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Abstract This paper is mainly about the infiltration equation
u, = div(a)ul*|Vul’2Vu), (x,1) € Qx(0,T),

where p > 1, @ > 0, a(x) € C'(Q), a(x) > 0 with a(x)|;esq = 0. If there is a constant 8
such that fQ aP(x)dx <c, p>1+ %, then the weak solution is smooth enough to define the

trace on the boundary, the stability of the weak solutions can be proved as usual. Meanwhile,

if for any B > ﬁ an‘f’ (x)dxdt = oo, then the weak solution lacks the regularity to
define the trace on the boundary. The main innovation of this paper is to introduce a new

kind of the weak solutions. By these new definitions of the weak solutions, one can study
the stability of the weak solutions without any boundary value condition.
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1 Introduction
In the study of water infiltration through porous media, Darcy’s linear relation
V=—-K@®)Ve, (1.1)

satisfactorily describes the flow conduction provided that the velocities are small. Here V
represents the seepage velocity of water, 6 is the volumetric moisture content, K (9) is the
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hydraulic conductivity and ¢ is the total potential, which can be expressed as the sum of a
hydrostatic potential v (f) and a gravitational potential z

¢=19(0)+z.

However, (1.1) fails to describe the flow for large velocities. To get a more accurate
description of the flow in this case, several nonlinear versions of (1.1) have been proposed.
One of these versions is

V*=—-K(@6)Ve, (1.2)

where « is a positive constant. If it is assumed that infiltration takes place in a horizontal
column of the medium, then the continuity equation has the form

00 dV
—+—=0.
at 0x
Then we have
260 d
— = —(D(O)"16,177'6,), 1.3
a7 8x( (0)716x| ) (1.3)

with % =« and D(0) = K(O)y'(6).

Considering the flows in fractured media, let ¢ be the size ratio of the matrix blocks to
the whole medium and let the width of the fracture planes and the porous block diameter
be in the same order. If the permeability ratio of matrix blocks to fracture planes is of order
ePr where p, is a positive oscillating constant, then the nonlinear Darcy law combined with
the continuity equation leads to the following equation

ofuf — div(k* (x)| V" T Vu) =0, (1.4)

where u® is the density of the fluid (which is generally denoted as p in other references),
o®, k® are the porosity and the permeability of the medium.
One can generalize Egs. (1.3) and (1.4) to the following infiltration equation

u, = div(a()|ul*|Vul’>Vu), (x,1)e Qr = x (0,T), (1.5)

where Q C R" is a bounded domain with smooth boundary %2, p > 1, a(x) € C! (Q),
a(x)>0.

Equation (1.5) also comes from the applications of the other fields such as nonlinear heat
conduction, non-Newtonian fluid theory etc. If it is required that a(x) > a~ > 0, then the
equation with the following initial-boundary value conditions

uli=o =uo(x), x €L, (1.6)
ux,t)=0, (x,1)ed2x(0,7), (1.7)

has been studied thoroughly; one can refer to [1-14] et al. If a(x) > 0 and @ > 0, Eq. (1.5)
is degenerate on the boundary by the homogeneous boundary value (1.7), such degeneracy
comes from the physics quantity u itself. In this paper, we only assume that a(x) > 0 with
a(x)|yeae = 0. Then Eq. (1.5) is always degenerate on the boundary. Not only the degener-
acy comes from the physics quantity u itself, but also comes from the diffusion coefficient
a(x) which is affected by the environment.
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Infiltration Equation with Degeneracy on the Boundary 149

It is well-known that, if a(x) = 1, for the usual infiltration equation
u, = div(|u|®|Vu|?~*Vu), (1.8)

we can impose the Dirichlet homogeneous boundary condition (1.7), to prove its well-
posedness. So, the degeneracy on the boundary coming from the physics quantity u# does
not affect the boundary value condition (1.7).

But if a(x)|.e9o = 0, the situation may be different. We consider the special case for
a=0.

u, = div(a(x)|Vul""*Vu), (x,t)€ Q7. (1.9)

Suppose that there is classical solution of Eq. (1.9) for the time being. If # and v are two
classical solutions of Eq. (1.9) with the initial values u(x, 0) and v(x, 0) respectively, then
we have

/ (u —v)(u —v),dx +/ a(x)(IVul?>Vu — |Vo|[?7*Vv) - V(u — v)dx
Q Q

:/ a(x)(u —v)(IVu|">Vu — |Vv|P?Vv) - 7id &
Q2
:O,

where 7 is the outer unit normal vector of . Thus,

1
—i/(u—v)2dx§0,
2dt Jq

(1.10)

/|u(x,t)—v(x,t)|2dx§/ o (x) — vo(x)|*dx.
Q Q

It implies that the classical solutions (if there are) of Eq. (1.9) are controlled by the initial
value completely. In other words, the stability of the solutions of Eq. (1.9) is true even if
no boundary condition is required. Certainly, since Eq. (1.5) is degenerate on the boundary
and may be degenerate or singular at points where |Vu| = 0, it only has a weak solution
generally. So whether the conclusion (1.10) is true or not remains to be verified.

If a(x) =d? (x), B > 0, d(x) = dist(x, dQ), o = 0 in (1.5), we have shown that the usual
boundary condition (1.7) is over determined in our previous work [15]. Thus, how to impose
the suitable boundary condition to assure the well-posedness of the solutions to Eq. (1.5) is
a very interesting problem. Recently, we have done some works on this problem in [16, 17]
provided that o = 0.

In this paper, firstly, we concern with that when the boundary value condition (1.7) can
be imposed. Once we have the boundary value condition (1.7), we can study the stability
of the weak solutions as usual. Secondly, since the diffusion coefficient a(x) is degenerate
on the boundary, the weak solutions of Eq. (1.5) is not smooth enough to define the trace
generally. In such a case, we can not use the boundary value condition (1.7) to study the
stability of the weak solutions. In order to solve the problem, we will introduce a new kind
of the weak solutions of Eq. (1.5). By these new definitions of the weak solutions, we can
study the stability of the weak solutions without any boundary value condition. Moreover,
the definitions can be generalized to the other degenerate parabolic equations to study the
stability of the weak solutions without any boundary value condition.
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150 H. Zhan

2 The Basic Definitions and the Main Results

Definition 2.1 A function u(x, t) is said to be a weak solution of Eq. (1.5) with the initial
value (1.6), if

=) du 2 a 1
ueL>(Qr), EEL (Qr),  a(x)|ul*IVul” € L' (Qr), 2.1

and for any function ¢ € Cj(Qr),

ou N 5
—@+a@)|u|*|Vul’P*Vu - Ve |dxdt =0. 2.2)
oy \ 01
The initial value (1.6) is satisfied in the sense of
lim/ lu(x,t) —uo(x)|dx =0. 2.3)
t—0 Q

If u satisfies the boundary value condition (1.7) in the sense of the trace, then we say u is a
weak solution of the initial-boundary value problem of Eq. (1.5).

In the first place, we will prove the existence of the weak solutions in the sense of Defi-
nition 2.1. For simplicity, we can call this kind of solutions as the weak solutions of type I.

Theorem 2.2 Suppose that p > 1, > 0, a(x) € C'(Q), a(x) > 0 when x € Q, a(x) =0
when x € 0Q. If

o € L¥(Q),  a()lugl*|Vuol” € L' (), (2.4)

then Eq. (1.5) with the initial value (1.6) has a solution u of type I.

Theorem 2.3 Besides the conditions in Theorem 2.2, if there exists a constant 8 > 0, p >
1+ %, such that

/ aP(x)dx <ec, (2.5)
Q

then the nonnegative solution of type I with the initial-boundary value conditions (1.6)—(1.7)
is unique.

Now, we would like to introduce a new kind of the weak solutions of Eq. (1.5). By the
new definitions of the weak solutions, the stability of the weak solutions can be researched
without any boundary value condition.

Definition 2.4 A nonnegative function u(x, ) is said to be a weak solution of Eq. (1.5) with
the initial value (1.6), if u satisfies (2.1), and for any function ¢, € C(}(QT), @€ L®(07)
such that for any given t € [0, T), ¢»(x, ) € W,L’cp (£2), there holds

d
f / [8—”;«0@2) () ul| Va2V V<¢1¢z)]dxdr 0. 2.6)
or
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Infiltration Equation with Degeneracy on the Boundary 151

The initial value (1.6) is satisfied in the sense of (2.3). If letting m = 1 + p‘xj, then (2.6) is
equivalent to that

du 1 m|p—2 m
f / [a—(wmﬁam}w " Vu ~V(<p1<pz)]dxdz=o. @7
or t mb

We can call this kind of solutions as the weak solutions of type II.

Theorem 2.5 Suppose that « >0, p > 1, a(x) € C'(Q), a(x) >0 when x € Q, a(x) =0
when x € Q. If ug > 0 satisfies (2.4), then Eq. (1.5) with the initial value (1.6) has a solution
u of type II, which satisfies that

0
e L*(Qp), 8—‘: eL*(Qn), aW|Vu"|" e L'(Qp). (2.8)

Theorem 2.6 Let u, v be two nonnegative solutions of type Il with the initial values ug, v
respectively. If for small enough ) > 0, a(x) satisfies

/ [Va|Pdx < caP™!, (2.9)
Q\Qy

then
[ e = v nidr = [ o= wiax. 2.10)
Q Q
where Q; = {x € Q:a(x) > L}. Moreover, if | < p <2, the condition (2.9) is unnecessary.

Theorem 2.7 Let u, v be two nonnegative solutions of type II with the initial values ug, vy
respectively. If for small enough X > 0, u(x) and v(x) satisfy that

p—1 p—1
1 o 1 o
—(/ a(x)|Vu’"|”dx> ' <c, —</ a(x)|va|pdx> ! <c, (2.11)
A\Jara, A\ae,

then the stability (2.10) is true.
Remark 2.8 In Theorems 2.6-2.7, no boundary value condition is required.

In short, the degeneracy of |u#|* on the boundary does not affects the boundary condi-
tion. While the degeneracy of a(x) on the boundary may have far-reaching influence on
the boundary condition and adds more difficulties to obtain the stability of the weak solu-
tions. At the last section of the paper, we will give another kind of the weak solutions of

Eq. (1.5) with the initial value (1.6), and establish the local stability without any boundary
value condition.

3 The Weak Solution

Consider the regularized equation

B = div(Ac e, x, 0|V [P >Vu,),  (x,1) € Or, 3.1)
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152 H. Zhan

with the initial boundary conditions (1.6)—(1.7), where

Ac(ue, x,1) = (a(x) + )& + )P0, e>0, y=
Then there is a classical solution u,.

Proof of Theorem 2.2 1f we choose fou”’ (e 4 |s])"ds as the test function of Eq. (3.1), then

ug(x,t) t
// (8+|s|)ydsdx+/ /(a(x)—i—a)(e—l—|u€|)”V|Vu$|pdxdt
QJO 0 JQ

ug (x,0)
:// (e +|s])’dsdx.
2 Jo

Thus, for any Q, = {x € Q:a(x) > A} C &, since a(x) € C'(R) and is positive in the
interior of €2, we have

t
/ (& + |u )P |Vu|Pdxdt < c(d),
0 Ja,
3.2)

t
//(IMSIVIVugl)pdxdzsc()L).
0 Jo,

Now, multiplying (3.1) by u,,, integrating it over Qr, similar as the usual infiltration equa-
tion, it is not difficult to show that

d Vel
// (ug,)zdxdt—l—// As(ue,x,t)E/ s 7 dsdxdr <c,
or or 0

by the inequality, we have
/ (uer) dxdt < c. 3.3)
or

Thus there is a function u € L*°(Q) and a subsequence of {u.} (we conserve for this
subsequence the same notation u.) such that

luelloo.0r <c.
ue—u, inLj (Qr), (1<s<o00),

u, — u, a..inQr,

dus, — du, weaklyin L>(Qr),

-1
(a+ s)pT (Jug| + &)P” |Vu9|”’2u”i — % &, weakly star in L™ (O, 0; LT (Q)),

where £ = {§;: 1 <i < N} and every & is a function in L*°(0, oo; L%(Q)), s =2 when
p=21<s< NN—fp when 1 < p < 2. In order to prove the theorem, we only need to prove
that

g =a”7_'|u|PV|W|P*2uxi, in LW(O,oo;L%(Q)). (3.4)
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Clearly,
J[ woi—s-voaxar=o. voecion. (3.5)
or

Now, similar as the usual infiltration equation, we can prove that

// a”%‘(x)|u|“(”p’”|v”|f'*2w.wdxdz=/f £-Vodxdl, YoeClQr),
or or
(3.6)

we omit the details here. Then (3.4) is true. At the same time, in a similar way as the usual
infiltration equation, we can show that the initial value condition (1.6) can be satisfied in the
sense of (2.3). The proof is complete. ]

4 The Proof of Theorem 2.3

Lemma 4.1 Let u be a solution of type I with the initial value (1.6). For any constants s, 8,
satisfying s > off + 1, 1 p — 1, such that fQ a=Pdx <c, then

/ [ |Va|dxdt <. @)
or

Proof For any constants s > af +1, 5 < p — 1,

// ‘Vusydxdt = // |Vus|dxdt
or {(x.)eQr;aP lulf|Vu|<1}

+ ff |Vu"|dxdt
{(x.)€Q7;aP |ulP*|Vu|>1}

S// [aﬂ|u|ﬁ°‘|Vu|]a_ﬁs|u|(s_l_°’ﬁ)dxdt
or

1
+ +// [ [ulP*|Vul]7 s|u|“~V|Vul|dxdt
or

1
g// a*ﬂs|u|<“1*“ﬂ>dxdt+// a()|ul®|Vu|? M s|ulVdxdt
or or

< c// a_’sdxdt—i-c// a(x)lul“(l + IVulp)dxdt
or or

<L ec.
Then u* (also u) has trace on the boundary. |
The Proof of Theorem 2.3 By Theorem 2.2 and Lemma 4.1, the existence of the solution of
the initial-boundary problem of Eq. (1.5) is clearly. Now, we prove the stability. If u, v are

two nonnegative solutions of type I with the same homogeneous boundary value and with
the different initial values ug, vy respectively.
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154 H. Zhan

By the definition of the weak solution, for all ¢ € C(l) (Qr), we have

a —
/ 90%5& = —/ a(x)(u®|Vul?~*Vu — v*|Vo|?~*Vv) - Vedx. 4.2)
Q Q

If we denote that m =1 + ﬁ, then Eq. (4.2) is equivalent to

a(” - U) _ 1 m|P—2 m __ m|Pp—2 my .
/an—at dx = mp_l/Qa(x)(!Vu " vu" — |V |PTIV0) - Vedx. (4.3)

For small n > 0, let

‘ 2
S,,(s)=/0 h,(2)dx, h,,(s):;(l —|f7—|>+.

Obviously 4, (s) € C(R), and

hy(s) >0, |Ishy,(9)| <1, [S,)=<1; lin})S,,(s) =sgns, lin(l)sS;(s) =0. “44)
1> n—

We can choose S, (u™ — v™) as the test function in (4.2), then

(u —v)
/S;Sn(u—v)%dx

1 mP=2< m miP=2< m m m - m
bt [ AT [ ) V=) =

—0. 4.5)
Since
9 —
lim/ Sy (™ — v”’)udx
=0 Jo ot
o(u — o(u —
:/ Sign(u" — ") 2= gy :/ Sign(u — v) 2= gy
o ar o at
d
= E””—U”Ll(g)s (4.6)
and

f a(x)(|Vum|p72Vu - |va|p72va) V(" — v’”)S; (u™ —v™)dx >0, 4.7)
Q

letting n — 0 in (4.3), we have

d <0

E”M =Vl <0.

It implies that

/|u(x,z)—v(x,t)|dx</|u0—v0|dx, Vi€ [0, 7). (4.8)
Q Q
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5 Without the Boundary Value Condition

Let u be a weak solution of Eq. (1.5) with the initial value (1.6). In general, if for any § >

ﬁ, Jo a#(x)dxdt = oo, then u lacks the regularity to define the trace on the boundary.

So, we are not able to obtain the stability of the weak solutions based on the boundary
value condition. Beyond one’s imagination, if the weak solutions are of type II, then we
can obtain the stability of the weak solutions without any boundary value condition. This is
Theorem 2.5.

Proof of Theorem 2.5 First of all, if uy > 0, similar as the usual infiltration equation, we can
prove that there is a nonnegative weak solution to Eq. (1.5). Then

du o p—2 1
E<p+a(x)|u| [VulP~*Vu - Ve |dxdt =0, Ve e Cy(QOr). 5.1
or

If we denote 2, = supp ¢, then
T
/ / [urp 4+ a(x)|ul*|VulP*Vu - Voldxdt = 0. (5.2)
0 JQ,

Now, for any ¢; € CJ(Qr), ¢2(x,1) € WIL’L{”(Q) for any given ¢, and |p,(x, t)| < c, it is
clearly that ¢, € W“’(Qw1 ). By the fact of that C*°(£2,, ) is dense in W“’(Q(/,1 ), by a process
of limit, we have

T
/ / [ (0192) + a () ul* |Vt P ">V - V(1) |dxdit = 0, (5.3)
0 Jo,
which implies that

T
/ / [ (0192) + a () ul* |Vl ">V - V(@192) |dxdt = 0. (5.4)

o Jo
Therefore u is the weak solution of type II. a

Proof of Theorem 2.6 Denote that m = 1 + ﬁ For any function ¢, € C}(Qr), ¢2 €
L*(Qr) such that for any givent € [0, T), p2(x, -) € WIL’C’)(Q), we have

// [M(%wz)-i- ! a(x)(|Vu”’|p72Vum—|Vv'"|p72va)~V(</)1§02):|dxdt
or dt mr=!

0. (5.5
For a small positive constant A > 0, let

1, if x € 2y,

hx) = La(x), xeQ\Q.

(5.6)

Here, 2, = {x € Q:a(x) > A} as before.
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156 H. Zhan

Now, letting x[; s be the characteristic function of [z,s) C€ [0, T), we choose ¢,
@5.(X) X[z.51, 92 = S, (u™ — v™), and integrate it over Q7, we have

/S/ (/)x(x)Sn(u'" - v'")mdxdt
: Ja ot

l s
+ r()a ) (IVu™|P2Vu" — Vo™ P V™)
mp_l T Q

SV (u" - v’”)S;(u’" —v")dxdt

s
+ m:*‘ /T. /Qa(x)(|Vum|”72Vu'" — |Vv’”|”72Vv'”) . Vd)l(x)Sn(um - v’”)
= 0’

(5.7)
/ ¢ ()ax)(|Vu™|P2Vu™ — Vo PVo") - V(" — ™) S (u™ —v")dx > 0. (5.8)
Q

At the same time,

/ a(x)(|Vu" [P2Vu™ — [V PV™) - Vi (x) S, (u™ — v™)dx
Q

5/ a()|(IVu™ [P72Vu" — [Vu" PV™) - Vs (x) S, (u™ — v™) |dx
Q\Q;,
5/ a()|[(IVu™1P72Vu™ — Vo™ PVo™)| | Vs (x) [dx

Q\Q;,

< f[/ a(x)|Vu"|P~"|Valdx +/‘ / a(x)le'"I”flIVan]- (5.9)
AJave, T I,

If the condition (2.9) is true

/ |Va|Pdx < AP,
Q\Q;

then

1

5(/ a(x)lVaI”dx)ch. (5.10)
A\Jave,

By (5.9)-(5.10), using the Holder inequality,
U a(x)(|Vu" [P72Vu"™ — [V V™) - Vi (x) S, (u™ — v™)dx
Q
< EU a(x)|Vu" [P~ Valdx +/ / a(x)le’”I”_IIValdx]
AlJaa; r Jaa,
1 p=1
P P
([ a|Va|”dx) (/ a(x)|Vum|pdx>
Q\Q; Q\Q;,
1 p=1
c P P
—|——</ a(x)|Va|pdx> (/ a(x)|Vv"’|pdx>
A \Jag, e,

p—1

p-1
< c(/ a(x)|Vu’"|pdx) ! +c</ a(x)|Vum|”dx> . (5.11)
Q\Q;, Q\Q),

=

>0
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Since
/ a(x)|Vu" P dx < cT, / a(x)|Vv" [P ldx < T,
Q Q

by (5.11), we have
}iné‘/a(x)(|wm|1’*2wm — [VU"P2V0™) - Vi (x) S, (u™ — v")dx| =0.  (5.12)
e Q

At last,

s a _
lim lim / / 3 () S, (u" —Um)udxdt
T JQ at

n—0A1—0
N d(u —v)
:}7% : ;{IE)I})/;Z(]))‘(X)SH(M —U)dedt
S d
= Tl = vl (5.13)

Now, let A — 0 in (5.7). Then by (5.8), (5.12) and (5.13),

/|u(x,t)—v(x,t)|dx</ lug — voldx.
Q Q

In particular, if 1 < p <2, since |Va| <c,

1 ’l’ 1 % 2
— a(x)|ValPdx ) <xr dx | <ir  <ec.
A\Java, \Q;

Then (5.10) is naturally true. Consequently, Theorem 2.6 is proved. a

Proof of Theorem 2.7 As the proof of Theorem 2.6, we have (5.8) and (5.13). If u(x) and
v(x) satisfy (2.11)

p—1 —1

1 1 P
—(/ a(x)qu’”V’dx) <c, —<f a(x)qu’"V’dx) <c,
r\Jara, A\Jae,

by (5.9), using the Holder inequality, we have

/ a(x)(|Vum|p_2Vu’” - |Vv’”|2Vv”’) ~V¢A(x)S,,(u’” - v’”)dx
Q

¢ ”
5—(/ a|Va|”dx> (/ a(x)|Vu”’|”dx>
r\Uag, aQ;
c »
+—</ a(x)|Va|”dx) (/ a(x)lem|”dx>
A \Jae, aQ;

1
50(/ aIVaI”dx)p +c</ a(x)lVaI”dx)p,
Q\Q;, Q\Q;,

which goes to zero as A — 0 since that a(x) € C'(Q). So, as the proof of Theorem 2.6, we
know that the stability (2.10) is true. O

p—1

p—1
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6 The Local Stability

Definition 6.1 A function u(x, ¢) is said to be a weak solution of Eq. (1.5) with the initial
value (1.6), if u satisfies (2.1), and for any function ¢, € C(;(QT), @y € L®(Qr) such that
for any given t € [0, T'), g2 (x, -) satisfies that

/ lp2|*|IVga|Pdx < T, (6.1)
Q

we have
ou
// [5(%@) +a(0)ul®|Vul"*Vu - V(wpz)]dxdf =0 (6.2)
or
The initial value (1.6) is satisfied in the sense of (2.3).

We can call this kind of solutions as the weak solutions of type III.
It is not difficult to prove the existence of the weak solution in the sense of Definition 6.1,
we omit the details here.

Theorem 6.2 Let u, v be two nonnegative solutions of type Il with the initial values uy, vy
respectively. If

a(x)|Vul? <c, a(x)|Vv|f <c, (6.3)

then there exists a constant B > 1 such that

/aﬂm(x,t)—v(x,z)|2dxg/aﬁ|uo—v0|2dx. (6.4)
Q Q

Corollary 6.3 For the special case o = 0 in Theorem 6.2, even without the condition (6.3),
the conclusion (6.4) is still true.

Proof of Theorem 6.2 Let u, v be two solutions of type III with the initial values uo(x), vo(x)

respectively. We denote ¢ = x;.qa”, @2 = (u —v), and choose ¢; ¢, as a test function. Here
B > 1is a constant. Then

9(u —
/ w—v)af dedt
Qrs ot

=— // a()|ul*(IVu|"">Vu — |Vo|P>Vv)V[(u — v)a’]dxdt
QT&

- // a(x)(jul® = [v|*)|Vv|" VoV [ (u — v)a]dxdt, (6.5)
where Q.; = Q x (1, 5).
‘We have
// a’ M u|* (1Vul?~>Vu — |Vu|P2Vu) V(u — v)dxdt > 0, (6.6)
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and

‘/ (u — v)a@)|ul*(IVul?>Vu — |Vv|""*Vv)Valdxdt
Q‘[Y

< // lu — vla@)|ul*(|Vul”"" + |Vo|?~")|Va’ |dxdt

e
(/ /a(x) [Vul? +|Vv|? dxdt) <// HpB=Dy, — |dedt>
s g
§c(/ /alﬂ’(ﬂ")lu—vl”dxdt) ) (6.7)
T Q

Here, we have used the fact that [Va| < c. Now, by 8 > 1, we have

‘[ (= v)a()|ul*(|Vul?~>Vu — |Vv|"2Vv)Valdxdt
QT(‘

1
§c</ /af‘|u—v|ﬂdxdt>'. 6.8)
T Q

If p > 2, then

1 s 1
(/ /aﬂlu—vlpdxdt)p SC([ /aﬁlu—vlzdxdt)p. (6.9)
T Q T Q

If 1 < p < 2, by the Holder inequality

s 1 s 3
<f /aﬂ|u—v|l’dxdt> §c</ /aﬂ|u—u|2dxdt> ) (6.10)
T Q T Q

By (6.8)—(6.10), we have

‘[ (u — v)a@)|ul*(IVulP>Vu — |Vv|?~*Vv)Valdxdt

1
s T
fc(f /aﬁlu—vlzdxdt) , (6.11)
T Q
where [ > 1.

At the same time, we have

// a(x)(jul® = [v|*) V"2 VuV[(u — v)a’]dxdt
= f/ a(x)(|lul* — [v|*)|Vv[P2VoV (u — v)aPdxdt
+ // a@)(Jul* = [v|*)|Vv|?~*VoVa(u — v)Ba’'dxdt. (6.12)
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By the assumption of that a(x)|Vu|? <c, a(x)|Vv|? < c, using the Young inequality, by
(6.12), we can show that

// a@)(Jul* = [v|*)|Vo|?*VoV[(u — v)a”]|dxdt

75

1
§ k
§c</ /aﬂ|u—v|2dxdt> , (6.13)
T Q

where k > 1. Clearly,
0 —
/ (u — v)aﬂudxdt
0 ar

= / a? [u(x, s) —v(x, s)]2dx — / aﬂ[u(x, 7) —v(x, t)]zdx. (6.14)
Q Q
Now, by (6.5)—(6.14), we have

/ a? [u(x, s) —v(x, s)]zdx — / a? [u(x, 7) —v(x, T)]zdx
Q

Q

s q
50(/ /aﬁ|u(x,z)—v(x,t)|2dxdz) , (6.15)
T Q

where g < 1. By (6.16), it is not difficult to show that

/a’-“|u(x,s)—v(x,s)|2dxgfaf’|u(x,r)—u(x,r)|2dx. (6.16)
Q Q
Thus, by the arbitrary of 7, we have
/af’|u(x,s)—v(x,s)|2dx§/aﬂ|u0—v0|2dx. (6.17)
Q Q

The proof is complete. O

Proof of Corollary 6.3 For the special case ¢ = 0 in Theorem 6.2, we have

9 —
/ (u — v)aﬂudxdt
Ors at

=_ // a(x)(IVu|"2Vu — |Vu|P > Vo) V[ (u — v)a’ |dxdt. (6.18)

s

Noticing the condition (6.3) is only used to deal with (6.13), which has not appeared now,
then without the condition (6.3), we still have the conclusion (6.4). O
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