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Abstract We investigate the stabilization of a locally coupled wave equations with only
one internal viscoelastic damping of Kelvin-Voigt type (see System (1.2)-(1.4)). The main
novelty in this paper is that both the damping and the coupling coefficients are non smooth
(see (1.5)). First, using a general criteria of Arendt-Batty, combined with an uniqueness
result, we prove that our system is strongly stable. Next, using a spectrum approach, we
prove the non-exponential (uniform) stability of the system. Finally, using a frequency do-
main approach, combined with a piecewise multiplier technique and the construction of a
new multiplier satisfying some ordinary differential equations, we show that the energy of
smooth solutions of the system decays polynomially of type t~!.

Keywords Wave equation - Kelvin-Voigt damping - Semigroup - Stability

1 Introduction
1.1 Motivation and Aims

There are several mathematical models representing physical damping. The most often en-
countered type of damping in vibration studies are linear viscous damping and Kelvin-Voigt
damping which are special cases of proportional damping. Viscous damping usually models
external friction forces such as air resistance acting on the vibrating structures and is thus
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called “external damping”, while Kelvin-Voigt damping originates from the internal fric-
tion of the material of the vibrating structures and thus called “internal damping”. In 1988,
F. Huang in [17] considered a wave equation with globally distributed Kelvin-Voigt damp-
ing, i.e. the damping coefficient is strictly positive on the entire spatial domain. He proved
that the corresponding semigroup is not only exponentially stable, but also is analytic (see
Definition A.10, Theorem A.12 and Theorem A.14 below). Thus, Kelvin-Voigt damping is
stronger than the viscous damping when globally distributed. Indeed, it was proved that the
semigroup corresponding to the system of wave equations with global viscous damping is
exponentially stable but not analytic (see [11] for the one dimensional system and [8] for
the higher dimensional system). However, the exponential stability of a wave equation is
still true even if the viscous damping is localized, via a smooth or a non smooth damping
coefficient, in a suitable subdomain satisfying some geometric conditions (see [8]). Never-
theless, when viscoelastic damping is distributed locally, the situation is more delicate and
such comparison between viscous and viscoelastic damping is not valid anymore. Indeed,
the stabilization of the wave equation with local Kelvin-Voigt damping is greatly influenced
by the smoothness of the damping coefficient and the region where the damping is localized
(near or faraway from the boundary) even in the one-dimensional case. So, the stabilization
of systems (simple or coupled) with local Kelvin-Voigt damping has attracted the attention
of many authors (see the Literature below for the history of this kind of damping). From
a mathematical point of view, it is important to study the stability of a system coupling a
locally damped wave equation with a conservative one. Moreover, the study of this kind
of systems is also motivated by several physical considerations and occurs in many applica-
tions in engineering and mechanics. In this direction, recently in 2019, Hassine and Souayeh
in [15], studied the stabilization of a system of global coupled wave equations with one lo-
calized Kelvin-Voigt damping. The system is described by

Uy — (y +bun), +v, =0,  (x,0) €(=1,1) x RY,

Vit — Uy — 1ty =0, (x.1) € (—=1,1) x R,
w(©,0)=v(0,1)=0,u(l,1)=v(l,1)=0, >0, (1.1)
u(x,0) = uo(x), uy (x, 0) = uy (x), xe(=1,1,

v(x, 0) = vp(x), v, (x, 0) = v, (x), xe(=1,1),

where ¢ > 0, and b € L*°(—1, 1) is a non-negative function. They assumed that the damping
coefficient is given by b(x) = d 1 1;(x), where d is a strictly positive constant. The Kelvin-
Voigt damping (b(x)u,,), is applied at the first equation and the second equation is indirectly
damped through the coupling between the two equations. Under the two conditions that
the Kelvin-Voigt damping is localized near the boundary and the two waves are globally
coupled, they obtained a polynomial energy decay rate of type £=%. Then the stabilization
of System (1.1) in the case where the Kelvin-Voigt damping is localized in an arbitrary
subinterval of (—1,+1) and the two waves are locally coupled has been left as an open
problem. In addition, we believe that the energy decay rate obtained in [15] can be improved.
So, we are interested in studying this open problem.

The main aim of this paper is to study the stabilization of a system of localized coupled
wave equations with only one Kelvin-Voigt damping localized via non-smooth coefficient
in a subinterval of the domain. The system is described by

Uy — (@uy + b)) +c(x) y =0, (x,1)€(0,L) xR, 1.2)
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Vie— Yex —c(X) u; =0,  (x,1) €(0,L) x R, (1.3)

with fully Dirichlet boundary conditions,

u(,0)=u(L,1)=y(0,1)=y(L,1)=0, ViteR", (rL.4
where
_Jbo if xe€(ay,a3) o Jeo it xe(az,a4)
blx) = [ 0 otherwise and  c(x) = { 0 otherwise (1.5)

and a > 0, by > 0 and ¢y € R*, and where we consider 0 < o < ap < a3 < a4 < L. This
system is considered with the following initial data

u(0)=uo(-), u(-,0) =u(-), y(.0)=yo() and y,(,0) =y (). (1.6

bo

Co

W

1.2 Literature

The wave is created when a vibrating source disturbs the medium. In order to restrain those
vibrations, several dampings can be added such as Kelvin-Voigt damping which is originated
from the extension or compression of the vibrating particles. This damping is a viscoelas-
tic structure having properties of both elasticity and viscosity. In the recent years, many re-
searchers showed interest in problems involving this kind of damping (local or global) where
different types of stability have been showed. In particular, in the one dimensional case, it
was proved that the smoothness of the damping coefficient affects critically the studying of
the stability and regularity of the solution of the system. Indeed, in the one dimensional case
we can consider the following system

Uy — (tx + b1 (X)usy), =0, —1<x<1,t>0,
u(l, )y =u(—1,1) =0, t>0, 1.7
u(x,0) =uo(x), u,(x,0) =ui(x), —-1<x<1,

with b; € L*°(—1, 1) and

0 if xe(,1),

aj(x) if xe(—1,0), (1.8)

b1(X)={

where the function a, (x) is non-negative. The case of local Kelvin-Voigt damping was first
studied in 1998 [19, 25], it was proved that the semigroup loses exponential stability and
smooth property when the damping is local and a; = 1 or b, () is the characteristic function
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of any subinterval of the domain. This surprising result initiated the study of an elastic
system with local Kelvin-Voigt damping. In 2002, K. Liu and Z. Liu proved that system (1.7)
is exponentially stable if b|(.) € C 0.1([—1, 1]) (see [20]). Later, in [34], the smoothness on
by was weakened to b (-) € C'([—1, 1]) and a condition on a; was taken. In 2004, Renardy’s
results [32] hinted that the solution of the system (1.7) may be exponentially stable under
smoother conditions on the damping coefficient. This result was confirmed by K. Liu, Z.
Liu and Q. Zhang in [26]. On the other hand, Liu and Rao in 2005 (see [21]) proved that
the semigroup corresponding to system (1.7) is polynomially stable of order almost 2 if
a; (.)€ C(0,1) and a;(x) > a; > 0 on (0, 1). The optimality of this order was later proved
in [2]. In 2014, Alves and al., in [1], considered the transmission problem of a material
composed of three components; one of them is a Kelvin—Voigt viscoelastic material, the
second is an elastic material (no dissipation) and the third is an elastic material inserted with
a frictional damping mechanism. They proved that the rate of decay depends on the position
of each component. When the viscoelastic component is not in the middle of the material,
they proved exponential stability of the solution. However, when the viscoelastic part is
in the middle of the material, the solution decays polynomially as #~2. In 2016, under the
assumption that the damping coefficient has a singularity at the interface of the damped and
undamped regions and behaves like x* near the interface, it was proven by Liu and Zhang
[23] that the semigroup corresponding to the system is polynomially or exponentially stable
and the decay rate depends on the parameter o € (0, 1]. In [5], Ammari et al. generalized
the cases of single elastic string with local Kelvin-Voigt damping (in [3, 20]). They studied
the stability of a tree of elastic strings with local Kelvin-Voigt damping on some of the
edges. They proved exponential/polynomial stability of the system under the compatibility
condition of displacement and strain and the continuity condition of damping coefficients at
the vertices of the tree.

In [13], Hassine considered the longitudinal and transversal vibrations of the transmis-
sion Euler-Bernoulli beam with Kelvin-Voigt damping distributed locally on any subinterval
of the region occupied by the beam. He proved that the semigroup associated with the equa-
tion for the transversal motion of the beam is exponentially stable, although the semigroup
associated with the equation for the longitudinal motion of the beam is polynomially stable
of type t~2. In [14], Hassine considered a beam and a wave equation coupled on an elastic
beam through transmission conditions with locally distributed Kelvin-Voigt damping that
acts through one of the two equations only. He proved a polynomial energy decay rate of
type ¢~2 for both cases where the dissipation acts through the beam equation and through
the wave equation. In 2016, Oquendo and Sanez studied the wave equation with internal
coupled terms where the Kelvin-Voigt damping is global in one equation and the second
equation is conservative. They showed that the semigroup loses speed and decays with the
rate t~4 and they proved that this decay rate is optimal (see [30]).

Let us mention some of the results that have been established for the case of wave equa-
tion with Kelvin-Voigt damping in the multi-dimensional setting. In [17], the author proved
that when the Kelvin-Voigt damping div(d(x)Vu,) is globally distributed, i.e. d(x) > dy > 0
for almost all x € €2, the wave equation generates an analytic semi-group. In [22], the au-
thors considered the wave equation with local visco-elastic damping distributed around the
boundary of 2. They proved that the energy of the system decays exponentially to zero as
t goes to infinity for all usual initial data under the assumption that the damping coefficient
satisfies: d € C"1(Q), Ad € L®(2) and |Vd(x)|*> < Myd (x) for almost every x in £ where
M, is a positive constant. On the other hand, in [33], the author studied the stabilization of
the wave equation with Kelvin-Voigt damping. He established a polynomial energy decay
rate of type ¢~ provided that the damping region is localized in a neighborhood of a part of
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the boundary and verifies certain geometric condition. Also in [28], under the same assump-
tions on d, the authors established the exponential stability of the wave equation with local
Kelvin-Voigt damping localized around a part of the boundary and an extra boundary with
time delay where they added an appropriate geometric condition. Later on, in [4], the wave
equation with Kelvin-Voigt damping localized in a subdomain w far away from the bound-
ary without any geometric conditions was considered. The authors established a logarithmic
energy decay rate for smooth initial data. Further more, in [27], the authors investigate the
stabilization of the wave equation with Kelvin-Voigt damping localized via non smooth co-
efficient in a suitable sub-domain of the whole bounded domain. They proved a polynomial
stability result in any space dimension, provided that the damping region satisfies some ge-
ometric conditions.

1.3 Description of the Paper

This paper is organized as follows: In Sect. 2.1, we reformulate the system (1.2)-(1.6) into an
evolution system and we prove the well-posedness of our system by semigroup approach.
In Sect. 2.2, using a general criteria of Arendt and Batty, we show the strong stability of
our system in the absence of the compactness of the resolvent. In Sect. 3, we prove that
the system lacks exponential stability using two different approaches. The first case is by
taking the damping and the coupling terms to be globally defined, i.e. b(x) = by > 0 and
c(x) = co > 0 and we prove the lack of exponential stability using Borichev-Tomilov results.
The second case is by taking only the damping term to be localized and we use the method
which was developed by Littman and Markus. In Sect. 4, we look for a polynomial decay
rate by applying a frequency domain approach combined with a multiplier method based on
the exponential stability of an auxiliary problem, where we establish a polynomial energy
decay for smooth solution of type .

2 Well-Posedness and Strong Stability

In this section, we study the strong stability of System (1.2)-(1.6). First, using a semigroup
approach, we establish well-posedness result of our system.

2.1 Well-Posedness

Firstly, we reformulate System (1.2)-(1.6) into an evolution problem in an appropriate
Hilbert state space.
The energy of System (1.2)-(1.6) is given by

1 L
E(r):E/ (lue > + alue | + [yl + |y ?) dx.
0

Let (u, u,,y,y,;) be a regular solution of (1.2)-(1.6). Multiplying (1.2), (1.3) by u,, y,, re-
spectively, then using the boundary conditions (1.4), we get

L
E/(t)=—/ b(x0)|uPdx,
0
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using the definition of the function b(x), we get E’(t) < 0. Thus, System (1.2)-(1.6) is
dissipative in the sense that its energy is a non-increasing function with respect to the time
variable ¢. Let us define the energy space H by

H = (H, (0, L) x L*(0, L))*.

The energy space H is equipped with the inner product defined by

L L L L
(U, Uiy =/ VU dx +a/ ux(ﬁl)de+/ zElder/ Y (Vxdx,
0 0 0 0

for all U = (u, v, y,z) and U; = (uy, vy, y1,21) in H. We use ||U ||« to denote the corre-
sponding norm. We define the unbounded linear operator A : D (A) C H —> H by

U=@,v,y,2)€H; ye H*(0,L) N H} (0, L)
D(A) =
v,z € Hy (0, L), (auy + b(x)vy), € L*(0, L)
and forall U = (u, v, y,z) € D (A),
Au, v, ,2) = (v, @y +b(x)ve)x — c(x)z, 2, Yor +c(x)0) .

If U= (u,u,y,y,) is the state of System (1.2)-(1.6), then this system is transformed into
the first order evolution equation on the Hilbert space H given by

U =AU, U(0)=U,, 2.1)

where Uy = (uo, u1, Yo, y1)-
Proposition 2.1 The unbounded linear operator A is m-dissipative in the energy space H.

Proof Forall U = (u, v, y,z) € D(A), we have
L o3
(AU 00 = [ beoluPdr=- [ oo fdx <o,
0 71

which implies that A is dissipative. Here 3 is used to denote the real part of a complex
number. Now, let F = (fi1, f>, f3, f1), we prove the existence of U = (u, v, y, z) € D(A),
solution of the equation

—AU =F. 2.2)

Equivalently, one must consider the system given by

—v=f], (2.3)
—(auyx +b(x)ve)x +c(X)z = fa, (2.4)
-z = f3, (2.5)
—Yex — () = fa, (2.6)
with the boundary conditions
u(0)=u(L)=0, and y(0)=y(L)=0. 2.7
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Let (¢, ¥) € Hy (0, L) x H} (0, L). Multiplying Equations (2.4) and (2.6) by @ and  re-
spectively, integrate over (0, L), we obtain

L L L
/ (it + b(x)v.)P,dx + / c(r)zpdx = / Fpdx, 2.8)
0 0 0

L L . L
/ Y dx —/ c(x)vrdx :/ fardx. 2.9)
0 0 0

Inserting Equations (2.3) and (2.5) into (2.8) and (2.9), we get

L L L L
/ au,p.dx = / frodx +/ b(x)(fi)xp,dx +/ c(x) fspdx, (2.10)
0 0 0 0

L L L
/ Yo dx = / favrdx —/ c(x) fivdx. 2.11)
0 0 0

Adding Equations (2.10) and (2.11), we obtain

a(u,y), @, ¥)=L(p.¥), VY(p.¥)eH©0,L)x Hy(O,L), (2.12)
where

L L _
a((w.y). (. 9) =a / uxGodx + / 3T pdx 2.13)
0 0

and

L L L L
Lig. ) = / fpdx + [ b f).dx + / ¢(x) frpdx + / fildx
0 0 0 0

L
—/ c(x) firdx. (2.14)
0

Thanks to (2.13), (2.14), we have that a is a bilinear continuous coercive form on
(Hy (0, L) x Hy (0, L))z, and L is a linear continuous form on H, (0, L) x H; (0, L). Then,
using Lax-Milgram theorem, we deduce that there exists (u,y) € HO1 0, L) x Ho1 O, L)
unique solution of the variational problem (2.12). Applying the classical elliptic regular-
ity we deduce that U = (u, v, y, z) € D(A) is the unique solution of (2.2). The proof is thus
complete. ]

From Proposition 2.1, the operator A is m-dissipative on #H and consequently, generates
a Co—semigroup of contractions (e'*) _ following Lummer-Phillips theorem (see in [24]
and [29]). Then the solution of the evolution Equation (2.1) admits the following represen-
tation

U@t)=eUy, >0,

which leads to the well-posedness of (2.1). Hence, we have the following result.
Theorem 2.2 Let U, € H then, problem (2.1) admits a unique weak solution U satisfies

U@)eC’(RY, H).
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Moreover, if Uy € D(A) then, problem (2.1) admits a unique strong solution U satisfies

U@ eC' (RY,H)NC'(RT, D(A)).
2.2 Strong Stability

This part is devoted for the proof of the strong stability of the Cy-semigroup (e’ A) 1~0°

To obtain strong stability of the Cy-semigroup (e’A)t>0 we use the theorem of Arendt
and Batty in [6] (see Theorem A.11 in the Appendix).

Theorem 2.3 The Cy—semigroup of contractions (e
all Uy € H, the solution of (2.1) satisfies

'A)[ZO is strongly stable in H; i.e. for

lim [le"*Upll+ = 0.
1——400

For the proof of Theorem 2.3, since the condition (u, v, y, z) € D(A) implies only u €
HO1 (0, L). Therefore, the embedding from D(A) into H is not compact and the resolvent
(—A)~! of the operator A is not compact in general. Then according to Theorem A.11, we
need to prove that the operator .A has no pure imaginary eigenvalues and o (4) NiR contains
only a countable number of continuous spectrum of .A. The argument for Theorem 2.3 relies
on the subsequent lemmas.

Lemma 2.4 For L € R, we have iAl — A is injective i.e.
ker(iAl — A)={0}, VrieR.

Proof From Proposition 2.1, we have 0 € p(A). We still need to show the result for A € R*.
Suppose that there exists a real number A # 0 and U = (u, v, y, z) € D(A), such that

AU =iAU.
Equivalently, we have
v=1il\u, (2.15)
(aux +b(xX)ve) — c(x)z =idv, (2.16)
Z=1ily, 2.17)
Yax +c(X)v =iAz. (2.18)

Next, a straightforward computation gives

L o3
0=NRGAU,U)y =R{AU,U), = —/ b(x)|v,|*dx = —/ bolvy |2 dx,
0 o

1

consequently, we deduce that
b(x)vy, =0 in (0,L) and v,=0 in (o, 3). (2.19)
It follows, from Equation (2.15), that

uy =0 1in (o, a3). (2.20)
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Using Equations (2.16), (2.17), (2.19), (2.20) and the definition of c(x), we obtain
y=0 in (0, 03). (2.21)

Substituting Equations (2.15), (2.17) in Equations (2.16), (2.18), and using Equation (2.19)
and the definition of b(x) in (1.5), we get

2u + auyg, —ire(x)y =0, in (0,L) (2.22)
Ay 4 yor Fike(Xu =0, in (0,L) (2.23)

with the boundary conditions
u(0) =u(L) =y(0)=y(L)=0. (2.24)

Our goal is to prove that u = y = 0 on (0, L). For simplicity, we divide the proof into three
steps.

Step 1. The aim of this step is to show that u = y = 0 on (0, a3). So, using Equation (2.20),
we have

u, =0 in (ay,a).

Using the above equation and Equation (2.22) and the fact that ¢(x) = 0 on (a), o), we
obtain

u=0 in (o, a). (2.25)
In fact, system (2.22)-(2.24) admits a unique solution (u, y) € C' ([0, L]), then

u(ay) =uy () =0. (2.26)
Then, from Equations (2.22) and (2.26) and the fact that c(x) =0 on (0, «;), we get

u=0 in (0,a). (2.27)
Using Equations (2.20) and (2.25) and the fact that u € C' ([0, L]), we get

u=0 in (o, a3). (2.28)

Now, using Equations (2.20), (2.21) and the fact that ¢(x) = ¢y on (&3, o3) in Equations
(2.22), (2.23), we obtain

icp
u= Ty in (o, a3). (2.29)
Using Equation (2.28) in Equation (2.29), we obtain
u=y=0 in (o, a3). (2.30)
Since y € C!([0, L]), then
Y(e) = yi(an) = 0. (2.31)
So, from Equations (2.23) and (2.31) and the fact that c¢(x) = 0 on (¢, o2), we obtain

y=0 in (a,ar). (2.32)
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Using the same argument over (0, ), we get
y=0 in (0,ay). (2.33)

Hence, from Equations (2.25), (2.27), (2.28), (2.30), (2.32) and (2.33), we obtainu =y =0
on (0, a3). Consequently, we obtain

U=0 in (0,a3).

Step 2. The aim of this step is to show that u = y =0 on («3, @4). Using Equation (2.30),
and the fact that (u, y) € C'([0, L]), we obtain the boundary conditions

u(oz) = ux(az) = y(a3) = ye(a3) =0. (2.34)
Combining Equations (2.22), (2.23), and the fact that c¢(x) = ¢ on (a3, o4), We get
At yrr + (@ + DA%ue + 27 (A — c5) u =0, (2.35)
The characteristic equation of system (2.35) is
P(r):=ar*+ (a+ DAr* + 22 (A2 = ).
Setting

Py(m) := am® + (a+ DA%m + 22 ()\.2 — 0(2)) .

The polynomial P, has two distinct real roots m; and m, given by:

—32a@+ 1) =[x @~ D2+ daci?
m; = > and
a

—2a+ )+ i@~ D? + dacd?

my =
2a

It is clear that m; < 0 and the sign of m, depends on the value of A with respect to ¢y. We
distinguish the following three cases: A> < cé, 2= c(z) and A? > c(z).

Case 1. If A> < ¢}, then m, > 0. Setting
ri=«—m; and r,=./m,.

Then P has four simple roots iry, —ir;, r, and —r,, and hence the general solution of system
(2.22), (2.23), is given by

u(x) = cysin(rix) + cycos(rix) + c3 cosh(r,x) + ¢4 sinh(rpx),
A\ — arlz) .
y(x) = ———— (c1sin(r1x) + cacos(rix))
i1ACo
)»2 2
+(.-)|\-70r2) (c3cosh(rpx) + ¢4 sinh(rpx)),
LAC)
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where ¢; € C, j =1,...,4. In this case, the boundary condition in Equation (2.34), can be
expressed by

C1
2
Ml - 07
(&)
C4
where
sin(rja3) cos(rjaz) cosh(rya3) sinh(rpa3)
rq cos(rjaz) —ry sin(rja3) rp sinh(ra3) rp cosh(rpa3)
M= (Az - arlz) . ()»2 - arlz) ()»2 +ar%) ()»2 +ar§) .
—— sin(rja3) —— cos(rja3) ———— cosh(rpa3) - sinh(ra3)
iAcq N iAcq N iAcq iAcq N
(Az - arlz) . _ (Az — arlz) . (Az + arzz) . ()»2 +ar§)
— N COS(I’]O{3) — N sm(rl 013) — "N s1nh(r2a3) — " COSh(rthg)
iAcq iAcq iAcq iAcq

The determinant of M is given by

rlrzol2 (rl2 + r22)2

det(M;) = o
0

System (2.22), (2.23) with the boundary conditions (2.34), admits only a trivial solution
u =y =0if and only if det(M;) # 0, i.e. M, is invertible. Since, r? + r7 = my —m; # 0,
then det(M,) # 0. Consequently, if A2 < c%, we obtain u = y =0 on (a3, o).

Case 2. If A2 = ¢}, then m, = 0. Setting

2
r= v = D

Then P has two simple roots iry, —ir; and O is a double root. Hence the general solution of
System (2.22), (2.23) is given by
u(x) = cysin(rix)+cycos(rix) + c3x + ca,

A\ — arlz) . A
—— (c18in(r1x) + c2 cos(r1x)) + — (c3x + c4),
iico 1Co

y(x)

where ¢; € C, for j =1,...,4. Also, the boundary condition in Equation (2.34), can be
expressed by

i
My || =0,
C3
Cq
where
sin(ro3) cos(ria3) o3 1
r1 cos(rias) —ry sin(rjo3) 1 0
My=| (A — arlz) . - arlz) Aoz A
; sin(ro3) ————cos(ra3) - T
iACy iACy ico ¢
22 —ar? A2 —ar? . A
(,71)}"1 cos(rias) —(,71)1’1 sin(riaz) — 0
ilco iACyH 1Co
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23 Page 12 of 46 A. Wehbe et al.

The determinant of M, is given by
—a’r;

det(Mz) = }\,2—0(2) .

Since r; = 4/—m; # 0, then det(M;) # 0. Thus, System (2.22), (2.23) with the boundary
conditions (2.34), admits only a trivial solution # = y =0 on («3, ).

Case 3. If A% > ¢Z, then m; < 0. Setting

ri=+/—m; and ry=+/—m,.

Then P has four simple roots ir;, —iry, ir, and —ir,, and hence the general solution of
System (2.22), (2.23) is given by

u(x) = cysin(rix) + ¢ cos(rix) + c3 sin(rrx) + ¢4 cos(rx),

(kz — arlz) . (kz— ar22) .
y(x) = ——— (e18in(r1x) + c2cos(r1x)) + ———= (c3 8in(r2x) + ¢4 cos(r2x)),
l)\CO l)\CO
where c¢; € C, for j =1,...,4. Also, the boundary condition in Equation (2.34), can be
expressed by

C1
(&)
M; =0,
C3
Cq
where
sin(rjaz) cos(rjaz) sin(rpa3) cos(rpa3z)
rycos(rias) —rysin(riaz) ry cos(rpaz) —rp sin(ra3)
My=| *-ad) 02-ad 0 -ard) 0rtad)
- sin(rya3) n cos(rjaz) n sin(rpa3) ———— cos(rpa3)
iAcq - iAcq - iAcq - iAcq -
(Az - arlz) ) (Az - arlz) . ()L2 - arzz) (A2 - arzz) .
- rycos(rioez) — - r sin(ryos) - rpcos(rpaz)  — - ro sin(rpa3)
iAcq iAcq iicg iAcq

The determinant of M3 is given by

20,2 _ 242
det(Mz) = — 11720 0T =7

Acy
Since rl2 — r22 =m, —m # 0, then det(M3) # 0. Thus, System (2.22)-(2.23) with the bound-
ary condition (2.34), admits only a trivial solution # = y = 0 on (a3, o4). Consequently, we
obtain U =0 on (a3, a4).

Step 3. The aim of this step is to show that u =y =0 on (a4, L). From Equations (2.22),
(2.23) and the fact that c¢(x) = 0 on (g, L), we obtain the following system

2
{ 2u+ Al 0 over (0{4, L) (236)

A2y 4 Vex = 0 over (a4,L).
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Since (u, y) € C'([0, L]) and the fact that u = y = 0 on (a3, ory), we get

u(ag) = uy(as) = y(oa) = ye(ag) =0. (2.37)
Finally, it is easy to see that System (2.36) admits only a trivial solution on (a4, L) under

the boundary condition (2.37).
Consequently, we proved that U = 0 on (0, L). The proof is thus complete. ]

Lemma 2.5 Forall A € R, we have
RGA — A) =H.

Proof From Proposition 2.1, we have 0 € p(A). We still need to show the result for A € R*.
Set F = (f1, f>, f3, fa) € H, we look for U = (u, v, y, z) € D(A) solution of

@irl — AU =F. (2.38)
Equivalently, we have
v=iiu— fi, (2.39)
iAv — (auy + b(x)vy), +c(x)z = f, (2.40)
=iy — f3, (2.41)
IAZ— Vyox —c(X)v = fy. (2.42)

Let (¢, ¥) € Ho1 0, L) x HO1 (0, L), multiplying Equations (2.40) and (2.42) by ¢ and U
respectively and integrate over (0, L), we obtain

L L L L L
/ i)»vq_)dx—l—/ auxgi)xdx+/ b(x)vx(ﬁxdx+/ c(x)zpdx :/ fodx, (243)
0 0 0 0 0

L L L L
/ imﬁder/ yxlﬁxdx—/ c(x)v&dx:/ fardx. (2.44)
0 0 0 0

Substituting v and z by ilu — f} and iAy — f5 respectively in Equations (2.43)-(2.44) and
taking the sum, we obtain

a((u,y), (g, ¥)) =Lg, ¥), V(. ¥) € Hy (0, L) x Hy(0, L), (2.45)
where

a((u,y), (@, ) =a (u,y), (@, ¥)) +ax((u,y), (@, ¥))
with

L

L
ap ((u,y),(w,w)):/0 (au, @, +yx1h)dx+i)\fo b(x)u,.dx,

L L
a2<<u,y),(<p,w))=—xzf (u¢+y¢)dx+ik/ c(x) (y@ —uyy)dx,
0 0
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and

L L
L(fﬂ,lﬁ)I/ (fz+C(X)f3+i?»f1)</3dX+/ (fa = c@) fi +irf3) Ydx
0 0

L
+/ b(x) (f1), pxdx.
0

LetV = HO1 0, L) x HOl (0,L) and V' = H~'(0, L) x H~'(0, L) the dual space of V. Let
us consider the following operators,

A: V - Vv AV - Vv { Ay: V - VvV
w,y) — A,y w,y) — A,y w,y) — Axu,y)
such that

AW, ) (@, ) =a(w, ), (¢, ¥), Y, ¥) € Hy(0, L) x Hy (0, L),
A1, y) (@, ) =ar (u, y), (9, ¥)), Vg, ¥) € Hy(0,L) x Hj(0,L),  (2.46)
(Ao, ) (@, ¥) = a2 (u, y), (9, ¥)),  V(p,¥) € Hy(0, L) x Hy (0, L).

Our goal is to prove that A is an isomorphism operator. For this aim, we divide the proof
into three steps.

Step 1. In this step, we prove that the operator A, is an isomorphism operator. For this goal,
following the second equation of (2.46) we can easily verify that a; is a bilinear continuous
coercive form on HO1 0, L) x HO1 (0, L). Then, by Lax-Milgram Lemma, the operator A; is
an isomorphism.

Step 2. In this step, we prove that the operator A, is compact. According to the third equation
of (2.46), we have

laz ((u, y), (@, Y| < Cll G, W) 20.0) 10> ¥ 1201 -

Finally, using the compactness embedding from H/ (0, L) to L?(0, L) and the continuous
embedding from L?(0, L) into H~'(0, L) we deduce that A, is compact.

From steps 1 and 2, we get that the operator A = A 4+ A, is a Fredholm operator of index
zero. Consequently, by Fredholm alternative, to prove that operator A is an isomorphism it
is enough to prove that A is injective, i.e. ker {A} = {0}.

Step 3. In this step, we prove that ker{A} = {0}. For this aim, let (&, ) € ker{A}, i.e.

a((@,3), (9, ¥) =0, ¥(p,¥) € Hy(0,L)x Hy(0,L).

Equivalently, we have

L L L
2 [ siyax+in [ e (o -ap)dx+ [ (and+ 50 dx
0 0 " (2.47)
+i/\/ b(x)iiyG.dx = 0.
0
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Taking ¢ = and ¥ = y in equation (2.47), we get

L L L L L _
—AZ/ i |>dx — AZ/ 15|%dx +a/ i, |2dx +/ |5 |2dx — 223 (/ c(x)yﬁdx>
0 0 0 0 0
L
+m/ b(x)|ii,|*dx =0.
0
Taking the imaginary part of the above equality, we get

L
0= / b(x)liiy|*dx,
0

we get,
i, =0, in  (a,03). (2.48)
Then, we find that

—220 —afy, +ire(x)y = 0, in (0,L)
A2 —aYy —irc@)a = 0, in (0,L)
Uy = Yy =0 in (a2, 23)

Therefore, the vector U defined by
U= (@i, i\, 5,ir})
belongs to D(.A) and we have
irU — AU =0.
Hence, U € ker (irl — A), then by Lemma 2.4, we get U =0, this implies that u =y = 0.
Consequently, ker {A} = {0}.

Therefore, from step 3 and Fredholm alternative, we get that the operator A is an isomor-
phism. It is easy to see that the operator L is continuous from V to L2(0, L) x L?(0, L). Con-
sequently, Equation (2.45) admits a unique solution (u, y) € HO1 0, L) x HOI (0, L). Thus,
using v =iAu — f1, z=1ily — f3 and using the classical regularity arguments, we conclude
that Equation (2.38) admits a unique solution U € D (A). The proof is thus complete. [

Proof of Theorem 2.3 Using Lemma 2.4, we have that .4 has non pure imaginary eigenval-
ues. According to Lemmas 2.4, 2.5 and with the help of the closed graph theorem of Banach,
we deduce that o (A) N iR = @. Thus, we get the conclusion by applying Theorem A.11 of
Arendt Batty (see the Appendix). The proof of the theorem is thus complete. O

Remark 2.6 For the case when supp(b) N supp(c) = ¢ it remains as an open problem.

3 Lack of the Exponential Stability

In this section, our goal is to show that system (1.2)-(1.6) in not exponentially stable.
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3.1 Lack of Exponential Stability with Global Kelvin-Voigt Damping
In this part, assume that

b(x)=by>0 and c(x)=coeR*, Vxe(,L). (3.1)
We introduce the following theorem.

Theorem 3.1 Under hypothesis (3.1), for ¢ > 0 small enough, we cannot expect the energy
decay rate —— for all initial data Uy € D(A) and for all t > 0.

2
t2—¢

Proof Following Huang and Priiss [16, 31] (see also Theorem A.12 in the Appendix) it is
sufficient to show the existence of a real sequences (A,), with A, — 400, (U,), € D(A),
and (F),), C H such that (iA,I — A) U, = F, is bounded in H and A;HSHU,, || = 4o0. For
this aim, take

. /NTX
F,= (O, 0,0, sin (—)) ,
L
. (ATXN . . (NTX . (ATXN\ . . (NTX
U, = (A,, sin (—) ,iA, A, sin (—) , B, sin (—) ,iA, B, sin (—)) s
L L L L

niw iL inbpr  a-—1
Ap=—, A= , Bi=-— B - B
L conim coL Co
Clearly that U, € D(A), and F, is bounded in H. Let us show that (i1, — AU, = F,.
Detailing (iA,I — A)U,, we get

where

(iAn] — AU, = (0, Dy, sin (””Tx) ,0, D5, sin (?)) ,

where
—(L?A2 —an’n* — in’bor,n*) A
L2
B, (mn* — L*)2)
L? '

Dl,n = . + iBucohn, and

(3.2)
DQ’,, = —iAnCO)\.n +

Inserting A,, A,, B, in D, , and D, ,, we get D, =0 and D, , = 1. Hence we obtain
b4
(A ] — AU, = (o, 0,0, sin (%)) —F,

Now, we have

t 2 La2
v
0= [ [ () v = S22 m e~
0

Therefore, for ¢ > 0 small enough, we have

1,2 U g ~ AL — +o0.

Then, we cannot expect the energy decay rate ——. ]
3=
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3.2 Lack of Exponential Stability with Local Kelvin-Voigt Damping

In this part, under the equal speed wave propagation condition (i.e. a = 1), we use the clas-
sical method developed by Littman and Markus in [18] (see also [12]), to show that system
(1.2)-(1.6) with Local Kelvin-Voigt damping and global coupling is not exponentially stable.
For this aim, assume that

1
a=1, bkx)= i’, and c(x)=ceR. (3.3)

0 if O0<x<
1if l<xx<
Our main result in this part is following theorem.

Theorem 3.2 Under condition (3.3). The semigroup of contractions (e
the operator A is not exponentially stable in the energy space H.

[A)IZO generated by

For the proof of Theorem 3.2, we recall the following definitions: the growth bound
p (A) and the spectral bound s (A) of A are defined respectively as

et.A]

wp (A) = inf [a) € R : there exists a constant M, such that V¢ > 0, H L(H)) =

Mwea)t ]
and
s(A)=sup{f(X): rea(A)}.
Then, according to Theorem 2.1.6 and Lemma 2.1.11 in [12], one has that
s (A <wo (Ap).

By the previous results, one clearly has that s (A) < 0 and the theorem would follow if
equality holds in the previous inequality. It therefore amounts to show the existence of a
sequence of eigenvalues of A whose real parts tend to zero.

Since A is dissipative, we fix «p > 0 small enough and we study the asymptotic behavior
of the eigenvalues A of A in the strip

S={LeC:—ay<Re(r) <0}.

First, we determine the characteristic equation satisfied by the eigenvalues of .A. For this
aim, let A € C* be an eigenvalue of A and let U = (u, Au, y, Ay) € D(A) be an associated
eigenvector. Then, the eigenvalue problem is given by

2u— L +Nuy +cry=0, xe(0,1), (3.4)
Ay =y —chu=0, xe(0,1), (3.5)
with the boundary conditions
u(0) =u(l)=y(0)=y(1)=0.

We define

{u*uy:uux y () =yx) xe(0,3),
ut(x):==u(x), yt(x):=y@x) xelsD.
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Then, system (3.4)-(3.5) becomes
MuT —ug +cery” =0, xe(0,1/2),
Ay —y—chum =0, x€(0,1/2),
Mut — (4 ul +eryt =0, xe[l/2,1),
Ayt —yh —caut =0, xell/2,1),
with the boundary conditions
u (0)=y (0)=0,
ut()=y*(1) =0,
and the continuity conditions
u=(1/2) =u*(1/2),
u_(1/2) =1+ 2ut/2),
y (1/2) =y (1/2),
v (1/2) = y{ (1/2).

(3.6)
3.7
(3.8)
(3.9)

(3.10)
3.11)

(3.12)
(3.13)
(3.14)
(3.15)

Here and below, in order to handle, in the case where z is a non zero non-real number, we
denote by /z the square root of z; i.e., the unique complex number whose square is equal

to z, that is defined by

Iz] + N(z) |z] = R(2)

V7= > +1i sign(3(z))

Our aim is to study the asymptotic behavior of the largest eigenvalues A of A in S. By taking
A large enough, the general solution of system (3.6)-(3.7) with boundary condition (3.10) is

given by
2 2 )\‘2 _ 2

B AC—ri . r;
u (x) = d sinh(ryx) + d;

sinh(rx),

vy~ (x) = d;sinh(r;x) + d, sinh(ryx),

and the general solution of system (3.6)-(3.7) with boundary condition (3.11) is given by

)\2 _ S2 2 _ S2
ut(x) = —Dl—klsinh(sl(l —x) =D, 2
C

sinh(s, (1 — x)),
yt(x) = —Djsinh(s;(1 —x)) — D, sinh(s,(1 — x)),

where d], dz, D, D, e (C,

ic ic
rlzk 1+7, rQZ)\. 1—7
and
&2 2 2 2
1+ie/ioE -8 r2-ai-g-8
Slz)» 1 . Szzﬁ 1
2(1+1) 2(1414)

@ Springer

(3.16)



Stability Results of an Elastic/Viscoelastic Transmission Problem. .. Page 19 of 46 23

The boundary conditions in (3.12)-(3.15), can be expressed by M (d, d» D; D,)T =0, where

sinh(%‘) smh( 5 ) sinh(%l) smh( )
r cosh(%‘) &) cosh( 5) —s1 cosh(%l) -5 co%h( )
M =
rZsinh()  rZsinh(3) s7sinh(*) 52 sinh(%)

ricosh() r3cosh(Z) =517 — (2 —s))cosh(F)  —52(53 — 2(A2 — 53)) cosh(F)

System (3.6)-(3.15) admits a non trivial solution if and only if det (M) = 0. Using Gaussian
elimination, det (M) = 0 is equivalent to det (M) = 0, where M, is given by

sinh(}) sinh() sinh(}) )
r cosh( ) cosh(—) —s1 cosh( ) —sp(1+e7%2)
M, =
rZsinh(5L)  r2 sinh() 53 sinh(}) s3(1—e%2)

ricosh(S) r3cosh(F)  —si(s7 =202 —sH)cosh(F) =503 =102 =531 +e7%2)

Then, we get

det(My) = F| + Fre 2, (3.18)
where
Fi= —siso(rf—7r3) (st sz)(k+1)smh< )mnh(z)cosh(%)
+r152 (r; — s7) (A = s3) A+ r{ —s3) cosh (%) sinh (%2) sinh (%1)
—1r8) ( ) ((A2 —sH a+ri— smh( ) ( ) sinh (%1)
—rira (r; —r3) (s7 sz)cosh< >co h( )s (%)
+rys1 ( ry — vz) (()L2 —slz) A +r22 — vl sinh (%) osh (%2) cosh(%)
_rlsl( —sz)((ﬁ—s )k+r1 —s cosh (%1) (%2) cosh (%)
and
F,=  —siso(ry—r ( —sz)(k—l—1)smh(2)smh(2)cosh<%l)

2)
riss (r S)((Az_sz)wrrl—fz)c‘”h(z)“h(z) snh
—r2 (rf — s7) (A* = s3) A +r3 — 53) sinh )

2)

2)

)

+riry(r

—r3) (s7 —sz)cosh( )cosh(

—rsi (ry —s ((}\2 — sl) A+ r2 — 51 sinh

2
+risi(ry — 55

(r?
(3
(r?
(r?
(i
(r3

((A* = sP) A +7r{ —s7) cosh

— A\ //-\
CIJ
/\
:r |2
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Lemma 3.3 Let A € C be an eigenvalue of A. Then, we have R(L) is bounded.

+

Proof Multiplying equations (3.6)-(3.9) by u~, y~,u™, y* respectively, then using the

boundary conditions, we get

I 117 o 112 4+ Ay 712 A g 12 4 a1 4 (4 R OD) e 12+ 1Ay * 12 + 112 = 0.

(3.19)
Since the operator A is dissipative then the real part of X is negative. It is easy to see that
ul # 0, hence using the fact that U]l = 1 in (3.19), we get that R()) is bounded below.
Therefore, there exists « > 0, such that

—a <N() <O. O

Proposition 3.4 Assume that the condition (3.3) holds. Then there exists ny € N sufficiently
large and two sequences ()\17,1) and (Az,n) of simple root of det (M) satisfying

[n|=ng
the following asymptotic behavior:

[n|=ng

Case 1. If sin (£) # 0, then

2sin?(£)(1 — i sign(n 1
M = 2nmi i — o DU~ Fsign(n) 0(—) (3.20)
(3+cos(§))«/|n|n n
and
o c 14 _sign(n)y 1)
Ao, =2nmi + i arccos cos’(=)) — + +0\(-), 3.21
2 : ( (4>) NN <n (3:21)
where
arccos (cos? (& . recos(cos2 (S
(cos(%)sin(—(2 (4))>+sm(73£l (2 <4))>)
V= 4./1 — cos* (g)cos<arccos(cosz(%)))
7 2
Case 2. If sin (£) =0, then
My = 2t i A GO (1 (3.22)
p=2nmwi+im - .
b 32mn 647202 |n|%
and
) 1
Ma=2nmi+0|(-]). (3.23)
n

The proof of Proposition 3.4, is divided into two lemmas.

Lemma 3.5 Assume that condition (3.3) holds. Let A be largest eigenvalue of A, then X is
large root of the following asymptotic behavior estimate

L i) L) 0 fa(d) ey
FG) 1= folh) + S + 2 4 T + 2L+ 067, (3.24)
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where
R = cosh (%) — oo (3)os(5)
fiky = sinh (%) +sinh(%)cos (%),
£() = *sinh(3F) —4cosh(3) +4 (cosh (5) cos (§) +csinh (5) sin(5))
£y = —8sinh (%) +¢*cosh (%) — 12ccosh (3)sin(5) — $sinh (4) cos 5.
fi) = —40c?sinh (%) + (c* 4 72¢ 4 48) cosh (%)
+32¢ (c cos (%) + 7sin (£)) sinh (%)
— (8¢ +8csin (5) + 164> + 3) cosh (£)) cosh (4).

(3.25)
Proof Let A be a large eigenvalue of A, then A is root of det (M;). In this Lemma, we give
an asymptotic development of the function det (M;) for large A. First, using the asymptotic
expansion in (3.16)-(3.17), we get
_ ic 2 3 ic 3
=At+5 4 1612—}_00\ ), 2= _2+8x+1ex2+0()‘ 2
2 -5 4¢243 32 (3.26)
S1=A—5+ 0@ )’S2:[_7+32 +0( )
From (3.26), we get
Dichsisa(s2 — s+ 1) = icAl12 (2 Ly e L oo 3))
risa(r2 — 52) (A2 = sHA + 12 — s2) = —icAl1/2 (1 — Lie 4 sdlutidic | 0(A‘3)> ,
r$y(rf — sP) (W = s)A +r3 —s3) =icAll/? (l — ey 75‘223;214” + O()f3)) ,
2i cinrs (33 = 53) =il (& = 2 + 07,
rasi(rf —s3((A? = spr+r3 —sp) = —icA!/? (ﬁ -=F+0 (A‘S/Z)) .

RS0 = (02 = DA+ = s]) =ien12 (o = 355 + 0077

(3.27)
From equation (3.27) and using the fact that i ()) is bounded, we get

icf—lll/Z = _|:<2 — % + 46:%) sinh (%l) sinh (%2) cosh (%)
+ (1 - % + SC;; 3) (cosh (%) sinh (%)
+ sinh (%) cosh (%2) sinh (%)
n (ﬁ + ZT) (cosh (2 ) sinh () — sinh (%) cosh (22 ) sini (21

(G 2o (D)em(2)sm(2)

sinh
cosh
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(= 3z ) (sint (%) cosn (2)
Sho A2 2 2
+ cosh (%) sinh (%2)) cosh (%)
3ic . r r S
+ (m) (smh (E) cosh (3) — cosh ( > ) sinh ( > )) cosh (5)

+0 (A‘S/Z)].

(3.28)

From equation (3.27) and using the fact that % ()) is bounded, we get

Fz:_zcxll/2[251nh<z)smh(z)c‘)Sh(z)
(eon(3) i (3) +im (3 eon ()i (3) 06 |

(3.29)
Since the real part of +/A is positive, then
lim 2752 =0,
|A|]—>o00
hence
eV =0, (3.30)
then,
Fre 2 = —icA'"? (oA 77%)). (3.31)

Inserting (3.28) and (3.31), in (3.18), we get
detM;) = —ic A'V2F (),

where,

4¢* +3 —
F(k):(l—ﬁ ¢ + ) ( <r1+ 2) cosh (%))cosh(%‘)
1

+(1_ﬁ+56 +3> < )mh %1)

ic + Tic r2

20 4A?

1 1 r+nr ry—r; . S
+ (ﬁ - W) (cosh( > ) +cosh< 5 )) sinh (E)

1 1 . ry 4+ 1 ic\ . r—ry Nt

(2o () (25 (22) )
("

(3.32)
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Therefore, system (3.10)-(3.15) admits a non trivial solution if and only if det(M;) =0, if
and only if the eigenvalues of A are roots of the function F. Next, from (3.26) and the fact
that real A is bounded, we get

cosh

r]-;—rz) OSh()\.) + c smh(k) 4 c lcztgsilz(k) 4 0()\ 3)

rn—r
cosh (1572)

(
c ¢ sm() 3
( cos (5) + g~ + 0.

sinh (1372) = sinh(h) 4 SR 4 <sihi) 4 -3
o o (3.33)
sinh (152) =isin(5) — 16x(2 2) | o),

2ecosh(
sinh(%‘) = sinh(%) _ CZS;(z) + 00,

cosh(3}) =cosh (§) — CZT:Z( i) + 0.

Inserting (3.33) in (3.32), we get (3.24). O

Lemma 3.6 Under condition (3.3), there exists ng € N sufficiently large and two sequences
()\1,,,) nl=no and ()»24,,) of simple roots of F satisfying the following asymptotic behavior

[n|=ng
Aig=2inw +iw + €, where | ‘11m+ €,=0 (3.34)
and
A2n =2nmi 4 i arccos (cos2 (%)) + €, where I ‘11n+1 €., =0. (3.35)

Proof First, we look at the roots of fy. From (3.25), we deduce that f; can be written as

fo(h) =2cosh (%) (cosh() — cos? (%)) . (3.36)

Then, the roots of f; are given by

Wi =2nmi +im, nel,
o =2n7i +iarccos (cos? (£)), neZ.

Now, with the help of Rouché’s Theorem, we will show that the roots of F are close to fj.
Let us start with the first family u, ,. Let B, = B ((2n + 1)xi, r,) be the ball of centrum

(2n 4+ 1)mi and radius r, = |n|_% and A € 8 By i.e. A, = 2nwi +im + rpe?, 6 € [0, 2r].
Then

A i(—=1D)"r,e? ) 5
cosh 3 = — + O(r;), and cosh(A)=—1+ O(r),). (3.37)
Inserting (3.37) in (3.36), we get

foO) = =i (=1)"re” (14 cos? (%) +00).
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It follows that there exists a positive constant C such that
YiedB,, |fo()|=Cr, :C|n|_%.

On the other hand, from (3.24), we deduce that

1 1
FO)—fo)|=0|—4)=0|—=)-
7o~ i =0 (=) =0 =)
It follows that, for |n| large enough
Vi€ dB,, [|F)— foM)l< |fo)l

Hence, with the help of Rouché’s theorem, there exists ny € N* large enough, such that
Y |n| > ny, the first branch of roots of F denoted by 1, , are close to i ,, that is

Alpn=Min+im+e€, where lim €, =0. (3.38)

[n]—=+o00

Passing to the second family u,,. Let f?n =B (/,Lz’,,, r,,) be the ball of centrum u,, and
radius

L if sin($) =0,
_ [n| 8
") i sin() £0,

In|%

such that & € 9 B,; i.e. Ay = o, + rne', 6 € [0, 27r[. Then,

cosh(X) — cos® (2) = cosh <2n7ti + i arccos (cos2 (%) + r,,em)) — cos? (2) .

It follow that,

o r2cos? (&) e
cosh(A) — cos® (%) =ir,,/1—cos* (%)e‘g + % + 0, (3.39)
and
A arccos (cos? (£ ir,e? (—1)" arccos (cos? (&
cosh| Z ) = (_l)n cos ( (4)) + irpe ( ) sin ( (4))
2 2 2 2
+0@rD). (3.40)
Inserting (3.39) and (3.40) in (3.36), we get
fo) =Ry er, + Ry &*r? + 0(r)), (3.41)

where
arccos(cos? (&
Ry =i(=1)",/1—cos*(%)cos (#) ,

Ry =—(—=1)"/1 —cos* (%) sin (M) + (= 1)" cos? (£) cos (arccos@;sz(%)) .
(3.42)
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We distinguish two cases:

Case 1. If sin (£) =0, then
Ri=0 and R,=(-1)"#0.
It follows that there exists a positive constant C such that
Vi€d By 1foW=Cr2=Clnl %

Case 2. If sin (%) # 0, then R; # 0. It follows that, there exists a positive constant C such
that

VA€ B, |fo()|=Cry=Cln| 4.

On the other hand, from (3.24), we deduce that

IFG)— foM)] =0 (%) ~0 (ﬁ) .

In both cases, for |n| large enough, we have

VYA€ dB,, |F)— foMl<Ilfol.

Hence, with the help of Rouché’s Theorem, there exists ny € N* large enough, such that
V|n| > ny, the second branch of roots of F', denoted by A, , are close to u, , that is defined
in equation (3.35). The proof is thus complete. |

We are now in position to conclude the proof of Proposition 3.4.
Proof of Proposition 3.4 The proof is divided into two steps.

Calculation of ¢ ,,. From (3.38), we have

3)‘- n . 3 n . 3)" n . 3 n
cosh L) — (—=1)" sinh ‘L , sinh bn ) — (—=1)" cosh cL ,
2 2 2 2
A‘ n . n . )\‘ n . n
cosh( I2 ) =1i(—1)" sinh (%), smh( 12 ) =i(=1)" cosh(t ),

__L i -2 -3 L__ 1 -3
AMa 27tn+47m2+0(61’"n )+0(n ))\% - 4ﬂ2n2+0(” )

N

1 _ 1 —isign(n) i —sign(n)

= + +
Al 2/x|n| 8/m|n|?

1 —1-—isign(n) N 0(|n|_5/2) ’ 1 —0 (|n|_5/2)_

)\'?,n 4,/m3|n|3 /25

1,n

O (€1, In]™2) + 0 (In|7),

(3.43)
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On the other hand, since lim ¢;, =0, we have the asymptotic expansion

|n|—+o00

. 361.;1 36l n 36l,n 961,n
smh( 2'> 5 + 0(€} ), cosh( 5 >=1+ 2 + O(€!,),
(3.44)

sinh(E;") 61"+0(el,,) cosh(

4, )’

Inserting (3.44) in (3.43), we get

3A 3i(—1)"€,
cosh< 21'"):— (=, —I—O(ef,,,),

2
sinh (3“”) — iy = 2D sy
2 8 :
cosh (Mz) _ % +0(€},), sinh (A‘2> —i(=1)"+ % +0(e,),
Ml,n =gt o O ) + 0 (), % =+ 0()

1 _ 1 —isign(n) n i —sign(n)
Al 2ym|n| 8 /mn|?

I -1 — i sign(n)

—= +0 (In|7?) , —— = 0 (In| ™).
. a/mmE ( ) R ( )

Inserting (3.45) in (3.24), we get

+0 (e1,n72) + 0 (In] ),

(3.45)

€1 ¢ i (1 —isign(n) (1 —cos(§)) ic(4sin(5)—c)
<3+COS<E)> <1+4nn>+ M

2

2/ |n] 16mn
_ (+im) (1 +isign(n) (1—cos(%))
WEETE
4c (7 —2im)sin (%) + ¢ Q2im +5+4cos (§))
_l_
6472n2

O (In177) + O (€10 In ™) + O (€1, In ™) + 0 (e],,) =0.
' (3.46)
We distinguish two cases.

Case 1. If sin (i) # 0, then 1 — cos (%) = 2sin’ (%) # 0, then from (3.46), we get

. 27¢ ..
€ln c sin® (£(1 — i sign(n))) R P o
; (3+cos(§))+ T + 0@+ 0(n["2 ) + 0™ =0,
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hence, we get
2sin® (£) (1 — i sign(n))
(2+cos(5))
Inserting (3.47) in (3.38), we get (3.22).
Case 2. If sin (£) =0,

1 —cos (%) =2sin? (2) =0, sin (%) =2sin (%) cos (%) =0,

then, from (3.46), we get

€ln =

+0@m™. (3.47)

[ ic? QRir +9)
2ea 1+ — O (In]75"%) + 0 (€1, In| ">
€. ( +47‘rn> 167n + 6472n? 0 (In7F) + 0 (eralnl ) (3.48)

+0 (e, In17"?) + O (¢7,,) =0.

By a straightforward calculation in equation (3.48), we get

ic? 4 +im)c?
€1q= —
YT 3an T 64nin?

Inserting (3.49) in (3.38), we get (3.21).

+ 0 (In|77?). (3.49)

Calculation of ¢, ,,. From (3.35), we have

1 1—isign(n) ey 1 _1
RN 4+ 0 (In|7*?) and P om™. (3.50)
Inserting (3.35) and (3.50) in (3.24), we get
Aon
cosh (%) (COSh()\.z,n) — cos? (%))
(1 = i sign() (sinh (732 + sinh (%3 ) cos (5)) (3:51)
+ +0mH=0.
4/ In|m
On the other hand, we have
cosh(hy,) —cos? (§) = cosh(2nmi +i arccos (cos? (£)) + €2,,) — cos? (£)
= cos? (%) cosh(er,) +i,/1 — cos* (£) sinh(ey,,) — cos? (%)
= i€yn/1—cost (i) + 0(e3,),
(3.52)
and
cosh (Azz'”) = (—1)"cos (%052(%))) + O(€2.),
sinh (32) = i(=1ysin (2G50 4 0, ), (3.53)
sinh (¥22) = i(~1)"sin (—“‘“"S(;‘“Z(%))) +0(er).
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Inserting (3.52) and (3.53) in (3.51), we get

exncos (BTE) Jr—cost (5) + 0 (22) + 0 (1)

N (1 —1i sign(n)) (sin (3 —amcos(c;sz(i))) + cos (%) sin <—arms(c2052(%)) )) _o. G4
4V/Infm

We distinguish two cases.

Case 1. If sin (i) # 0, then from (3.54), we get

(cos(%) sin (%) + sin (M)) (1 —i sign(n))

€20 =— — - +0m™".
4./1— cos* (%) cos (%) Jn|
(3.55)
Inserting (3.55) in (3.35), we get (3.21).
Case 2. If sin (£) =0, we get
e2,=0m"). (3.56)
Inserting (3.56) in (3.35), we get (3.23). Thus, the proof is complete. a

Proof of Theorem 3.2 From Proposition 3.4, the operator A has two branches of eigenvalues
such that the real parts tending to zero. Then the energy corresponding to the first and second
branch of eigenvalues is not exponentially decaying. Then the total energy of the wave
equations with local Kelvin-Voigt damping with global coupling are not exponentially stable
in the equal speed case. |

4 Polynomial Stability

From Sect. 3, System (1.2)-(1.6) is not uniformly (exponentially) stable, so we look for
a polynomial decay rate. As the condition iR C p(A) is already checked in Lemma 2.4,
following Theorem A.13, it remains to prove that condition (A.39) holds. This is made with
the help of a specific multiplier and by using the exponential decay of an auxiliary problem.
Our main result in this section is the following theorem.

Theorem 4.1 There exists a constant C > 0 independent of Uy, such that the energy of
system (1.2)-(1.6) satisfies the following estimation:

c
E(t) < 7||U0||§,(A), Vi >0, YU, € D(A). (4.1)

According to Theorem A.13, by taking ¢ = 2, the polynomial energy decay (4.1) holds
if the following conditions

iR C p(A), (HID)
and

sup lGirr — 4~ |}L(H) =0 (IAf), (H2)
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are satisfied. Condition (H1) is already proved in Lemma 2.4. We will prove condition (H2)
using an argument of contradiction. For this purpose, suppose that (H2) is false, then there
exists {()‘ns Un = (una Uns Yn» Zn))}nzl CRxD (A) and

A = 00, |Unlls =1, (4.2)
such that

)",21 ( i)tnUn - AUn) = (fl,nv 81.ns fZ,n, g2,n) = Fn — 0 inH. (43)

For simplicity, we drop the index n. Detailing Equation (4.3), we obtain
isu—v=Ar"2fi — 0 in Hy(0,L), 4.4)
i — (auy +b(x)vy)x +c(x)z=1"2g —> 0 in L*(0, L), 4.5)
iry—z=A"2f—> 0 in H}(0,L), (4.6)
IAZ— yox —c(X)v=21"2gy —> 0 in L%(0, L). 4.7

Here we will check the condition (H2) by finding a contradiction with (4.2) such as |U ||y, =
o(1). For clarity, we divide the proof into several lemmas. By taking the inner product of
(4.3) with U in H, we remark that

L
/ b(x) P dx = =R (AU, U)y) =R ((iA] — AU, U)y) =0(17%).
0

Then,

/a3 luePdx =0 (17?). (4.8)

1

Remark 4.2 Since v and z are uniformly bounded in L2(0, L), then from equations (4.4)
and (4.6), the solution (u, v, y, z) € D(A) of (4.4)-(4.7) satisfies the following asymptotic
behavior estimation

ful =0 ("), 4.9)
Iyll=0(7"). (4.10)

Using equation (4.4), and equation (4.8) we get

f% lu ) dx =0 (27%). 4.11)

1

Lemma 4.3 Let ¢ < 332, the solution (u, v, y, z) € D(A) of the system (4.4)-(4.7) satis-

fies the following estimation

oa3—E a3—¢
/ [v|>dx = o(1) and/ |Aul?dx = o(1). 4.12)

1+€ at+e

Proof We define the function p € C5°(0, L) by

1 if xe(+e€03—¢),
p(x) = 0 if xe(0,a)U(az, L), 4.13)
0<p<l1 elsewhere.
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1
Multiply equation (4.5) by X,of), integrate over (0, L), using the fact that || g1 .2¢ 1) = o(1)

and v is uniformly bounded in L*(2), we get

L 1 L 1 L
f iplv*dx + - f (aux + b(x)vy) (p'V + pvy) dx + : f c(x)zpvdx = o(A73).
0 0 0

(4.14)
Using Equation (4.8), Remark 4.2 and the fact that v and z are uniformly bounded in L?(2),
we get

L L
%/ (aux + b(x)v,) (p'0+ pdy)dx =0(A"?) and %/ c(x)zpvdx =o(1). (4.15)
0 0

Inserting Equation (4.15) in Equation (4.14), we obtain

L
/ iplv*dx =o(1). (4.16)
0

Hence, we obtain the first estimation in Equation (4.12). Now, multiplying Equation (4.4)
by Apu integrate over (0, L) and using the fact that || f} ||,_,0| @ = o(1) and Remark 4.2, we
get

L L
/ ip|ku|2dx—f pAvitdx = o(A72).
0 0

Using Equation (4.16), we get

L
/ ip|aul?dx = o(1).
0
Then, we obtain the desired second estimation in Equation (4.12). O

Inserting equations (4.4) and (4.6) respectively in equations (4.5) and (4.7), we get
1u+ (auy +b(x)vy)y —ide(x)y = Fi, 4.17)
A2y 4 Ve Fike()u = F, (4.18)
where

Fi=—3"2g —ix ' fi—cr™2f, and Fo=—-2"2g —id ' o+ c()A2f1. (4.19)

Lemma 4.4 Let ¢ < 33%L, the solution (u,v,y,z) € D(A) of the system (4.4)-(4.7) satis-
fies the following estimation

Ot3—2€ a3—2€
f Ay|?dx =o(l) and / lzI>dx = o(1). (4.20)

2 a2

Proof We define the function ¢ € C§°(0, L) by

1 if x € () + 2¢, a3 — 2¢),
r(x) = 0 if xe@,a1+e)U(a;z—e¢, L), 4.21)
0<¢<1 elsewhere.
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Multiply equations (4.17) by Ay and (4.18) by Alu respectively, integrate over (0, L),
using Remark 4.2 and the fact that || F| = || (f1, &1, f2, &) lx = o(1), we get

L L L
f Keuydx - / h(atty + b)) (€5 + EFo)dx — i / ) P dx = 00
0 0 0

(4.22)
and

L L L L
/ Meyiadx — f Ay il dx — / Ay Cldx + i/ c(x)e(x) [au?dx = o(A7h).
0 0 0 0
4.23)
Using Remark 4.2, Lemma 4.3 and the fact that y, is uniformly bounded in L*(0, L), we
get

L L
/ A (auy +b(x)vy) ('Y + ¢y )dx = o(1), —/ Ayelliiydx =0(1) and
0 0 (4.24)

L
/ AycCucdx =o0(1).
0

Using Lemma 4.3, we have that

L
/ c(x)¢ [auPdx =o(1). (4.25)
0

Inserting Equations (4.24) and (4.25) in Equations (4.22) and (4.23), and summing the result
by taking the imaginary part, and using the definition of the functions ¢ and ¢, we get the
first estimation of Equation (4.20).

Now, multiplying equation (4.6) by z, integrating over («,, 3 — 2¢) and using the fact
that || f> || HlO0.L) = o(1) and z is uniformly bounded in L?(0, L), in particular in L2 (o5, a3 —

2¢), we get
a3—2e a3 —2¢
/ iAyzdx — / 1z12dx = o(07).
a

o2

Then, using the first estimation of Equation (4.20), we get the second desired estimation of
Equation (4.20). |

Now, like as [27], we will construct a new multiplier satisfying some ordinary differential
systems.

Lemma 4.5 Let 0 < o) < on < a3 < a4 < L and suppose that ¢ < , and c(x) the
function defined in Equation (1.5). Then, for any A € R, the solution (¢, ¥) € ((H*(0, L) N
H; (0, L))? of system

33—
4

220+ age — ik (Ligya3-20)) ()@ —irc(x)y =u, x€(0,L)
220+ Yy — ik (Liggas—2e)) W +ike(x)p =y, xe(0,L)
9(0)=¢(L)=0,

v(0)=vy(L)=0,

(4.26)
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satisfies the following estimation

”)‘(AOHiZ((),L) + ”(/)X”iZ(O,L) + ”)“IPHEZ(OL) + ||Wx||iz(0l) = M (HMHEZ(O,L) + ||y||iz(0’1‘)> .
4.27)

Proof Following Theorem A.2, the exponential stability of System (A.1), proved in the
Appendix, implies that the resolvent of the auxiliary operator .4, defined by (A.2)-(A.3) is
uniformly bounded on the imaginary axis i.e. there exists M > 0 such that

sup || A — A) " e,y <M < 400 (4.28)
LeR

where H, = (HO1 (0, L) x L?(0, L))z. Now, since (u,y) € HOl 0, L) x HOl (0, L), then
(0, —u, 0, —y) belongs to H,, and from (4.28), there exists (¢, n, ¥, &) € D(A,) such that
(M — A (@, 0, ¥, 8) =(0,—u,0,—y)" ie

irg—n=0, (4.29)
i2 = agur + (Liagay—20) ()0 + ()& = —u, (4.30)
iry —€=0, 4.31)
iME = Yex + (Liap.as—20)) (E — c(x)n = —y, (4.32)
such that
@, m . E)llag, <M (lull 20,0y + 15 1l2200.09) - (4.33)

From equations (4.29)-(4.33), we deduce that (¢, V) is a solution of (4.26) and we have

2 2 2 2 2 2
N N A L2 N 178 ey 7 (N R B
Then, we get our desired result. O

Remark 4.6 There was no reference found for the proof of the exponential stability of Sys-
tem (A.1) when the coefficients of the damping and the coupling are both non smooth. For
this, we give the proof of the exponential stability of System (A.1) in Theorem A.2 (see
Sect. A.1 in the Appendix section).

Lemma 4.7 Let & < 3L Then, the solution (u, v, y, z) € D(A) of (4.4)-(4.7) satisfies the
following asymptotic behavior estimation

L
f [Aul?dx = o(1), (4.34)
0
and
L
/ Ay)?dx = o(1). (4.35)
0

Proof The proof of this Lemma is divided into two steps.
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Step 1.

Multiplying equation (4.17) by A2, integrate over (0, L), and using Equation (4.27) and the
facts that u is uniformly bounded in L*(0, L) and || F ||+ = |(f1, &1, f2, 82) |l = o(1), we
get

L L L
/ (M@ +a@y,) Mudx — / A2b(xX)v @rdx — / iVex)ypdx =007, (4.36)
0 0 0

Using Equations (4.8) and (4.27), we get

L
/ Ab(x) v, @rdx = o(1). (4.37)
0

Combining Equations (4.36) and (4.37), we obtain

L L
/ (3*@ + a@yy) Mudx — / iMex)ypdx = o(l). (4.38)
0 0

From System (4.26), we have

1@+ age = =ik (Ligya3-20)) (1)@ — irc(X) P + il (4.39)
Substituting (4.39) in (4.38), we get

L L L _ L
/ |Aul*dx —/ in (Lay,a5-20)) (u@dx —/ iMe(x)Yudx —/ iAe(x)ypdx =o(1).
0 0 0 0

(4.40)
Using Remark 4.2, Lemma 4.3 and Equation (4.27), we obtain

L
/ iA (Lay,05-2)) (Du@dx = o(1). (4.41)
0

Inserting Equation (4.41) in Equation (4.40), we get

L L L
/ Ikulzdx—/ ix3c(x)1ﬁudx—/ iMe(x)ypdx =o(l). (4.42)
0 0 0

Step 2.
Multiplying equation (4.18) by A2y, integrate over (0, L), and using Equation (4.27) and
the facts that y is uniformly bounded in L?(0, L) and || F |3 = |(f1, g1, f2. 82) 12 = o(1),
we get

L L
f (WY + Yrx) A ydx +f irc()updx =o(X7h). (4.43)
0 0
From System (4.26), we have
2P+ avrey = =ik (Lo .ay-20)) (O +ike ()@ + 5. (4.44)

Substituting (4.44) in (4.43), we get

L L L L
/ |Ay|2dx — / i23 (]l(azm,zg)) (x)yl[fdx +/ i)»3c(x)¢ydx +/ ik%(x)ul[fdx
0 0 0 0

=o(x7h. (4.45)
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Using Remark 4.2, Lemma 4.4 and Equation (4.27), we obtain

L
f iA (Liay.as—26)) ()y¥rdx = o(1).
0

Inserting Equation (4.46) in Equation (4.45), we get

L L L
/ |xy|2dx+/ iA3c(x)¢ydx+/ iMe@)updx = o(l).
0 0 0

Finally, summing up equations (4.42) and (4.47) we get

L L
/|,\u|2dx=o(1) and /Ikylzdxzo(l).

0 0

Hence,

L L
/|v|2dx=o(1) and /|z|2dx=o(1).
0 0

Then, the proof has been completed.

(4.46)

(4.47)

(4.48)

O

Lemma 4.8 The solution (u,v,y,z) € D(A) of the (4.4)-(4.7) satisfies the following

asymptotic behavior estimations

L L
/|ux|2dx:0(1) and /|yX|2dx:0(1).
0 0

(4.49)

Proof Multiplying (4.17) by u integrate over (0, L), using the fact that || F ||, = || (f1, &1, f2,

g2) |l = o(1) and u is uniformly bounded in L?(0, L), we get

L L L L
f Ikulzdx—/ aluxlzdx—/ b(x)vxﬁxdx—/ ire(x)yidx =o(A7%).  (4.50)
0 0 0 0

Using equations (4.8) and (4.34), we get

L
/ lu >dx = o(1).
0

Similarly, multiply (4.18) by y and integrate, we get

L
/ yel?dx = o(1).

0

The proof has been completed.

Proof of Theorem 4.1 Consequently, from the results of Lemmas 4.7 and 4.8, we obtain

L
/ (0P + Iz +a lux | + [y:1*) dx =0 (1).
0

Hence ||U||% = o(1), which contradicts (4.2). Consequently, condition (H2) holds. This im-
plies, from Theorem A.13, the energy decay estimation (4.1). The proof is thus complete. [
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5 Conclusion

We have studied the stabilization of a system of locally coupled wave equations with only
one internal localized Kelvin-Voigt damping via non-smooth coefficients. We proved the
strong stability of the system using Arendt-Batty criteria. Lack of exponential stability re-
sults has been proved in both cases: The case of global Kelvin-Voigt damping and the case
of localized Kelvin-Voigt damping, taking into consideration that the coupling is global. In
addition, if both coupling and damping are localized internally via non-smooth coefficients,
we established a polynomial energy decay rate of type t~'. We can conjecture that the energy
decay rate t~! is optimal. However, if the intersection between the supports of the domains
of the damping and the coupling coefficients is empty, the nature of the decay rate of the
system will be unknown. This question is still an open problem.
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Appendix

A.1 Exponential Stability of Locally Coupled Wave Equations with Non-smooth
Coefficients

We consider the following auxiliary problem,

O — apex + (Liap.as—20)) ()@ + () =0, (x,1) € (0, L) x RT,

Vir — Vix + (Lagias—20)) ()Y — c(x)gr =0, (x,1) €(0, L) x RT, e
®0,1) =@(L,1) =0, t>0,

¥(0,0) =y (L,1)=0, t>0.

Since, we have a system of coupled wave equations with two interior damping acting on a
part of the interval (0, L), then system (A.1) is exponentially stable in the associated energy

space H, = (HO' (0, L) x L?(0, L))Z. In this section, our aim is to show that the auxiliary
problem (A.1) is uniformly stable. The energy of System (A.1) is given by

1 L
E.(t) = ) (/ lo:* + alg. | + 191 + |1/fx|2dx>
0

and by a straightforward calculation, we have
L

d L
EEa(t) = —/ (L ag.as-200) ) lgps [Pl —/ (L ag.as-20)) @)W [Pdx < 0.
0 0
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Thus, System (A.1) is dissipative in the sense that its energy is a non-increasing function
with respect to the time variable 7. The auxiliary energy Hilbert space of Problem (A.1) is
given by

M, = (H, (0, L) x L*(0, L))"

We denote by n = ¢, and & = y,. The auxiliary energy space H, is endowed with the
following norm

P13, = Inll* +allg: > + IEI7 + ¥,
where || - || denotes the norm of L?(0, L). We define the unbounded linear operator A, by

D(A,) = ((H*(0, L) N H} (0, L)) x HL(0, L))’ (A2)
and

Aa(@, 1,9, 8) = (1, aprx = (Liap.as—20)) (I = ()&, &, Ve = (Liag.az-20)) )E+e()m) T

(A3)
If ® = (¢, ¥, n, &) is the state of System (A.1), then this system is transformed into a first
order evolution equation on the auxiliary Hilbert space #, given by

&, =A,0, @0)=,,
where &y = (¢o, 10, Yo, &0). It is easy to see that 4, is m-dissipative and generates a

Co—semigroup of contractions (e4«) _ .

Theorem A.1 The Cy—semigroup of contractions (e’A“),zo is strongly stable on H,, i.e.
for all Uy € My, lim lle" 4 Up|lo, = 0.
t——+00

Proof Following Arendt and Batty Theorem in [6], we have to prove the following two
conditions

1. A has no pure imaginary eigenvalues,
2. o (A) NiR is countable.

In order to prove these two conditions we proceed with the same argument of Sect. 2.2 and
we reach the desired result. ]

Now, we present the main result of this section

Theorem A.2 The Cy—semigroup of contractions (e’A”)t>0 is exponentially stable, i.e.
there exists constants M > 1 and t > 0 independent of ®( such that

e q>0||Ha <Me || D%, t>0.

According to Huang [16] and Pruss [31], we have to check if the following conditions
hold:
iR C p(Ay) (H3)

and

sup [| (A — A) ™l 2eny = O(1). (H4)
reR
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By using the same argument of Lemma 2.4, the operator A, has no pure imaginary eigen-
values. Then, condition (H3) holds. We will prove condition (H4) using an argument of
contradiction. Indeed, suppose there exists

{()‘ns q)n = ((/)nv urs Wn, ‘i:n))}nzl C Ri x D (Aa)
such that
Ap— 400 and ||, =1 (A4)

and there exists a sequence F, = (fl,n, Jons f3ms f4,,,) € H, such that
(il —A)P,=F,—0 in H,. (A.5)
Detailing (A.5), we get the following system

iApy — Ny = fin in Hy(0,L), (A.6)

iy —a (@) + (Liogaaz—20)) )0+ ¢(X)&s = fon in L0, L), (A7)
iMpy —& = fsn in Hj(0,L), (A.8)

Ay — (V) or + (Liogas—20)) (D)E0 — c(X)ny = fa, in L?(0, L). (A.9)

In what follows, we will check the condition (H4) by finding a contradiction with (A.4) such
as [|®,l%, = o(1). For clarity, we divide the proof into several lemmas. From now on, for
simplicity, we drop the index n.

Lemma A.3 The solution (¢, n, ¥, &) € D (A,) of Equations (A.6)-(A.9) satisfies the fol-
lowing asymptotic behavior estimation

az—2¢ a3 —2e¢
/ In|dx =o(1) and / I€]%dx = o(1).
o) a2

Proof Taking the inner product of (A.5) with @ in H,, then using the fact that ® is uniformly

bounded in H,, we get

a3 —2¢ a3 —2e¢

/ In|*dx +/ & Pdx = =0 (A, @, D)4, = R(GA] — A,) D, D) =0().
%) o)

Thus, the proof of the Lemma is complete. ]

Substituting 1 and € by ilg — f; and iAyy — f3 respectively in (A.7) and (A.9), we get
the following system

}‘2(/7 +ag. — ik (1(0&,0@—28)) (¢ —ire(X)Y = —idLfi +(1(012,013—28)) @) fi— fa—cx) fz,
(A.10)

}"210 + wxx —ik (]]-(az,a3—2£)) (X)W + l)\c(x)(P = C()C)f] - l)‘f3 - (]]-(az.a3—2£)) (X)f3 - f4'
(A.11)
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Lemma A4 Let 0 <§ < D“_Z% The solution (¢, n, ¥, &) € D(A,) of Equations (A.5)-
(A.8) satisfies the following asymptotic behavior estimation

0(3*2673 043*2675
f los*dx =o0(1) and / Y [dx = o(1).

2+8 2 +4
Proof First, we define the first cut-off function  in C'(0, L) by, defined by

0<6<1, 6=1on (ep+68,a3—2¢—8) and 6 =0 on (0,;) U (a3 —2¢,L).
(A.12)
Multiplying Equations (A.10) and (A.11) by 8¢ and 6 respectively, integrate over (0, L)
and using the fact that Ag and Ay are uniformly bounded in L*(0, L) and || F|| — 0 in H,,
and taking the real part, we get

L L L a3—2e
f 0|1 2dx —af 9|(px|2dx—a/ 0'Gp.dx — R <iAcO/ 9w¢dx> =o(1)

0 0 0 )
(A.13)
and
L L L B az—2e _
/ CIVRVARE RS —/ 9|1px|2dx—/ 'y dx + R (MCO/ ewdx) =o(1).
0 0 0 o
’ (A.14)

Using the fact that Ag and Ay are uniformly bounded in L2(0, L), in particular in
L? (a3, a3 — 2¢), and the definition of 8, we get

a3—2e a3—2e B
R (ixco/ 01//¢dx> —o(l) and % (ikco/ Ggm/fdx) =o(l). (A.15)

2 2

On the other hand, using the fact that A@, Ay, ¢, and ¥, are uniformly bounded in L2(0, L),
we get

L L
a/ 0'¢pp.dx =0(1) and / 0"y edx = o(1). (A.16)
0 0

Furthermore, using Lemma A.3, Equations (A.6), (A.8) and the definition of the function 6
in Equation (A.12), we get

L L
f9|k¢|2dx:0(l) and /9|w|2dx:o(1). (A.17)
0 0

Inserting Equations (A.15)-(A.17) in Equations (A.13) and (A.14), we get the desired re-
sults. Thus, the proof of this Lemma is complete. ]

From Lemma A.3 and Lemma A.4, we get ||®]3, = o(1) on (o2 + 6,03 —2¢ —§). In
order to complete the proof, we need to show that || ®||4,, on (, + 6, a3 — 2e — §)°.
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Lemma A.5 Let h € C'(0, L). The solution (¢, n, v, £) € D(A,) of Equations (A.6)-(A.9)
satisfies the following asymptotic behavior estimation

L
/0h’(|n|2+a|<px|2+|5|2+|¢fx|2)dx—m([ahkpxﬂ]f))
L L
o ([h|1//X|2]0) 1290 (/ c(x)hégbxdx>
0
L L L L
—2%(/ c(x)hm/_fxdx>:2f h@xfzderz/ hn(fl)xdx—e—z/ hir, fadx
0 0 0 0

L
+ 2/ h&(f3).dx.
0
(A.18)
Proof Multiplying Equations (A.7) and (A.9) by 2k, and 2k, respectively, integrate over

(0, L) and using the fact that ¢, v, are uniformly bounded in L?(0, L) and | Fll3, — O
and Lemma A.3, we get

L L
2/ i hngdx — Za/ hoe@rdx + 2/
0 0 0

L

L L L
2/ iARE Y dx —2/ hrex Wedx —2/ c)hnydx = 2/ hir, fadx. (A.20)
0 0 0 0

L L
c(x)hépdx = 2/ ho, frdx  (A.19)
0

From Equations (A.6) and (A.8), we have
—iAge =0+ (f1), and —irp =&+ (f3),.

Inserting the above equations in Equations (A.19) and (A.20) and by taking the real part, we

obtain
L L L
—/ h|n|§dx—a/ hlg.|*dx + 2% (/ c(x)thZ)xdx>
0 0 0

L L
=2/ hoy fdx +2/ hn(fi).dx, (A21)
0 0
L L L B
—/ h|g|§dx—/ Rl |2 dx — 2% (/ c(x)nhwxdx)
0 0 0
L _ L _
=2/ hwxf4dx+2/ h&(f3)dx. (A.22)
0 0

Using by parts integration in Equations (A.21) and (A.22), we get the desired results. ]

Lemma A.6 Let 0 <6 < 013—2% The solution (¢, n, ¥, &) € D(A,) of Equations (A.6)-
(A.9) satisfies the following asymptotic behavior estimation

ar+s
/ (I + ales* + &7 + [¥:]*) dx = o(1).
0
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Proof Define the cut-off function @ in C' ([0, L]) by
0<6<1, 6=1on (0,0o+8), 6=0 on (a3 —2¢c—35,L). (A.23)

Take h = x6(x) in Equation (A.18), we get

L 3—2e—8
/ B (In® + ales* + 1€ + [¥:]*) dx + 2o (/ x9$¢xdx)
0 o “
—2coN <f x9nwxdx> =o(1).

2

(A.24)

Using Lemma (A.3) and ¢, and v, are uniformly bounded in L?(0, L) and in particular in
L?(ory, a3 — 26 — 8), we get

3—2—8 a3—2e—8
2coN (/ x@&(])xdx) =o0(1) and 2coN (/ xc9mﬁxdx> =o(1).

o2 2

Inserting the above eqllations in Equation (A.24), and using Lemmas (A.3)-(A.4) and the
definition the function 6, we get the desired result. O

From the preceded results of Lemmas A.3, A.4 and A.6, we deduce that
|®ll, =0(1) on (o +8, a3 —2e—36).

Now, our goal is to prove that ||®|l4, = o(1) on (a3 —2¢ — 8, L). For this aims, let g €
C' ([az — 2e — 8, at4]) such that

gla)=—gls—2e—8)=1, max |g)=¢, and max [g'(0)=cy
x€laz—3e,04] x€laz—3e,04]

where ¢, and ¢, are strictly positive constant numbers.

Remark A.7 1t is easy to see the existence of g(x). For example, we can take g(x) =

cos (%) to get g(ay) = —g(az — 28 —8) =1, g € C! ([az — 28 — 8, 4)),

lg(x)| < 1land |g'(x)| < m

Lemma A.8 Let 0 <§ < D“_Z% The solution (¢, n, ¥, &) € D(A,) of Equations (A.5)-
(A.8) satisfies the following asymptotic behavior estimation

In(@a)> = 0), In(az =2 =8)>=0(), [§(@)*=0(1) and
|§(as =26 =8> = O(1).

Proof From (A.7) and (A.9), we have

irpr =y =(f1), and idy, — & =(f3),. (A.25)

Multiplying the first equation and the second equation of (A.25) respectively by 2¢(x)7 and
2g(x)&, integrate over (a3 — 2¢ — 8, a4) and using the fact that || F'||, — 0 and 1 and & are
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uniformly bounded in L2(0, L) in particular in L?(a3 — 2& — 8, at4), we get

RN <2ik /M g(pxﬁdx> — /Ol4 g(x) (|’7|2)x dx =o(1), (A.26)
a3—2e—48 a3 —2e—6

0 (m /w gt//xédx> - /w g (IE12), dx = o(1). (A.27)
a3—2e—8 a3—2e—8

Using integration by parts in Equations (A.26) and (A.27), we get

oy oy
/ g @)[nl*dx + % <2ik/ g(pxﬁdx> = n(@y)” + [n(az —2& — 8)> + o(1),
a3—2e—48 a3—2e—48
(A.28)
oy oy _
/ g )€ dx + % (21'?»/ g%fgdx) = |E(a) [ + |E(az — 26 — 8))* + 0(1).
a3—2e—6 a3 —2e—6
(A.29)
Multiplying Equations (A.7) and (A.9) by 2g(x)@, and 2g(x), respectively, integrate over

(a3 —2& — 8, ay), using the fact || F |3, — 0, ¢, and v, are uniformly bounded in L2(0, L)
and Lemma A.3 and taking the real part, we get

N (m/w g(x)n(ﬁxdx> —a/M g(x) (lg:l?), dx + 2% (cofm g(x)égﬁxdx>

372873 3*2573 3726*5
— o(1),
ay _ ay x4 _
o (m / g(x)éllfde> - / ¢ (9 ?), dx — 290 (Co f g(X)m/fde>
a3—2e—8 a3—2e—8 a3—2e—8
=o(l).

Using integration by parts in the second terms of the above Equations, we obtain
oy oy oy
w2 [* swmpa)ra [T gwppacrm(a [T wweda)
a3 —2e—6 a3—2e—8 a3 —2e—8

=algx(@4)]* + ales (o3 — 26 — 8)* + o(1)
(A.30)
and

ay B ay ay _
n <2i / g(X)Sl/fﬂX) + f ¢ Pdx — 20 <Co / g(x)m/fxdx)
a3 —2e—8 a3 —2e—6 a3 —2e—4

= Yy (@) ” + ¥ (a3 — 26 — 8)|> + o(1).
(A.31)
Adding Equations (A.28)-(A.31), we get

oy

M(a4,a3—2e—a)+N<a4,a3—2s—8>=f ¢ (InP +alon + P + 1. 12) dx

a3—2e—6

1o <Co / - g(x)é@dx) _om (Co f - g(x)nwx) o)
a3—2e—8 a3—2e—8
(A32)
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where

M(as, 03 —2¢ — 8) = () > + [n(as — 26 — 8)| + alpx () |* + alg, (a3 — 26 — §)[%,
N(ay, a3 — 26 — 8) = |E(aa)|* + |E (a3 — 28 — 8)* + |y, (0a) |* + | (03 — 22 — §) .

From Equation (A.32), we get

oy

M(as, s — 26 — 8) + Nlas, az — 26 — 8) < cgrf (1P +alg, P + 6 + 1y ) dx

a3—2e—4
+eocg 1§l 220, 10x | 120, 1) + cocg 1Nl L20,0) 1 Vx |l L2¢0,2) + 0 (D).

Using the fact that || ®|| is uniformly bounded in H,, we obtain the desired result. The proof
of this Lemma has been completed. O

Lemma A9 Let 0 <§ < “’_2% The solution (¢, n, ¥, &) € D(A,) of Equations (A.6)-
(A.9) satisfies the following asymptotic behavior estimation

L
/ (I + alg.* + 117 + 1¥:I*) dx = o(1).

3—2e—6

Proof Define the cut-off function 6 in C' ([0, L]) by
0<b<1, 6=1on (a3—26—38,L), and 6 =0 on (0,0 +9). (A.33)

Take h =A(x - L)é in Equation (A.18), using Lemmas (A.3)-(A.4) and the definition of the
function 9, we get

oy

L
/ (In? + alex > + &1 + [ ?) dx +2¢o% </

3728*8

(x — L)és@dx>
e (A34)

—2¢oM (/a4 (x — L)émﬁm’x) =o(1).

3—2e—8

Using the fact that £ =iAy — f3 and n = iAg — f; in the second and third term of Equation
(A.34) and that ¢,, ¥, are uniformly bounded in L>(0, L) and the fact that || F 2, = O, we
get

oy “ ag .
2con (/ (x — L)GEgExdx) —2coN (/ (x — L)9171/fxdx)
a3—2€—5 Ot3—25‘—5

=2coh (/M ir(x — L)él/f@xdx>

3—2e—6

—2¢ot (/w ir(x — L)égo&xdx) +o(1).

3—2e—8

Using integration by parts in the first term of the right hand side of the above equation and
the fact that Ag and Ay are uniformly bounded in L?(£2), we obtain

oy n oy ~
2coN (/ (x — L)Gérﬁxdx) —2cofh (/ (x — L)Qr)wxdx) =
a3*2878 Ot3*2€75

260 ([ir(x = DL, ) +o(D).

a3 —2e—6

(A.35)
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Inserting Equation (A.35) in Equation (A.34), we obtain
L
/ (Inl* +algs* + 1617 + 1Y *) dx = A(ea) + B(as — 26 = 8) +o(1),  (A.36)
a3—2e—8
where
Alorg) = 2coN (AL — aa) ¥ (aa)@(o4))
B(az —2e —8) =2coM (ir(az —2e — 6 — L)Y (s —2e — 8)@(az — 26 — §)).

On the other hand, from Equations (A.6) and (A.8), we have

L) < In()|+1fi(s)] and [AP(s)] < [E@)|+ [ f3(s)] for s € {3 —2¢ — &, a4}
(A.37)

Using the fact that | f,(s)| <'s / N(fePdx < sa V| FIZ, and | f5(s)] <35 / (o)l <
0 0

s|| F||§La for all s € {¢3 — 2 — 8, a4}, and using Lemma A.8 in Equation (A.37), we obtain
Ap(s)|=0() and |AY(s)|=0(1), for s€{az—2ec—38,04}.

Its follow that

A(ag) + B(as — 28 — §) = o(1). (A.38)
Using Equation (A.37) in Equation (A.36), we obtain

L
/ (I + alel® + €17 + Y. ) dx = o(1).
a3 —2e—6

Thus, the proof has been completed. O
Proof of Theorem A.2 Using Lemmas A.3, A4, A.6 and A9, we get | D[y, = o(1) on

[0, L], which contradicts Equation (A.4). Therefore, (H4) holds, by Huang [16] and Pruss
[31] we deduce the exponential stability of the auxiliary problem (A.1). |

A.2 Definitions and Theorems
We introduce here the notions of stability that we encounter in this work.

Definition A.10 Assume that A is the generator of a Co-semigroup of contractions (e'*) _

on a Hilbert space ‘H. The Cy-semigroup (e’A)t>0 is said to be
1. strongly stable if

lim |lexollg =0, Vxo€H:;
t—400

2. exponentially (or uniformly) stable if there exist two positive constants M and € such
that

le“xolly < Me “llxolly, Yt>0,Vx€eH;
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3. polynomially stable if there exists two positive constants C and « such that
le"*xolly < Ct~*llxolly, V>0, ¥xo€D(A).

In that case, one says that the semigroup (e’ A) decays at a rate 1 ~*. The Cy-semigroup

t>0
(e'*),., 1s said to be polynomially stable with optimal decay rate 1 (with & > 0) if it is
polynomially stable with decay rate ~* and, for any ¢ > 0 small enough, the semigroup

(¢'),., does not decay at a rate 1~

To show the strong stability of a Co—semigroup of contraction (¢'#),»¢ we rely on the
following result due to Arendt-Batty [6].

Theorem A.11 Assume that A is the generator of a Co—semigroup of contractions (e’ A)tzO
on a Hilbert space H. If

1. A has no pure imaginary eigenvalues,
2. 0 (A) NiR is countable,

where o (A) denotes the spectrum of A, then the Co—semigroup (e’A) is strongly stable.

t>0
Concerning the characterization of exponential stability of a Cp—semigroup of contrac-
tion (e’A),Zo we rely on the following result due to Huang [16] and Priiss [31].

Theorem A.12 Let A: D(A) C H — H generate a Cyo—semigroup of contractions
(¢'*),., on H. Assume that i\ € p(A), YA € R. Then, the Co—semigroup (e'*),_ is ex-
ponentially stable if and only if -

im  [|GA — A) 7 2y < +oo.
reR, |A|—>+4o0

Also, concerning the characterization of polynomial stability of a Cy—semigroup of con-
traction ('), we rely on the following result due to Borichev and Tomilov [10] (see also
[21] and [9]).

Theorem A.13 Assume that A is the generator of a strongly continuous semigroup of con-
tractions (etA);>o on H. If iR C p(A), then for a fixed £ > 0 the following conditions are
equivalent N

sup [| (iA1= A)” =0(r"), (A.39)
LER

1”L(H)

c
le"“Uoll3, < = 1Uoliay» Yt >0, Uo € D(A), for some C > 0. (A.40)
te

Finally, the analytic property of a Co—semigroup of contraction (e’*),- is characterized
in the following theorem due to Arendt, Batty and Hieber [7].

Theorem A.14 Let (S(t) = €'*),>0 be a Co—semigroup of contractions in a Hilbert space.
Assume that

iR C p(A). (AD)
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Then, (e'*),»¢ is analytic if and only if

. . _
limsup ——[|(ix — A) "'l cea) < 00 (A2)
AeR M| —>oo Al
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