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Abstract In this paper, we consider a weak viscoelastic equation with internal time-varying
delay

Uy (x,t) — Au(x,t) +a(t)/ gt —s)Au(x,s)ds + ,uu,(x, t— r(t)) =0
0

in a bounded domain. By introducing suitable energy and Lyapunov functionals, under suit-
able assumptions, we establish a general decay result for the energy. This work generalizes
and improves earlier results in the literature.
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1 Introduction

In this paper, we investigate the following weak viscoelastic equation with a time-varying
delay term in the feedback

U, (x,t) — Au(x,t)+a(t)f0tg(t—S)Au(x,s)a's—i—uu[(x,t—'L'(t)) =0,
xe N, t>0,

u(x,t)=0, x€d2,t>0, (1.1)

u(0,x) =up(x), u(0,x) =u;(x), xes2,

u(x,t) = folx,t), xe82,te[—1(0),0),
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where 2 is a bounded domain of R” (n > 2) with a sufficiently smooth boundary 952, o and
g are positive non-increasing functions defined on R*, 7(r) > 0 represents the time-varying
delay, ug, u;, fo are given functions belongs to some suitable spaces.

When p = 0 in the first equation of (1.1), that is in the absence of the delay, problem
(1.1) was studied by many authors during the past decades. This type of problem arises in
viscoelasticity, especially for the case a(f) = 1. We start by mentioning the pioneer works
of Dafermos [5, 6], where he discussed a one-dimensional viscoelastic problem, established
several existence and asymptotic stability results. For other related works, we refer the read-
ersto[1, 3, 4, 13, 14, 23] and references therein. On the other hand, Messaoudi [17] consid-
ered the viscoelastic equation without the delay of the form

Uy (x,t) — Au(x,t) +Ol(l)/ gt —s)Au(x,s)ds =0
0

under suitable conditions on « and g. He obtained general stability by making use of the
perturbed energy method.

Introducing the delay term makes the problem different from those considered in the
literatures. Time delay arises in many applications depending not only on the present state
but also on some past occurrences. The presence of delay may be a source of instability.
For example, when g = 0, it was shown in [8-10, 18, 19, 27] that an arbitrarily small delay
may destabilize a system that is uniformly asymptotically stable in the absence of delay
unless additional control terms have been used. Kirane and Said-Houari [11] considered
the problem (1.1) with «(¢) = 1, an additional linear damping term, © > 0 and t(¢) be a
constant delay, and established general decay results under some condition.

The case of the time-varying delay in wave equation has also been studied by several
authors, see for example [15, 16, 20-22] and the references therein. See also [12, 26] for the
case of the transmission problem with delay.

In the works mentioned above, the authors must used the damping term . u;(x, t) to con-
trol the delay term in the priori estimate of the solution and the decay estimate of the energy.
By the way, in [7, 28], the authors improve earlier results in the literature by making using
of the viscoelastic term to control the time constant delay term. Similar results have also
been obtained for the problem with infinite memory by Guesmia [10]. Alabau-Boussouira
et al. [2] considered the following wave delay equation with past history

+00
Uy —Au—i—/ wS)Au(t —s)ds + ku,(t —t) =0
0

and established the exponential stability if the coefficient k is sufficiently small by using a
perturbation approach for delay problems first introduced in [24]; the result also holds for
the anti-damping, i.e. 7 = 0 and k < 0. In this aspect, it is worth mentioning the work of
Pignotti [25]. In this work, the author considered the problem

+o0
U, + Au — / w(s)Au(t —s)ds +b@t)u,(t —t)=0
0

and obtained that asymptotic stability is guaranteed if the delay feedback coefficient belongs
to L'(0, 400) and the time intervals where the delay feedback is off are sufficiently large.
But, to the best of our knowledge, there is no research on the weak viscoelastic equation
(a coefficient «(¢#) multiplying the memory term) with time-varying delay. Motivated by
there results, we investigate the problem (1.1) under suitable assumptions. Our main con-
tribution is an extension of the previous results from [7, 11, 15, 28] to weak viscoelastic
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equation without the linear damping term. The plan of this paper is as follows. In Sect. 2,
we present some notations and assumptions needed for our work. In Sect. 3, we derive a
general decay estimate of the energy.

2 Preliminaries and Main Result

We first introduce some notations that will be used in the proof of our results. We use the
standard Lebesgue space L?(£2) and the Sobolev space HO1 (§2) with their usual scalar prod-
ucts and norms. Throughout this paper, C and C; are used to denote the generic positive
constant. From now on, we shall omit x and ¢ in all functions of x and ¢ if there is no
ambiguity.

For the relaxation function g and the potential «, we assumption the following (see
[17,22]):

(G1) g,a:R* — R are nonincreasing differentiable functions satisfying

+00 !
g(0) >0, / g(s)ds < o0, a(t) >0, 1— oz(t)/ g(s)ds>1>0. (2.1)
0 0

In addition, we assume that there exists a positive constant ¢ such that «(t) > «y.
(G2) There exists a nonincreasing differentiable function ¢ (¢) : R™ — R satisfying

—o(1)

t@) >0, g =<-¢gh) fort >0, tiiinoom— .

(2.2)

For the time-varying delay 7, we assume as in [15, 21, 22] that T € W>*°([0, T']) for any
T > 0, and there exist positive constants 7y, 7; and d such that

O<tg<t()<t and 7T'(t)<d<1, forallr>D0. (2.3)
The following lemma is concerned with the global well-posedness of the problem (1.1).

By using the classical Faedo-Galerkin method, see, e.g. [15, 17, 28], we can prove the
Lemma, and we omit the proof here.

Lemma 2.1 Let (2.1)—(2.3) be satisfied. If the initial data u, € HO1 (2),u; € L>(R2), fo e
L*(£2 x (0, 1)) and any T > 0, then the problem (1.1) has a unique weak solution (u, u,) €
C(0,T; Hy (£2) x L*(£2)) such that

uel™®(0,T; Hy(2)),  u, €L®(0,T;L*(2)).

Now, inspired by [15, 17, 21], we define the modified energy functional to the problem
(1.1) by

1 ! 1
E(t) = 5”"“”% + (1 —Ot(t)/0 g(S)dS)IIVuH% +5aB)(g o Vu)(t)

t
5 / / Ol (s)ds, (2.4)
2 t—t(t) J 2
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where &, A are suitable positive constants to be determined later, and

(goVu)(t)://g(t—s)|v(t)—v(s)|2dsdx.
2J0

First, we fix A such that

|1 ] 1. ag(l—d)’k }
A <min{ — |log ————|, —log —— }, 2.5)
{Tl gS«/l—d T g 2k, (
with k; and k, being defined in (3.16).
In order give our main theorem, we give the restriction condition on ¢ (¢)
t@)>b (2.6)

where b is a positive constant to be chosen in (3.23).
Our main result reads as follows:

Theorem 2.1 Letr (G1), (G2) and (2.5) hold. If the coefficient of the time-varying delay
satisfies ||| < a, then there exist positive constants K and k such that the energy of the
problem (1.1) satisfies

E(t)<Ke™, Vt>t,, 2.7)

where a is positive constant defined by (3.21), which is only dependent on g, 1, d.

3 Energy Decay

In this section, we will prove the energy decay result Theorem 2.1 by constructing an ap-
propriate Lyapunov function. First, we have the following lemmas.

Lemma 3.1 Let (2.1)—(2.3) be satisfied. Then for all regular solution of problem (1.1), the
energy function defined by (2.4) satisfies

’ 1-d —AT
E0 = (5 + 5 i+ (M50 S - ae ) Juo - o) ]
1 / 1 / ! 2
+ 3a)(g 0 Vi) — 5a0) f ¢()ds|Vul2
0
— E/ /e_w—s)utz(s)dxds. (3.1)
2 t—1(t) J 2

Proof Differentiating (2.4) and using the first equation of (1.1) and then integrating by parts,
the assumptions (2.1)—(2.3) and some manipulations as in [16, 21], we obtain

1 1
E'(1)= —,u/gu,(t)u,(t —t())dx — Ea(t)g(t)llvullé + Ea(t)(g’ o Vu) (1)
l / ] / ! 2 ‘i: 2
+ 7 (H)(goVu)(®) — e ®) (/ g(S)dS> [IVull5 + 5”“[”2
0
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Weak Viscoelastic Equation with a Time-Varying Delay 13

- §(1 —T/(t))e_““)/ Ht—t@))dx — —/ / My 2 (s)dxds
2 Q 1= (1)

1
<-a()(g oVu)(t)——oz(t)g(t)lIVu||2 <2J|1M|T g)II w3
- (§a-ae - B - o)
—E/t / Y2 (s)dxds
2 t—1(t)

1 1 !
+ Ea'(l)(g o Vu)(r) — 50/(1) </ g(s)ds> IVull3.
0

\S)

Noticing (2.5) and the assumption (G1), (3.1) is established. O

Remark 3.1 Since ( "‘ = + )||u,||2 >0, ——oc (t)(f0 g(s)ds)||Vul|3 > 0, E'(t) may not be
non-increasing.

Now, we define the Lyapunov function
L@®)=E@) +ea()I @)+ ea()K (1), (3.2)

where ¢;, i = 1, 2 are two positive real numbers which will be chosen later, and
I(t) := / uu,dx, 3.3)
2

K1) := —/ u,/ gt —s)(u(t) —u(s))dsdx. (3.4)
2 0

We can prove that, for sufficiently small €, &;, for any ¢ > 0, the exist two positive
constant S, 8, such that

BIE() = L(t) < BE(1). (3.5)

The following estimates hold true.

Lemma 3.2 Under the assumption (G1), there exist two positive constants Cy and C, sat-
isfying

I'(t) < —% IV ull3 + llue 113 + Ci|us (r = (1)) Hi + Cra(t)(g o Vu)(2). (3.6)
Proof Differentiating and integrating by parts
') = llu 3+ /Q u<Au ) /Org(t —8)Au(s)ds — pu, (t — r(t)))dx
< llucl3 —l||w||§+a<r>f9w/0tg<r —)(Vu(s) = Vu(®))dsdx

- N«/ uu,(t — t(t))dx
2
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Now, Young’s and Poincaré’s inequalities yields (see [16])

a(t)f Vu-/tg(t—s)(Vu(s)—Vu(t))dsdx
2 0

) 0{2([) t 2
<8||Vull? + yE /Q(w./o g(t—s)|Vu(s)—Vu(t)|ds) dx

(1 —=Da(r)

<8|Vul3++ 5

(8o Vu) (1),
and
—p,/;zuu,(t —(0))dx < 8| Vull2 + C®)|us(r — v()) | 5.

Choosing § > 0 sufficiently small and combining the above estimates, we obtain (3.6). [

Lemma 3.3 Under the assumption (G1), we have the following estimate
t
K'(0) < —(/ g(s)ds — 6)||ut||% +8(1+2(1 =) Vully
0

s 2+ ,u2C[2, !
+ <26a )+ T) </ g(s)ds) (g o Vu) (1)
0

2
8(0)C,
48

+8]u(t — (@) |2dx — (¢' 0 Vi) (0), 3.7)
where C, is the Poincaré constant.

Proof The proof of this lemma is similar as Lemma 3.4 in [16]. But we do not have the
damping term u,(¢) in this paper. We give the sketch of it. Combining (1.1) and (3.4), we
obtain

I((z):/ uf,/ gt —s)(u(t) —u(s))dsdx
2 0

_/ u,/ gt — s)(u(t) - u(s))dsdx - (/ g(s)ds) ||u,||§
2 Jo 0

:f Vu(t)~(/ g(t—s)(Vu(t)—Vu(s))ds)dx
2 0

—a(t)/(/ g(t—s)Vu(s)ds)-(/ g(t—s)(Vu(t)—w(s))ds>dx

2 0 0

— / u; / g’(r—s>(u(t)—u(s))dsdx—( / g(s))nu,n%
2 0 0

5

+ / </ gt —5)(u(t) — u(s))ds);m,(r —t()dx =Y I (3.8)
7 0

i=1
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The first to the third terms on the right hand-side of (3.8) can be estimate as in [17], for any
§ > 0, that

1 t
L < 8|\ Vull3 + ﬁ</ g(S)dS>(g o Vu)(1),
0

46

2(0)C2
48

L < (25a2(t) + i) (/ g(s)ds>(g o Vu)(t) +28(1 — )*||Vull3,
0

I < 8lul; — (8o Vu) ().

Noticing the estimate

t 2 t
/(/ g(t—s)(u(t)—u(s))ds) dxgcf,(/o g(s)ds)(goVu)(t),
2 0

where C), is the Poincaré constant, we obtain

» WG !
Is <8 Vu (1 — ) [, + 45”(/ g(s)ds)(gow)(r>.
0
Combining the above estimates with (3.8), we get (3.7). O

Now, we are in the position to prove the general decay result.

Proof of Theorem 2.1 Combining (3.1), (3.6), (3.8) and (G1), after a series of computations,
for any ¢ > t;, we obtain

L/(t)f{ Il +§_a(,)<82/ g(s)ds—sza—sl>}||u,||§
0

2V/T—d
4 flulvi-d Vzl_d - %(1 —d)e™" + & Cra(t) +828a(t)} Jus(t — @) |

+ —%o/(t)f g(s)ds—i—ezot(t)(S(l+2(1—Z)2)—%l(x(t)}||Vu||§
0

)

2+M2c2 t
+{61Coa%(t) + &0 (1) <28a2(t) + —”) (/ g(s)ds) }(g o Vu)(t)
0

0)C?
+ Ol([){ % _ % } (g’ o Vu)(t) + e (I (1) + &0/ (1)K (1)
_ / / e My, (s)dsxds. (3.9)
2 t—1(t) J 2

By using (3.3), (3.4). Young’s and Poincaré’s inequalities, we obtain
g1’ (O (t) + g0/ K (t)

" C? ’ "(t)C? t
<20y - DD, 2O ([ ss) e v
0
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Noticing g is positive and non-increasing, we have, for any fixed #, > 0, for any # > ¢, that

t fo
/ g(s)ds > / g(s)ds =go > 0. (3.10)
0 0
Hence, (3.9) takes the form

L'(?)

—L f e tedd @)
|14t||2

< —al(t e —
=< Ol(){gzgo & &+ 2a()

V1 —d
- {%(1 —d)e™n — '“'f —e1Cre(r) — stam} s (e = =) 3

/ t (t Cz
—a(r) %l —ed(1+2(1-D%) + ;‘a((?) g(s)ds + %}nwng

) 2+u2C2 Ot(l‘)C2
+ a(t) 81C2a(0)+82<26a ) + Y 20() ></ g(s)ds)}(goVu)(t)

0)C?
+alr) %— %}(g Vu) (r)——/ / =y (s)dsxds. 3.11)
t—1(t)

Now, we should deduce the following system of the inequalities

— A S e ()

€180 — €20 — &1 + PO >0,
S0 = dye ™ — YL — g, Cra(t) — £26a(r) > 0,
/ 2
2 - e8(1+201 = 1P + 58 [7 g(s)ds + 1502 >0, (3.12)
1 £280C} 0
T I

558s8]7827)\'>0

is solvable only if we add some suitable conditions to pi.

Indeed, we can find solutions of (3.12) according to the following steps.
Step 1. We first take § sufficiently small such that

s . {gO gol gOl
< miny —, , ,
47 16[142(1 — 021" 2(1 + Cra(O)[1 +2(1 — 2]+ 1 +«(0)
googl(1 —d)?
2[1 +2(1 = )?1[otg (1 — d)? 4 2C1 2 (0)] } G.13)
and
goto(1 — d)?
< a1 —d) +220)]’ (3.14)

Step 2. Once § is fixed, we select &, sufficiently small such that

1 &g(0)C?
28(0) P 0
2 45
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Step 3. Then we choose ¢; satisfying the relation

28[1+2(01 -2 g0 e . |80 —8—a(0)3 goo(1 — d)?
= 2 < <min , . (3.15)
l 8 & 14+ Cia(0) " ag(l —d)?+2C,a(0)
The choice of ¢, is possible by the choice of § in (3.13) and (3.14).
From (3.13) and (3.15), we deduce that
&2(go —8) — &1 > &1C1(0) 4+ €28 (0) > 0. (3.16)

Now, let k; = e,(go —8) — €1 and k, = £, C 1 (0) + £,8(0). Thus, (3.16) implies that &, k;
are two positive constants depending on g, /.

Step 4. Now, we must ensure that the first to the third inequality in (3.12) hold. That is to
say, the following system of inequalities

||
737 d 0+

a0 2 < ki,
Sl —dyen — =L o gy 2 (3.17)
o "(nC
281 +2(1 - 1) + L8+ 2552 >0
must be solvable.
In fact, by (3.15), the inequality
[
S —es(1+20-1) >0
is obtained. Since lim;_, % = 0 (which can be deduced from (G2)), we can choose #; > 1,

so that the third term in (3.17) is obtained for all ¢ > #;, and the first term in (3.17) becomes

[l
1—d

+ £ < ko (3.18)

Step 5. Moreover, by the choice of § in (3.14), we can obtain

ky 2 . ao(1 —d)’k,
—> ——- ie. log—— > 0. (3.19)
k2 Ol()(l —d)z 2k2

Since A satisfies (2.5), there exists a positive constant £ such that

ATy
(\3];2—%0!)3 <& < VT —dka. (3.20)

Step 6. To ensure the solvability of the system (3.17), we just need to add a condition
given by

2k
] <min{\/1 —dkioy — &, ——— — £(1 —d)e**fl} =a >0, (3.21)

Ji—d

here a is only dependent on go, /, d. Moreover, the condition (3.21) is possible from (3.20).
Hence, the system (3.12) is solvable. Consequently, there exist two positive constants Cs
and Cy such that

L'(1) < —C3a(1)E(t) + Csa(t)(g o Vu)(t), Vit >1. (3.22)
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18 G. Liu, L. Diao

Multiplying (3.22) by ¢ (¢) and using (G2), (3.1) and (3.18), for ¢t > ¢;, we obtain

L' (t) = —C3t (D E(t) + Caa () (1) (g o Vu) (1)
< —C3¢MaE@) — Caa(1)(g' o Vu) (1)

< —C3¢(Ma(E() + C4[—2E/(r) - a’(r)( / g(s)ds) IVul3 + klaonu;n%}
0

Since ¢ (¢) is nonincreasing, we have

(COL(1) +2CE®))
< —CMa®E() — Cao (1) ( / g(s)ds) IVull3 + krerolluy 13-
0

Observing from the definition of E(¢) and assumption (2.1) that

HIVull3 <2E(t),

we get
; 2C4(1 — Do/ (¢
(C(OL@)+2C4E@)) < —;(r)a(r)(Q + M)E(z) + 2k E(1).
a(t)s ()l
Since lim,_, o, C_([‘;‘;f(rl)) =0, we can choose t, > t; such that
2C4(1 — Do/ ()
Cs:=C3+———=->0, Vi>t,.
O meor T T
Hence, if we let
2k,
b=—, 3.23
cs (3.23)

. _ 2k 2k :
thatis {(t) > b = s > Craq) > We arrive at

(CML) +2CE@®)) < —Csg(Da()E() + 2k E(1) < —C6E(1), 1 >1,.

Finally, let £(¢) = ¢(r)L(t) + 2C4(¢) E(t), then we can see that £(¢) is equivalent to E ().
Hence, we arrive at
L) <—C;L(1), Vt>t,.

Integrating this over (¢, t), we can deduce that
L) <L(t)e™ ", Vi>t,.

Consequently, the equivalent relations of E(¢), L(¢) and L(t) give the desired result
2.7). a
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