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Abstract We prove existence and uniqueness of minimizers for a family of energy function-
als that arises in Elasticity and involves polyconvex integrands over a certain subset of dis-
placement maps. This work extends previous results by Awi and Gangbo to a larger class of
integrands. We are interested in Lagrangians of the form L(A, u) = f(A)+ H(detA) — F -u.
Here the strict convexity condition on f and H have been relaxed to a convexity condition.
Meanwhile, we have allowed the map F to be non-degenerate. First, we study these varia-
tional problems over displacements for which the determinant is positive. Second, we con-
sider a limit case in which the functionals are degenerate. In that case, the set of admissible
displacements reduces to that of incompressible displacements which are measure preserv-
ing maps. Finally, we establish that the minimizer over the set of incompressible maps may
be obtained as a limit of minimizers corresponding to a sequence of minimization problems
over general displacements provided we have enough regularity on the dual problems. We
point out that these results do not rely on the direct methods of the calculus of variations.
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138 R. Awi, M. Sedjro

1 Introduction

We are interested in Euler-Lagrange equations, existence and uniqueness of minimizers for
some problems in the vectorial calculus of variations emanating from elasticity theory. These
variational problems are related to an open problem in Partial Differential Equations that
we describe as follows: let T > 0 and let £2 and A be two open subsets of R?; suppose
that ug is a diffeomorphism between §2 and A; we seek u: 2 x (0,7) — R4 such that
u(-, 1)(§£2) = A for each ¢t and

{u,:divx D:L(Vu) on £ x (0,T), an

u(0, ) =u, on §2,

in the sense of distributions. In (1.1), we assume that the map R?*? 5 & > L(£&) is quasi-
convex. We refer the reader to [2], [7], [5], [11], and [12] for further details on these gradient
flows. Understanding variational problems associated to the time-discretization of (1.1) is
arguably an important step toward the construction of a solution. In that regard, several
partial results are available in the literature (see for instance [7] and [5]).

In [2], the authors have focused on a class of Lagrangians that arises in elastic materials.
More precisely, they have considered polyconvex Lagrangians of the form & — L(§) =
f(&) + H(det&). Here f is a C'(RY) strictly convex function with p-th order growth, and
the map H is a C'(0, 00) convex function that satisfies

HO)

; +00. 1.2)

lim H(t) = lim
=0t t—00

As aresult, a variational problem emerges from the time discretization and has a relaxation
that takes the general form:

min!/(f(Vu)—i—H(ﬁ)—Fw)dx; (u,,B)e“Z/} (1.3)
2
where F € L'(£2,R?) and

U = {(u, B):ueWhP(2, A), B:2 — [0, 00);

/l(u)ﬂdx:/l(y)dy;VleCC(]Rd)}. (1.4)
2 A

Although the existence of minimizers in (1.3) follows from the direct methods in the calculus
of variations, the uniqueness is a rather challenging problem. Indeed, because of (1.2) and
the non-convexity of the integrand, standard techniques in calculus of variations do not
apply.

To bypass these difficulties, the authors of [2] have introduced a pseudo-projected gra-
dient operator %s > u — Vsu defined as follows: for a given u € %s, the map Vsu is the
unique minimizer of

/ £(G)dx
2

over

udivgodx:—/ (G,(p)de(peS}.
7] fe)

Gs(u) = {G € LP(Q,RdXd) : /
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On the Uniqueness of Minimizers for a Class of Variational Problems 139

Here, S is a finite-dimensional subspace of Wol’q (£2,R9%9), 4 is the conjugate of p, %s is
the set of all u : 2 — A measurable such that there exists a ¢ = c(u, §2, A) > 0 satisfying:

/u-divq)dx
2

We point out that the pseudo-projected gradient operator depends also on f, though the
dependence is not exhibited in its notation. As a first step to approaching (1.3), they have
considered the following perturbed problem:

<clollLaerixdy, VYo €ES. (L.5)

inf{/ (f(Vsu)+ H(B) — F -u)dx; (u,B) e%}. (1.6)
7

The choice of problem (1.6) is justified by the construction of a family of finite dimen-
sional subspaces {S,}, dense in Wol’q (82, R?*4y guch that for u € W7 (2, R?), one has

lim / f(Vs,u)dx = / f(Vu) dx. 1.7
n—>oo Jo o

We note that a L”(£2, R?)-bounded subset of %s whose image by the operator Vg
is bounded in L”(£2, RY*?) is not in general strongly pre-compact with respect to the
L?(£2, R?) topology. As a result, compactness of level subsets of the functional in (1.6) can-
not be guaranteed. Nevertheless, the authors of [2] have successfully shown existence and,
more importantly, uniqueness in (1.6) under the assumption that F is non-degenerate (see
definition below). This condition of non-degeneracy for uniqueness is crucial in a similar
problem, the so-called Brenier polar factorization, and more generally, in optimal transport
problems. Confer [1], [3], [9], [8], [10] and [15].

In this paper, we investigate the respective roles played by the strict convexity of f,
the convexity and smoothness of H, and the non-degeneracy of F' in problem (1.6). More
precisely, we impose less stringent conditions so that either the map F is allowed to be
degenerate or f is allowed to be merely convex or H is neither smooth nor strictly-convex.
These considerations are not just technicalities. Indeed we note that a prominent case of mere
convexity, f (&) = |&|, is typical for the study of minimal surfaces as well as for the study of
functionals involving the total variation (see for instance [4]). Furthermore, we observe that
cases where H is taken to be the characteristic function of a singleton of R arise in the study
of incompressible deformations in Elasticity theory (see for instance [12] and [15]). Finally,
the non-degeneracy condition tests the extent to which one can hope for uniqueness in the
variational problem we considered. To deal with these weaker assumptions, we introduce a
family of operators {V"Sf 1S C WOl (2, RY), f convex) defined by

Wl”’(.Q, Rd) Su> st[u] = sup/ (—u divyp — f*((p)) dx. (1.8)
2

peS

We note that the operator st is actually well defined on the set of measurable functions u
defined from 2 to A when the set S is a finite dimensional nonempty set and the function
f satisfies appropriate growth conditions. As a family, these operators extend the pseudo-
projected gradient operators and the distributional gradient. Indeed, st [u] = f o f(Vsu)dx
if S is a finite dimensional subspace of Wol 4(2,R>) and u € ¥s and furthermore
Viul = [, f(Vu)dx if S = Wy? (2, R¥*?) and u € W'?(£2,R?). These extensions are
only valid under appropriate conditions on f. It is worth pointing out that if f(§) = |&|
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140 R. Awi, M. Sedjro

and S = W,/ (2, R¥*?) then V{ (u) is nothing but the total variation of u on the set £2.
We show that for a collection of sets {S,}2 | of WOl (2, R?) satisfying Hypothesis (H1) or

Hypothesis (H2) (see Sect. 2), we have a convergence result in the same spirit as (1.7):

lim VY [ul = vav’o,,q(gw)[u](: /Q f(Vu)dx) (1.9)

for any u € W7 (£, R¥*¢) and appropriate conditions on f. We thus proceed to study a
more general problem:

inf =Vg'[u]+[ (H(B) — F -u) dx} (1.10)
(u.Be%d Q

where S is an element of a collection of sets satisfying Hypothesis (H1) or Hypothesis (H2),
and

%g:{(u,ﬂ):ue%s; B: 82— [0,00);

/l(u(x))ﬂ(x)dx:/ l(y)dyVleCf(Rd)}. (1.11)
2 2

Sublevel sets of the integrand in (1.10) are not compact. Nor is f necessarily strictly con-
vex. However, we show existence and uniqueness in problem (1.10). In fact, this result holds
for F non-degenerate as well as for a class of degenerate F' provided that the set S is cho-
sen accordingly (see Corollaries 3.6 and 3.7). Unlike optimal transport theory, this analysis
suggests that the non-degeneracy condition is not essential for a uniqueness result in (1.3).

Existence and uniqueness results for problem (1.10) are established thanks to the discov-
ery of suitable dual problems. Indeed, call C the set of all functions (k, ) with k, [ : RY —
R U {oo} Borel measurable, finite at least at one point, and satisfying the relation / = co on
R\ A and such that

kW) +tl@)+H@O >u-v VYu,veR? t>0.

Let .« be the set of (k, [, ¢) such that (k,/) € C and ¢ € S. Define the following functional
over the set &

J(k, 1, ) ::/ k(F—l—divga)dx—}—/ldy—I—/ f*(p)dx.
2 A 2

Next, assume that the map F' and the set S are such that for all p € S,
F + div ¢ is non-degenerate. (1.12)

Then —J admits a maximizer (ko, ly, ¢o) wWith kg convex and diam(A)-Lipschitz. As a con-
sequence, problem (1.10) admits a unique minimizer (u¢, By) and u, satisfies

{u():Vko(F—l—diV(po) 1)

@0 € DPs(up).

Here, we have denoted by @ (u(), the non-empty set of maximizers of problem (1.8) (see
Proposition 2.8). In order to obtain condition (1.12), we consider two distinct situations.
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On the Uniqueness of Minimizers for a Class of Variational Problems 141

First, we assume that F' has a countable range, thus degenerate. If S is an element of a
collection of sets satisfying hypothesis (H2) then it holds that F' 4- div ¢ is non-degenerate.

Second, we assume F' non-degenerate and S is a finite dimensional vector space, as in [2].
It holds again that F' + div ¢ is non-degenerate. However, unlike the hypotheses in [2], we
have allowed the map f to be as singular as the map R¥*¢ 5 £ > |£|.

We have also studied (1.10) when H is replaced by Hj : (0, c0) — R U {oco} defined by
Hy(1) =0 and Hy(t) = oo if ¢ # 1. This case corresponds to the case of measure preserv-
ing maps. Note that Hj is not even continuous. However, it may be obtained as a limit of
functions H, which are C'(0, co) convex functions and satisfy (1.2). We show that for such
singular Hy, the corresponding problem

inf {vg[u]—/ F~udx] (1.14)
ue%; 2
with
%Slz{ue%S:/ 1(u(x)) dx:/ l(y)dyVleCC(Rd)} (1.15)
2 2

admits a unique minimizer. (See Theorem 4.3.)

To obtain existence and uniqueness results in problem (1.14), we exploit a dual for-
mulation and maximize —J over the set that consists of (k,[, ) such that ¢ € S and
k, I :R?Y — R U {oo} are Borel measurable, finite at least at one point, and satisfy the rela-
tions / = oo on R \ A and

kW) +1lw)>u-v Vu,veR?,

One shows that —J admits a maximizer (ko, ly, ¢o) With ko convex and Lipschitz and the
unique minimizer of problem (1.14) is u, given by

ug = Vko(F + div ¢y).

Finally, we show convergence of a sequence of problems of the form (1.10) to (1.14). More
precisely, we show that the minimizer of problem (1.14) may be obtained as limit of mini-
mizers of problems of the form (1.10) provided that the dual problems admit regular enough
maximizers. In fact, suppose the map F and the set S are such that for all ¢ € S, the map
F + div ¢ is non-degenerate. For (u, 8) € %s, define

1 )= Vel + [ (.08 —u- ) dx
and set
Io(u) = VI [u] — /Q u-Fdx.
Thanks to Theorem 3.5, the problem

inf  I,(u, B) (1.16)
(u,B) e s

admits a unique minimizer that we denote (u,, 8,) with u, = Vk,(F + divg,) for some
k, : RY = R convex and ¢, € S. Denote u, the unique minimizer of (1.14). If for all n € N*
the map k, is differentiable then the sequence {u,},cn+ converges almost everywhere to ug
and in addition, the minima {7, (&, B,) }nen+ converge to Iy(ug) (cf. Theorem 4.7).
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142 R. Awi, M. Sedjro

2 Preliminaries
2.1 Notation and Definitions

e Throughout this manuscript, 2 and A C R? are two bounded open convex sets; 7* > 1
is such that B(0,1/r*) C A C B(0,r*/2); p € (1,00) and ¢ is its conjugate, that is,
plHq =1

e Given A C R, the indicator function of A is defined as

0 ifxeA,

xa(x) = )
o0 otherwise.

e For any subset S of Wol"’(SZ,RdXd), we denote by span(S) the linear subspace of
W, ?(£2, R?*¢) generated by S.
e We denote by f* the Legendre transform of a map f : R?*¢ — R so that

(€)= sup {£-6"— f©}.

&-E]Rdxd

e If h : R — R U {oo} is convex then the subdifferential 34 (x) of & at x € Dom(h) is
closed and convex. If dk(x) is non-empty we denote by grad[k](x) the element of d/(x)
with minimum norm:

|grad[h](x)| :min{|y| 1y € 8h(x)}; x € Dom(h).

o Let S C Wy (82, R7*4). We denote by ., the set
Sy = {(peS:/ (@) is ﬁnite}. 2.1
2

e Let F:RY — R? be measurable. We say that F is non-degenerate if for any N C R?
such that £¢(N) =0 we have £L4(F~'(N)) =0.

2.2 Assumptions

(A0) We additionally assume that there exists a strictly convex function that is C' (£2) and
vanishes on the boundary of £2.

(A1) The set S is a subset of Wol’q (£2, R¥*4) In addition, the map f : R¥*¢ — R is convex
and satisfies the following three properties:

(i) There exist a, b, ¢ > 0 such that for all £ € R*¢,

1&17
c7+bzf($)za|$|—b 22

and for all £* € 9f (£),
’$*|q§c|%~|p+b_ (23)

(ii) The set . is non-empty.
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On the Uniqueness of Minimizers for a Class of Variational Problems 143

(iii) One of the following two conditions holds:
(a) The map f is such that df*(x*) is non-empty and grad[ f*](x*) = O for each
x* € Dom f*. .
(b) The map f is strictly convex and there exist a, b > 0 such that for all £&*
R4 one has
FAE) <a+bler|” and |VFHE) <a+blEr|T . @4
(A2) The map H is C'(0, 00), strictly convex, and such that
H@)
=

lim H(t) = lim +o0
P 1—>00
(A3) The function F is measurable and belongs to L' (£2).
Let S be a subset of W,/ (2, R*?). We say that F satisfies the condition (ND) if

div(p) + F is non-degenerate

forallp € S.

Remark 2.1
(i) As f satisfies (2.2), we have

*1q

byl T (E") < X0 (E7) + b 2.5)
for all £* e R*4,

(i) If f satisfies case (b) in (iii) of Assumption (A1), then f* is continuously differentiable.
In that case, grad[ f*] =V f*.

(ii) If f satisfies case (a) of Assumption (A1)(iii) then O € of*(x*) for every element
x* € Dom(f*). Consequently, the map f* is constant on Dom( f*) and the following
equalities are satisfied for all x* and y* in Dom( f*):

FH(x*) = £*(v*) = grad[ f*](x*) = grad[ £*](y*) =0. (2.6)

(iv) Assumption (A0) is satisfied by 2 = B(0,1) C R? with the strictly convex function
being the map R? 5 x — |x|* — 1.

(v) The map f :R¥? — R defined by f(£) = |&| satisfies case (a) in (iii) of Assump-
tion (A1). The map f : R™*? — R defined by f(£) = |&|? satisfies case (b) in (iii) of
Assumption (Al).

The following lemma summarizes some elementary properties of H. We refer the reader
to Remark 2.1 in [2].

Lemma 2.2 Assume (A2) holds. Then,

(1) The map H' : (0, 00) — R is a strictly increasing bijection.
(i) The Legendre transform H* of H is a stricily increasing bijection from R to R.
(iii) Let g : R — R be defined by g(s) = as — BH*(s), witha, 8 > 0. Then

lim g(s) = lim g(s) = —oo0.
§—>—00 §—>00
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144 R. Awi, M. Sedjro

Define H, by
Hn=1""" B : @7

and, forn > 1,

H,t)=H(@) — H() +n( — 1)~ (2.8)
The following lemma is straightforward.
Lemma 2.3 Assume (A2) holds. Then,

(i) There exists H € R such that
H= téf?f&) H().

(ii) The collection {H,},2, is a non-decreasing sequence of functions that converges point-
wise to Hy. In addition, for all n € N*, the map H, is a C' (0, oo) strictly convex func-
tion that satisfies

H,(t

0y

lim H,(t) = lim
t—0t t—00

(iii) Lett > 0. If {H,(t)};2, is uniformly bounded above by a constant c, then

nit—1><c+HA)—H
andt=1.
2.3 Hypothesis on the Underlying Sets of Pseudo-Gradients

We recall that in [2], the construction of Vsru has relied on hypothesis on the underlying
sets ST that we summarize in Hypothesis (HI) below.

Hypothesis (H1).
A collection {2(,,}°2, of subsets of Wol’q (2, R¥*4) satisfies Hypothesis (H1) if

(i) 2, of a finite dimensional subspace of WOl (2, R4 for each n € N*.
(i) The map V¢ has a countable range whenever ¢ € 2, for any n € N*.
(iii) The set |, cp« Xn is dense in Wol'q (£2, R4x9),
(iv) Fori < j, we have the inclusion 2; C 2A;.

An explicit construction of sets satisfying Hypothesis (H1) is provided in [2]. Here, we build
on the conditions of Hypothesis (HI) and we relax conditions on the underlying sets:

Hypothesis (H2).
A collection {Q,}°2, of subsets of WOI‘” (2, R¥*4) satisfies Hypothesis (H2) if

(1) Span(£Q,) is of finite dimension and £, is a non-empty closed and convex subset of
g dxd
Wy (82, R*4).
(ii) The map div ¢ is non-degenerate whenever ¢ € 9, for any n € N*.
(iii) The set [,y Q. is dense in W, 7 (£2, R¥*9).
(iv) Fori < j, the inclusion ; C 9; holds.
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On the Uniqueness of Minimizers for a Class of Variational Problems 145

The next lemma asserts that a collection of sets can be constructed to satisfy Hypothe-
sis (H2).

Lemma 2.4 Assume (A0) holds. Then, there exists a collection of sets {Q,}° | satisfying
the requirements of Hypothesis (H2).

Remark 2.5 The condition (A0) in Lemma 2.4 is only needed for requirement (ii) of Hy-
pothesis (H2).

Proof Suppose that v is a strictly convex function that is C'(§2) and vanishes on the bound-
ary of £2 as given by Assumption (A0). Let ¢, : 2 — R?*“ be defined by

v 0 o 0
0 ¥ - 0
o=1. . ..
R

As ¥ is C1(£2), we have ¢, € WOI”’ (£2,R?*4) and it follows that div ¢y = V. Thus, for
almost every x in £2, we have

det(V (div go) (x)) = det(V*¥ (x)) > 0.

o0

Thanks to Lemma 5.5.3 in [1], the map div ¢ is non-degenerate. Let {2,}°, be a collection
of sets satisfying Hypothesis (H1). One readily checks that the family of sets defined by

1
Qn={<p+e¢0:¢)emn;ez;}
for n € N*, satisfies hypothesis (H2). ]
2.4 Special Displacements

To S C Wol’q (82, R¥*4) we associate %s, the set of all u : 2 — A measurable such that
there exists ¢ = c(u, §2, A) > 0 satisfying:

/u~div<pdx
o)

Remark that if u € %s, then u belongs to L>®(£2,R?) since u has values in A which is
bounded. If span(S) is of finite dimension then % is the set of all measurable maps u :
2 — A. In fact, the linear map span(S) > ¢ — fQ u divg is continuous with respect to
the LZ-norm as in finite dimension, all norms are equivalent. Therefore, we may find ¢ for
which inequality (2.9) holds for all ¢ € span(S) and in particular for all ¢ € S.

At any rate, %s contains W7 (£2, R?). Indeed, notice that for a fixed u € W7 (2, RY),
we have, forall ¢ € S:

/ u-dive dx
o)

<cllellae rixdy Yo €S. (2.9)

< I Vullpr @ raxay 1@l La (2, rdx4)-

= ‘—/ (Vu, p)dx
2
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146 R. Awi, M. Sedjro

We introduce the following set

%':{ue%:/ z(uoc))dx:/1<y)dyWeCc(R")}
7] A

and

%g:{(u,ﬁ):ue%; B: 82— [0,00);

/l(u(x))ﬁ(x) dx:/l(y)dyVleCC(Rd)}.
2 A

Notice that %51 ={u € Us : (u,1) € %}. This corresponds to measure preserving dis-
placements.

2.5 Extended Pseudo-Projected Gradient

LetS C Wol’q(.Q, R¥*4Y and u € %s. Define

udivgadx:—/ (G, p) de(pGS}.
fe) o)

Gs(u) == {G € L7(2,R™) :/
Consider the operator

st(u) = sup/ (—u divep — f*((p)) dx = sup / (—u divyp — f*((p)) dx. (2.10)
o) o)

peS peFLy

We denote by @s(u) the set of maximizers of problem (2.10).

Lemma 2.6 Let S C Wy (2, R) and u € Us.
1. We have

Qs(u):{GeL”(.Q,RdXd):/ udivwdx:_/
2

(G,p)dx; Yoy € span(S)}.
2

2. If span(S) is finite dimensional, then Gs(u) is nonempty.

Proof Set

g‘s(u):{GeLﬂ(Q,RM):/ udiwpdx:—/
2

(G, p)dx Yo € span(S) }
2

As S C span(S), we have Gs(u) C Gs(u). Next, let G € Gs(u). Assume that ¢ € span(S).
Wemay findneN, Ay,...,A, eRand ¢y, ...,0, €S suchthatgo:Z;?:lkiga,-.Then

udivgodx:/ u div Xigidx = )Li/ udive; dx = —A,»f(G,(p,»)dx
I, AL e =) b | 2,
and

— G,o)dx =— G, A Ydx = —Ai G, ;) dx.
/ﬂ( 0)dx fg< Z<p>x > fg( o) dx
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On the Uniqueness of Minimizers for a Class of Variational Problems 147

Thus G € Gs(u). We deduce that Gs(u) C Gs(u). It follows that part (1.) holds. To obtain
part (2.), we use part (1.) and the Riesz Representation Theorem. O

The following results are essentially found in Proposition 3.1 in [2].

Proposition 2.7 Suppose that the set S is a finite dimensional subspace of Wol‘q (2, RIx4)
and f is C' and strictly convex. Suppose, in addition that there exist constants c|, c3, ¢3 > 0
such that

—c3+0lEl” < fE) < talEl
|Df ()] < c3+cilg”™!
|Df*(€)] <c3+cilgl!

for all £ e R¥4_ Then, there exists a unique map denoted V su that minimizes

inf /f(G)dx.
GeGsw) Jo

Moreover, Vsu is the unique map G € Gs(u) that satisfies Df (G) € S.

In the next proposition, we establish similar results as in Proposition 2.7 but under weaker
assumptions on S and f (except in part 4).

Proposition 2.8 Assume (A1) holds. Assume S is a finite dimensional non-empty closed
and convex subset of Wol’q (2, R and let u € Us.

1. Forall G € Gs(u), ¢ € S, we have

/f(G)de/(—udngo—f*((p)) dx.
2 2

2. The supremum in problem (2.10) is attained.
3. A map ¢ belongs to @ s(u) if and only if ¢ belongs to ¥y and

/Q (grad[ f*](@) - (9 — @) +u - (dive — dive)) dx >0

forall p € 5.
4. Suppose that the hypotheses of Proposition 2.7 are satisfied. Then we have

/ f(Vsu) dx =V (u)
2
and ®s(u) ={Df (Vsu)}.
Proof (1.) Let ¢ € S and G € Gs(u). By using the Legendre transformation,

/f(G)dxz/ G- @) dxzf (—u-dive — f*()) dx.
2 2 2
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148 R. Awi, M. Sedjro

(2.) Let ¢ € S. We use (2.9) and (2.5) to get

/Q (udive + (@) dx = 2@l oo sixi) + /Q F*(g) dx

1

> 29l paa.zeay + 47 NN, g pana @.11)

In light of (2.11), g > 1 implies that the map

39> T(p) :=/ (udivrp—l—f*(go)) dx
2

is L7-coercive. Moreover, the convexity of f* guarantees that 7' is lower semi-continuous.
The direct methods of the calculus of variations thus yield the existence of a maximizer in
problem (2.10).

(3.) Let ¢ € @s(u) so that ¢ € 5. Let ¢ € ., and € € (0, 1). The convexity of f*
ensures that ¢ + €(p — ¢) € ./ and the maximality property of ¢ implies that

/u-div¢+f*(¢)dx§/ u-(divg+edivip — ) dx + f*(¢+e(p — @) dx. (2.12)
2 2

We rewrite (2.12), in turn, as

/ [ @+elp—9)— (@)
2

+u-div(p — @) dx > 0. (2.13)
€

Note that grad[ f*](¢ + €(¢ — @)) belongs to the set f*((¢ + €(¢ — ¢))) whenever (¢ +
€(¢ — ¢)) is in the domain of f*. It follows that

/Q(grad[f*]((¢+€(<ﬂ—¢)))-(—G(w—gﬁ))) dXS/Q(f*(@—f*(éwLé(w—@))) dx

that is,
[ )@+ eo-) - @)ax= [ LETCINLD g oy
We combine (2.13) and (2.14) to get
/Q(grad[f*](gf) +el@p—9)-(p—@) +udivip — @) dx > 0. (2.15)

First, we assume that (A1)(iii)(a) holds. In light of (2.6), we have grad[ f*](¢ + €(¢ — @)) =
grad[ f*](¢). Equation (2.15) becomes

/g (erad[ F]@) - (¢ — &)+ udivip — §)) dx > 0.

Second, we assume that (A1)(iii)(b) holds. In light of Remark 2.1(ii), we use the growth
condition on V f* in (2.4), the Lebesgue dominated convergence theorem and let € go to 0
in (2.15) to obtain that:

/g (erad[ £]@) - (¢ — &)+ udivip — §)) dx > 0.
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We next show the converse implication. Let ¢ € .4 such that

0= fg (udiv(p — @) + grad[ f*](9) - (¢ — @) dx, (2.16)

for all ¢ € .”r. We notice that, as f* is convex, the range of the map grad[ f*](¢) lies in the
sub-differential of f* so that f*(¢) — f*(¢) > grad[ f*1(¢)(¢ — ¢) for all ¢ € .. Then,
the inequality (2.16) implies that

0< / (udivip — §) + (f* @) — £*(@)) dx
2
for all ¢ € .7, that is,

/(udiv@—i—f*(tﬁ))dxi/ (udive + f*(¢p))dx
2 2

for all ¢ € y. We conclude that ¢ € @5 (u).
(4.) Thanks to Proposition 2.7, Df (Vsu) € S. Next, we set ¢y := Df (Vsu). By defini-
tion of f*,

f(Vsu)+ f*(p) = ¢ - Vsu
forall ¢ € S. As f is convex and ¢y = Df (Vsu), we have

f(Vsu) + f*(po) = @0 - Vsu.
Thus,
/f(Vsu)dxz/ <p~V5udx—/ f*(go)dx:/ —udivwdx—/ (@) dx
I?) 2 o) 7] 7]
and
[ r@swax= [ o vouar— [ onax= [ —udvoods= [ £udx.
2 2 2 2 o)

We deduce that ¢y € @s(u). Since f* is strictly convex, we conclude that @s(u) =
{Df(Vsu)} and moreover, fQ f(Vsu) = st(u), see (2.10). O

In the next proposition, we establish a convergence result in the spirit of (1.7). We also
connect the operator st with the usual notions of gradient and total variation.

Proposition 2.9 Assume (A1) holds. Assume that S, is a finite dimensional non-empty
closed and convex subset of Wol (2, R for each n > 1. The following holds.

1. If {S,}22, is a monotonically increasing family of subsets of some set Sy and |, cp+ Su
is dense in Sy with respect to the WO1 482, R4 norm then

lim V{ [u] =V [u]
n—oo

forany u € Us,.
2. IfS§= Wol"’(.Q,RdXd) and u € WP (22, RY) then Vg[u] = [, f(Vu)dx.
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3. Assume u € BV (2, R"") and f(§) = |€| for all § e R If S = Wy 4 (2, R4) then
VS/ [u] is the total variation of u.

Remark 2.10 A consequence of Proposition 2.9 is the following: If the sequence of sets
{S,}nen+ is monotonically increasing to Wol’q (2, R and u € W7 (2, R?Y) we have

lim Vg[u]:/ £ (Vu)dx.
n—00 Q
Proof (1.) Recall that

Ve [ul = sup{/ (—u~div<p—f*((p))dx}.
2

YES

As {S,};2, is a monotonically increasing, lim,_, VS'C [u] exists. Moreover, since S, C Sy

foralln > 1,
. f f
lim Vg [u] < VS0 [u]. 2.17)
n—oQ

Let € > 0 and choose ¢¢ € Sy such that

747! 55—1—/ (—u-dive — £*(¢°)) dx.
2

Let {¢; },en+ be a sequence converging to ¢ in WOI"’ (82, R?*?) and such that @; €S, forall
n € N*. Then, we use the growth conditions on f* in (2.4) and (2.5), the continuity of f*
on its domain and the Lebesgue dominated convergence theorem to obtain that

fg_f*(<pe)dx: lim [~ (g) dx.

n—00 Q

It follows that

VZ [u] 5e+/ (—u-dive® — f*(¢°)) dx
2

=+ lim | (—u-divegl — f*(¢f))dx

n—o00 Q

< e +limsup V{ [u]
n—oQ
=€+ lim Van [u].
n—oo
As € is arbitrary, we have
lim V{ [u] = V [u]. (2.18)
n—oo

From (2.17) and (2.18), we conclude that lim,,_,oc V{ [u] = V{ [u].
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(2.) One has

VIu] = sup {/ (—u-divp — f*(¢)) dX}
2

(peW(}'q(fZ,]RdXd)

= sup {/Q(W-w—f*w))dx}

peWyd (2,RIxd)
5/ f(Vu)dx.
2

The inequality above is obtained by using the definition of the Legendre transform f* of f.
Let ¢ € 3f (Vu). Then f*(¢) + f(Vu) = Vu - ¢. Thanks to the growth conditions (2.2) and
(2.3) on £, it holds that ¢ € L4(£2, R*9). Since Wol"’(.Q, R4*4Y is dense in L9(§2, R¥*9)
for the L4(£2, R?**4) norm, we get

/ f(Vu) dx:/ (Vu-¢— f*(@)) dx
2 2

< sup {/Q(W-w—f*(w))dx}

peW, ¥ (2 RIxd)

= V{[ul.

We conclude that st[u] = [, f(Vu)dx.
(3.) The total variation of u € BV (§2, R¥*4) is

| Du||(£2) :sup{/ u-divpdx:peCl(2,R™);|¢| < 1} (2.19)
2
while, using the Legendre transform of f (&) = |&|, we obtain for every g > 1
v = sup{/ u-divpdx:g e Wy (2, R); |g| < 1}. (2.20)
2

It follows directly from (2.19) and (2.20) that || Du||(£2) < Vg [1]. The converse inequality
[|Dul|(£2) > st[u] follows from the density of Cg (2, R4 in Wol"’(.Q,]RdXd) and an
argument similar to the one made in the proof of (2) in the proposition. ]

3 Minimization with General Displacements

We consider the following:

inf {I(M,ﬂ)zvg(uwr/(H(,s)—F.u)dx}. 3.1
2

wBeUs

This problem will be studied via a dual problem that we will formulate next. We assume in
this section that Assumption (A2) holds.
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3.1 An Auxiliary Problem

For [, k : R? — (—o0, o0], define for u, v € R?

Fy:= sup {u-v—Iwt—H@} 3.2)
ueA,t>0
and
ki (u) := sup {/D(u-v—k(@) — H®)}. (3.3)
veR4,1>0

Under Assumption (A2), it is known that ((I*)4)* = [* and ((ky)*)s = ks (see for instance
Lemma A1 of [11]). Call C the set of all functions (k, ) with k, [ : ]1§d — R U {o0} Borel
measurable, finite at least at one point, and satisfying / = oo on R¢ \ A and such that

kW +t-lw)+H@O>u-v Yu,veR r>0. (3.4)

Call C’ the set of all functions (k, !) € C such that [ = ks and k = I*. The set C’ is nonempty.

Indeed, (x%, (x)4) €C as (XD = x*.

Let o/ be the set of (k,l, ¢) such that (k,/) € C and ¢ € S. Consider the following
functional defined on /-

J(k,1, @) ::/ k(F+div<p)dx+/ldy+/ (@) dx.
2 A 2

The following problem will play an important role in this section:
inf{J(k,1,9): (k,l,9) € &} (3.5)
The value of the expression (3.5) is the opposite of the value of the following expression:
sup{—J (k. 1, ¢): (k,1,¢) € }. (3.6)

Let 7’ denote the subset of 7 consisting of all (k, [, ¢) € & that satisfy (k,[) € C'. It holds
that

inf{J(k,1,¢): (k,l,9) € &} =inf{J(k,1,¢): (k,[,¢) €'} 3.7

Indeed, the key observation to this end is that for (k, [, ¢) € </, one has [ > k4 and k >
(k#)* so that

J(k,1,0) > J((ke)* ke, ) and  ((ke)* kp, 9) € 7'
For R > 0, we set

dp={k,1,9) e Ik, ¢) <R}

Lemma 3.1 Assume that (Al), (A2) and (A3) hold. Let (k,l,¢) € ofg. Set s, =
—inf, . ;I (u). Then,

/ k(F +dive) dx > LY(2)H*(s1) — r*|| Fll 1 (g)-
2

Moreover, there exists M := M (R, F, f, 2, A) > 0 such that

Is;| < M. (3.8)
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Proof As A is bounded and [ is convex, we choose u; € A such that —I(u;) = s;. Since
k:=1*, in view of (3.2), we have

—tlu) —H® +u-v=tsy —H@®) +u-v<H"(s) +u;-v <k(v). (3.9

Using the last inequality in (3.9), one gets
/ k(F +dive) dx > / (H*(Sz) +u - (F+ div<p)) dx (3.10)
2 2
:H*(sl)ﬁd(.Q)—i-/ u - Fdx. (3.11)
2

We have used the fact that u; is a constant vector and ¢ € WO1 (2, R¥*?) to obtain the
equality in (3.11). Hence,

f k(F +dive) dx > LY(2)H*(s1) — r*|| Fll 11 ()
2

Thus,
R>J(k,1,¢) = —siL)(A) + LY(2)H*(s1) — r*|| Fll 1) + inf f*.

Thanks to Lemma 2.2(iii), s; is bounded uniformly in /. O

Lemma 3.2 Assume that (A1), (A2) and (A3) hold.
1. There exists M > O such that for all (k,l, ¢) € o/r one has

fyl(y)|dy§M. (3.12)
A

2. There exist ag, by, ¢y > 0 such that for all (k,l, p) € </x, the map k is r*-Lipschitz, and
one has for all v e R?

—co + aglv] < k(v) <bg+r*v]. (3.13)

Proof (1.) Recall that for (k, 1, ¢) € Ag, one has

J(k,l,(p):/ k(F + div @) dx+/ ldy+/ (@) dx.
fo} A o)
By Lemma 3.1, for all (k, [, ¢) € Ag, if we define s; := —inf,. 5 /(u), we get
R>J(k,1,¢)>LY2)H(s)) — I F o) —I—/ [(y)dy + £4(82) inf f*.
A
Rearranging the terms, we get:
/ I(y)dy < R — LY2)H*(s)) +r*|| Fll 1, — inf f*L4(£2).
A
By definition of s; we also have —s; £ (£2) < fA [(y) dy and thus

—siL1(2) < / 1(y)dy < R = LYU)H"(s1) + || F | 1) — inf f*£7(2).  (3.14)
A
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We consider the negative part of / defined by /™ := max{—/, 0} and note that

f\l(y>!dy=/l<y>dy+2/l‘(y)dy. (3.15)
A A A

Observe that, by the definition of s;, we have [~ < |s;|. This, combined with (3.14), (3.15)
and (3.8) yields (3.12).

(2.) Let (k, 1, @) € o7. Since k = I*, by Eq. (3.2), k is a r*-Lipschitz as A has diameter
less or equal to r*. Next, we have

k()= sup {—tl(u)— H(1)}
ueA,t>0
= sup{—1s, — H(1)}.

t>0
As s; is uniformly bounded, the growth condition on H ensures that |k(0)| is uniformly
bounded say by some by > 0. We get then the inequality k(v) < by + r*|v| for all v € R?.

Because of the hypothesis on the domain A, we take ay > 0 such that B(0, ap) C A. As

(k,l, ¢) € Ag, we use relation (3.4) to obtain for v # 0

k(v)>v- (aoi> —l<aoi> —H(). (3.16)
[v] [v]

Thanks to inequality (3.12), f 4 |l dy is uniformly bounded in /. We use in addition the fact
that / is bounded to deduce that sup,, 5 4, 1//(¥) is bounded by a constant independent of /
(see for instance Theorem 1, p. 236 in [6]). Thus Eq. (3.16) implies that there exists ¢y > 0
such that k(v) > ag|v| — ¢ for all v € R?. ]

Proposition 3.3 Assume that (A1), (A2), and (A3) hold. Assume S is a finite dimensional
non-empty closed and convex subset of WO1 (2, R¥*). Then, the functional J admits a
minimizer (ko, lo, o) in .

Proof Let (k,1,p) € of.Set R =J(k,I,p). Take a minimizing sequence {(k,, [,;, ©n) }nen+
of problem (3.5) that is in o7¢. By Lemma 3.1 and the growth condition on f* we
may assume without loss of generality that {¢,};2, converges to some ¢y € S weakly
in L1(£2,R?*?). Since Span(S) is finite dimensional, {@n}o2, converges to some ¢y € S

strongly in the L7(£2, R?*?) norm. We deduce

/ (@) dx < liminf/ [ (pn) dx. (3.17)
Q n—oQ o

From Lemma 3.2, as [, is convex, we use Ascoli-Arzela Theorem together with Theorem 1,
p- 236 in [6] to deduce that up to a subsequence, we may assume that (k,,[,) converges

locally uniformly RY x A to (ko, ly) € C'. The Lebesgue dominated convergence together
with inequality (3.13) yield

f k(F 4 divey) dx < liminf/ k,(F +dive,) dx. (3.18)
0 n—o0 0

Since {I,};2, is uniformly bounded below (thanks to Lemma 3.1), by Fatou’s Lemma we
get

/10 dy §liminf/ 1, dy. (3.19)
A n—oQ A
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By inequalities (3.17), (3.18) and (3.19), we get

J (ko lo, wo) < liminf J (ky, L, ¢,)
n—oQ
and (ko, ly, o) is a minimizer of J over &/’. O

3.2 A Uniqueness Result

Here, we prove the main result of this section. We will need the following lemma which is in
the spirit of Lemma 4.3 and Lemma 4.4 in [2]. A proof of Lemma 3.4 is given in Sect. A.1.

Lemma 3.4 Assume that (A2) holds. Consider a lower semicontinuous function ly:RI >R
such that inf ; [y > —o0; Iy is finite on A and ly = 400 on R\ A. Set ko = (Ip)*. Let v e R?
be such that ky is differentiable at v.

1. There exist unique u € A and ty > 0 such that ko(v) = —tolo(uo) — H(to) — ug - v. In
addition, uy and ty are characterized by uy = Vko(v) and H'(ty) + I(up) = 0.

2. Letl € C,(RY) and let 1 > € > 0. Define I, = lo + €l and k. = (I)*.
(a) There exists a constant M independent of v and € such that

ke(v) — ko(v)
€

<M.

(b) We have

lim M = —tol (ug).

e—0

Next, we give the main result of this section.
Theorem 3.5 Assume that (A1), (A2), and (A3) hold. Assume S is a finite dimensional non-
empty closed and convex subset of WOl (2, R¥*). Assume F satisfies the condition (ND) .
Then, problems (3.1) and (3.6) are dual. Problem (3.6) admits a maximizer (ko, lo, o) with
ko = l§ and ly = (ko)#. Problem (3.1) admits a unique minimizer (uo, Bo). Moreover u

satisfies

uyg= Vko(F + div (/)0)
@0 € Ps(uo).

Proof Step 1. For (u, B) € %¢ and (k,l, ) € <7, one has
l(u,ﬂ>=vg<u>+/ (H(B) - F -u) dx
2
z/(—u-(divw-l—F))dx—/ f*(p) dx
2 2
+/ H(ﬂ)dx+/ ﬂl(u)dx—/l(y)dy
2 2 A

Z/ —k(divgo-l—F)dx—/ f*(ga)dx—/l(y)dy.
o) 2 A
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Thus I (u, ) > —J (k, 1, ¢) with equality if and only if ¢ € ®s(u) and
k(F+dive)+Blw) + HB)=u - (F +dive).

Note that if k is convex, the map Vk(F +div ¢) is well defined as the map F + div ¢ is non-
degenerate. Using Lemma 3.4(i), it follows that if k is convex, then I (u, 8) = —J (k, 1, ¢) if
and only if

¢ € Ds(u)
u = Vk(F +divy) (3.20)
B=(H)"(—1w).
Step 2. Thanks to Eq. (3.7), we may find a maximizer (k, ly, ¢o) of problem (3.5) satisfy-
ing ko = l and [y = (ko)# The function ug = Vko(F +div ¢p) is well defined as k¢ is convex
and we set By = (H') ™' (=1 (u0)). We have to show that (g, By) € %S and ¢g € D5 (uop).

Step 3. Let [ € C.(R%). For € € (0,1), define I, = Iy + €l and k. = (I.)*. Using
Lemma 3.4, one has

11m /(l/e) ko(F +divgg) — ke (F+d1vg00))
:/ Bol (Vko(F + div ¢p)) dx:/ Bol (uo) dx. (3.21)
2 2

Since J (ko lo, ¢0) < J (ke, I, go), we deduce that — [, I dy + [, Bol (uo) dx < 0. As we can
replace l_by —1I, one deduces that fA l_dy = fg ﬁol_(uo) dx. Therefore (uo, Bo) € % .

Step 4. Let ¢ € S. For € € (0, 1), set . = €p + (1 — €)¢py. By the convexity of S, the
map ¢, belongs to S. As J (ko, Ly, po) < J (ko, lo, ), we have

0< / (l/e)(kO(F +divey + ediv(p — (po)) —ko(F + diV(po)) dx

+(1/e) f Fo oo+ €@ — 90) — f*(g0)) dx (322)

Thanks to Lemma 3.4, Inequality (3.22) implies
[ (o civty = gy + exad o) (9 - ) v
o)

- f (Vko(F +diveo) - divie — go) + grad[ 7*](@0) - (@ — o)) dx
2
> 0.

It follows from Proposition 2.8 that ¢y € @ s (ug).

Step 5. Since (Mo,ﬂo) (S] g//*, (7S] @5(140), uy = Vko(F + diV(po), and ﬂ() =
(H)'(=1(ug)), we deduce that I (g, By) = J (ko, lo, ¢o) and ug is a minimizer of prob-
lem (3.1) thanks to relation (3.20). Suppose (ui, i) € % is another minimizer of
problem (3.1). Then we have I(u;, B1) = J(ko,ly, o) and by relation (3.20), we get
u; = Vko(F + div¢y) which implies u; = uy. Next the strict convexity of H yields that
Bo = B1. We conclude that (ug, By) is the unique minimizer of problem (3.1) and u is
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characterized by

ug = Vko(F + div ¢y)
@0 € Ds(uo). O

Corollary 3.6 Assume that (A0), (A1), (A2), and (A3) hold. Assume S is a finite dimen-
sional non-empty closed and convex subset of WO1 (2, R and Vo is non-degenerate
whenever ¢ € S. Suppose F has a countable range (thus degenerate). Then, F satisfies the
condition (ND)g and problem (3.1) admits a unique solution.

Corollary 3.7 Assume that (A1), (A2), and (A3) hold. Assume S is a finite dimensional
subspace of Wol"’ (2, R4 and V¢ has a countable range whenever ¢ € S. Suppose F is

non-degenerate. Then, F satisfies the condition (ND)s and problem (3.1) admits a unique
solution.

4 The Incompressible Case

Throughout this section, we assume that S is a subset of W(;’q (2, R%*4). We consider the
following problem:

inf {Io(u) = vsf(u)—/ F-udx} (4.1)
2

ueM}s

and we recall that the set 24, is defined as

Us = {u e%sz/gl(u(x)) dx:/Al(y) dyVl e CC(Rd)}.
We assume £7(£2) = £4(A) so that %31 is non-empty.
4.1 Existence and Uniqueness via Duality

We study problem (4.1) via duality. Let u € “Z/Sl, peS,1eC(A) and k : R — R satisfy
k() +1(u)>u-vforallu e Aandall veR? One has

vgm)_f F-udx (4.2)
2
= —/ u-(F+dive)dx +/ I(u) dx —/ I(y)dy —/ (@) dx 4.3)
2 2 A 2
> —/ k(F +dive) dx —/ l(y)dy—/ (@) dx. 4.4
2 A 2
This suggests that we consider the dual problem
My := inf {J(k,l,(p) ::f k(F +dive) dx—i—/ 1(y) dy—i—/ JA() dx} 4.5)
(k.l.p)eAg Q A Q
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with A being the set of all (k, I, ¢) suc_h that p € S, 1 € C(A), infsl =0and k: RY > R
satisfies k(v) +1(u) > u - v forall u € A, and all v € R?. Remark that we have

—My= sup {—J(k I, )} (4.6)
(k.1 p)eAg

4.1.1 Existence and Regularity of Minimizers of Problem (4.5)

Denote by C the set of all (k, /) such that k : RY — R and / : RY — R U {oo} satisfy
kW) +1lw)>u-v; YueA; YveR? 4.7)

and [ = oo on R\ A. Consider the subset Cy of C consisting of (k,!) € C such that [ € C(A)
and inf, / = 0. The following lemma is standard:

Lemma 4.1 Let (k,1) € C. It holds that (I*, ") € C, I* <k, 0 < I"* <[ and I*** = [*. If
(k, 1) € Co then I*(0) = 0.

Let us denote by C; the set of all (k, /) € Cy such that [* =k, k* =1, k(0)=0,and [ > 0,
and by Aj, the set of all (k,/, ¢) with (k,]) € C| and ¢ € S. Remark that an element in C},
is the couple (x5, (x7)*). Hence A is nonempty when S is nonempty. One readily checks
that, in light of Lemma 4.1, problem (4.5) has the same infimum value as

inf {J(k,l,go) ::/ k(F+divg0)dx+/ f*(ga)dx-l-/l(y)dy}. 4.8)
2 2 A

(k.Lp)eA)

We recall that r* is such that B(0, 1/r*) C A C B(0,r*/2).

Lemma 4.2 Assume that (A1) and (A3) hold. Assume that the set S is a finite dimensional
non-empty closed and convex subset of WOI‘” (82, R¥*) . Then, problem (4.8) admits a mini-
mizer (ko, lo, go) € Aj with ko convex and r*-Lipschitz and ky(0) = 0.

Proof Consider a minimizing sequence {(k,, ,,, ¢,)}52, of problem (4.8). Since k,, =1} and
l, = (k,)*, k, is r*-Lipschitz. As k,(0) = 0, we use Ascoli-Arzela theorem to deduce that
a subsequence of {k,}>>, converges locally uniformly to some kg. Next, using the growth
condition (2.5) on f* as well as the facts that k,, is r*-Lipschitz, k,(0) = 0, we establish the
following estimate:

JCns Ly 00) z/

q
(—r*|F + div ¢, | +c”M - b) dx +[ L,(y)dy. 4.9)
Q q A

As the left hand side of (4.9) is bounded, /, > 0 and S is finite dimensional, we deduce
from (4.9) that a subsequence of {¢,};2, converges strongly to some ¢ in WO1 192, R4,
Invoking (4.9) again, we show that { f A In(y)dy}y2, is bounded. This, combined with the
fact that /, is non-negative and convex, yields the existence of a subsequence of {/,}52, that
converges locally uniformly to some [, (see for instance Theorem 1, p. 236 in [6]). One
readily checks that (ko, [y, ¢o) € Aj,. We next exploit lower semi-continuity properties of the

functional J to conclude that (ko, [y, o) is a minimizer of J over A. O
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4.1.2 A Duality Result

We have the following theorem.

Theorem 4.3 Assume that (A1) and (A3) hold. Assume S is a finite dimensional non-
empty closed and convex subset of WO1 (2, R™) . Suppose that the map F satisfies the
condition (ND)g. Then problems (4.1) and (4.6) are dual. Problem (4.6) admits a maxi-
mizer (ko, lo, o) with ko =1 and ly = (ko)*. Problem (4.1) admits a unique minimizer u.
Moreover ug satisfies

up = Vko(F + dive)
@0 € Ps(uo)-

Proof Suppose u € %Sl and (k,l,¢) € Ap. Using (4.3) and (4.4), we see that [y(u) >
—J(k,1, ) with equality if and only if ¢ € @s(u) and [ (u) + k(F +divp) =u - (F +dive)
for almost every x € £2. The latter condition reduces to u(x) = Vk(F(x) + dive(x)) if k
is convex, under the assumption F + div ¢ is non-degenerate. Now, let (ko, [y, o) € Aj be
a minimizer of J over Ag. Since F + div g, is non-degenerate and ky is convex, the map
ug = Vko(F + div @) is well defined.

Variation around /y. Let [ € C.(R?). For € € (0, 1), set I, = Iy + €l and k. = (I.)*. Let
v € R be a point where k is differentiable. Using the measurable selection theorem, one
deduces that there exists 7. : RY — R measurable such that for all € € [0, 1)

ke (U) =T (U) U — le(Té (U))

Then, for € € (0, 1), we have

(T.() < —(1/&) (ke (v) — ko(v)) <1(To(v) (4.10)
and
|(1/€) (ke @) — ko)) | < Nl] o . @.11)
Moreover,
lim —(1/€) (ke () ~ ko(v) =I(To(v). 4.12)

We refer the reader to Lemma A.3 for (4.10)—(4.12). Hence, as
To(F + divyy) = Vko(F +divig) =uy  ae.

using again (4.12), one has
11%1 (1/€) (ko(F 4 div ¥0) — ke (F 4 div ¥)) dx
e—0t Jo
:/ I(To(F + divir)) dx :/ I(uo) dx. (4.13)
2 2

Since J (ko, lo, 90) < J (ke, e, 9o), we deduce from (4.13) that — [, [ + [, I(ug) < 0. By
replacing [ by —/ in the above argument, one deduces that f Al_ = f_Q I(uo). As a result,
Up € %Sl .
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Variation around ¢,. Let ¢ € S. For € € (0, 1), by convexity of S, we have ¢, :=€¢ +
(1 —€)po € S. Then J (ko, ly, o) < J (ko, Ly, ¢c). This implies that

0= [ (/e koF + diven) — ko(F +diven + edivie = )
2

+ f*(90) — f* (@0 + €(¢ — @) dx.

As € tends to 0%, the above equation yields

0=~ [ Vho(F +diven) - divie - ) — grad (o) - v — o) dx
2
It follows from Proposition 2.8 that ¢y € @ s (ug). O

Corollary 4.4 Assume that (A0), (A1), and (A3) hold. Assume that S is a finite dimensional
non-empty closed and convex subset of WO1 (2, R and V ¢ is non-degenerate whenever
¢ € S. Suppose F has a countable range (thus degenerate). Then, F satisfies the condition
(ND) s and problem (4.1) admits a unique solution.

Corollary 4.5 Assume that (A1) and (A3) hold. Assume that S is a finite dimensional
subspace of Wol'q (2, R¥*9Y and V¢ has a countable range whenever ¢ € S. Suppose F is
non-degenerate. Then, F satisfies the condition (ND)s and problem (4.1) admits a unique
solution.

4.2 A Link Between Problem (3.1) and Problem (4.1)

Here, we explore the relationships between problem (3.1) and problem (4.1). For this pur-
pose, we make a further assumption of the domains §2 and A by requiring that 2 = A.
Assume (A1) holds and recall {H,};2 as defined in (2.7) and (2.8). Then, Lemma 2.3 en-

sures that (A2) holds for H, for all n > 1. Define
L(u, B) := vg<u)+/ (H,(B)—u-F)dx n>1
2
and
Io(u) == VL) —/ u-Fdx.
fo)

Recall that Cy is the set of all (k, /) such that [ € C(A), inf/ =0 and k : R? — R satisfies
forall u € A and all v € R?:

k() +1(u)>u-v. (4.14)
Let C,, be the set of all (k, /) such that/ € C(A) and k : RY - R satisfy:

k@) + )+ H,(t) >u-v; VueA; YveR?, (4.15)

We denote by Ay the set of all (k, [, ¢) satisfying (k,[) € Cy and ¢ € S. Similarly .4, denotes
the set of all (k, [, ¢) satisfying (k,l) € C, and ¢ € S. If (k, 1, ¢) € Ay U A,, we still set

J(k,l,(p):/ k(F +dive) dx+/l(y)dy+/ *(p) dx.
2 A 2
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Lemma 4.6 Assume that (A1), (A2), and (A3) hold. Assume that S is a finite dimensional
non-empty closed and convex subset of Wol'q (2, R¥*). For each n € N, let (u,, B,) be the
unique minimizer of I, over %§ as given by Theorem 3.5 and let (k,,1,, ¢,) be a minimizer
of J over A, with k, convex and r*-Lipschitz as ensured by Proposition 3.3 and Lemma 4.2.
Then,

1. The sequence {I,(u,, Bn)}nen+ is bounded.

2. The sequence { By }nen+ converges to 1 in L>(£2).

3. The sequence {, },en+ admits a subsequence that converges to some ¢ in S with respect
to the Wol‘q (82, R -norm.

Proof Stepl.Lletu € %Sl We have (i, 1) € %& and thus 1, (u,, ) < I,(u, 1) foralln > 1.
As H,(1) =0, it holds that 7, (u, 1) = Vg (n) — fﬂ u - F dx which is finite. Hence

Ry := Vg(ﬁ)—/- u-Fdx>1,u,B). (4.16)
2

On the other hand, we use growth condition (2.5) to get
LG B = [ (b4, P dxz =bL'@D) ~ P IF s =R @17)
2

Finally, we use (4.16) and (4.17) to prove (1).
Step 2. Let ¢y € S. As u,, has values in A, it holds that

V4 ) =sup / (—updivg — f*(9)) dx > f (—r*Idiveol — f*(g0)) dx = Ry (4.18)
[4S] 2 2

and
/ —u, - Fdx> —r*||F||L1(QYRd). 4.19)
7}

We combine (4.16), (4.17), (4.18), (4.19) to get
Ry — r* || Fllp1 (0 r) +/ H,(B,) dx < 1,(un, B2) < Ro. (4.20)
Q
Setting co£4(2) := Ry — Ry + r*|| Fll 1 (g rdy, we use Lemma 2.3 and (4.20) to obtain

/ n(Bn(x) — l)zdx <(co+H—H(D)L!(£).
2

This establishes (2).
Step 3. As {H,}°2, is a non-decreasing sequence that converges to Hy, it holds that

n=I1

C,+1 CC, CCyforall n € N. Thus, as (k,,[,) € C,, we have (k,, 1) € Cy so that

k,(F +dive,) +1,(x) >x - (F +dive,). 4.21)

@ Springer



162 R. Awi, M. Sedjro

Since —J (ky, L, ) = L, (u,, B.), wehave J (k,, I, ,) < R, forall n € N*. This, combined
with £ = A, and (4.21) yields

R 2/ (kn (F +div @) +1,(x) + f*(pn)) dx (4.22)
2

> / (x- (F +divg,) + f*(n) dx. 4.23)
2

In view of the growth condition (2.5) and boundedness of £2, (4.22) implies

q
R, z/ (r*|F+div<p,l|—b+cP@>dx. (4.24)
2 q

As the space S is of finite dimension and the div operator is continuous on S, we con-
clude that {g,};2, is convergent up to a subsequence in W 482, R¥*?) which allows us to
conclude (3). O

Theorem 4.7 Assume that (A1), (A2), and (A3) hold. Assume that S is a finite dimensional
non-empty closed and convex subset of Wol‘q (2, R¥4), Assume F satisfies the condition
(ND)s. For each n € N, let (u,, B,) be the unique minimizer of I, over %& as given by
Theorem 3.5 and let (k,, l,,, ¢,) be a minimizer of J over A, with k, convex and r*-Lipschitz
as ensured by Proposition 3.3 and Lemma 4.2. Suppose that k,, is differentiable for all n €
N*. Then, the sequence {u,},cn+ converges almost everywhere to the unique minimizer ug
of Iy over ?/Sl. In addition, the minima {I,(u,, B,)}.>, converge to Io(uop).

Proof Step 1. For n € N*, set k, = k, — k,(0). Note that we have k,(0) = 0. Since the
functions k, are r*-Lipschitz, so are the functions k, and we obtain that, up to a subse-
quence, the sequence {k,};2, converges locally uniformly to a certain function k. Since
F + div ¢, is non-degenerate, we have that Vk, (F + div ¢,) is well-defined. Furthermore,
Lemma 4.6 ensures that {¢,}7° | converges up to a subsequence to some ¢ € S with respect
to the W4(£2, R%)-norm. As a result, {div Onlol, converges to div @ in LI(£2, R?). Since S
is of finite dimension, the L7 convergence of {div ¢, };2 | reduces to a pointwise convergence.
Next, using the convexity of the &, and the p01ntw1se convergence of {dive,};2, to divy,
we deduce that up to a subsequence {Vk, (F + div @n)}o2, converges a.e to VK(F + div @)
(cf. [13] Theorem 25.7).

As a duality result, Theorem 3.5 ensures that Vlz,l(F + divg,) = u,. If we denote u :=
Vk(F + div ¢), then, up to a subsequence, the sequence {u, },cny converges a.e to u.

Step 2. Let [ € C,(RY). The strong convergence in L2(§2) of {Ba}2, to 1 established
in Lemma 4.6 and the almost everywhere convergence of {u,},cn to u# obtained in Step 1
ensure that lim, .o [, Bul(un) dx = [ 1(i(x)) dx. As (uy, Bn) € U, [ Bu(X)(uy) dx =
Jol(y)dy for all I € C,(RY). It follows that in the limit [, /(#)dx = [, I(y)dy for all
[ € Cp(RY) and thus it € %S'.

Step 3. We recall that

LG §) = Vi@ + [ ()~ F)dx.

2

Since u +— st (u) is lower-semicontinuous as a supremum of affine functions, by applying
the Fatou’s Lemma, we have

liminf 1, (u,, B,) > V¢ (@) +/ —ii - F dx = Io(i1).
n 2
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Let u be the unique minimizer of I, over %Sl as given by Theorem 4.3. Then,

liminf 1, (u,, B,) = Lo(it) > Ip(uo). (4.25)

Meanwhile, as C,, C Cy and (ko, [y, ¢o) is a minimizer of J over Cy, we have
-](kO, l(), QDO) < ](k,,, lna (pn)
This, along with the duality established in Theorem 3.5 imply that

limsup 1, (u,, B) < limsup(—J (ky, Ly, @a)) < —J ko, Lo, 90) = To(uo). (4.26)

n n

We combine (4.25) and (4.26) to obtain Iy(i) = Iy(ug). As uy is the unique minimizer of I
over % we have uo = ii. We note that the limit # does not depend on the subsequence of
{u,}, chosen. Thus, the whole sequence {u,}, converges a.e. to ug. In addition, {I, (u,, B,)}.
converges to Io(up). O

Publisher’s Note  Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

Appendix

A.1 Proof of Lemma 3.4

We will prove Lemma 3.4 through two lemmas. The results of the first lemma can be found
in Lemma 4.3 of [2]. We give here a sketch of the proof for the convenience of the reader.

Lemma A.1 Assume that (A2) holds. Consider a lower semicontinuous function : R? >R
such that inf ;1 > —o0; 1 is finite on A and 1 = +00 on R4\ A. Set k =1* and let w € R?.
Then:

1. There existii € A and t > 0 such that
k(w)y=—tl(i) — H@E) —u-w. (A.1)
Moreover, u and t satisfy i € dk(w) and H'(t) +1(u) = 0.
2. If k is differentiable at w then u and t are uniquely determined by i = Vk(w) and
1=(H)""(~l@)).
Proof (1.) We have
k(w) =sup{u-w— 1)t —H(@):u e A,t>0}. (A2)

Consider a maximizing sequence {(u,,t,)};-, in (A.2). As 0 € A, we may assume without
loss of generality that

Upw — l(un)[n - H(tn) = 0-w— Z(O) - H(l)

for n > 1. It follows that

[l +10) + H(1) = (inf] )1, + H)
A
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for n > 1. In light of the growth condition on H in (A2) there exists a positive real number
a such that {,}°2 | C [«, a~'1. As A is bounded, we may assume without loss of generality
that the sequence {(u,,#,)}52, converges to some (it, f) € A x [, ¢ ']. We next use the
lower semicontinuity of H and / to deduce that

k(w)=i-w—1@)t — H(1). (A.3)

Note that k(w) > u - w — l(u)t — H(¢) forallr > 0. In view of (A.3), it follows that
g :(0,00) — R defined by g(t) = i - w — ()t — H(¢r) admits a maximum at 7. As g
is differentiable at 7, we have g'(f) = 0, that is, I(ir) + H'(f) = 0. Next, observe that
k(z) = it - z — ()t — H(f) for all z € RY. In light of the convexity of k we have that
u € dk(w).

(2.) Assume that k is differentiable at w. Then, u is uniquely determined as u = Vk(w).
As H'(f) = —ly() and H' is a bijection, we obtain that 7 is also uniquely determined as
f=(H)"(=1@)). O

The second lemma which is inspired by Lemma 4.4 in [2] is the following:

Lemma A.2 Assume that (A2) holds. Consider a lower semicontinuous function ly : R? —
R such that inf ; Iy > —o0; Iy is finite on A and ly = 400 on R? \ A. Set ko = (Ip)*. Let
[ € Co(RY) and let 1 > € > 0. Define I, = ly + €l and k. = (I.)*. Let v € RY be such that ko
is differentiable at v.

1. There exists a constant M independent of v and € such that

ke(v) — ko(v)

€

<M. (A.4)

2. We have
. kE (U) - kO(U)
m-—--

li = —tol (ug). (A.5)
e—>0 €

Proof Note that the map I, =y + el is bounded below by m — |f|09. As k. = (le)# and
ko = (Ip)*, Lemma A.1 ensures that there exist 7o, 7. > 0 and ug, u. € A such that

ké(v) =UV — l(ue)te - H(te)

and
ko(v) = uov — I (ug)ty — H (1p).
We then have
ke (V) = —€l(uete + uev — lo(ue)te — H(t) < —€l(ue)ite + ko(v) (A.6)
and
ko(v) = €l (uo)to + uov — L (uo)to — H (to) < €l (uo)to + ke (v). (A7)

We combine (A.6) and (A.7) to get

(o)t < < —l(uot. (A.8)

(ke (W) — ko(v))
€
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Using again Lemma A.1 we have
t5=(H') " (lsus)). s € 3ks(v), 8 €{0.€).

As Is is bounded below by m — ||, we use the fact that H' is a continuous and strictly
increasing b1_]ect10n from (0, o0) to R to deduce that 75 is bounded above by M, > 0 given
by M, = H) " (—m + |l|oo) This bound on 7; combined with (A.8) yields a constant

= |l| (HY'(—m + |l|oo) such that (A.4) holds. As a result lim._, ¢+ k. (v) = ko(v).
Next let {e,}°2, C (0, 1] converging to O such that lim supeﬁol (u)t, = hm,Hool (uen)te,,
Without loss of generality, we may assume that {u,,};>, converges to some # € A and
{t.,1°2, converges to 7 € [0, M;]. Exploiting the lower semicontinuity of /o, [and H , We
get:

ko(v) = lim k,, (v)
n—o0

lim Mc,, — I, (e, ), — H(2e,)

<iv —lo(u)t — H(t)

It follows that ky(v) = iv — lo(it)f — H(f). As ko is differentiable at v, we have ¢, = and

uo = u. We use (A.8), the definition of {e,};2, the convergence of {u,,}5>, and {z,}5>, to
obtain
—tol(uo) < hmmf tgl(u ) <limsup —tgl(u )= hm —tL”l(ue”) = tof(uo). (A.9)
e—>0
As a result, lim._, g —tElA(uE) = —tof(uo). We invoke one more time Eq. (A.8) to obtain
(A.5). O

A.2 Some Properties of the Legendre Transform

We have the following lemma which is similar to Lemma 3.4 but uses the Legendre trans-
form instead of the (-)* operator.

Lemma A.3 Consider a lower semicontinuous function Iy : RY — R such that inf ilo >
—00; Iy is finite on A and ly = 400 on R\ A. Set kg = (Ip)*.

1. There exists a measurable map Ty : R? — R? such that ko(v) = v - To(v) — lo(To(v)) for
all v e R and Ty(v) = Vko(v) whenever ky is differentiable at v € R?.

2. Letl € C,(RY) and let 1 > € > 0. Define I, =l + €l and k. = (I.)*.
(a) Forall veR? we have:

ke(v) — ko(v) <
€ -

(b) For € € (0, 1), there exists a map T. : R? — R? satisfying for all v e R?: k.(v) =
vT. (v) — I.(T.(v)). When kq is differentiable at v € R?, we have lim._o T.(v) =
Vko(v) and

ke ki
tim 2 =R _ gk ).

e—0 €
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Proof (1.) Let v € RY. We have
ko(v) = sup{uv — lo(u) : u € R} = sup{uv — ly(u) : u € A}.

We use the lower semicontinuity of /o and the compactness of A to deduce that there exists
it € A such that ko(v) = itv — Iy (ir). We have ko(w) — (aw — lo(ir)) > 0 for all w € RY while
ko(v) — (uv — lp(u)) = 0. Since ky is convex, we deduce that u € dko(v).

Next, for v € R?, define

) ={ueA:ko@)=uv—Ilw}.

Assume {1, },en C RY converges to u; {v,}neny C RY converges to v and for all n € N, one
has u,, € I'(v,). Then u € I' (v). Indeed, one has

ko(v) < liminfko(v,) = liminf(u,v, — lo(un)) < uv — lo(u) < ko(v).
n—0oo n—0o0o

Therefore, uv — lo(u) = ko(v) and u € I"(v). As a result, the multifunction I" : RY = R? is
closed and nonempty valued. By the Measurable Selection Theorem [14, Corollary 14.6],
there exists a measurable map 7p : RY — R¢ such that for all v € R?, one has Ty(v) €
I'(v). Thatis kg(v) = vTp(v) —lh(TH(v)). As T'(v) € I"(v) C dky(v), we also have Ty = Vky
almost everywhere.

(2.) For € > 0, . is bounded below and satisfies the hypothesis on /y. Let k. =1} and
consider a map 7, satisfying for all v € R?: k. (v) = vT,(v) — . (T.(v)) as given by part 1.).
We have for v € R?:

ke() = 0T (v) — I (Te(v)) = —€l(T. (v)) + vT. (v) — h(T. (v)) < —€l (T (v)) + ko(v).
(A.10)
Similarly, for v € R? we have

ko(v) = vTo(v) — lp(To(v)) = €l (To(v)) + vTo(v) — L (To(v)) < €l (To(v)) + ke (v). (A.11)
We combine (A.10) and (A.11) to get

ke (v) — ko(v)

- <—(T.(v)), (A.12)

—i(Ty(w)) <

which leads to

A~

—kf(");kow) <. (A.13)

Consider a sequence {¢,}, converging to 0. The sequence {7, (v)}, is bounded so we may
find a subsequence {¢,,}, of {€,}, such that the sequence {T,; (v)}, converges to u € A. We
then have:

ko(v) = lim kg, (v) = lim (vTy () = I, (Te (v))) < v — Lo () < ko(v). (A.14)

n—0o0

We use (A.14) to obtain ky(v) = vu — ly(u) and thus u = Vky(v) as kg is differel}tiable atv.
It follows that lim¢_, 7. (v) = Vko(v). We use Eq. (A.12) and the continuity of / to obtain

lim R — o) _ —tol (Vko(v)). 0

e—0 €
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