary to analyze the behavior of more complex
spatial models such as competition model with time delay or other kinds of cross-diffusion
terms and functional responses.
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