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Abstract This paper deals with the quasilinear degenerate chemotaxis system with flux
limitation

ry v
u[:v-<#>—xv-<$>, reQ. 150,
Vu?+|Vul? V14 |Vu|?

O0=Av—pu+u, xef2,t>0,

where 2 := Br(0) CR" (n € N) is a ball with some R >0, and x >0, p,g > 1, pu:=
ﬁ f o o and u is an initial data of an unknown function u. Bellomo—Winkler (Trans. Am.
Math. Soc. Ser. B 4, 31-67, 2017) established existence of an initial data such that the
corresponding solution blows up in finite time when p = g = 1. This paper gives existence
of blow-up solutions under some condition for x and uy when 1 < p <gq.
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1 Introduction

In this paper we consider the quasilinear degenerate chemotaxis system with flux limitation:

v(”pw) V(mm) €Q,1>0
U=Vl ————=) -V ——=)., xe2.1>0,
’ Vi + [VuP 1+ Vo2
0=Av—pu+u, xXef,t>0,
(1.1)
Py 4y
( e e >~v=0 x€d. 1>0,
V2 +Vul2 714 |Vu]?
u(x,0) =ug(x), x e,

where §2 = Bg(0) C R"(n € N) is a ball with some R > 0, x > 0, p,g > 1 and the initial
data u is a function fulfilling that

— — a
uy € C*(£2) is radially symmetric and positive in £2 with % =0on df2 (1.2)
v
and where
o [ (13
wi=—— | up(x)dx. .
121 e

The system (1.1) represents the situation such that a cellular slime moves towards higher
concentrations of the chemical substance, and the unknown function u = u(x, t) describes
the density of cell and the unknown function v = v(x,?) denotes the concentration of
chemoattractant at x € £2 and ¢ > 0. This model is development of the chemotaxis system

u;=Au—V-wVv), v,=Av—v-+u; (1.4)

thanks to effect of the flux limitation, the system (1.1) describes the case that cell diffusivity
is suppressed; therefore the system (1.1) is innovative and important because it is considered
a sensitive dynamics in aggregation phenomena.

Before we introduce previous works about the system (1.1), we will recall known results
about the chemotaxis system (1.4):

The system (1.4) is proposed by Keller—Segel [14] and is called a Keller—Segel sys-
tem. About the Keller—Segel system it was known that the size of the initial data in some
Lebesgue norm determines behaviour of solutions; in the case that n = 1, Osaki—Yagi [21]
obtained global existence and boundedness of classical solutions of (1.4); in the case that
n =2, it is shown that there is a critical value C > 0 (C = 8x in the radial setting and
C =4 in the other setting) such that, if ||ugl| 1) < C then global solutions exist ([20]),
and if m > C then there is an initial data satisfying that ||u¢|| 1) = m and the correspond-
ing solution blows up in finite time ([10, 18]); in the case that n > 3, Horstmann—Winkler
[11] asserted possibility of existence of unbounded solutions; Winkler [23] showed that for
all m > O there exists an initial data such that ||uol| 1 (o) = m and the corresponding solution
blows up in finite time; also in the case that n = 3, Cao [3] established global existence and
boundedness under the condition that ||u0||L% @ and ||Vvy| 1 (@) are sufficiently small.

The Keller-Segel system (1.4) is now studied by many mathematicians intensively.
Moreover, many variations of generalizations of the Keller—Segel system (1.4) are also
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sprightly studied. Here one of the important generalized problems is the quasilinear chemo-
taxis system

u;=V-(D@)Vu) = V- (S@)Vv), v =Av—v+u. (1.5)

This problem is one of the model which has a nonlinear diffusion suggested by Hillen—
Painter [9]. In the nondegenerate chemotaxis system which is the system (1.5) with D(u) =
(u+ 1P~ and S(u) = u(u + 1)?7% with p,q € R, it is known that the relation between
p and g determines the properties of solutions to the system; Tao—Winkler [22] established
global existence and boundedness under the conditions thatg < p+ % and that £2 is a convex
domain, and the convexity of £2 was removed in [13]; Cie§lak—Stinner obtained finite-time
blow-up in the case that ¢ > p + % (the 2-dimensional setting can be found in [5], and
the 3-dimensional setting is in [4, 6]); In the parabolic—elliptic setting Lankeit [15] recently
showed several results including existence of infinite-time blow-up solutions in the case that
g<landg > p+ % In the degenerate chemotaxis system which is the system (1.5) with
D(u) =u?"" and S(u) = u?~" with p, g > 1, similarly, it is shown that the relation between
p and g determines behaviour of solutions; in the case ¢ < p + % global solutions are
obtained when £2 is a bounded domain (see [12]); in the case ¢ = p + %, the result is divided
by the size of the initial data with some critical mass m. = m.(n); when |lug|l 1oy =m < m,
and g = 2, under the Dirichlet-Neumann boundary condition, Mimura [17] showed that
there are global solutions when £2 is a bounded domain; on the other hand, if m > m,, then
Laurengot-Mizoguchi [16] established that existence of an initial data such that ||uo|l ;1 (o) =
m and the corresponding solution blows up in finite time when ¢ =2, 2 =R" and n =3, 4;
inthecase g > p+ %, it is known that there exists an initial data such that the corresponding
solution blows up in finite time (see [8]). Moreover, some simplification of the system (1.5)
which is the system that the second equation is 0 = Av — 4 u instead of v; = Av—v+4u in
(1.5) with D(u) = (u + 1)?~! and S(u) = u(u + 1)¢~2 with p, ¢ € R was studied ([7, 24]);
Cieslak—Winkler [7] established global existence and boundedness in the case that g =2
and 2 < p + %, and existence of finite-time blow-up solutions in the case that ¢ = 2 and
2>p+ %; Winkler—Djie [24] dealt with the case that p < 1 and g € R and showed global
existence and boundedness in the case that ¢ < p + %, and existence of blow-up solutions
in the case that ¢ > p + % Thus, it is clear that the relation between p, g and n strongly
affects behaviour of solutions.

On the other hand, the system which describes the situation such that the movement of
the species is suppressed, that is, the chemotaxis system with flux limitation

uVu uVv
u=V- Du(u,v)—>—V-(S(u,v)4>+H(u,v),
’ ( S £ [VuP ST+ Vol ‘

v, = D,Av+ Hy(u,v), xef, t>0

(1.6)

is proposed by Bellomo—Winkler [1], where D, and D, show properties of diffusion of the
species and the chemoattractant, respectively, and S represents the chemotactic interaction,
and H, and H, are mechanisms of propagation, degeneration, and interaction. Since it has
not been known whether there exist valid functions like an energy function and a Lyapunov
function yet, the system (1.6) seems to be difficult. Therefore, Bellomo—Winkler [1, 2] have
considered the following simplified system

uVu uVv
u =V —Xv-<—), O=Av—pu+u (17
' (./u2+|v14|2> J1F [VoP
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In this system, Bellomo—Winkler [1] overcame the difficulty, and they showed global exis-
tence when y < 1. On the other hand, if x > 1 and

1 .
m>——— ifn=1

Vii-1 ’ (1.8)

m > 0 1is arbitrary if n > 2,

Bellomo—Winkler [2] found an initial data such that the corresponding solution of (1.7)
blows up in finite time. However, the problem (1.6) has not been studied yet when D, and S
are general; in view of the study of the Keller—Segel system, the case that D, (u, v) = u?~!
and S(u,v) = u?"" in (1.6), i.e., the system (1.1) seems to be one of important problems.
Recently global existence of solutions to system (1.1) was shown when p > g + 1 — nl
(see [19]). From the results in the degenerate chemotaxis system we can expect that some
largeness condition for ¢ derives existence of blow-up solutions.

The purpose of this paper is to determine the condition for p and ¢ such that the cor-
responding solution blows up in finite time. Here we need to establish different methods
because we cannot adopt the same argument as in [2] when p < g holds.

Now main results read as follows.

Theorem 1.1 Let 2 := Br(0) CR" (n € N) with R > 0 and suppose that 1 < p <gq.
1) If n =1, then for all x > 1 (x > 0 when q > p), there exists m. =m.(x, p,q,R) >0
with the following property: If

m > me, (1.9)

)<OO

then there exists a nondecreasing function M,,, € C°([0, R)) satisfying SUp, (. r) ‘ B 0)]

M,,(R) < m, and that for all uy € C*(2) with fQ uog(x)dx =m and

/ MQ(X)dXEMm(V) (110)
B (0)

forallr € [0, R], there exists T* € (0, 00) such that a corresponding solution (u, v) of (1.1)
blows up in finite time T* in the sense that

limsup (-, 1) oo () = o©. (1.11)
t/T*

(i) If n > 2 and m > 0, then for all x > 0 satisfying

mn \P4
X > ( ) ) (1.12)

w, R"

where w, defines the (n — 1)-dimensional measure of the unit vphere in R", there exists a

nondecreasing function M, € C°([0, R)) satisfying SUD, ¢ (0.%) 13- (E)))l < o00,and M,,(R) <m,

such that for all ug € C*(2) with f_Q uo(x)dx =m and (1.10) for all r € [0, R], there exists
T* € (0, 00) such that the corresponding solution (u, v) of (1.1) blows up in finite time T*
in the sense of (1.11).

Remark 1.1 This theorem shows existence of blow-up solutions to (1.1) when g > p. On
the other hand, in [19] global existence of solutions is shown when p > g + 1 — % Thus we
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Fig. 1 Classification of q
behaviour

blow-up

can observe that the case p = ¢q is critical when n = 1. However, except for the case n = 1,
behaviour of solutions inthe case g < p <g + 1 — % is still an open problem (see Fig. 1).

Remark 1.2 If p = g = 1, then the condition for m connects with that in [2]; indeed, the
constant m.(x, p,q, R) in (1.9) is given by

. 517 {1 — &2y m  (1=n2? \"
mc=1nfm‘5|)L€ T,l, = —m
(1=1)2 Wy
A_Z + 22@a—1) +m?

(see (3.1) and (3.54)). Thus, in the case p = ¢, since

)2
(5—«/17 1]_ {1 - G2 my _1}
2 14 A-12 | o

mq(x,p,p,R) :inf{m ‘ dre
22(3r—1)

my 1
7:1 = —m
1+ m? } Vxr-—1

mn \P~P
(k) =1
w, R"

the conditions (1.9) and (1.12) are reduced to (1.8). Thus Theorem 1.1 is a generalization of
the previous work [2]. However, we note that the constants m. (when n = 1) and (J%%)"™7
(when n > 2) might not be optimal constants but be ones required technically except for the

case that p =g =1 ([1, 2]); the opposite cases are open problems.

:inf{m‘

and moreover

In view of Remark 1.2 we have the following corollary.

Corollary 1.2 Let §2 :== Bg(0) CR" (n € N) with R > 0 and let p = q > 1, and suppose
that x > 1 and (1.8). Then there exists a nondecreasing function M,, € C°([0, R]) fulfilling
SUP,¢(0.R) /\VI[?T—(((SI) < o0 and M,,(R) < m, which is such that whenever u satisfies (1.2), as
well as (1.10) for all r € [0, R], the solution (u,v) of (1.1) blows up in finite time in the
sense of (1.11).
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236 Y. Chiyoda et al.

Theorem 1.1 gives the following byproduct; since arguments similar to those in the proof
of [2, Proposition 1.2] enable us to see this proposition, we only write the statement.

Proposition 1.3 Letn e N, R >0, 2 := Br(0) CR" and x > 1.
(i) Let m > O satisfy (1.9). Then there exists a radially symmetric positive u,, € C*(£2)
which is such that

O
lm =0o0nof2 and / Uy =m,
v o

and for which it is possible to choose & > 0 with the property that whenever u satisfies (1.2)
as well as

lo — ttpll oo (2) < &,

the corresponding solution of (1.1) blows up in finite time.
(ii) Given any u fulfilling (1.2), one can find functions uoy, k € N, which satisfy (1.2) and

Uy — ug inLP(2) ask— oo

forall p € (0, 1), and which are such that for all k € N the solution of (1.1) emanating from
uor blows up in finite time.

The proof of the main result is based on that of [2, Theorem 1.1]. Thus in the same way,
we introduce s := r" for r € [0, R] and the mass accumulation function w = w(s, t) defined
as

st
w(s,t) ::/ r"tu@r, t)dr,
0

and then, a combination of the fact u(r,,t) > "J(‘*”) given by using u# > w, and the mean
value theorem and that w is the solution of a @calar parabolic equation yields that the core of
the proof is to find a suitable subsolution w such that for some 7 > 0 and some s, € (0, R"),

w(sy 1)
— > o0 ast N T.

Sy

In the previous study [2], the interval (0, R") is divided three parts, and in very inner region
thanks to construction of the subsolution w using the structure of a quadratic function, we
obtain a suitable estimate. However, in this paper we cannot establish it from the same
argument when p < g. Therefore, adopting a new subsolution w consisted by an exponential
function, we can prove existence of an initial data such that the corresponding solution blows
up in finite time. In this proof, the key idea is to employ a new viewpoint in the proof of some
suitable estimate; by establishing a new estimate where the effect of the aggregation come
from chemotactic interaction works adequately (see Lemma 3.5), we can attain a useful
estimate.

This paper is organized as follows. In Sect. 2 we recall local existence in (1.1) and we
consider the mass accumulation function and a scalar parabolic equation. In order to use the
comparison argument as in [2, Lemma 5.1] we construct subsolutions and confirm properties
in Sect. 3. Finally, we prove existence of blow-up solutions in Sect. 4.
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2 Local Existence and a Parabolic Problem Satisfied by the Mass
Accumulation

In this section we provide a local existence result and a mass accumulation function satis-
fying some parabolic problem. First, we recall a local existence result; the following result
was shown in [19, Theorem 1.1].

Lemma 2.1 Suppose that uy complies with (1.2). Then there exist Ty € (0, 00] and a pair
(u, v) of positive radially symmetric functions u € C>' (22 x [0, Tay)) and v € C*%(2 x
[0, Tiax)) Which solve (1.1) classically in §2 x (0, Tiax), and which are such that

if Tmax <00, then limsup |lu(:,?)| 2 = 00. 2.1
t/'Tmax

In the following let £2 := B (0) C R" (n € N) with some R > 0 and let u, satisfy (1.2),
and denote by (u, v) = (u(r, t), v(r, t)) the radially symmetric local solution of (1.1) and by
Tmax its maximal existence time obtained in Lemma 2.1. Moreover, we introduce the mass
accumulation function w and the parabolic operator P such that

Sj—

w(s, 1) = / r"lu(r, £ dr (2.2)
0

fors € [0, R"]and ¢t € [0, T), and

2 ~p~ ~ ~,
5275 Wy Wy (w — %s)wé’

—niy -
~ 2 2 5~
W2 + n2s* 0 @2 \/l—i-s" 2 — Ls)?

A

(P®)(s, 1) := W, —n?*"- (2.3)

If % € C'((0,R") x (0, T)) is such that w; > 0 and w(-, 1) € W>>(0, R") for all 7 €
(0, T), then the expression Pw is well-defined. Now we show that the function w defined
as (2.2) fulfills these corresponding condition. Thus, the following lemma yields that the
function w satisfies some parabolic problem (see [2, Lemma 2.1]).

Lemma 2.2 Let n € N, x > 0. Then for T > 0 and some nonnegative radially symmetric
ug € CO(2), whenever (u, v) is a positive radially symmetric classical solution of (1.1) in
§£2 x [0, T), the function w defined as (2.2) satisfies

(Pw)(s,1) =0, s€(0,R"), 1€(0,T),

w0, =0, w(R".1)=", 1e(,T)
o 2.4)

w(s, 0) :f r"ug(r)dr, s € [0, R”],
0

==

where m .= f o Uo(x) dx and where w, denotes the (n — 1)-dimensional measure of the unit
sphere in R".

Proof An argument similar to that in the proof of [2, Lemma 2.1] implies the conclusion of
this lemma. a
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3 Construction of Subsolutions for (2.4)

In this section we construct a subsolution w of (2.4). Then, using a suitable comparison
principle (see [2, Lemma 5.1]) to obtain w > w in [0, R"] x [0, T'), we derive that u(r, t)
blows up in finite time 7 > O (fixed later). In Sect. 3.1 we prepare a family of functions,
and define w. In Sects. 3.2, 3.3, 3.4 and 3.5 we divide [0, R"] into three parts and show
properties of a subsolution w in respective regions.

3.1 Constructing a Family of Candidates

In order to construct subsolutions w for (2.4) we first provide some parameter and some
function; for A € [%, 1] we put

(1 —21)? 31 —1
a .= ™ >0 and b, = ™ >0 3.1
and define
2 (e —1) ifE€l0, ),
p@®=1"" (3.2)
1— —n if&€>1,
where 1 < d < 2 is such that
Q2=d)e?—2=0. (3.3)

Here we note that there is a solution d € (1, 2) of (3.3); indeed, since
(Q—d)e? —2)lgci=e—2>0 and (2—d)e! —2)yma=-2<0

hold, the intermediate value theorem enables us to find d € (1, 2) satisfying (3.3). Then we
can show that ¢ € C'([0, 00)) N W2>(0, 00) N C%([0, o0) \ {1}) with

e = 20D ifE €0, 1), 3.4)
4 - (S—azx)z if&=1 .
and
"E) = 2dre?€-DifE €0, 1), 3.5)
R R '

In particular, ¢'(¢) > O for all £ > 0. Then we have to choose A € ( %ﬁ 1] suitably in the

case that n = 1 (see Lemma 3.12), and we must fix A = % in the case n > 2 (see Lemma

3.13). The following lemma has already been proved in the proof of [2, Lemma 3.1]. Thus
we recall only the statement of the lemma.

Lemma 3.1 LetneN,m >0, A € [%, 11, K >0, T > 0, and suppose that B € C' ([0, T))
satisfies that B(t) € (0, 1), Ko/B(t) < R" forallt € [0, T) and
2

B(t) < m 3.6)
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for all t € [0, T), where a, and b, are given by (3.1). Then the following functions are
well-defined:

m K?—2b, K/B(t) +b>B(t)

A(r) := o NG fort [0, T) (3.7)
and
D=1 & te0,T) (3.8)
= a)_n . W for S . .
as well as
2 _ / —
Eny=" _pipp =" K =@ T0)CKVBO =b:B@) o 10 1) 9
w, on N()
with
N(t):= K*+a;R" — (a; + b)) (2K/B(t) — b, B(t)) fort €[0,T). (3.10)

Furthermore, we have

, m (ﬁ—bk)~(aAK2—a,\bAR”)-B’(t)
A(t)y=—"- 5
wy, NZ(1)
as well as
a,(a, +b,) - (A= —b,)- B'(t)
D=2 2T R 3.11)

on N2(t)
forallt € (0, T).

Using these definitions, we can express clearly our comparison function w. Letting
K > 0 be a constant fixed later and letting B be a function chosen suitably later, we will

give a composite structure of w by separating [0, R"] into two parts (an inner region and an
outer region).

Lemma 3.2 letneN, m>0,A¢€ [%, 11, K >0and T > 0, and let B € C'([0, T)) satisfy
that B(t) € (0,1), Ki/B(t) < R" and (3.6) hold for all t € [0, T). Suppose that

win(s,t) ift€l[0,T)ands € [0, K/ B(1)],

w(s, 1) =
Wou(s,t) ift€l[0,T)ands € (Ks/B(t), R"],
where
K
Wwin(s, 1) == A(pE), §=5(.1) = B0 (3.12)

fort €[0,T),s € [0, K/B(t)] with ¢ and A introduced as (3.2) and (3.7), respectively, and
where

Wout (s, 1) ;= D(t)s + E(1) (3.13)
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fort€[0,T)and s € [K/B(t), R"] with D and E as in (3.8) and (3.9), respectively. Then
w is well-defined and satisfies

weC'([0,R"] x[0,T))

and w(-,t) € W»*(0, R") N C2([0, R"]\ {B(t), K/B())}) for all t € [0, T) as well as
m
w(0,0)=0 and w(R",1)= —
forallt € (0,T).

Proof An argument similar to that in the proof of [2, Lemma 3.2] implies the conclusion of
this lemma. g

3.2 Subsolution Properties: Outer Region

First, we will consider in the outer region. In the following lemma, we show that if the
function B constructing w is suitably small and fulfilling a differential inequality, then w is
a subsolution of (2.4) in the region.

Lemma 3.3 Letn € N, yx >0,m>0,ke[%,1], K >0,T >0 and By € (0,1) fulfill
K./By < R" and
KZ
By< —— 3.14
"= 16(a; +b,)? G149

with a;, and b, taken from (3.1). Then if B € C'([0, T)) is positive and nonincreasing and
satisfies that

aZﬁl (nm)4 x K

1
> 5 Bl_ﬂ(t)a
2<ax+bk><K2+a~AR")q—‘wZR”\/1+K5’2""—2 (3.15)

@n

B'(t) > —

B(0) = By
forallt € (0, T), then the function wyy given by (3.13) fulfills that
(Pwou)(s, 1) =0 (3.16)
forallt € (0,T) and all s € (K+/B(t), R") with P defined in (2.3).

Proof The proof is based on that of [2, Lemma 3.3]. Recalling that E(t) = u")—:l — R"D(t) for
allz € (0, T) by (3.9), we have

m
Wou (s, 1) = D()s + E(t) = — — D(t) - (R" — ) (3.17)

n

for all + € (0,7T) and all s € (K+/B(t), R"). Straightforward calculations together with
(3.11) yield that

(Wou): (5,1) = —=D'(1) - (R" — s)

m @@, +bx)(%—bx) , .
= N ‘B'(t)- (R"—5) (3.18)
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forallz € (0, T) and all s € (K+/B(t), R") with N as in (3.10). In order to obtain an estimate
for Pw,y, noting from (3.18) and the fact (woy)ss = O that

-2 , -
(Poad) (5. 1) = (wout)y (5, 1) — n? 1 . S A Wowdsl Wowse

\/(woul)s2 + n2527% (wcout)ss2
m  a.(ax +bx)(% —b)

T o N2(t) B'(0)- (R"—s)+1(s.0),  (3.19)

where
. (wout - %S) : {(wout)s}q

\/1 +S%72(wout - %5)2

I(s,t):=—n%y (3.20)

fort € (0,T) and s € (K+/B(t), R"), we shall derive an estimate for / (s, t). Since (3.17)

holds, we first obtain from the identity % = ﬁ that

l’l’ _ ﬂ _ . n _ _ .
Wout — ;s— o D(t) (R s) o R K

m n
= <wan - D(t)) ~(R"=5) (321

forallt € (0,7) and all s € (K+/B(t), R"). Noticing from arguments similar to those in the
proof of [2, Lemma 3.3] that

2 2
\/1+s%—2<wom(s,t)—ﬁs> < [1+ki2. 2 paiq)
n Cl)n

forallt € (0, T) and all s € (K+/B(t), R"), we infer from (3.20) and (3.21) that

ogr — D)D),

—1(s, 1) > ny-2& B2 (1) - (R" — ) (3.22)

I+ Ka2.m

n

holds for all # € (0, T) and all s € (K+/B(t), R"). Here in light of the definitions of D and
N (see (3.8) and (3.10), respectively), we can see that

m m oa, m  a, \?
o, R*  w, N() w, NI(t)
mitlal  N(t) —a,R"
wi™Na@)y  R'N()
m"“a;’ . K2 —2(a; + b,)K/B@) + (as + b;)b; B(t)
Wl N2(1) RN (1)1

( v —D(r))-Dq(o
w, R"

(3.23)
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forall r € (0,T) and all s € (K+/B(t), R"). Moreover, the fact By < %2 by (3.14) leads to
A
that

N(@®)=K>+a,R" — (a; + b,)(2K/B(t) — b B(t)) < K* + a; R" (3.24)

forall ¢ € (0, T'), a combination of the relation

1
K% —2(a, + b)) K/B@) > 5K2
(by (3.6)), (3.23), (3.24) and the fact (a; + by)b; B(t) > 0 yields that

gl K22 b)) K /Bt
" _pw) b= ml G . (@ + 1) )
@, R ol'N2()  RMY(K?+a R
quALZ?L KZ

> .
= wZ+IN2(t) 2Rn(K2 —I—axR”)q*‘

m a, man] K?
o, N0 @  2R"(K?+a, Ryt

for all t € (0, T). Therefore we verify from (3.22) that

q—1

m ap mq“;L K2
on N2t @l 2R (KZ+a; RM4] 1_1
—I(s )z iy o REOEE gty (R —s)  (3.25)
1+ Kn 2.2

forallt € (0,T) and all s € (K+/B(t), R"). Here putting

al” (nm)?x

Cp =
2(K2 + Ry Rr 1+ K272

and using the fact (a; + b; )b, B'(t) < 0 for all ¢ € (0, T'), from (3.19) and (3.25) we can

confirm that

m a, (61)L +b)L)K ) ,
Pw, s, )< —+-——-(R"—s)-{|——————— + (a1 +b)b, ) - B'(¢
(Pwou) (s, 1) o N ( ) {( NEO) (@, + b)bs, ()
m"ug_l K2

ol 2R"(K24a; R)aT

JI+Ki2m

—niy -

11
.B2" (1)]

m a, n_ . (ak + bA)K R’
“u w7 = MO

2(K2+ @ R Rr 1+ K2 2

m  a (R" - ).{_(0A+bA)K
V/B(t)

-2 -B/(r)—clKZB%*ﬁm} (3.26)
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forallt € (0,7T) and all s € (K+/B(t), R"). Thanks to (3.15), we finally derive that

(ar+byK sl 1
B TR Bty — e K B (1) =
) () —a Q) 0]

<0

(@ +b)kK [, «akK -k }
{ B® (Clx+bx)B no

forallt € (0,T) and all s € (K+/B(t), R"), which together with (3.26) implies (3.16) holds.
O

3.3 Subsolution Properties: Inner Region

In this subsection we will consider in the inner region. In the following lemma we provide
calculations of Pwyj, and properties of the function A defined as (3.7) constructing w in the
corresponding region.

Lemma 3.4 LetneN,m>0,A¢e [%, 1], K > 0 be such that K > /b, R",and T > 0, and
let B € C'([0, T)) be positive and fulfill (3.6) and K \/B(t) < R" forall t € [0, T). Then the
function wy, defined as (3.12) satisfies that

AP €)

(Pwin)(s, 1) = A (e (§) + B()

{—=&B' (1) + Ji(s, 1) + La(s, 1)} (3.27)

forallt € (0,T) and all s € (0, K/B(t)) \ {B(t)}, where £ =&(s, 1) =
(2.3), and

P is given by

s
B(1)’

Ji(s, 1) = —nPt!.

222 ’ p—1
£ () .(A(g‘/’ (5)> (3.28)
VB2 00©) +n2Bi (g R g2 @) ©

as well as

A(g(§) — EB(1)E

(s, t):=—nly - = = . <
1+ BI 206 2(A00(&) — £B(1E)?

/ -1
A@D)g (§)>q (3.29)
B(1)

fort € (0,T)ands € (0, K/B(t)) \{B(t)}. Moreover, the function A defined as (3.7) fulfills

A(t) <0 (3.30)
forallt € (0, T); in particular,
A > Ap =2 ! (3.31)
R Y L '

holds forallt € (0,T).

Proof Aided by arguments similar to those in the proofs of [2, Lemmas 3.4 and 3.5], from
straightforward calculations we can attain the conclusion of this lemma. a
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3.4 Subsolution Properties: Very Inner Region

In this subsection we will consider the case that £ = % € (0, 1) whichmeans 0 < s < B(¢).

In order to show Pwy, <0 we have to see that for some C > 0 and some 8 > 0,
Ji(s, 1) + Ja(s, 1) < —CBP (1) (3.32)

holds for all € (0, T') and all s € (0, B(¢)) with J; and J, as in (3.28) and (3.29), respec-
tively. Thanks to the convexity of ¢ for & € (0, 1), we obtain the term J; is negative in this
region. However, it seems to be difficult to show (3.32) in the case that p < ¢g. Indeed, when
@ (&) = AE2 which is used in [2], if B(¢) is close to 0, then we obtain from an arguments that

1ot (AO9 @\ AN E)\
Ji(s, 1)+ Ja(s,1) = —C1 B 77 (1)§ <W> +CoB(1)§ - B0 >0

with some Cy, C, > 0. Thus, we modify a function ¢ on (0, 1) from [2] to infer that even
though B(¢) is suitably small, the term A(#)@(€) — %B(t)s is positive which means J, < 0
fort € (0, T) and & € (0, B(t)). Furthermore, we divide the estimate for Pwj, into the case
n =1 and the case n > 2 to achieve our purpose.

Lemma 3.5 LetneN, m >0, A € [%, 1], and K > 0 be such that K > /b, R", and let
By € (0, 1) be such that K /By < R" and

K2
By<——— 3.33
0= 4(ay + b)? 3-33)
as well as
2AnA
By < 24T (3.34)

elp
with u, d and Ay given by (1.3), (3.3) and (3.31), respectively. Then, under the condition

that for some T >0, B € C'([0,T)) is a positive and nonincreasing function satisfying
B(0) < By, the inequality

n
AD)pE) — ;B(t)s >0 (3.35)
holds for all t € (0, T) and all s € (0, B(t)) with ¢ and A as in (3.2) and (3.7), respectively.

Proof We write & = ﬁ fort € (0,T) and s € (0, B(¢)). According to (3.31) and B(r) <

B(0) < By, we obtain from (3.2) that
A0 = EBWE = Ar-9©) — S8y -5

A
=%g{"_r.@_30}

Iz §
w._[2anAr e¥ —1
-2 . - B 3.36
” { i dE 0 (3.36)
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forall t € (0, T) and all s € (0, B(¢)). Thanks to that
e —1
dé§
for all £ € (0, 1), we infer from (3.34) and (3.36) that

>1 (3.37)

2AnA a§ _
A(r)w(f)—%B(r)éz%s{ i - 0}

el dE
2AnA
Zﬁ{ ';T_BO}>0
n et
forallt € (0, T) and all s € (0, B(2)). O

Invoking Lemma 3.5, under the assumption that the function B is small and satisfies a
suitable inequality, we derive that w becomes a subsolution of (2.4). First, we will note when
n = 1. In this case, thanks to the definition of ¢ on (0, 1), we can establish that J; < —C
holds with some C > 0 and show the purpose of this subsection.

Lemma3.6 Letn=1,m>0,A¢€ [%, 1] and K > 0 be such that K > /b, R"*, and let B, €
(0, 1) be such that K+/By < R", (3.33) and (3.34) hold. For some T > 0, if B € C'([0,T))
satisfies that

) d <2AAT)”1
B(1) = — : ;

>+1 \ e (3.38)

B(0) = By

forall t € (0,T) withd and Ar as in (3.3) and (3.31), respectively, then the function w;,
defined as (3.12) has the property that

(Pwin)(s,2) <0
forallt € (0,T) and all s € (0, B(t)).

Proof Writing § = = fort € (0, T) and s € (0, B(t)), we establish that

B(1)
B )¢ (E) ., o (@redE? 1
To2® PO apeey B0 =g

forall t € (0, T) and all s € (0, B(¢)). The inequality leads to that

—Ji(s, 1) =

¢"(&) . (A(r)w/(é))ﬂ—‘
VB2 (E) + "2 () B(1)

A (A(r)w'@))"‘l
. d%_’_l)w/d(g) B(1)

__d (A(r)go'@))"‘l
JVd?+1 B(1)

(3.39)
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for all # € (0, T) and all s € (0, B(¢)). Thanks to (3.31) and ¢'(§) > ¢'(0) = i—j}, we infer

from B(r) < 1 that
AOY @\ (A E\T (224" (3.40)
B(1) ! el

forall t € (0, T) and all s € (0, B(¢)). On the other hand, using (3.35), we have

5 <0 (3.41)

forallt € (0, 7T) and all s € (0, B(?)). Thus, plugging (3.39) and (3.41) into (3.27), we derive
from (3.38), (3.40) and the inequality £ <1 that

B
ﬁ(;,)@)@wm)(& 1)< —EB'(t)+ Ji(s, 1) + Jo(s, 1)
/ p—]
< EB() - 2 (A(t)so (s))
d*+1 B(t)
<—§B’(;)—L,<ZXAT)‘H
- d>+1 ed
<g{_3/(,) o da <2AAT)”‘1}
- d>+1 ed
<0
forallt € (0, T) and all s € (0, B(?)), and it concludes the proof. 0

In the case n > 2, if the function B is suitably small, then we can obtain that J, < —C
holds with some C > 0, which leads to achievement of the purpose.

Lemma 3.7 Letn>2,m >0, A € [%, 1], and K > 0 be such that K > /b, R", and let
By € (0, 1) be such that K+/By < R", (3.33), (3.34) and

22 (20Ar  n
By " < ( edT - ;B()) (3.42)

hold. For some T > 0, if B € c'([0, 7)) satisfies that

, niy (20Ar\7'
BO)Z_E( edT> B (1),

B(0) < By

(3.43)

forall t € (0,T) withd and Ar as in (3.3) and (3.31), respectively, then the function wi,
defined as (3.12) has the property that

(Pwin)(s,1) <0

forallt € (0,T) and all s € (0, B(t)).
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Proof We write £ = =%~ fort € (0, T) and s € (0, B(¢)). Thanks to (3.42) and
B(1)
B(r) < B(0) < By,

we obtain that

for all + € (0, T) and all s € (0, B(t)). Moreover, since (3.31) and (3.37) hold, we can see
from (3.2), (3.37) and the inequality & < 1 that

20A 2
BX (1) < < - ﬁB(r))
e n

2
—£7? (A(t)w(é) - %B(t)é)
forall t € (0, T) and all s € (0, B(¢)). Therefore, we derive that
2
153%72572<A(t)§0(5)— %B(WE) (3.44)

forall t € (0, T) and all s € (0, B(t)). Thanks to (3.44), we infer from & < 1 that

A () - %B(1)E . (A(t)w/(%‘)>"_l

J1+Bi20Ei2(Ame©) — LB BO
Ap(&) - “BO)E | (

JA+EDBI20E2(AD9E) — LB1EY

—h(s,t)=ny -

A(r)w/(é))‘“

>nly .
=X B(1)

iy 1 (A0 E)\
=X 202 5 B(1)
\/(1+1'1)B~ (0§
niy i1 (A(z)w/(é))q‘
=—ZB!"x 345
20O T (4

for all # € (0, T) and all s € (0, B(¢)). Moreover, using (3.31) and ¢'(§) > ¢'(0) = i—ﬁ, we
obtain from B(t) < 1 that

AD &\ (Ar-E\T (A (3.46)
B(1) = 1 ed ’ '
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On the other hand, from the fact ¢’, ¢” > 0 (given by (3.4) and (3.5), respectively), we verify
that

Ji <0 (3.47)

forall t € (0, T) and all s € (0, B(¢)). Recalling (3.27) and (3.30) (see Lemma 3.4), we can
show that a combination of (3.45) and (3.47) yields that by (3.43) and (3.46),

B(1) 4 o i (ADEENT
W(Pwm)(&ﬂ <—-&B()— NG < B() ) B (1)
, niy (2rA7\77! 1
e o () )
<0
forall t € (0, T) and all s € (0, B(¢)), which means the end of the proof. O

3.5 Subsolution Properties: Intermediate Region

In this subsection we will consider the case that s € (B(t), K+/B(t)). Here the term J; is
positive due to the definition of ¢ in the region. Therefore, an estimate for J, is important in
this part. The following arguments are based on these of [2].

Lemma3.8 LetneN,m>0,K >0and T > 0, and let B € C'([0, T)) be positive and
satisfy that (3.6) and K/B(t) < R" forallt € [0, T). Then the function J, defined as (3.28)
satisfies

1

/ p—1
Ji(s,1) <nP B 7w (1)E" (M)

B0 (3.48)

forallt € (0,T) andall s € (B(t), K/B(t)) with§ = %.

Proof An argument similar to that in the proof of [2, Lemma 3.7] implies the conclusion
this lemma. u

The following two lemmas have already been proved in proofs of [2, Lemmas 3.8 and
3.10]. Thus we only recall statements of lemmas.

Lemma 3.9 Letn e N, m >0, » €[4, 1], K > 0 be such that K > /b, R", and let By €
(0, 1) satisfy KA/By < R" and (3.33), as well as for some T > 0 let B € C'([0,T)) be
positive and nonincreasing and be such that B(0) < By. Then the inequality

! B <1+“*Rn> K> B (3.49)
ROBI g 22 E) — M K? ' '
holds forallt € (0,T) and all s € (B(t), Ks/B(t)) with § = %.
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Lemma 3.10 Letn e N, m >0, A € [%, 1], K >0, 8§ € (0, 1), and let By € (0, 1) fulfill
K+/By < R", (3.33) and

L max:— 2K\/Bo} <$é

I’ZAT

with n and At introduced in (1.3) and (3.31), respectively, and suppose that T > 0 and
B € C'([0, T)) is positive and such that

B(1) = By
forallt € (0, T). Then the inequality

AMe(E) - %B(t)é = (1 =8)AMe&) (3.50)

holds for all t € (0, T) and all s € (B(t), Ko/ B(t)) with & = % fors € (B(t), K/B(t))
andt € (0,T).

In order to have the estimate for Pwj, in the intermediate region when p < ¢, we will
provide the following lemma.

Lemma 3.11 Letne N, m >0, A € [%, 11, K > 0, and let B € C'([0, T)) be such that
K./B(t) < R" and be a positive and nonincreasing function and put

m a,
=— 3.51
7T o Kt aR @1
Then the inequality
A E\ "
(D' () <o (3.52)
B(t)

holds for all k > 0 and all s € (B(t), KA/B(t)), t € (0,T) with & =
are as in (3.7) and (3.4), respectively.

S !
30" where A and ¢

Proof We write & = W forallt € (0,T) and all s € (B(t), K+/B(t)). Using that
¢'E) =
(é b & —b)?
forl <& < \/W’ we infer from B(f) <1 and 0 < b, <1 for A € [%, 1] that
a, a
YO G by T B b
a,
(732 =2 1-bi+b;
a, B(t)

T K2+ (B2 —2b)B(t) K2 B®. (3.33)
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A combination of (3.31) and (3.53) yields that

(A(t)w’($)>>ﬁ L

B@) )T, 144 k2
_ m a, _
a Wy KZ + a;LR” o
forallt € (0,T) and all s € (B(¢), K+/B(t)), which means the end of proof. O

Thanks to above lemmas, we can see that if a function B is suitably small and nonin-
creasing and fulfills some differential inequality, then w becomes a subsolution of (2.4) in
the intermediate region (B(t), K/ B(t)).

First, we will consider the case n = 1. The largeness condition for m (see (1.9)) will lead
to the following lemma.

5—V/17

Lemma3.12 Let p<qg,n=1, x >0and A € (°>=;

asin (3.1), and let m.(p, q, x, A, R) be such that

517 1]. (1 =8)mx _<m a, )”‘1_0}

2 ' L5y 2 w_n.(a)»'i_bk)R
vV

Then for all m > m, there exist K > 0, k; > 0, and By, such that K /By, < R", and for
some T > 0, if B € C'([0,T)) is a positive and nonincreasing function fulfilling (3.6) as
well as

, 11, and put §; := % with a; and b;,

m, ::inf{m ‘ dr e (

(3.54)

{B’(t) > —k1+/B(@), (3.55)

B(0) < By
forallt € (0, T), then wi, as in (3.12) satisfies
(Pwin)(s,1) =0
forallt €(0,T) and all s € (B(t), K/B(1)).

Proof The proof is based on that of [2, Lemma 3.11]. Since 6, = Z—; holds, we obtain b; R =

%R with a, and b, as in (3.1), which enables us to pick K > 0 such that

5

K >\bR (3.56)
and

a, R

el <8y (3.57)
as well as

(1 =68 mx (m a. )”_q
=\
1;&~A+m2 w, K*+aR
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_ U —5)my

146,
22

—ol™ (3.58)
+m?

is positive (by (3.54) and m > m,.) with o as in (3.51). Furthermore, it is possible to fix
Bo1 € (0, 1) fulfilling K+/By; < R and

K2
Bypy<——— 3.59
" 4@+ by -39
as well as
12 Bo
—— -max{ —, 2K+/ Byt <6, (3.60)
I’ZAT A
with A7 as in (3.31), and put
ol ¢
K= L (3.61)

and let T > 0 and B € C'([0, T)) be positive and nonincreasing and such that (3.55) holds.
Then, recalling A’ <0 on (0, T) (see Lemma 3.4), we infer from (3.27) that

B()

m - (Pwin)(s, 1) < —EB'(t) + Ji (s, 1) + Jo(s, 1) (3.62)

forall t € (0,T) and all s € (B(¢), K+/B(t)) with & = % and J; and J, as in (3.28) and

(3.29). Here, according to Lemma 3.8, we obtain from (3.48) that

/ p—1
Ay (E)) (3.63)

J](S,t)f( B(l)

forall € (0,7T) and all s € (B(t), K+/B(t)). Since (3.56), (3.57), (3.59) and (3.60) hold,
a combination of Lemmas 3.9 and 3.10 with an argument similar to that in the proof of [2,
Lemma 3.11] leads to that

1+6
1+ (A00® — nB0)E) </ ;mzk +1-AW9E)

forallt € (0, T) and all s € (B(t), K+/B(t)). Therefore, we can see from (3.50) that

—h(s,t)=x

 AMeE) — uB0E (A(r)w’@))“l
V14 (A@E) — nB(1)E)? B(1)

L, 1=8)A0eE© (A(r)w/(&))‘“
s A N BO
_ (=8ymy (Amgo’(@)“

[ 4 2 B(1)

(3.64)
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for all € (0,T) and all s € (B(t), K+/B(t)). From the relation p < ¢, a combination of
(3.52) and (3.61)—(3.64), along with the definition of ¢, (see (3.58)) implies that

B(1)

: P in )
Ang @ Temen
, AP EN A =8mx [(AD@ €\
5_53(’”( B(1) ) - ( B() )

1+6;, 2
Vo2 tm

’ q-1 ’ 1—q ’ P—q _
:<A(t)<0 (S)) {_EB,([)<A(0¢ (S)) +(A(t)<p (S)) _da 5/\)"1)(}

B(1) B(1) B(1) /1% + m?
/ —1
3 (A(r)go (é))‘* {_EB,([)GI_q+Gp_q _(1=8)mx }
B(t) /% +m2
’ g—1
_ <7A(2z;5)> o1 (—EB (1) — 0171 cy) (3.65)

forall t € (0, T) and all s € (B(t), K+/B(t)). Recalling that £ < % holds in the region,
we infer from the definition of «; (see (3.61)) that

-1
—&EB'(t)—0''c) =& (‘B'(f) - Uqg CI>

-1
<t (—B/(t) - a0 B“)

£-(=B'(t) —k1y/B@))
0

IA

(3.66)

forall t € (0,T) and all s € (B(¢), K+/B(t)). A combination of (3.65) and (3.66) leads to
that we can attain the conclusion of the proof. ]

Secondly, we will consider the case n > 2. Due to choosing suitably x as in (1.12), we
will infer from the condition for a function B that w becomes a subsolution of (2.4).

Lemma 3.13 Let p<qg,n>2,m>0, x >0 and A = % Then for all x > (w;"l';”)”_"

there exist K > 0, k, > 0, and By, such that K+/ By, < R", and such that if T > 0 and
B e C'([0, 7)) is a positive and nonincreasing such that

B’ —i, B (1),
{ (t) > —« (t) (.67

B(0) < By,
forallt € (0,T), then the function wy, defined in (3.12) satisfies
(Pwin)(s,1) <0

forallt € (0,T)andall s € (B(t), K/B(t)).
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Proof The proof is based on that of [2, Lemma 3.12]. Thanks to A = % and x > (w:’l';” )P4,
we have that b, =0 and
m o oa, \"
>(n-—-
X w, a;R"

with a; as in (3.1). Then there exists some K > 0 fulfilling

m ay P—q
> n @ —_— e —
X o, K2+ a,R"

= (no)P1 (3.68)

with o given by (3.51). Using (3.68), we can choose § € (0, 1) suitably small such that

¢ i=nd - {% - (na)l“f} (3.69)

is positive. Finally, we take By, € (0, 1) such that K/ By, < R" and

K2
By, <——— 3.70
"= 3w + )2 370
as well as
" Boy,
—— - max ,2K\/Bo, { <6 3.71)
l’lAT A
with A7 asin (3.31) and
wrzl a R" 2-2 p3-3
2 14+ X2 K< "B, " <9, (3.72)
and we put
—1 _1
Kp:=09"c K™ n, (3.73)

and suppose 7 > 0 and B € C'([0, T)) is positive and nonincreasing and such that (3.67)
holds. Then, from (3.70), Lemma 3.4 implies that A’ <0 on (0, 7). Recalling (3.27), we
derive that

B(1)

m (Pwin)(s, 1) < —EB'(t) + Ji(s, 1) + Jo(s, 1) (3.74)

forall r € (0,T) and all s € (B(t), K+/B(t)) with £ = %, and J; and J, given by (3.28)
and (3.29), respectively. From (3.70) and (3.71), using Lemma 3.10, we obtain that

Ag(§) — %B(I)S > (1 =8)AM)¢p() (3.75)
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for all r € (0,T) and all s € (B(t), K+/B(t)). Noticing (3.70), we can use Lemma 3.9 to
show from (3.72) that

1 (,()2 a)\R” 92 3_3

<=2 1+ KX i B (3.76)
) 2_» 2 9 o A2m? n

A*() B ()En"p*(§)

<$

for all t € (0,T) and all s € (B(t), K+/B(t)). Employing (3.75), (3.76) and the fact that
§ < 1, we can estimate that

—Jr(s, 1) =nly AN¢E) - BOE , (A(r)go’(@)‘”
J1+ B 20gi2(ame® — LBoe B0
g 1=DAOK® (A(t)gﬂ(fg))‘i'
Ji+Biosi2enee B0
ity (1 - H)ADP(E) | (A(r)w%s))‘“
Jo+nimeiangee B0
= 7(1%X B (g - <A(22/)@))ql (3.77)

forallt € (0, T) and all s € (B(t), K+/B(t)). On the other hand, we use Lemma 3.8 to show
that

(3.78)

7 p—l
Ji(s,t) <n?B'"w (1)E! "7 <M)

B(t)

forallt € (0, T) and all s € (B(t), K+/B(t)). Thanks to (3.74), (3.77) and (3.78), we derive
that

B(1) _ e 1 st (ADEE))
A(t)(p/(g) . (Pwm)(s» t) =< “;:B (t) +n”B (t)f < B(l) )
=0y it (AOEENT
— — -B'7n ()& < B0) > . (3.79)
Since
e it st (ADP' @\
EB'(t) +n"B'"n (1)& ( B0 )
A=8nix 1, 1 (A(t)w’(é‘))q_l
_7.3 n n
NS ®% B()
’ q—1 ’ 1—q
_ (A<2<p (5)) {_SB/@)<A0>¢ (5))
) B(1)
A (E)\" (1—5)n"x> 1 l,l}
P - B n n
+(n( B0 ) = ()&
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holds, a combination of (3.69), (3.79) and Lemma 3.11, along with the relation p < g yields
that

& . (Pw )(S t)
A’ (§) e
A/ (€)™ N L, A=&nix\ 11
<(%567) {rewort (rore - 2R s o
/ q—1 _
(A0t (U2 o
’ q—1
=<%) o' (—EB'(t) — " ¢; B H (1)E" ) (3.80)
forallt € (0,T) and all s € (B(t), K+/B(t)). Finally, according to that
P S
VB

which means that s < K v/B(7), we infer from (3.67) and (3.73) that
—EB() =0 e BT =8 (<0 = 0" e B (g )
<&-(~B' () —0"'e;B"r(t)- K 7B (1))
=& (=B'(t) =k, B (1))
=0 3.81)

forallt € (0, T) and all s € (B(t), K+/B(t)). Thus (3.80) and (3.81) lead to the end of the
proof. a

4 Blow-up. Proof of Theorem 1.1

In this section, by virtue of a combination of Lemmas 3.3, 3.6, 3.7, 3.12 and 3.13, we can
show our main purpose such that there is an initial data satisfying that the corresponding
solution blows up by using the comparison argument from [2, Lemma 5.1].

Proof of Theorem 1.1 If n =1, thanks to (1.9), for all x > 1 (x > 0 when g > p) and some
S (S%M, 1), Lemma 3.12 entails that there exist K > 0, x; > 0 and By, € (0, 1) with
properties listed there. On the other hand, if n > 2, m > 0and A = %, then from the condition
(1.12) we can use Lemma 3.13 to see that for all x > O there exist K > 1, «, > 0 and
By, € (0, 1) with properties noted there. Moreover, we introduce « € (0, «,,] given by

af{fl (nm)?x K

K= — (4.1)
2(a, + b)) (K2 +a; RM)'wl R J1+ K772 2
and
__d 2247\ s
= /d2+1 ’ ed ( . )
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as well as

q q-1
‘< % . (ZAZ‘T> “3)
e

with d and A7 as in (3.3) and (3.31), respectively, and we take By € (0, By,] satisfying
(3.14), (3.34) and (3.42). Here we define

By (55— 20)
U 2n

fort € (0, T) with
r.=2".p¥
=B

Then, B € C'([0, T)) is the solution of the following initial-value problem:

:B’(t) — kB3 (1), ws

B(0) = By
forallt € (0, T'). According to Lemma 3.2, putting

Win(s,?) ifrel0,T)ands [0, K/B(1)],

w(s,t):=
{wout(s, t) ifre[0,T)ands € (K+/B(t), R"]

with functions wy, and wey as in (3.12) and (3.13), respectively, we see that the function w
is well-defined and satisfies

weC'([0,R"] x[0,T))

and w(-, 1) € C*([0, R"]\ {B(t), K+/B())}) for all t € [0, T). Moreover, thanks to (4.1),
(4.2), (4.3), (4.4) and the fact that B(t) < By < 1, we can use Lemmas 3.3, 3.6, 3.7, 3.12 and
3.13 to lead to functions wey,, and wy, fulfilling

(Pwou)(s, 1) <0 4.5)
forallt € (0, T) and all s € (K+/B(t), R") as well as

(Pwin) (s, 1) <0 (4.6)
forallt € (0, T) and all s € (0, B(t)) U (B(t), K+/B(t)). Therefore, we obtain that

(Pw)(s,1) <0

forall r € (0,T) and all s € (0, R") \ {B(t), K+/B(t)} since (4.5) and (4.6) hold. Here we
assume that u satisfies (1.2) and also

/ uo(x)dx = My, (r) := w,w(r", 0)
B (0)

for all » € [0, R]. Then, we can see that

w(s,0) > w(s,0)
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for all s € (0, R") with the solution w of (2.4) defined by (2.2). Moreover, putting T .=
min{Tyax, T}, we derive that

w(0,1)=w(0,1)=0 and w(R",t)=w(R",1)=—
wﬂ

forall t € (0, T). In order to use the comparison principle stated in [2, Lemma 5.1] we write
a:=2—2>0andlet

n =

, S V1P (o = Ls)m?
B (s, t, Yo, y1, y2) =0l ————— 404

X .
yi +n?s%y; J1+s700—49)?

for (s, , yo, ¥1, y2) € G := (0, R") x (0, 00) x R x (0, 00) x R. Then ¢ € C'(G) with

8¢ np+lsoty17+2
W(&L}’m)’h)’2)=7l3 >0 4.7
2

yi+nisey;

and

a,,p—1 o o 1
99 ot oy ya) =t PS03 — s >

9 3
Y1 /ylz +n2s°‘y22

1

q(yo — Ls)yl™

ST+ 00— L9)?

+niy

as well as

yi

3
Y5700 — 49)?

for all (s, ¢, yo, y1,¥2) € G. Here if S C (0, R") x R x (0, 00) x R is compact, then there
exist a;, a; € (0, 00) and by, b, € R satisfying that

o9
—(S, £, Yo, Y1, y2) :an
o

S (0,R") xR x (a, az) x (by, by).

Therefore, putting b := max{|b,|, |b,|} and a := max{af_z, af_z}, we establish that for any
te(0,7),

1 1
pit DSV O 025y — sy o

3
Vi niseys

1

=

¢
— (8, ¢, Yo, Y1, ¥2)
ay

q(yo— L)y~

ST+ 00— 452

+|nfx -
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_I)Sa p+1 g2y P 1.3
< |ar+ (p ) V2| L |pes . PSTN );2
) n2s?y;
V500 — Bs)?
+|nfxgs?y{-

L+s7(yo — &s)?
< [nP (p = Ds Y P ya| + 0P psyI T + [n9xgs Ty
<|n"*'(p — DR™a”b| + |n”pR”°‘aé’_1| + |nqqu%ag_l}
4.8)

for all (s, Yo, y1, y2) € S, andthus|""f’( £, )] € L2((0, R") x R x (0, 00) x R), and for

all Ty € (0, T) and all A > 0 we derive that

loc

B
—d)(s, 1, y0, y1. y2)| <nfxyf <n?x A 4.9)
dyo
for all (s, t, yo, y1, ¥2) € G with t € (0, Ty) and y; € (0, A). Thanks to (4.7), (4.8) and (4.9),
we can use [2, Lemma 5.1] to yield that

w(s, 1) > w(s,1)

for all s € [0, R"] and all € [0, f). Since w(0,7) = w(0,¢) =0forall t € [0, T), the mean
value theorem implies that for each r € [0, T') there is some 6(¢) € (0, R") with the property
that

wBm. ) _ wB@),)  ADed) . AW

w (8. 1) = Bt) — Bt B  B®

forall ¢ € [0, f). Noting that u(r, t) = nw,(r", t) forall r € (0, R) and all ¢ € (0, f), we can
show that

sup u(r,t) = w(0(t), 1) =A- A©
re.R) ' B(1)
for all ¢ € (0, T). Thanks to the facts that
B()N\O and A(r) — - K
an - —
Wy KZ + (,l)LRn

ast /' T by (3.7), using a consequence of the extensibility criterion (2.1), we can see that
(1.11) holds with T* = Tp,.x < T < 00, which enables us to attain Theorem 1.1. O
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