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Abstract We consider non-uniform random sampling in a signal space with finite rate of
innovation V2(A, ®) C L>(R?) generated by a series of functions @ = (¢)sc4. A sub-
set V,%, s(A, @) of V2(A, @) is consisting of functions concentrates at least 1 — § of the
whole energy in a cube with side lengths R. Under mild assumptions on the generators and
the probability distribution, we show that for R sufficiently large, taking O (R“log(R%))
many samples with such the non-uniform distribution yields a sampling set for V,%, s(A, D)
with high probability. We impose compact support on the generators as an additional con-
straint for obtaining a reconstruction algorithm from non-uniform random sampling with
high probability.

Keywords Random sampling - Non-uniform sampling - Spaces with finite rate of
innovation - Non-uniform distribution - Reconstruction algorithm
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1 Introduction

The space of signals with finite degree of freedom per unit of time is called the space with
finite rate of innovation (FRI) [2, 5, 12,15, 17, 19, 23]. The concept is introduced by Vetterli
et al. [23] at first. The FRI model is ubiquitous and has wide scientific applications such as
radar imaging [15], compression of electrocardiogram signals [2], curve fitting [12]. The
model of signals with finite rate of innovation can cover following cases: (i) band-limited
signals [3], (ii) signals in some shift-invariant spaces [1, 7-9, 24, 25], (iii) non-uniform
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splines [16, 20, 21], (iv) stream of pulses Y, axp(t — ) where p is some pulse signal
shape, applied in GPS applications and cellular radio, (v) sum of some of the signals above
[19], and so on.

In this paper, we consider the signal spaces of finite rate of innovation V2(A, ®) C
L?(R?), defined as the closed linear span of a tuple of generators {¢; },c4 C L>(R?), which
is introduced in [17, 19]:

VA, @)= {Zc(x)m H(C1)ren € zz(A)},

reA

where A is a relatively-seperated subset of R?.

Realistically we can learn about f € V2(A, @) only if the samples are taken in the set
where most of the L2-norm is localized. So motivated by [3, 8], we focus on the sampling
problem on the following subset of V2(A, ®):

VZs(A, @) ::{feW(A,@):/C |f(x)|2dxz(1—8)/R |f(x)|2dx},

where Cr =[—R/2, R/2]" and 0 < § < 1. Thus V,%s(/\, @) represents the subset consisting
of those functions whose energy is largely concentrated on Ck.

Usually, in order to guarantee the success of reconstruction, we demand the sampling
inequality as below fulfilled:

ALFIB <Y F@p)’ < BIFIE

j=1

where A and B are some positive constants. However, owing to the randomness in choosing
the sampling points, we can not guarantee the sampling inequality fulfilled surely. Instead,
our goal is to chase the following probability estimate:

P(AllfH%SZ\f(xj)!zsBIIfII%) >1—¢, (1)

=1

where € > 0 can be taken as arbitrarily small. This problem is studied for the cases of band-
limited signal spaces, shift-invariant signal spaces and finitedly generated shift-invariant
signal spaces, respectively [3, 8, 10, 25].

In former research [3, 4, 6, 8, 13], the probability distribution of random sampling points
is taken as the uniform distribution in Cg. It is often beneficial in statistical sampling and
function integration to sample uniformly over the applicable parameter space. However, non-
uniform distributions also has application in real world [11, 13, 14]. A sequence of points
which is uniformly distributed can be mapped into another sequence that reflects a desired
non-uniform join probability distribution function [13] using different techniques like the
rejection method or weighted sampling [11, 14]. In this paper, we will consider a more
generalized probability distribution: we only demand that the probability density function
exists, and has positive lower bound in Cr. We will show that the uniform random sampling
in Cy is a special case in our results about non-uniform random sampling.

In this paper, we will show the probability estimate (1) for non-uniform random sampling
in signal spaces of finite rate of innovation. This is one of the main results in this paper.
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Non-uniform Random Sampling and Reconstruction in FRI 249

In [9], a reconstruction method from nonuniform sampling is presented in shift-invariant
spaces. But the sampling is NOT random sampling in [9]. In [4], a linear algorithm is ob-
tained for the random sampling from regular languages. But how to give a reconstruction
algorithm from uniform random sampling is still an open question in bandlimited functions
spaces [3]. In this paper, we try to show a reconstruction algorithm from non-uniform ran-
dom sampling in spaces with finite rate of innovation. This is one direct application of our
main results.

Many problems arising in industry, statistics, physics, and finance require to compute
multivariate integration fCR f(x)dx. The sample mean method has been recommended
to give an approximation to fCR f(x)dx. The Koksma—Hlawka inequality gives an upper
bound for the approximation error

1 s
feodx = =3 f)| = CADP),
Cr

i=1

where I = (x;)]_; C Cg is the set of sampling points with uniform distribution, C(I") is
the discrepancy of I" and P(f) is a measure of the variation of f [6, 13]. A spontaneous
question is that, can we use the mean of the squares of those to estimate [, |f (x)|>dx?
Or what is the maximum error between [p, | f(x)|*dx and 1>~ || f(x;)|*? In this paper,
we provide that the estimate error is direct proportional to the L? norm of the function. If
I' = {x;}{_, C R? with non-uniform distribution fulfills some conditions with probability at
least 1 — € for sufficiently small € > 0, then we can get that the estimate error is a functional
only dependent on f, as shown below:

P(

This is one direct application of our main results too.

The paper is organized as follows. In Sect. 2, we state the theorem of random sam-
pling in a space of finite rate of innovation, and give notations and preliminaries. In Sect. 3,
some examples are shown about the generators and probability density function. In Sect. 4,
spectrum estimation based on Hilbert—Schmidt operator is described. In Sect. 5, we discuss
non-uniform random sampling in finite sums of eigenspaces. The proof of main results are
provided in Sect. 6. And in the last section, we give a reconstruction algorithm for a spe-
cial case, and give some numerical testes to verify them. Some properties of signal spaces
V2(A, @) are presented in appendix.

N

2 1 2
fwlf(x)! dx— =3 | f ()]

i=1

sD(f)>zl—e.

2 Statement of the Main Result
2.1 Notations and Preliminaries
We first define relatively-seperated point sets, the relative covering index and the absolute

covering index.
We say a point set X = x; C R? is relatively-seperated [17], if the relative covering index

D(X) = 5up D Xy 410,10 (X) @)

d
xeR ijX
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is finite. And we can define the absolute covering index as below:

No(X) := sup #(X N (k + [0, 11%)) (€)
kezd

We can easily see that Ny(X) < D(X) and SUP,, cfo,1)? No(X + x0) = D(X) for any
relatively-seperated set X. The two definitions are used in different usages.

Throughout the paper, we consider a space of finite rate of innovation V2(A, ®) C
L?(R?), defined as the closed linear span of a tuple of generators {¢; }ycs C LZ(RY):

Vi(A, @) = { > 00 (c)en € zz(A)},

rEA

where A is a relatively-seperated subset of R? with relative covering number D (A).
In this paper, we use the polynomial weight function u below [17]:

u(x) =uq(x) = (1+|x)%, 4
where « > 0. Usually we demand that the below norm of @ is finite for some ¢, p € [1, oo]:

1P 1lg.p.u

1 1

= max{ sup (ZH‘Z&/\(')”(' —4) H Iljfl(k+[0,l]d)> ’ igg(z ”‘m(')”(' - ”iuk+[0,l]’h) }

kezd rEA kezd
(5)

The definition is a bit different with that in [17] and [19]. However, the definition in [17]
and that in this paper are equivalent. Some properties of the signal space V2(A, @) will be
shown in Appendix.

We pay attention to the subset V3 ;(®, A) of V3(A, ®):

V,%YB(CD,A) ::{fe\ﬂ(q),/l): ; |f(x)’2dxZ(I—S)An‘f(x)‘zdx}.

What’s more, we will adopt a measurable typical or classical probability density function
(PD.F) w; : R - R which satisfies lwilligey =1 and wi(x) > 0, Vx € R?. And the
density function of the probability distribution we use to sample is defined as:

1 X
wR(x)ZﬁW(E)- (6)

We denote vg = \/wg, ||X|lcc = max(|xy],...,|x4]), and Cg = [—g, g]d. Throughout this
paper, we will frequently refer to the constants as in Table 1.

2.2 Assumptions and Main Results

We collect our assumptions on the generators in the following list:

(A.0) @ is a Riesz basis of VZ(A, ®).
A 1P lo, 1.4 < 00.
(A2) 2@ l2,2,u, < oo for some o > 0.
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Non-uniform Random Sampling and Reconstruction in FRI 251

Table 1 Some constants

Symbols and definitions Remarks
Dy =183 1 1915 1 4y 1913 2.1, @ is dual of &
Dy = 1P lloo,2,u0 1P loo,2,uq @ is dual of @
Dy =11P13, 1,4 1915 1 4y @ is dual of @
2 = argminge 4 {14 loo} the point closest to the origin in A with
= agmiliiea o Chebyshev distance
o’ =min(d, 2a)
2
p=3 +%/_va 24%2D,
_ 2PN2.2,uq \1/a *
Ro =2(( l‘i(b)‘*luz )Y+ 1A o) Rop>2
M = max{g, rw} Kw:”wl“Loo(Rd)

By (A'l)’ we have V1 =< pP,.q <00, ”@”q.p,uo = ||¢||oo,l,u0 < oQ.
By (A.0) and [19, Theorem 4.1], we have that V1 < p, g <00, | P ||y, p,u, < 0.
The assumptions on the probability density function are shown in the following:

(B.0) wy is essentially bounded, or K, := [|wy |00 (gdy < 0.
(B.1) The essential infimum of w; in C; is positive, that is, there exists p > 0 such that
essinfyec, wi(x) > pK,, where K, is defined in (B.0).

According to (6) and the assumptions of w, we get that [|wg| co@e) = R™K, by (B.0),
and esssup, cc, Wr(x) > pR™4K, by (B.1).

Theorem 1 Assume that @ satisfies assumptions (A.0)—(A.2), and w, satisfies assumptions
(B.0)~(B.1). Let (x;)jen C R? be a sequence of i.i.d random variables with the probability
density function wg. Assume that R > Ry and 8, v € (0, 1) are sufficiently small to guarantee
that

1

3
<6K,D>log| = d A=K,p| =
Ky+5%~ 20g(e> an ’°<2

- 5) —v—12K,D38>0. (7)

Let 0 < € < 1. If the number s of samples satisfies

2Dy (K + % 2D(AM A\ R
s > max{ R¢ 2( 3) log 4 RN, , ®)
v2 € 3K,
then the sampling inequality
2 —d 2 - 2 2
VI eVay(A @) i sSARTIFIZ <D | Fep)| <sDall f13 ©)

j=1

holds with probability at least 1 — €.

Remark 2 The result above shows the sampling rate of O(R?logR) holds in the space
of finite rate of innovation when fulfills the assumptions above and d is fixed, even if the
distribution of random sampling is not uniform. If we have one more condition that u, is
2-admissible, or « > d/2 (see [17]), then o’ = d and the sampling rate could be actually
O(R%log R%) when d is not fixed.
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252 Y. Lu, J. Xian

(#5)j=1 ~ wr(z)

f@)—t=8f=(f(z)))jza = f=(59)"'5" |—— f(2)

Fig. 1 A schematic showing random sampling and reconstruction

Remark 3 Theorem 1 is the main result in [3, 8, 25] in bandlimited signal spaces and shift-
invariant spaces for uniform random sampling, respectively.

Corollary 4 Suppose that supp ¢ C Cg for any A € A, thus VI%,S (A, D) = VA, ) for
any small § > 0. For a sampling set I' = (xj)j-:] C R, define the sampling operator S :
VXA, ®) — C* by f > (f(xj))j.zl. Denoting € as the sampling result (f(xj))j.zl, we
have that S*S is invertible under the conditions in Theorem 1 with probability at least 1 — €,
and thus f = (§*S)~'S*¢ in this case. A schematic of random sampling and reconstruction
is shown in Fig. 1.

Corollary 5 Denote the conditional number of the operator S*S in Corollary 4 by k (S*S).
Then the conditional number satisfies

P (S*S)<ﬂ >1—
i “ Kyp—2v) ™~ ¢

under the conditions in Theorem 1. The upper bound above conditional number is the quo-
tient of the upper bound and lower bound of the sampling inequality.

Corollary 6 Forany f € VI%S(A, @), we have that

d

when the conditions in Theorem 1 are fulfilled.

s

1
[‘f(x)‘zdx Ty Z‘f(xi)‘z

i=1

< max{‘l — AR

,|Dz—1|}||f||§)zl—e

Remark 7 We expect that D(s) in the below inequality tends to zero when s — oo:

2 1 < 2
P{ f]RdIf(x)I dx — ;;If(xiﬂ

However, this can not reach in the FRI space. Thus the estimation in Corollary 6 is very
coarse.

sD(s)nfn%] >1—e

3 Some Examples of Generators and Probability Density Function

Two examples of generators of a space of finite rate of innovation fulfilling the assumptions
of (A.0)-(A.2).
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Example 8 The space S, of all L? polynomial splines of order m fulfilling C"~2 continu-
ity conditions at each knot #;, where m € N* and T = (£;) >

="« 1s a bi-infinite increasing
sequence satisfying

0<T0§ti+m -1 <T) <oo. (10)
The space can be written as
+00
S = { D ei)Bix): (c(), = € KZ(Z)} (11)
i=—o00
where B; is the normalized B-spline associated with the knots ¢;, ..., #;, [16]. We have

Bi(x) =0 when x <t or x > ti;,,. Let A =T and ¢, = B;, then the support of B; is a
subset of [#;, t;1,,]. Obviously, D(T) < % +m, so T is relatively seperated.

Let ¢ = 0o, p = 1, and take any weight function u(x) that monotonicly increases
with |x|. Then we have that

1D lloc,10 = max{supZ|}Bi<-)u(- — 1) oo i“gZ” Bi(Yu(- — t,~>||Loo(,(H0,,D}
€

€L je7, i€Z
[tigm1—1
ssup 30 |BOUC =0
el =Ty
+sup Z IB; (Yu(- —1) ||Loc([,[’,,.+m])
kK€Z ity o=k and 1; <k+1
[tigm1—1
<sup Y IBillios it (v — 1)
€L k=)
+ sup Z B3 llLoe (i U (iem — 1)
keZ

ittipm>k and t; <k+1
< sup([tism 1 — Lti ) u(tigm — 1)
i€’

+sup#{i i tipm = kandt; <k 4+ Vu(tiy, — 1)
keZ

1
< sup(T} + 2)u(Ty) + sup(— + 2>mu(T1)
iz ez \ To

- <Tl toq (i +2>m>u(n) <00
Ty

by using that || B;|lc < 1 according to [16]. So the assumption (A.1) holds.

At the same time, this implies that [| @ ||, » » < 1P lloo, 1,0 < (T14+24 (Tl0 +2)ym)u(T)) < oo
for any 1 < g, p < 00. So the assumption (A.2) holds.
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254 Y. Lu, J. Xian

Moreover, by [16, Theorem 4.41], we have that for any f = Z+°° c(i)B;,

i=—00
+00 ) +o0
Do le@ = Y0 Cm+ 1P i = )T W
i=—00 i=—o00
< Cm+ 181" T Y ool fllEay,
i=—00
=m@m+ 81" T £IIf 2 -
In the other hand, we have
) +00 2
/!f(x)l =/ > c@)Bi(x)| dx
R R i=—00
+o0 J 2
= Z/ > e()B;(x)| dx
j=—o0 Y Wittt [i=j—m1
+oo Jj 5 J 5
=3 [ Y kP Y Bl
j=—o0 Y Wistj+ ) = j 1 i=j—m+1
+o0 J 5
< Y ma—t) Y el
j=—00 i=j—m+1
+oo )
=m’T Y Je@)]".

i=—00

Thus @ = {B; I.J;Dioo is a Riesz basis of §,,. Therefore the assumption (A.0) is fulfilled.
Example 9 The space of trigonometric polynomials segmented in Cg. This is a very trivial
example. We will consider the following signal spaces:

T(ko,t):{f:f(x): > ckexp<?x~k>, (ck)eez,xeRd}.

ke[—kg,kol4NZd

We can take A arbitrarily and give the correspondence between A and the basis arbitrarily,
and denote the basis still by @. Note that A is finite, hence is relatively-seperated.

If we take R = mt where m € Z¥, it is a Riesz basis obviously since the basis is or-
thogonal. Moreover, for any weight function u(x) that monotonicly increases with |x|,
we can easily get that [|¢, () u(- — A)llcogeyio.1p4y < u(R/2 + 1+ maxea{llAlloo}) is finite
for [k| < [R/2] while [[¢()u(- — Mlliwgsio ) = O for k| > [R/2]. Then [[® o1 <
max{(2ko + D7, (R +2)?} - u(R/2 4+ 1 + max;c{||A]|sc}) holds.

Two examples of probability density function fulfilling the assumptions (B.0)—(B.1).

Example 10 Beta distribution of one dimension

1 o
1) = By p () = | FapmamT 6~ @b =07, x €lab]
@ 0, otherwise
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Density

-1.0 =05

Fig. 2 Beta distribution

where o, 8 > 1,a < —%, b > % and B(o, B) = %ﬂffi) is the Beta function. We can check

min{Bg p.ap(—3).Babap(3)
Ky

a=B=1,a— —%— and b — %—I—, then wg degenerates into the uniform distribution on
Cr, just like the distribution used in [3] and [8]. Figure 2 is the plot of the P.D.F. of a typical
Beta distribution witha =—1,b=1,a =1, 8 =2.

that K, = Ba.b,a,ﬂ(#gl_z) <ooand p = Lo Specially, we take

Example 11 Normal distribution centered at 0:

() = Ny (x) = — x
wi(x) =Ny (x) = ——exp| ——
! 2702 P\ 22

1
where o > 0. We have that K,, = N, (0) = J2:117 <ooand p= IIVVZ(((Z); =exp(—g=) > 0.

For fixed 6 € (0, ﬁ), in order to optimize the lower bound A of the sampling inequality,
the optimal choice o satisfies

L (1 —40?) +48D38 exp 1 )o2=0 (12)
2 ’ 802

It is easy to check that there exists a unique o satisfying Eq. (12). We can guarantee that
A is positive when o take the optimal choice and v is small enough by the assumption

0<é< %. Figure 3 is the plot of the P.D.F. of standard normal distribution.

1

o2

4 Spectrum Estimation Based on Hilbert—-Schmidt Operator

In the following, we will mostly work with the notation

Py =Z¢x®$x, 13)

reA

where unconditional convergence in the strong operator topology is provided by the frame
properties for all f € L>(R"). The tensor product notation v ® w refers to the rank-one
operator (v ® w) f — (f, w)v. By our assumptions (A.0)—(A.2), it is obvious that Py is the
orthogonal projection onto V2(A, @).
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256 Y. Lu, J. Xian

I aEassmaassssessemans m

Fig. 3 Standard normal distribution

Given R > 0, we write Q : L2(RY) — L2(R?) for the orthogonal projection operator
f = f+ xcg- We introduce the localization operator

Ar=PpoQro Pyp.

We will show that A is self-adjoint and Hilbert—Schmidt, and thus has a basis of eigenvec-
tors with associated £? spectrum. We denote the span of the eigenvectors associated to the
largest N eigenvalues by Py, and then establish a random sampling theorem for that space.
Next we will built the connection between the sampling of the elements in VI%, s(A, @) and
that in Py. How to choose the proper value of N depends on the decay of the spectrum
of Ag. The localization of the above operator is the closest connection with the energy con-
dition of V3 ;(A, ®).

Lemma 12 Ay, is a positive-semidefinite Hilbert—Schmidt operator.

Proof First of all, Ag is positive-semidefinite since

(ARf, [)=(QrPof, Po f) =1Qr P fl5,

by using the self-adjointness of Qg.

We next prove that Qg Py is Hilbert—Schmidt operator, which will imply that Ag is
Hilbert—Schmidt operator.

Let VA € A, we have

Qro (@ b)) =(Qrds) ® 1.

By (13) and continuity of Qg, we have

OrPp = Z(QR¢A) ¢,

reA

with unconditional convergence in the strong operator topology.
Next we will prove that

D 1Qreu 3 < oo (14)

rEA
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In fact, we have

D o10rbillz =) lnllEac,

A€/ reA

2
= > 2182 ago.0

ke@n(|-%].187)) ~eA

2 d 2
< Z 191524, < (R+2UPI3,,, < 0o
ke@n(|—&),1 &)y

Thus, we have

(QrPs)(QrPo)" = (QrPs) Y 6 ® (Qrd)

reA

= Z(QRPq»%) ® (Qr®2)

reA

=) (0r$) ® (Qr)

reA

with convergence in the strong operator topology. Similarly to the proof of Eq. (14), we see
that

D 11Qréill3 < oc.

rEA
Combing with (14) and the Cauchy—Schwarz inequality, we can get that
trace(Qr Po)(QrPo)* < Y _trace(|(Qrds) ® (Qry)))

reA

= 10l 1| Qrall < 0.

reA

Hence Qg Py is Hilbert—Schmidt operator. O

It follows that A has an orthogonal normalized basis of eigenvectors, whose associated
eigenvalues are non-negative and square-summable. So the cluster points of the spectrum of
Ay are either {0} or &, and thus they can be sorted in decreasing order. Denoting the non-
zero eigenvalues by (u,).c; sorted in decreasing order and the associated eigenfunctions
by (Y,)ner, with I being either N, or {1, ..., M} for some integer M. Then Ay is given as
the sum

Z Mn ')[fn ® Wn-

nel

We can easily check that v, € V2(®, A), as well as Py () = ¥,.. Since Ay is a composi-
tion of orthogonal projections, we have | < |[Ag|l,, < 1. Let

7)N = Spann€N+,n§N{WVl}-
For the sampling problem we will need some information on the spectrum of Ag. Let
N(R)=max{neN : u, >1/2},

and N (R) =0 when p; < 1/2. Then whenever N (R) > 0, we have uy gy > 1/2 > pnwy+1-
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258 Y. Lu, J. Xian

An upper bound for N (R) is provided in the following lemma.

Lemma 13 Let § and Rzo be that defined in Table 1. Then for all R > Ry, the inequalities
0 < N(R) < D(A)BIR? " hold, where D(A) stands for the relative covering index of A,
defined in (2).

Proof We use the minimax formula for a given order of eigenvalue

tm = inf{sup{(Ar f, f) : fLH, I fll=1}:H CL*(R"), dim(}) <m}.

Now fix S > R + 2, and denote Hg := span{¢, : [|A|lco < S/2}. It follows that

dim(Hy) < (LS] + 1) D(A).
For any unit vector f in H¢, we obtain

(Arfo £ =Y (£ ®:)(Qrbr, ) f. 1)

aed
We denote ¢, = (f, ¢5), ¢ = (Co)rea,

= (Qr$r. ¢3), min{||Alloo, [V [loo} > 3
AoA 0, otherwise

and an infinite, positive semidefinite matrix
A= (@) en

by recalling the assumption that f L, for |Allee < S/2.In particular, we get

(Arf, £y =cAc” < llcl3IAllop < NP3, IAllas

by using Proposition 22 in Appendix. To estimate the Hilbert—Schmidt norm of the matrix,
we have

2 2
A=Y laxl
AN eA

12ll00>S/2
1 loo=S/2

= Z Z|<QR¢M¢A’>

MeA

2

reA
IAlloo>S/2

< D0 Y Ik l3lgn

AEA  AeA
1A lloo>S/2

= > 10xeal3 ) liewl3

r€A MeA
[IAloo>S/2
2 2
< Y NP3, I10ke13
reA
[IMloo>S/2

where Proposition 22 in Appendix is used in the above argument again.
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Non-uniform Random Sampling and Reconstruction in FRI 259

Now we will estimate >, ;¢ | Qr¢s 3 by the following:

> 10ke:13

reA
IMloo> 5

= > Al

rEA .
IMlloo> 5

< X > Iallizwron

ke@n[|-§1).15))¢ el

IMlloo> 5
-2
= X > lortaC=Mliagapore 9P (walx =)
ke@nll-R1.1Re A€ ek Ho.1]
IAloe>

-2
=(inf, w®) R+DI3,,,.
Ixlloo=5—75—1

Therefore we have
(AR, )2 S NP3, 1Al
~ S R -2
<UBIE o IPIE g IB12 0, (R +2>"<ua<— _R_ 1))

2 2

S R —2a

:D](R+2)d<———) .
2 2

For S = (B — %)Rd/"‘/ + 2 with B in Table 1, one finds that R > Ry > 2 and the definition of
o yield that R < R/ and hence

S R\ ™ -1 R\
Di(R+2)4 = - = <DI(R+2 —2RV 4+1-=
1( +)<2 2) < Di( +)< 2 + >

3 —2a
-5 ’ 1 ’
< D|(R +2)d<%1¢dﬂ* — ERd/a>

_s\e
§D1(R+2)d<%> R

Bl—

=

Hence we have shown

(Arf f) <1/2

for all unit vectors f € Hy.
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If R > 2, then

d
N = <Kﬂ - %) dfe +2J + 1) D(A)
3 , d
< <<ﬂ - 5)Rd/“ +3> D(A)

< B'RT D(4),

and the minimax estimate yields uy < 1/2.
On the other hand, if R > Ry > 2||A*||« + 2, then

A *,
> ( R¢)L2 ¢)L>
||¢)‘*||L2(Rd)

_ (Orx, &)

- 2
||¢)L* “Lz(]Rd)

ey

2
||¢)»* ”LZ(]R‘I)

> ke — &y &yt 1D 2o e

1622 122 0,
- Zke(Zﬁ[[—%'\,[%J))d st (- = M) L2010, 170) (A0 g0, 14 e (X — 2%)) 2
- 162172 g,
P13 2.0, Wa(LE] = 127 10))™> 1

||¢)L* ”iZ(Rd)
So for all R > R, the following inequality holds

0 < N(R) < BR”/ D(A). 0

5 Non-uniform Random Sampling in Finite Sums of Eigenspaces Py

Recall from the previous section that A; > A, >... are the eigenvalues of Ag, with cor-
responding eigenfunctions ¥, ¥, .... The span of the first N eigenfunctions is denoted
by Py. We let Ay =diag(rq, ..., An).

The goal of this section is to show a non-uniform random sampling statement for Py . We
will show it by applying a matrix Bernstein inequality which will be stated in Theorem 14,
using the following notation: For A € CV*V, we let ||A| denote the operator norm with
respect to the Euclidean norm. Further, the inequality A < B for two matrices A, B of equal
size means that B — A is positive semidefinite.

Theorem 14 (Matrix Bernstein inequality [22, Theorem 1.4]) Let X; be a sequence of in-
dependent, random self-adjoint N x N-matrices. Suppose that EX; =0, and || X ;|| < B a.s.
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Then for all t > 0,

d 122
P<kmax (; Xj) > t) < Nexp(‘m)

holds where hmay (U) is the largest singular value of a matrix U so that |U || = Amax (U*U)/?
is the operator norm, and o° = || Z;:I IE(X?) Il

The random matrices under consideration are constructed as follows: For each j € N and
k,1€{l,..., N}, weintroduce the N x N rank-one random matrix M; defined by

(M) =Y (xj)n(xj). (15)

Here the x;’s denote i.i.d. random variables, and are distributed in R? with probability den-
sity function wg. Let

X;=M; —EM,). (16)

We can now formulate and prove the non-uniform random sampling statement for Py by
using Theorem 14.

Theorem 15 Let (x;)jen C R? be a sequence of independent and identically distributed
random variables with probability density function wg. Then, for all v >0 and s € N:

1 _ \)2S
P<f€’PNIT;‘2 ls Z(} Fox) | ~ ol ) V) : Nexp<_2Dsz(Kw + %))

(17
holds where vy denotes the square root of wg and ||va||§ is the expectation of | f (x;) 2.

Proof By the definition of M; defined by (15), we have
(EM)),, = / ROV ()P ()dx
R

_ /R R UR () P
= (URW, URWk)-

Furthermore, for any unit vector f € Py we can rewrite itby f = Z,I,V:l cn W, with a unit
vector (c,), of coefficients, and

(e, Myc) = |

’

and similarly

(c.EM;c) ZZcm EM;)i.c
= ZZCkCz VRYk, VRe)

@ Springer



262

Y. Lu, J. Xian

= <UR chlﬂ/ﬁ VR Zcelﬁz>
k ¢

= [lve £ 113,
which implies that both M; and EM; are positive semi-definite.
Thus we have
. : 2 2
inf - x| —1v
fePyIfla=1 5 j:1(|f( DI = lof1z)

1
= | i”nf1 - ((c, Mijc) — (c, EM,'C))
hZiy . .
j=1

1 A
=min| = Y X ),

where Ani, represents the smallest eigenvalue of a self-adjoint matrix.
Next we estimate || X;|. Forall |c[lo=1and f = ;_, cc¥x, we have

(e, Mje) = | Foep|” < I FI1%.

Since we can ignore a zero-measure subset from the existence of probability density function

of x;, as well as
(¢,EM;c) = |lvr 13
< lvrl3 1 £11% = I £1IZ-
Thus we have
[(c. X;c)| = |(c, Mjc) — (¢, EM,c)|
<IflZ <D,

by Proposition 24 in Appendix. Therefore || X ;|| < D, holds.
Finally we will estimate 2. In fact, we have that

E(X}) =E(M}) — [E)]" <E(M]).

and

N
(M2),, = > (MM )i
=1

N

=Y U DV (x)) Y ()

1

~

al 2
=Y Ve )] (M;)ion-

=1
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Thus M_/? = ijzl [ (x;) |>(M i)im- Moreover, we have the following estimation that

N

N
Sl = e v
=1 =1

Z W,Ux

=1

o~

— llv,, I3 < D

almost everywhere by Proposition 24 in Appendix.
Therefore

M; < DM;,
as well as
E(M7) < D,E(M)).

By the arguments above, we can get that

> EM))

j=1

<D

2
<sD; sup |lvrfllz
Ifl2=1

< sDallvll%, =sD2R™ K.

Now the statement of the theorem follows from the matrix Bernstein inequality formulated
in Theorem 14, with proper estimation constants provided above. d
6 Proofs of the Main Results

It remains to transfer the random sampling statements from the spaces Py to the set Vg 5(P).
The following lemma is a first step in this direction, by providing a norm estimate for the
projection onto Py .

Lemma 16 Let N € Nand y € R with Ay > y > Ayy1. Denote the orthogonal projection

onto Py by Ey, and the orthogonal projection onto the orthogonal complement by Fy . Then
Sforall f € Vg s(P), we have

8
IENFII3 = (1 - m)||f||%,
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)
|QrENfII5 = y(l - m)llflli,

8
FyflI?2 < ——IIfI3%
IFnfIl; < =y /15
If N = N(R) # 0, then these estimation can be simplified into
IENFI3 = (1 =28)I1 1115,
2 1 2
1QrEnfllz = { 5 =8 )lIlfIl2-
I1En £13 < 2811 £115-
Proof Let f € Vg s(®), wlo.g. || fllo=1. Since f = Py f, we obtain

1=8 <|1QrfIE=1QrPofI3=(QrPof. QrPof) = (Arf. )= Y (£ )%
J

Let c; = (f, ¥;), and define
N
A=|ExfIF=)_lc;P
Jj=1

and B=1—-—A= ||FNf||§. Then Z;’.O:NH |c_,«|2 < ||FNf||§ =1—A.Using y > Ayy1 >
Ang2>---and A; <1, we find

N N

Z TRED R IR
=1 j=1

Z 1P — Z le; P,

Jj=N+1

(o]
> 1 —8—y< > |c,~|2>
Jj=n+1

>1-8—y(l—A).

Solving this inequality for A yields A > 1 — =, which implies B < — Fmally, Yy <Ay
holds, which implies

N
1)
IQRENFIF=) Ajle;P=yA> y(l - m)
i=1

For N = N(R) # 0, we may pick y = 1/2, which results in the estimates given for this
case. O

To connect the sampling theorem between VI%. s(A, @) and the eigenspace Py, we need
a statement below.
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Lemma 17 Let X = {xj}'}:l be a finite subset of RY and o € [fty41, in]. Assume that the
inequality

= Z (le@p|* = llvrgll) = —R-vligl3

holds for all g € Py. Then the inequality
s 2 R
Srep) = AllFI3
j=1

holds for all f € VI%,(; (A, @), where

. 8 )
A=sR™(K2pa|1l——— | —v)—2D;Np(X)—.
l—«a l—«a

Proof Denoting the orthogonal projection of a square-integrable function f to Py by Ef.
By Lemma 16 above and Proposition 23 in Appendix, we have

Z\ﬂx,)! Z!Ef(xj)!2 — DyNo(X) |1 f — Ef 113

j=1

S )
> Z}Ef(x,—)]z —2D3N0(X)m||f||%

j=1

Vs
> S”UREf”Lz(CR) R —EfI3 - 2D3N0(X) ||f||2
= 5Ky R“’pllEflle(CR) Rd ||Ef||2 2D%N0(X) ||f||2
_d 8 , VS
> KyR “psa|1— T—a A5 — ﬁ”f”z 2D%NO(X) ||f||2
Then we get the conclusion. |

Before proving the main result, we have a following statement about absolute covering
index.

Lemma 18 Suppose X = {x; }“j:l are independent and identically distributed random vari-
ables inR¢. Let P > sup;eza P(x; € k + [0, 11%) and a > e P with as > 1. Then we have

P(No(X) > as) < %(i)

a

where Ny(X) represents the absolute covering index of X stated in (3).
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Proof Let Py =P(x; € k + [0, 119) for k € Z¢. Combing with Chebyshev’s inequality, then
we have that

P(No(X) > as) < > P(#x;} Nk +[0,1]* > as)

kezd

= Z ]P)(Z Xk+10,17d (Xj) > as)

kezd j=1

= Z ]P’(exp (bk Z Xk+10,114 (xj)> > ebk‘”>

kezd j=1

< Z e’ Eexp (bk Z Xk-+[0.114 (xj))

kezd j=1

= Z ebkas HEGXP(kakHO.I]d )

kezd j=1

=Y (14 (* = 1)R)

kezd

< Z ePkas (exp((ebk — l)Pk))s.

kezd

Taking the optimal choice b, = log(l‘,—’k), we obtain that

P(No(X) > as) < 3 exp<—s (a 10g<%> —(a— Pk)>>

kezd
a
= Z exp(—salog(—) + sa — st)
Py
kezd
<Zex as{1—1o a4
= p g P
kezd
(oo((51))
:Zexp as|log| —
kezd a
. Z (ePk)as . Z <€Pk>(€Pk)as_l
kezd “ kezd a a
eP\ (eP\“ ' 1 /eP\*
< — | — =——) . O
2 () =5(%)
kezd

Remark 19 For a distribution with probability density function w(x), we can take P =
[lw]leo so that for a and s satisfying the conditions of Lemma 18. So we have

P(No(X)>aS)§;<eHw“OO> )

llwlloo a
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Remark 20 If we take a special example that the distribution is uniform distribution on Ck,

then P can be taken as | R|~¢. So we have

—d \ as
P(No(X) > as) < [RJ”(%) < R%exp(—s(alog(alR|?) — a)).

It provide a different estimate from [3, Lemma 8]. Note that we demand a more strictly
conditions than that in [3], but our estimate might be better than that in [3]. And our result

is suitable for a large kinds of non-uniform probability distribution.

Then we can see the following statement.

Theorem 21 Let (x;)jen C R? be a sequence of independent random variables with prob-

ability density function wg. Assume that R > R, and furthermore

1
s<—2PL vk, (pl==5)=12Ds).
2(p + 12Ds) 2

rd
Then, for any s € N and s > K

1
A= Kwp<§ —8) —v—12K, D38

is strictly positive, and the sampling estimate

SARIFIZ< | fGap <sDall fI3. Vf e Vi (A, @)

(18)
j=1
holds with probability at least
2, vis RY [ e\ MR K
1— D(A)RT/ ! exp(—ﬁ> -— <—> : (19)
2D, R (K, + 3) K,\3
Proof Define the random variable N, as the absolute covering index of x, ..., x,. Fix
N = N(R), and consider the events
1 s 2
Vi= inf - xi)| = v < —yRr™
! [.rePN,lfu—l s ;(\f( D = llef13) < }
and
Vo={No>3RK,}.
Following Lemma 17 and taking o = %, we see that for all (xy, ..., x;) in the complement

of ViUV, and all f € Vg 5(®),

1 s
SOl = ARF1.

j=1
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Theorem 15 combined with Lemma 13 imply that V; occurs with probability at most

2
2 e/ Vs
D 5o 35 )
2 w 3

Furthermore, Lemma 18 yields that V, occurs with probability at most

R (e 3sR™4K,
1?(5) '

Thus the lower estimate in (18) occurs at least with the probability given in (19), whereas
the upper estimate follows Proposition 24 in Appendix. O

Proof of Theorem 1 By the definitions of M and § in Table 1, we have D(A)Rdz/“/ﬂd <
D(A)Rdz/"‘/M as well as g_i < D(A)Rdz/“/M. And by the assumptions in (7), we have

e\3sR™IK, _ vis
(%) <exp( —ZDZRJ(KH)%)). Hence, as soon as

sl 2

2Dy (K, + % a’fe!
s> RY 2( w+3)10g<2D(A)MR )
€

holds we have that D(A)RY /' M exp(—%) < €/2. The theorem is proved. [
wt3

Proof of Corollary 4 and 5 Obviously £ = Sf, therefore $*¢ = S*Sf. Now we estimate the
spectrum of $*S. For all f € VZ(A, @), we can see that

(£.5°SF)=(Sf.sh =13 = | el
j=1
By Theorem 1, we have that

SART(f. f) < (£.57Sf)= Y | fap|* <sDaf. f)

Jj=1

hold under the conditions in Theorem 1 with probability at least 1 — €. This implies that
IS*S|| < sD,, as well as S*S is invertible and ||(S*S)~!|| < (sAR~%)~! in this case. Then
Corollary 4 is proved.

In this case, the conditional number

k(s78) = |s*s][[(s%5)"'|

< sDz(AsR_‘l)_1

D, R4
A

D>R?
Kup(s—8)—v—12K,D38

Let § — 0, then Corollary 5 is proved. ]
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Proof of Corollary 6 By the conclusions of Theorem 1, we have that AR~ f ||§ <
IS 1G> < Dyl f13 for all f € VE (A, ®) hold with probability 1 — € under the
conditions in Theorem 1. Therefore we have that

1 N
A=Do)If I < f15 = D | F G| < (1= AR)IfI
i=1

in this case. The corollary is proved. ]

7 Reconstruction Algorithm from Non-uniformly Random Sampling

Realistically one can sample f only on a bounded set; furthermore, every function vanishes
at infinity, thus samples far out do not contribute anything significant to sampling and re-
construction. We can learn about f only if the samples are taken in the “essential support”
of f. Let A is a finite set so we can write @ as {¢1, P2, ..., P;,...,d,} where n = |Al.
Suppose the generators are bounded and the support of every ¢; is in Cg. So that for any
small § > 0, we have VI% s(A, @) = V2(A, @) since all the energy of these functions is all
in Cg. In addition, we assume that @ is a Riesz basis of V2(A, @).
Forasignal f =Y, ci¢: € V2(A, P), denote

F=(f) - flx) - f(x))
to be our sample value,
C:(cl g e Cn)

to be the coefficients, and the matrix
U = (¢ (xj))i‘=11,.4.,n- (20)
j=

Then we can easily see that F = CU. ~
Note that @ is a Riesz basis, we have that ¢; = (f, ¢;). So that by Proposition 22 in
Appendix, we have

2 2 2
IC 20 S NPNS 1 1S Nl5e
(A) 0

On the other hand, use the same method as Proposition 22 in Appendix, we have

n 2
2
LG =D cio
i=1 2
. 2
= |2
kezd Il i=1 L2 (k+[0,11%)
n 2
= Z (Z lcilll i ||L2(k+[o.1]d))
kezd \i=1

2 2
S P 1w 1C N2 4y
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Table 2 Reconstruction X . ” B
Algorithm:  Reconstruction from non-uniform random sampling

algorithm
Given R, ®=(9)]_;. w
Input l.e, v
Init 2. Choose s by (8)
3. Generate random sampling point {xq, ..., x5} by wgp

4. Calculate U by (20)
5. Calculate (UU*) ™!

Input 6. F=(f(x1),...., f(xn))
7. Calculate C = (FU*)(UU*)_1
Output 8. f=>""_cidi

By Corollary 4, for v small enough and s large enough, we have that

AR <Y | r@pl’ < BillfI3

=1

hold with probability at least 1 — € where A; = ﬁ( % —v) and By = sD,. Combining

with the arguments above, we have that
2
A2ICll2cay = IS5 < B2llCllg2ay »

where A, = ||<5||£21_u0 and B, = ||® ||§.Lu0. Therefore

n

2
AAlCllacny < DI FGD| < BiBalIC 2y
j=1

hold with probability at least 1 — €. Similar to the arguments which prove Corollary 4 and

Corollary 5, we get that UU* is invertible and the conditional number of UU* which is
2RIDNNS  IBIF 1 s
denoted by « (UU*) would not larger than 2152 — R probability at

. AjAy Kyp—2v
least 1 — €. That is,

2RD, (D)2, , |IP|3
P K(UU*)> 2” ”2,1,“0” ||2,1,L,0 <
Ky,p—2v

Then one can reconstruct the original function from the sample by

c=(Fur)(vu*)™

with probability with at least 1 — €.
The reconstruction algorithm from non-uniform random sampling is shown in Table 2.

7.1 Numerical Test
Recall the spline functions mentioned in Example 8. Let us consider it as a numerical model

for the generators in V,%, s(A, @). Let the spline knots be integer points and m = 3. We
restrict the splines in Cg, where R is an even positive integer. We will review that space
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S0= e

AeA

0
o a/ﬂm%\.
o .
2 3 4

] -7 3 B = -3
-05

-10

-13

-20

(a) Random sampling with normal distribution in R

S0=Y )

AeA

(b) Random sampling with uniform distribution in Cp

Fig. 4 Different distributions of sampling points

by the following definition. Let d = 1 and R be an even positive integer. We use the spline
function
Po=X-3 4 K X- L K XLy

[T30%L)

where “x” represents the convolution product. The generators are presented by

1
$3.(x) = o (x — X)Xy (%), hes+L.

Let A ={): ¢, #0}. We can easily check that A= +2Z)N[-% — 1, % 4+ 1] and
A*F=1/2.

We will test two kinds of probability distributions in sampling. One is the normal distri-
bution with mean 0 and variance o like Example 10. In this case, we can get that the optimal
choice of ¢ to optimize the lower bound of sampling inequality is 1/2 taking § — 0, so that

K, = \/g and p = exp(— %). Note that we actually abandon those sampling points out of
Cp in practice. Another distribution is the uniform distribution in Ck, just like that used in
[3] and [8]. In this case, we have K, = 1 and p = 1. Figure 4 plots the examples of different
distributions of sampling points with R = 8.

Then we can give a totally practical trial to get the actual success rate. We use the algo-
rithm in Table 2, using the numerical pseudo-inverse in Step 5, just like the “Pseudolnverse”
function in Wolfram Mathematica or “pinv”’ function in MATLAB. We take the space @ as
above while the distribution of sampling is normal distribution with a specific o defined in
Example 10. More specific, we take c(X) periodically of period 8. The signal is shown in
Fig. 4 too.
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Practical

success rate
12

1.0

0.8}

0.6

0af

. , Amount of
150 200  sampling points s

——— R=8, normal distrid.
----- R=16, normal distrid.
-=.=-= R=24, normal distrib.
——— R=38, uniform distrib.
..... =10, uniform distrib.
..... - R=24, uniform distrib.

Fig. 5 The relation between success rate and sampling rate

For a test, we will run the algorithm and calculate the Euclidean distance between the
C we calculated numerically in Step 7 and the real C of the original function f which is
regarded as the reconstruction error. One test is regard as successful test when the recon-
struction error is less than 1072,

Firstly, we take into two parts: one is using the normal distribution mentioned above with
o = 1/2, taking R = 8§, 16,24 and s = 20, 30, ..., 100 respectively; another is using the
uniform distribution in Cg taking the same parameters. We take 10000 trials for each case,
then test the actual success rate in those cases. Figure 5 plots the success rate respectively to
every value of s in each case.

From Fig. 5, we can see that: (i) the success rate increases with s increases; (ii) the
success rate decreases with R increases and other conditions unchanged; (iii) due to the
nonuniformness of the distribution, we need more sampling points or less R to reach the
same success rate comparing with the uniform distribution. The results of the numerical
tests match with Theorem 1 and Corollary 5.

Secondly, we fix R = 8§, take s = 40, 60 as well as 0 = 1/80,2/80, ..., 120/80 respec-
tively and take 10000 trials for each case with the same normal distribution, then test the
actual success rate in those cases. Figure 6 shows the success rate with the o’s.

From Fig. 6, we can see that for a certain s, the success rate first increases then decreases
with o increasing. We get the best choice that optimize the actual success rate is that o =
40/80 = 1/2 by the data of s = 60. At the same time, we can improve the success rate by
increasing sampling points under the same o. The results of the numerical tests match with
Theorem 1 and Corollary 5.

Next, we explore the “threshold” of s, or the smallest s to have the actual sampling suc-
cess rate reached 95% for different R’s. We fix 0 = 1/2 and R = 8, 16, 32, 64 respectively,
take different values of sampling rates around the threshold we pre-estimated while taking
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Fig. 6 The relation between the Practical s=40
practical success rate and o

success rate

10

0.6

04

02

T Y ST S S S Y T S S Y B S S S S S S S B S S 3

0.0 02 04 0.6 0.8 1.0 12 14

Table 3 Thresholds of s with
different R’s R 8 16 32 64

Thresholds of s 55 121 258 527

10000 trials for each case of sampling rate, and look for the “threshold” of s. Table 3 is the
thresholds with those R’s.

We can see that every value of the threshold is a large twice times than the front value
from Table 3. So the O(R?1log R?) sampling rate in Theorem 1 is match with numerical
test.

8 Conclusions

In this paper, we considered the non-uniform random sampling and reconstruction prob-
lem on signal spaces with finite rate of innovation. Under very mild assumptions on the
generators and the probability distribution function, we show that for R sufficiently large,
taking O (R?log(R?)) many random samples yields a sampling set for V2 ;(®) with high
probability. As one of applications of our main results, we provided a reconstruction algo-
rithm from non-uniform random sampling with high probability and implemented it when
the generators are compact-supported.
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Appendix. Some Properties of the Signal Spaces V2(A, ®)

We assume El}at P = {¢2}rea is a Riesz basis of VZ(A, @), therefore there exists a dual
Riesz basis @ = {¢; },.c4. Thus we have that for all f € V2(A, @), such that

F=) (. 0:)8.=> (f.¢:)¢:. @1)

reA reA

We can easily see that forall | <g¢’' <g <oo,0c0>p'>p=>1andu'(x) <u(x),Vx e
R?, we have 1@y, prw < I9lly,p,u- Moreover, by [19, Theorem 4.1], we have that if
1@1l4,p.u < 00, then so is the same norm of the dual Riesz basis, or to say ||cD g, pu < o0.

For convenience of the main proof, we will show some properties of the space V2(A, @)
under the assumptions of the generators in Sect. 2.2.

Proposition 22 If f € L>(R?), & = {¢;} satisfying (A.0) and | ®||2,1,., < 00, then we have:

S < UPIR o 1122 0, (22)
rEA

and
SHE B < UBIE 122 - (23)
reA

Proof We firstly prove (22). In fact, we have

2
Sl =X X [ s

d
reA reAlpega 7 k+101]

= Z<2/ |f(x)||¢x(x)|dx)2

reA “gezd

2
= Z(Z ” J(x) ||L2(k+[0,lj'1) ||¢’A (x) ||L2(k+[0,ljd)dx>

reA “kezd

2
= Z(Z ||‘/’k(x)||lL/22(k+[o,l]d) x ”‘bl(x) ||1L/22<k+[o,|]d)”f(x)HLZ(H[oA]d))

reA “kezd

= Z(Z ”‘/’k(x) ||L2(k+[0,l]d)> <Z ”‘/’k(x) ||L2(k+[0.l]‘1)

reA “kezd kezd

<Pl Y Y [XCoT FEvas ”f(x)”i%mo,ud)

reA kezd

= 1P 1210 D | F O 2es0.10) 21820 20040110,

kezd r€A

2 2 2 2
<NPI3 1y 2 IO 2oy = NP1 1 12 g

kezd

|f(x) ||i2(k+[0,1]d)>

A similar method is used in the proof of [18, Theorem 2.4(iii)]. Similar to the proof above,
we can prove (23) as well. O
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Proposition 23 For every f € V2(A, @) and every subset I’ C R¢ where the absolute cov-
ering index No(I") defined in (3) is finite, we have

S s < DsNoDIF I 24)

yell

Proof First we consider I with No(I™) = 1, that is, for any k € Z¢, there is at most one
point in I" N (k + [0, 119). Let ¢(A) = (f, ¢,), then f = > ea C(A) ;. Similar to the proof
of Proposition 22, we have

2

Sl =YD e
yel’ yel''reA
2
< Z(Z|C(A)||¢A(V)|)
yell “heA
2
= Z <Z|C()\)| ||¢A||L00(k+[o¢1]d)>
kezd “reA
2
= Z <Z ||¢)L||]1_‘/:>§(k+[0‘|]d) X ||¢)L||]1_‘/o§(k+[0‘|]d) |C()‘-)|>
kezd “reA
< Z <Z ||¢A||L0°(k+[0,1]d>> (Z P2 llLoe k0,179 |c(k)|2)
kezd “heA res
< 1@ lltag D D M llisorpon e
kezd reA
< D110 D e
reA

2 7112 2 2
S NP 1P 1210 1 f 112 = D3l £ 112,

where the last inequality is derived from the conclusion of Proposition 22.

For a general subset I", we can split it into at most Ny(/") non-intersect parts each of
which has absolute covering index 1. Then sum the function value of each part respectively,
sum all of them all together and we get the final conclusion. a

Proposition 24 V2(A, @) is a reproducing kernel space, or to say there exists a family
(V)rerd C VH(A, @) such that f(x) = (f,v.),YVf € VX(A, @) and |v,|l3 < D, almost
everywhere. Moreover, we have || f |2, < D2||f||§f0r all f e VZ(A, D).

Proof We define that v, (y) = 3, , 61 ()¢, (x), and w,(y) = 3, #1(¥)s (x). For all
f e VXA, @), we have that

FO) =) (f )¢ (x)

reA

= Z/Rd F3)B(y)dxehy (x)

reA

=/ SOy = (f, vx).
]Rd
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Similarly, we have

)= (f, )¢ (x)

rEA
:/ FOwx(dy = (f, wy).
]R‘I

Therefore, (f, w, — v,) = 0 holds for all f € V2(A, ®). However, both v, and w, are
in V2(A, @) by definition, then w, — v, € VZ(A, ®). So (wy — vy, wy — v) =0, or
w, — v, = 0. Therefore w, = v,, which implies v, (y) = ZAeA ¢A(y)(’5k(x) as well.

We now show that v(x), g« is a reproducing kernel. For fixed x € R?, we have

||vx||§=/ v () (0)dy
]Rd

= [ D> 6(36(x) b (3 (x)dy.

d
R jearen

By 1@ loo,1,uy < 00, we can change the order of the sum and the integration. So we can
obtain that

ol = [ 37 30 005, 8 0 o)

rEA N eA

=Y Y 5 0EBm / 5.0y

AEA N eEA R4
=3 Y B ® B b)

AEA N eA
=3 g @) ()

rEA

~ 2 l
= (Zl%(x)IZ) (Zlmxw)
AEA reA

=< ”d) ||oo,2,u0 ”¢ ||oo‘2.,u0 = D2'

Thus ess sup, cpa ||V« ||§ < D, < c0. Therefore (v,),cga is a reproducing kernel of V2(®, A).
Moreover, we have

2
1% = esssup, e | £ ()]
2
= essSup, cpa | (f 04|

2. 12
<esssup,pell fl51ve 5

<D flI3. O
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