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Abstract In this paper, we study the Riemann problem for a 2 × 2 nonstrictly hyperbolic
system with linear damping. We introduce the special time-dependent viscosity to obtain
approximate solutions. Therefore, we solve the Riemann problem (1.1)–(1.2) by limiting
viscosity approach.
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1 Introduction

In this paper, for a constant α > 0, we study the Riemann problem to the following hyper-
bolic system of conservation laws with linear damping{

vt + (uv)x = 0,

ut + ( u2

2 )x = −αu,
(1.1)

with initial data given by

(v(x,0), u(x,0)) =
{

(v−, u−), if x < 0,

(v+, u+), if x > 0,
(1.2)

for arbitrary constant states (v±, u±). It is well known that the system (1.1) is not strictly
hyperbolic with eigenvalue λ = u and right eigenvector r = (1,0). Moreover, ∇λ · r = 0 and
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therefore the system is linearly degenerate. The homogeneous case of the system (1.1) is a
particular case of the following triangular system of conservation laws{

vt + (vg(u))x = 0,

ut + (f (u))x = 0
(1.3)

when f (u) = 1
2u2 and g(u) = f ′(u). The triangular system of conservation laws (1.3) arises

in a wide variety of models in physics and engineering, see for example [12] and the ref-
erences therein. For this reason, the system (1.1) has been studied by many authors and
several rigorous results have been obtained for this. When α = 0 the second equation of the
system (1.1) is called the Burgers equation and it is used to model various phenomenon such
as shock waves in gas dynamics and hydrodynamics turbulence [1, 2, 10, 17]. Finally, the
homogeneous case of the system (1.1) is used to model the evolution of density inhomo-
geneities in matter in the universe [18, B. Late nonlinear stage, 3. Sticky dust].

In 1977, Korchinski [15] in his PhD thesis considered the Riemann problem for system
(1.3) with f (u) = 1

2 u2 and g(u) = 1
2f ′(u). He motivated by some numerical results has

constructed the unique Riemann solution using generalized delta functions to obtain singu-
lar shocks in the sense of distributions. This is the delta shock wave concept, which is a
generalization of a classic shock wave. In 1990, LeFloch [16] established existence of weak
solutions to the Cauchy problem of system (1.3) with g(u) = f ′(u) and f ′′(u) > 0. In 1993,
Joseph [13] considered the Riemann problem for the homogeneous case of the system (1.1).
His work include delta shock wave solutions. He uses a parabolic regularization system to
obtained an explicit formulae of the Riemann solutions. So, he constructed the weak limit
of the approximation solution and this is defined as a delta shock wave type solution. In
1994, Tan, Zhang and Zheng established in [20] the existence, uniqueness and stability of
delta shock waves for a viscous perturbation of the system studied by Korchinski. In 2000,
Ercole [9] obtained a delta shock solution as a limit of smooth solutions by the vanishing
viscosity method for the Riemann problem to the system (1.3) with g′(u) > 0, f ′′(u) > 0
and f ′(u) < g(u). More explicitly, Ercole considered the following viscous system{

vt + (vg(u))x = εtvxx,

ut + (f (u))x = εtuxx.

This approach was developed by Tupciev in [21] and Dafermos in [5]. Many works related
to the triangular system (1.3) can be found in the literature [6, 9, 11, 13, 16, 20, 25] and
references cited therein. In 2019, Keita and Bourgault [14, Sect. 4] solved the Riemann
problem to the problem (1.1)–(1.2).

Many authors have obtained explicit formulae of the delta shock wave solution by reduc-
ing the original system to a system of ordinary differential equations known as the general-
ized Rankine-Hugoniot conditions. In particular, in [14] the explicit solution to the problem
(1.1)–(1.2) is obtained from the generalized Rankine-Hugoniot conditions (see [14, Theo-
rem 4.2]). In this paper, we present another method to solve the Riemann problem to the
problem (1.1)–(1.2) which does not require of the generalized Rankine-Hugoniot conditions
to obtain the explicit delta shock wave solution. However, the explicit solution here obtained
satisfies the generalized Rankine-Hugoniot conditions. As the original physical application
of the homogeneous system (1.1) was deduced by the viscosity Burgers equation, this moti-
vate us to introduce the following parabolic regularization{

vε
t + (uεvε)x = εe−αtvε

xx,

uε
t + ( (uε)2

2 )x = εe−αtuε
xx − αuε,

(1.4)
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where α > 0 is a constant. In general, regularization methods are importants because one
can construct an approximate solution near the Riemann solution, opening the way to further
works in areas such as numerical analysis, stability of solutions and many others. Observe
that when α = 0, the second equation of system (1.4) is the viscosity Burgers equation. The
parabolic regularization (1.4) is well motivated by the Burgers equation with time-dependent
viscosity

ut +
(

1

2
u2

)
x

= F(t)uxx.

where F(t) > 0 for t > 0. The Burgers equation with time-dependent viscosity was studied
as a mathematical model of the propagation of the finite-amplitude sound waves in variable-
area ducts, where u is an acoustic variable, with the linear effects of changes in the duct
area taken out, and the time-dependent viscosity F(t) is the duct area [3, 8, 24]. The reader
can find results concerning the existence, uniqueness and explicit solutions to the Burgers
equation with time-dependent viscosity with suitable conditions for F(t) in [3, 4, 8, 19,
23, 24, 26, 27] and references cited therein. The Burgers equation with time-dependent
viscosity with linear damping was studied in [22] and their results include explicit solutions
for different F(t). Particularly, they have studied the case when F(t) = e−αt with α > 0.

The homogeneous system corresponding to the system (1.1) is invariant under uniform
stretching of coordinates: (x, t) → (βx,βt) with β a constant, hence it admits self-similar
solutions defined on the space-time plane and constant along straight-line rays emanat-
ing from the origen, which is important to study viscous profiles. Now, compared with
the homogeneous system, the structure of solutions for the Riemann problem of (1.1) is
more complicated since there is no self-similar solution in the form of (v(x, t), u(x, t)) =
(v(x/t), u(x/t)) due to the inhomogeneity. However, we are interested in obtain viscous
solutions because, in future works, this could help explore viscous profiles in some sense to
the system (1.1). Thus, we motivated by the methods and ideas due to Joseph [13], in this
work we employ asymptotic expansion [7] of the complementary error function to construct
approximate solutions and by limiting viscosity approach to solve the Riemann problem for
the system (1.1). Therefore, we show existence of weak solutions for the Riemann problem
for the system (1.1). These solutions include delta shock wave solutions.

The outline of the remaining of the paper is as follows. In Sect. 2, we show an auxiliary
result to be used in the construct of classical Riemann solutions and in the delta shock wave
solution. In Sect. 3, we present the solution of classical Riemann problem. Finally, we study
the delta shock waves in the Sect. 4.

2 Preliminaries

In this section we give an auxiliary result to be used later. Let (vε(x, t), uε(x, t)) be an ap-
proximate solution of problem (1.1)–(1.2) which is defined by the parabolic approximation
(1.4) with initial data given by

(vε(x,0), uε(x,0)) =
{

(v−, u−), if x < 0

(v+, u+), if x > 0
(2.1)

for arbitrary constant states (v±, u±).
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Proposition 2.1 Let (uε(x, t), vε(x, t)) be the solution of the problem (1.4)–(2.1). Then,

uε(x, t) = u+aε+(x, t) + u−aε−(x, t)

aε+(x, t) + aε−(x, t)
e−αt

and

vε(x, t) = ∂xW
ε(x, t), (2.2)

where

Wε(x, t) =
v+

(
x − (1−e−αt )

α
u+

)
aε+(x, t) + v−

(
x − (1−e−αt )

α
u−

)
aε−(x, t)

aε+(x, t) + aε−(x, t)

+
(v+ − v−)

(
ε(1−e−αt )

απ

)1/2
exp

(
− αx2

4ε(1−e−αt )

)
aε+(x, t) + aε−(x, t)

,

aε
−(x, t) = 1

(4 ε
α
π(1 − e−αt ))1/2

∫ 0

−∞
exp

(
− (x − y)2

4 ε
α
(1 − e−αt )

− u−y

2ε

)
dy

and

aε
+(x, t) = 1

(4 ε
α
π(1 − e−αt ))1/2

∫ ∞

0
exp

(
− (x − y)2

4 ε
α
(1 − e−αt )

− u+y

2ε

)
dy.

Proof Observe that if (̂v, û) solves{
v̂t + e−αt ûx v̂x = εe−αt v̂xx,

ût + 1
2e−αt (̂ux)

2 = εe−αt ûxx,
(2.3)

with initial condition

(̂v(x,0), û(x,0)) =
{

(v−x,u−x), if x < 0

(v+x,u+x), if x > 0

then (vε, uε) defined by (vε, uε) = (̂vx, ûxe
−αt ) solves the problem (1.4)–(2.1).

Consider the Hopf-Cole transformation [2, 10] and a modified version of it,{
û = −2ε ln(Sε),

v̂ = Cεe
û
2ε .

(2.4)

Then, from system (2.3) and the Hopf-Cole transformation, we have{
Cε

t = εe−αtCε
xx,

Sε
t = εe−αtSε

xx,
(2.5)

with initial condition given by

(Cε(x,0), Sε(x,0)) =
{

(v−xe− u−x

2ε , e− u−x

2ε ), if x < 0,

(v+xe− u+x

2ε , e− u+x

2ε ), if x > 0.
(2.6)
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We rewrite the solution to the problem (2.5)-(2.6) in terms of the heat kernel as

Cε(x, t) = 1

(4 ε
α
π(1 − e−αt ))1/2

[
v+

∫ ∞

0
y exp

(
− (x − y)2

4 ε
α
(1 − e−αt )

− u+y

2ε

)
dy

+v−
∫ 0

−∞
y exp

(
− (x − y)2

4 ε
α
(1 − e−αt )

− u−y

2ε

)
dy

] (2.7)

Sε(x, t) = 1

(4 ε
α
π(1 − e−αt ))1/2

[∫ ∞

0
exp

(
− (x − y)2

4 ε
α
(1 − e−αt )

− u+y

2ε

)
dy

+
∫ 0

−∞
exp

(
− (x − y)2

4 ε
α
(1 − e−αt )

− u−y

2ε

)
dy

]
.

(2.8)

Observe that ∫ ∞

0
∂y

(
exp

(
− (x − y)2

4 ε
α
(1 − e−αt )

))
exp

(
−u+y

2ε

)
dy

= exp

(
− (x − y)2

4 ε
α
(1 − e−αt )

− u+y

2ε

)∣∣∣∣
∞

0

+ u+
2ε

∫ ∞

0
exp

(
− (x − y)2

4 ε
α
(1 − e−αt )

− u+y

2ε

)
dy

= − exp

(
− x2

4 ε
α
(1 − e−αt )

)

+ u+
2ε

∫ ∞

0
exp

(
− (x − y)2

4 ε
α
(1 − e−αt )

− u+y

2ε

)
dy. (2.9)

In a similar way we get

∫ 0

−∞
∂y

(
exp

(
− (x − y)2

4 ε
α
(1 − e−αt )

))
exp

(
−u+y

2ε

)
dy

= exp

(
− x2

4 ε
α
(1 − e−αt )

)

+ u−
2ε

∫ ∞

0
exp

(
− (x − y)2

4 ε
α
(1 − e−αt )

− u+y

2ε

)
dy. (2.10)

On the other hand, we also have that∫ ∞

0
∂y

(
exp

(
− (x − y)2

4 ε
α
(1 − e−αt )

))
exp

(
−u+y

2ε

)
dy

=
∫ ∞

0

(x − y)

2 ε
α
(1 − e−αt )

exp

(
− (x − y)2

4 ε
α
(1 − e−αt )

− u+y

2ε

)
dy

= x

2 ε
α
(1 − e−αt )

∫ ∞

0
exp

(
− (x − y)2

4 ε
α
(1 − e−αt )

− u+y

2ε

)
dy
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− 1

2 ε
α
(1 − e−αt )

∫ ∞

0
y exp

(
− (x − y)2

4 ε
α
(1 − e−αt )

− u+y

2ε

)
dy,

and from (2.9) we have that

∫ ∞

0
y exp

(
− (x − y)2

4 ε
α
(1 − e−αt )

− u+y

2ε

)
dy

=2ε

α
(1 − e−αt ) exp

(
− x2

4 ε
α
(1 − e−αt )

)

+
(

x − (1 − e−αt )

α
u+

)∫ ∞

0
exp

(
− (x − y)2

4 ε
α
(1 − e−αt )

− u+y

2ε

)
dy. (2.11)

Using (2.10), it is easy to see that

∫ 0

−∞
y exp

(
− (x − y)2

4 ε
α
(1 − e−αt )

− u+y

2ε

)
dy

= − 2ε

α
(1 − e−αt ) exp

(
− x2

4 ε
α
(1 − e−αt )

)

+
(

x − (1 − e−αt )

α
u−

)∫ 0

−∞
exp

(
− (x − y)2

4 ε
α
(1 − e−αt )

− u+y

2ε

)
dy. (2.12)

Also, notice that

∂x

(∫ ∞

0
exp

(
− (x − y)2

4 ε
α
(1 − e−αt )

− u+y

2ε

)
dy

)

= −
∫ ∞

0
∂y

(
exp

(
− (x − y)2

4 ε
α
(1 − e−αt )

))
exp

(
−u+y

2ε

)
dy

and

∂x

(∫ 0

−∞
exp

(
− (x − y)2

4 ε
α
(1 − e−αt )

− u+y

2ε

)
dy

)

= −
∫ 0

−∞
∂y

(
exp

(
− (x − y)2

4 ε
α
(1 − e−αt )

))
exp

(
−u+y

2ε

)
dy,

thus from (2.9) we get

∂x

(∫ ∞

0
exp

(
− (x − y)2

4 ε
α
(1 − e−αt )

− u+y

2ε

)
dy

)

= exp

(
− x2

4 ε
α
(1 − e−αt )

)
− u+

2ε

∫ ∞

0
exp

(
− (x − y)2

4 ε
α
(1 − e−αt )

− u+y

2ε

)
dy (2.13)

and from (2.10),
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∂x

(∫ 0

−∞
exp

(
− (x − y)2

4 ε
α
(1 − e−αt )

− u+y

2ε

)
dy

)

= − exp

(
− x2

4 ε
α
(1 − e−αt )

)
− u−

2ε

∫ 0

−∞
exp

(
− (x − y)2

4 ε
α
(1 − e−αt )

− u+y

2ε

)
dy. (2.14)

Define

aε
−(x, t) = 1

(4 ε
α
π(1 − e−αt ))1/2

∫ 0

−∞
exp

(
− (x − y)2

4 ε
α
(1 − e−αt )

− u−y

2ε

)
dy,

aε
+(x, t) = 1

(4 ε
α
π(1 − e−αt ))1/2

∫ ∞

0
exp

(
− (x − y)2

4 ε
α
(1 − e−αt )

− u+y

2ε

)
dy,

thus, from (2.7), (2.11) and (2.12) we get

Cε(x, t)

= v+

[(
ε(1 − e−αt )

απ

)1/2

exp

(
− x2

4 ε
α
(1 − e−αt )

)
+

(
x − (1 − e−αt )

α
u+

)
aε

+(x, t)

]

+ v−

[
−

(
ε(1 − e−αt )

απ

)1/2

exp

(
− x2

4 ε
α
(1 − e−αt )

)
+

(
x − (1 − e−αt )

α
u−

)
aε

−(x, t)

]
,

(2.15)

and from (2.8) we have

Sε(x, t) = aε
+(x, t) + aε

−(x, t). (2.16)

From (2.16), (2.13) and (2.14) we have

Sε
x(x, t) = −u+

2ε
aε

+(x, t) − u−
2ε

aε
−(x, t). (2.17)

From the Hopf-Cole transformation (2.4), we get that vε(x, t) = v̂x(x, t) = (Cε/Sε)x and
uε(x, t) = ûx(x, t)e−αt = −2εe−αtSε

x/S
ε , and using the equalities (2.15), (2.16) and (2.17),

the proof is complete. �

Now, observe that

aε
+(x, t)

=
(

α

4επ(1 − e−αt )

)1/2 ∫ ∞

0
exp

(
− (x − y)2

4 ε
α
(1 − e−αt )

− u+y

2ε

)
dy

=
(

α

4επ(1 − e−αt )

)1/2

exp

(−x2 + (x − x+(t))2

Aε(t)

)∫ ∞

0
exp

(−(y + x+(t) − x)2

Aε(t)

)
dy

= 1

π1/2
exp

(−x2 + (x − x+(t))2

Aε(t)

)∫ ∞

(Aε(t))
−1/2(x+(t)−x)

exp
(−y2

)
dy
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where Aε(t) = 4ε(1−e−αt )

α
and x+(t) = (1−e−αt )

α
u+. In a similar way we have

aε
−(x, t) = 1

π1/2
exp

(−x2 + (x − x−(t))2

Aε(t)

)∫ ∞

(Aε(t))
−1/2(x−x−(t))

exp
(−y2

)
dy

with x−(t) = (1−e−αt )

α
u−.

Let us introduce the following temporary notation

I ε,t
+ =

∫ ∞

(Aε(t))
−1/2(x+(t)−x)

exp
(−y2

)
dy

and

I ε,t
− =

∫ ∞

(Aε(t))
−1/2(x−x−(t))

exp
(−y2

)
dy.

As ε → 0+, using the asymptotic expansion of complementary error function (or error func-
tion, see [7]) we have

I ε,t
+ =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∑∞
n=0

(−1)n(2n)!
n!

(
(Aε(t))

1/2

2(x+(t)−x)

)2n+1
exp

(
− (x+(t)−x)2

Aε(t)

)
,

if x+(t) − x > (Aε(t))
1/2,

π1/2

2 , if x+(t) = x,

π1/2 − ∑∞
n=0

(−1)n(2n)!
n!

(
(Aε(t))

1/2

2(x−x+(t))

)2n+1
exp

(
− (x+(t)−x)2

Aε(t)

)
,

if x+(t) − x < −(Aε(t))
1/2

and

I ε,t
− =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∑∞
n=0

(−1)n(2n)!
n!

(
(Aε(t))

1/2

2(x−x−(t))

)2n+1
exp

(
− (x−(t)−x)2

Aε(t)

)
,

if x − x−(t) > (Aε(t))
1/2,

π1/2

2 , if x−(t) = x,

π1/2 − ∑∞
n=0

(−1)n(2n)!
n!

(
(Aε(t))

1/2

2(x−(t)−x)

)2n+1
exp

(
− (x−(t)−x)2

Aε(t)

)
,

if x − x−(t) < −(Aε(t))
1/2

So, we have that

aε
+(x, t) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

Q+
π1/2 exp

(
−x2

Aε(t)

)
, if x+(t) − x > (Aε(t))

1/2,

1
2 exp

(
−x2

Aε(t)

)
, if x+(t) = x,

exp
(

−x2+(x+(t)−x)2

Aε(t)

)
+ Q+

π1/2 exp
(

−x2

Aε(t)

)
, if x+(t) − x < −(Aε(t))

1/2

(2.18)
and

aε
−(x, t) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

− Q−
π1/2 exp

(
−x2

Aε(t)

)
, if x − x−(t) > (Aε(t))

1/2,

1
2 exp

(
−x2

Aε(t)

)
, if x−(t) = x,

exp
(

−x2+(x−(t)−x)2

Aε(t)

)
− Q−

π1/2 exp
(

−x2

Aε(t)

)
, if x − x−(t) < −(Aε(t))

1/2

(2.19)
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where

Q± =
∞∑

n=0

(−1)n(2n)!
n!

(
(Aε(t))

1/2

2(x±(t) − x)

)2n+1

.

3 Classical Riemann Problem

In this section, we study the Riemann problem to the system (1.1) with initial data (1.2) when
u− ≤ u+. Therefore, we are interested in analyzing the behavior of the solutions (vε, uε) of
the problem (1.4)–(2.1) as ε → 0+.

Theorem 3.1 Suppose u− ≤ u+. Let (vε(x, t), uε(x, t)) be the solution of the problem (1.4)–
(2.1). Then the limit

lim
ε→0+

(vε(x, t), uε(x, t)) = (v(x, t), u(x, t))

exists in the sense of distributions and (v(x, t), u(x, t)) solves (1.1)–(1.2). Moreover, if u− <

u+ then

(v(x, t), u(x, t)) =

⎧⎪⎨
⎪⎩

(v−, u−e−αt ), if x < x−(t),

(0, αxe−αt

1−e−αt ), if x−(t) < x < x+(t),

(v+, u+e−αt ), if x > x+(t),

and when u− = u+ then

(v(x, t), u(x, t)) =
{

(v−, u−e−αt ), if x < x−(t),

(v+, u−e−αt ), if x > x−(t).

Proof Using approximations of (2.18) and (2.19), we have that

• if x − x−(t) < −(Aε(t))
1/2, then

Wε(x, t) ≈
− v+(Aε(t))

1/2

2π1/2 exp
( −x2

Aε(t)

)
+ v−(x − x−(t))bε− + (v+ − v−)

(Aε)
1/2

2π1/2 exp(−x2

Aε
)

(Aε(t))1/2

2π1/2(x+(t)−x)
exp( −x2

Aε(t)
) + bε−

,

where bε−(x, t) = exp
(

−x2+(x−(t)−x)2

Aε(t)

)
− 1

π1/2
(Aε(t))

1/2

2(x−(t)−x)
exp

(
−x2

Aε(t)

)
, and simplifying we

have

Wε(x, t) ≈
v−(x − x−(t)) exp

(
(x−(t)−x)2

Aε(t)

)
exp

(
(x−(t)−x)2

Aε(t)

)
+ (Aε(t))1/2

2π1/2

(
1

x−x−(t)
− 1

x−x+(t)

) (3.1)

• if x−(t) + (Aε(t))
1/2 < x < x+(t) − (Aε(t))

1/2, then

Wε(x, t) ≈ v+(x − x+(t))Cε+ + v−(x − x−(t))Cε− + (v+ − v−) (Aε)
1/2

2π1/2 exp(−x2

Aε
)

Cε+ + Cε−
,
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where Cε±(x, t) = ± 1
π1/2

(
(Aε(t))

1/2

2(x±(t)−x)
− (Aε(t))

3/2

4(x±(t)−x)3

)
exp

(
−x2

Aε(t)

)
, and so

Wε(x, t) ≈
Aε(t)

(
v+

(x+(t)−x)2 − v−
(x−(t)−x)2

)
2
(

1
x+(t)−x

− 1
x−(t)−x

)
+ Aε(t)

(
1

(x−(t)−x)3 − 1
(x+(t)−x)3

) (3.2)

• if x+(t) − x < −(Aε(t))
1/2, then

Wε(x, t) ≈
v+(x − x+(t))bε+ + v−(Aε(t))

1/2

2π1/2 exp
( −x2

Aε(t)

)
+ (v+ − v−)

(Aε)
1/2

2π1/2 exp(−x2

Aε
)

bε+ + (Aε(t))1/2

2π1/2(x−x−(t))
exp( −x2

Aε(t)
)

,

where bε+(x, t) = exp
(

−x2+(x+(t)−x)2

Aε(t)

)
− 1

π1/2
(Aε(t))

1/2

2(x−x+(t))
exp

(
−x2

Aε(t)

)
, and

Wε(x, t) ≈
v+(x − x+(t)) exp

(
(x+(t)−x)2

Aε(t)

)
exp

(
(x+(t)−x)2

Aε(t)

)
+ (Aε(t))1/2

2π1/2

(
1

x−x−(t)
− 1

x−x+(t)

) . (3.3)

So, if u− < u+ then from (3.1), (3.2) and (3.3) we have

lim
ε→0+

Wε(x, t) = W(x, t) =

⎧⎪⎨
⎪⎩

v−(x − x−(t)), if x < x−(t),

0, if x−(t) < x < x+(t),

v+(x − x+(t)), if x > x+(t),

Since Wε(x, t) is bounded on compact subsets of R × R+ = {(x, t) : x ∈ R, t > 0} and
Wε(x, t) → W(x, t) pointwise as ε → 0+, then Wε(x, t) → W(x, t) in the sense of dis-
tributions and so Wε

x (x, t) converges in the distributional sense to Wx(x, t). From (2.2) we
have that limε→0+ vε(x, t) = v(x, t) exists in the sense of distribution and

v(x, t) = Wx(x, t) =

⎧⎪⎨
⎪⎩

v−, if x < x−(t),

0, if x−(t) < x < x+(t),

v+, if x > x+(t).

On the other hand, if x−(t) + (Aε(t))
1/2 < x < x+(t) − (Aε(t))

1/2, then

uε(x, t) =
u+

x+(t)−x
+ u−

x−x−(t)
+ ∑∞

n=1
(−1)n(2n)!(Aε(t))

n

n!4n

(
u+

(x+(t)−x)2n+1 + u−
(x−x−(t))2n+1

)
1

x+(t)−x
+ 1

x−x−(t)
+ +∑∞

n=1
(−1)n(2n)!(Aε(t))n

n!4n

(
1

(x+(t)−x)2n+1 + 1
(x−x−(t))2n+1

)e−αt .

(3.4)
If x − x−(t) < −(Aε(t))

1/2, then

uε(x, t) ≈
(Aε(t))

1/2

2π1/2

(
u+

x+(t)−x
− u−

x−(t)−x

)
+ u− exp

(
(x−(t)−x)2

Aε(t)

)
exp

(
(x−(t)−x)2

Aε(t)

)
+ (Aε(t))1/2

2π1/2

(
1

x−x−(t)
− 1

x−x+(t)

) e−αt (3.5)

and if x+(t) − x < −(Aε(t))
1/2, then

uε(x, t) ≈
u+ exp

(
(x+(t)−x)2

Aε(t)

)
+ (Aε(t))

1/2

2π1/2

(
u+

x+(t)−x
− u−

x−(t)−x

)
exp

(
(x+(t)−x)2

Aε(t)

)
+ (Aε(t))1/2

2π1/2

(
1

x−x−(t)
− 1

x−x+(t)

) e−αt . (3.6)
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Thus, for u− < u+, from (3.4), (3.5) and (3.6) we have

lim
ε→0+

uε(x, t) = u(x, t) =

⎧⎪⎨
⎪⎩

u−e−αt , if x < x−(t),
αxe−αt

1−e−αt , if x−(t) < x < x+(t),

u+e−αt , if x > x+(t),

Since uε(x, t) is bounded on compact subsets of R × R+ = {(x, t) : x ∈ R, t > 0} and
uε(x, t) → u(x, t) pointwise as ε → 0+, then uε(x, t) → u(x, t) in the sense of distribution.
Proceeding as before, when u− = u+, it is easy to see that

lim
ε→0+

(vε(x, t), uε(x, t)) = (v(x, t), u(x, t)) =
{

(v−, u−e−αt ), if x < x−(t),

(v+, u−e−αt ), if x > x−(t).

Finally, it is easy to see that (v(x, t), u(x, t)) solves (1.1) and we thus omit the details. �

Remark 3.2 Observe that limα→0+ αxe−αt

1−e−αt = x
t
, limα→0+ x±(t) = u±t and

lim
α→0+

(v(x, t), u(x, t)) =

⎧⎪⎨
⎪⎩

(v−, u−), if x < u−t,

(0, x/t), if u−t < x < u+t,

(v+, u+), if x > u+t,

i.e., when α → 0+, (v(x, t), u(x, t)) converges to the solution given by Joseph in [13] for
homogeneous case of the system (1.1).

4 Delta Shock Wave Solutions

In this section, we study the Riemann problem to the system (1.1) with initial data (1.2) when
u− > u+. In this case the solution is not bounded and the solution containing a weighted
delta measure supported on a smooth curve [14]. Therefore, we introduce the following
definition:

Definition 4.1 A two-dimensional weighted delta function w(s)δL supported on a smooth
curve L = {(x(s), t (s)) : a < s < b}, for w ∈ L1((a, b)), is defined as

〈w(·)δL,ϕ(·, ·)〉 =
∫ b

a

w(s)ϕ(x(s), t (s))ds,

for any test function ϕ ∈ C∞
0 (R× [0,∞)).

We also need to define a delta shock wave solution to the Riemann problem (1.1) – (1.2).

Definition 4.2 A distribution pair (v,u) is a delta shock wave solution of the problem (1.1)
and (1.2) in the sense of distributions if there exist a smooth curve L and a function w ∈
C1(L) such that v and u are represented in the following form

v = ṽ(x, t) + wδL and u = ũ(x, t),
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ṽ, ũ ∈ L∞(R× (0,∞);R) and{
〈v,ϕt 〉 + 〈uv,ϕx〉 = 0,

〈u,ϕt 〉 + 〈 1
2 u2, ϕx〉 = 〈αu,ϕ〉,

for all the test functions ϕ ∈ C∞
0 (R× (0,∞)), where u|L = uδ(t) and

〈v,ϕ〉 =
∫ ∞

0

∫
R

ṽϕdxdt + 〈wδL,ϕ〉

and

〈vG(u),ϕ〉 =
∫ ∞

0

∫
R

ṽG(̃v)ϕdxdt + 〈wG(uδ)δL,ϕ〉.

With the previous definitions, we are going to find a solution with discontinuity x = x(t)

for (1.1) of the form

(v(x, t), u(x, t)) =

⎧⎪⎨
⎪⎩

(v−(x, t), u−(x, t)), if x < x(t),

(w(t)δL,uδ(t)), if x = x(t),

(v+(x, t), u+(x, t)), if x > x(t),

where v±(x, t), u±(x, t) are piecewise smooth solutions of system (1.1), δ(·) is the Dirac
measure supported on the curve x(t) ∈ C1, and x(t), w(t) and uδ(t) are to be determined.

Theorem 4.3 Suppose u− > u+. Let (vε(x, t), uε(x, t)) be the solution of the problem
(1.4)–(2.1). Then the limit

lim
ε→0+

(vε(x, t), uε(x, t)) = (v(x, t), u(x, t))

exists in the sense of distributions and (v(x, t), u(x, t)) solves (1.1)–(1.2). Moreover,

(v(x, t), u(x, t)) =

⎧⎪⎨
⎪⎩

(v−, u−e−αt ), if x < x(t),

(w(t)δx=x(t),
u−+u+

2 e−αt ), if x = x(t),

(v+, u+e−αt ), if x > x(t),

where w(t) = (v−+v+)(u−−u+)(1−e−αt )

2α
and x(t) = u−+u+

2
1−e−αt

α
.

Proof As u− > u+ then x−(t) > x+(t). Therefore, from (2.18) and (2.19) we have that

• if x − x−(t) > (Aε(t))
1/2 then

Wε(x, t) ≈
v+(x − x+(t)) exp

(
(x+(t)−x)2

Aε(t)

)
exp

(
(x+(t)−x)2

Aε(t)

)
− (Aε(t))1/2

2π1/2

(
1

x−x+(t)
− 1

x−x−(t)

)
and

uε(x, t) ≈
u+ exp

(
(x+(t)−x)2

Aε(t)

)
− (Aε(t))

1/2

2π1/2

(
u+

x−x+(t)
− u−

x−x−(t)

)
exp

(
(x+(t)−x)2

Aε(t)

)
− (Aε(t))1/2

2π1/2

(
1

x−x+(t)
− 1

x−x−(t)

) e−αt
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• if x+(t) − x < −(Aε(t))
1/2 and x = x−(t) then

Wε(x, t) ≈
v+(x − x+(t)) exp

(
−x2+(x+(t)−x)2

Aε(t)

)
− v− (Aε(t))

1/2

2π1/2 exp
(
− x2

Aε(t)

)
exp

(−x2+(x+(t)−x)2

Aε(t)

)
− (Aε(t))1/2

2π1/2(x−x+(t))
exp

(
− x2

Aε(t)

)
+ 1

2 exp
(
− x2

Aε(t)

)
and

uε(x, t) ≈
u+ exp

(−x2+(x+(t)−x)2

Aε(t)

)
− u+(Aε(t))

1/2

2π1/2(x−x+(t))
exp

(
− x2

Aε(t)

)
+ u−

2 exp
(
− x2

Aε(t)

)
exp

(−x2+(x+(t)−x)2

Aε(t)

)
− (Aε(t))1/2

2π1/2(x−x+(t))
exp

(
− x2

Aε(t)

)
+ 1

2 exp
(
− x2

Aε(t)

) e−αt

• if x+(t) + (Aε(t))
1/2 ≤ x ≤ x−(t) − (Aε(t))

1/2 then

Wε(x, t) ≈
v+(x − x+(t)) exp

(
(x+(t)−x)2

Aε(t)

)
+ v−(x − x−(t)) exp

(
(x−(t)−x)2

Aε(t)

)
exp

(
(x+(t)−x)2

Aε(t)

)
+ exp

(
(x−(t)−x)2

Aε(t)

)
+ (Aε(t))1/2

2π1/2

(
1

x+(t)−x
− 1

x−(t)−x

)
and

uε(x, t) ≈
u+ exp

(
(x+(t)−x)2

Aε(t)

)
+ u− exp

(
(x−(t)−x)2

Aε(t)

)
+ (Aε(t))

1/2

2π1/2

(
u+

x+(t)−x
− u−

x−(t)−x

)
exp

(
(x+(t)−x)2

Aε(t)

)
+ exp

(
(x−(t)−x)2

Aε(t)

)
+ (Aε(t))1/2

2π1/2

(
1

x+(t)−x
− 1

x−(t)−x

) e−αt

• if x+(t) − x > (Aε(t))
1/2 then

Wε(x, t) ≈
v−(x − x−(t)) exp

(
(x−(t)−x)2

Aε(t)

)
exp

(
(x−(t)−x)2

Aε(t)

)
+ (Aε(t))1/2

2π1/2

(
1

x+(t)−x
− 1

x−(t)−x

)
and

uε(x, t) ≈
u− exp

(
(x−(t)−x)2

Aε(t)

)
+ (Aε(t))

1/2

2π1/2

(
u+

x+(t)−x
− u−

x−(t)−x

)
exp

(
(x−(t)−x)2

Aε(t)

)
+ (Aε(t))1/2

2π1/2

(
1

x+(t)−x
− 1

x−(t)−x

) e−αt

• if x − x−(t) < −(Aε(t))
1/2 and x = x+(t) then

Wε(x, t) ≈
v+ (Aε(t))

1/2

2π1/2 exp
(
− x2

Aε(t)

)
+ v−(x − x−(t)) exp

(−x2+(x−(t)−x)2

Aε(t)

)
1
2 exp

(
− x2

Aε(t)

)
+ exp

(
−x2+(x−(t)−x)2

Aε(t)

)
− (Aε(t))1/2

2π1/2(x−(t)−x)
exp

(
− x2

Aε(t)

)
and

uε(x, t) ≈
u+
2 exp

(
− x2

Aε(t)

)
+ u− exp

(
−x2+(x−(t)−x)2

Aε(t)

)
− u−(Aε(t))

1/2

2π1/2(x−(t)−x)
exp

(
− x2

Aε(t)

)
1
2 exp

(
− x2

Aε(t)

)
+ exp

(
−x2+(x−(t)−x)2

Aε(t)

)
− (Aε(t))1/2

2π1/2(x−(t)−x)
exp

(
− x2

Aε(t)

) e−αt .

Therefore, we have that

lim
ε→0+

Wε(x, t) =
{

v−(x − x−(t)), if (x − x+(t))2 − (x − x−(t))2 < 0,

v+(x − x+(t)), if (x − x+(t))2 − (x − x−(t))2 > 0.



644 R. De la cruz

But (x − x+(t))2 − (x − x−(t))2 = 2(x−(t) − x+(t))(x − x−(t)+x+(t)

2 ) and as u− > u+ then
we have

lim
ε→0+

Wε(x, t) =
{

v−(x − x−(t)), if x <
x−(t)+x+(t)

2 ,

v+(x − x+(t)), if x >
x−(t)+x+(t)

2 .

Since Wε(x, t) is bounded on compact subsets of R × R+ = {(x, t) : x ∈ R, t > 0} and
Wε(x, t) → W(x, t) pointwise as ε → 0+, then Wε(x, t) → W(x, t) in the sense of distri-
bution and so Wε

x (x, t) converges in the distributional sense to Wx(x, t). For simplicity of
notation, we write x(t) instead of x−(t)+x+(t)

2 . From (2.2) we have that limε→0+ vε(x, t) =
v(x, t) exists in the sense of distribution and

v(x, t) = Wx(x, t) =

⎧⎪⎨
⎪⎩

v−, if x < x(t),

(x−(t) − x+(t))
v−+v+

2 δx=x(t), if x = x(t),

v+, if x > x(t).

Also, we have that

u(x, t) =

⎧⎪⎨
⎪⎩

u−e−αt , if x < x(t),
u−+u+

2 e−αt , if x = x(t),

u+e−αt , if x > x(t).

Now, we have to show that (v(x, t), u(x, t)) solves (1.1). Thus, for any test function ϕ ∈
C∞

0 (R×R+) we have

〈v,ϕt 〉 + 〈uv,ϕx〉 =
∫ ∞

0

∫
R

(vϕt + uvϕx)dxdt

+
∫ ∞

0

v− + v+
2

(x−(t) − x+(t))

(
ϕt + u− + u+

2
e−αtϕx

)
dt

=
∫ ∞

0

∫ x(t)

−∞
(v−ϕt + u−v−e−αtϕx)dxdt

+
∫ ∞

0

∫ ∞

x(t)

(v+ϕt + u+v+e−αtϕx)dxdt

+
∫ ∞

0

v− + v+
2

(x−(t) − x+(t))

(
ϕt + u− + u+

2
e−αtϕx

)
dt

= −
∮

− (
u−v−e−αtϕ

)
dt + (v−ϕ)dx

+
∮

− (
u+v+e−αtϕ

)
dt + (v+ϕ)dx

+
∫ ∞

0

v− + v+
2

(x−(t) − x+(t))

(
ϕt + u− + u+

2
e−αtϕx

)
dt

=
∫ ∞

0

(
(u−v− − u+v+)e−αt − (v− − v+)

dx(t)

dt

)
ϕdt

−
∫ ∞

0

d

dt

(
v− + v+

2
(x−(t) − x+(t))

)
ϕdt = 0,
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and

〈u,ϕt 〉 + 〈1

2
u2, ϕx〉 =

∫ ∞

0

∫
R

(uϕt + 1

2
u2ϕx)dxdt

=
∫ ∞

0

∫ x(t)

−∞
(u−e−αtϕt + 1

2
u2

−e−2αtϕx)dxdt

+
∫ ∞

0

∫ ∞

x(t)

(u+e−αtϕt + 1

2
u2

+e−2αtϕx)dxdt

= −
∮

−
(

1

2
u2

−e−2αtϕ

)
dt + (u−e−αtϕ)dx

−
∫ ∞

0

∫ x(t)

−∞
−αu−e−αtϕdxdt

+
∮

−
(

1

2
u2

+e−2αtϕ

)
dt + (u+e−αtϕ)dx

−
∫ ∞

0

∫ ∞

x(t)

−αu+e−αtϕdxdt

=
∫ ∞

0

(
1

2
(u2

− − u2
+)e−αt − (u− − u+)

dx(t)

dt

)
ϕe−αtdt

+ 〈αu,ϕ〉 = 〈αu,ϕ〉.

The proof is complete. �

Remark 4.4 1. In [14, Sect. 4], Keita and Bourgault have been solved the Riemann problem
for (1.1) with initial data (1.2). They show that the delta shock wave solution is unique
under the following entropy condition [14, Definition 3.3]

u+e−αt < σ(t) < u−e−αt .

Observe that us delta shock wave solution satisfies the following over-compressive con-
dition

u+e−αt <
u− + u+

2
e−αt < u−e−αt , for all t > 0,

i.e., so the delta shock wave here obtained is unique.
2. Observe that a pair (v,u) is a delta shock wave solution with discontinuity x = x(t) for

the problem (1.1)–(1.2) of the form

(v(x, t), u(x, t)) =

⎧⎪⎨
⎪⎩

(v−(t), u−(t)), if x < x(t),

(w(t)δL,uδ(t)), if x = x(t),

(v+(t), u+(t)), if x > x(t),

where v±(t), u±(t) are piecewise smooth solutions of system (1.1), δ(·) is the Dirac
measure supported on the curve x(t) ∈ C1, and x(t), w(t) and uδ(t) are C1, if and only
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if the following generalized Rankine-Hugoniot conditions are satisfied

⎧⎪⎪⎨
⎪⎪⎩

dx(t)

dt
= uδ(t),

dw(t)

dt
= −[v]uδ(t) + [uv],

0 = −[u]uδ(t) + 1
2 [u2].

3. Notice that limα→0+ w(t) = 1
2 (v− +v+)(u− −u+)t = w̃(t), limα→0+ x(t) = 1

2 (u− +u+)t

and

lim
α→0+

(v(x, t), u(x, t)) =

⎧⎪⎪⎨
⎪⎪⎩

(v−, u−), if x < 1
2 (u− + u+)t,

(w̃(t)δx= 1
2 (u−+u+)t ,

1
2 (u− + u+)), if x = 1

2 (u− + u+)t,

(v+, u+), if x > 1
2 (u− + u+)t,

i.e., when α → 0+, (v(x, t), u(x, t)) converges to the solution given by Joseph in [13]
for homogeneous case of the system (1.1).
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