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Abstract The paper is concerned with a predator-prey diffusive system subject to homoge-
neous Neumann boundary conditions, where the growth rate (; fﬁv) of the predator popula-
tion is nonlinear. We study the existence of equilibrium solutions and the long-term behavior
of the solutions. The main tools used here include the super-sub solution method, the bifur-

cation theory and linearization method.
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1 Introduction

We consider existence, nonexistence and stability of steady-state solutions of the following
reaction-diffusion system,

0 b

—u—dlAu=u(a—u)— d , xef2,t>0,

ot 1+mu

ov o cuv

— —drAv=v —d)+ s xef2,t>0,

ot 1+ Bv 1+ mu (1.1
0 0

_u:_vzo’ x €082,t>0,

dn  dn

u(x,0)=up(x) >,#0,v(x,0) =vo(x) >,#£0, xe€L2,
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58 W. Yang

where £2 is a bounded domain in RY with a smooth boundary 352, A is the Laplacian
operator in R" and a, d denote the intrinsic growth rate of prey population and the constant
predator population mortality, respectively. a, b, m, «, d, ¢ and d,, d, are positive constants.
One can refer to [14] and the references therein for the corresponding biological meaning
about the model. In addition, # is the outward unit normal vector of the boundary 92, the
homogeneous Neumann boundary conditions mean that (1.1) is self-contained and has no
population flux across the boundary 952, which implies that the system is an insular system.
The corresponding steady-state system to (1.1) is

b 0
diAu+u(a —u) — d =0,x €92, au =0,
1+ mu on |yo
9 (1.2)
bav+o[ -2 —a)+ - _oxen, & =o.
14 Bv 14+ mu on |0

Equation (1.2) with homogeneous Dirichlet boundary conditions was studied by Yang et al.
[14], where the existence, stability and exact number of positive solution were given when
m is large. In particular, we note that a, /(1 4+ Bv) are the growth rate of the prey and
predator population respectively, where 8 can be understood as the strength of intraspe-
cific interference. Reference [14] also charactered the effect of the parameter B on the
population density, which presents that the population density of u is decreasing as 8 de-
creases, but the population density of v is in the opposite direction. It is worth stressing
that, o/(1 4+ Bv) is a Beverton-Holt-like function and can be founded in [1, 3, 4, 13],
however, the growth rate function only appeared in discrete models up to now, such as
Xor1 = lf%xn, n=0,1,2,.... (See [13]), where X is population size at time n and A, B
are constants. The previous considered growth function is linear, such as the well-known Lo-
gistic model. However, the growth rate is related to the density of the population in numerous
biological phenomena, i.e., the nonlinear growth rate is of great ecological significance.
This paper is organized as follows. Section 2 is devoted to studying the existence and
nonexistence of positive steady states. In Sect. 3, we investigate local and global stability of
various steady states. We illustrate some results with numerical simulations in Sect. 4.

2 Existence and Nonexistence of Positive Steady States

In this section, we mainly consider the existence and nonexistence of positive steady states
of (1.1), i.e., the positive solution of (1.2).

Lemma 2.1 (See [8, Proposition 2.2]) Assume that g € C (2 x R").

(1) Assume that w € C*(2) N C'(2) and satisfies: Aw(x) + g(x, w(x)) > 0in 2, 3 <0
on 382. If w(xp) = maxg w, the_n g(x0, w(xg)) = 0.

(2) Assume that w € C*(2) N C' () and satisfies: Aw(x) + g(x, w(x)) <0in £2, % >0
on 382. If w(xg) = ming w, then g(xo, w(xg)) <O0.

Lemma 2.2 Assume that 0 < d — = < «. If (u, v) is a nonnegative solution of (1.2), then

14+ma
o—d+ =
u<a, v<——— =M,
ﬂ(d_ l+/mz)
it 1 a—d
In addition, if « > d, then v > G
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Proof Let (u,v) be the a nonnega_tive solution of (1.2). We denote u(xp) = maxgu and
v(yo) = maxg v for some xg, yo € §2. By virtue of Lemma 2.1, we have

bv(xo)
a—”(xo)—m >0, (2.1
o« ﬂ > (2.2)
1+ Bv(yo) 1+ mu(yo)

follows form inequality (2.2) that v(yg) < % = M,. Therefore v(x) <My, xef2.

Similarly, if « > d and set v(y;) = ming v for some y, € £2, then by virtue of Lemma 2.1

again, we have - —d + lii‘n(:(l ;1) < 0. One can see that v > ‘”— . This completes the
proof. O
ac -
a>d— s max{0,b — My} <u <a, maxj0, —— t < v < M,.
14+ ma

Let A1(it,q), where ;1 > 0 and g € C(£2), be the principal eigenvalue of the opera-
tor —uA + g(x) in £2 subject to the homogeneous Neumann boundary condition. Denote
A1(w, 0) by A;(u) and note that A; () = 0. Consider the eigenvalue problem

—AY =AY, xeR,

9
W _y, xean,
on

(2.3)

whose eigenvalues can be listed as 0 = A; < A, < A3 --- with the associated eigenfunction
1/,[7i:172’3""

Theorem 2.1 Assume that d — ljr” >0.Ifa <d— == and (u,v) is a nonnegative
ma 1+ma

solution of (1.2), then v(x) =0, i.e., (a, 0) is the unique nontrivial solution of (1.2).

Proof Let (u, v) be a nonnegative solution of (1.2). If v(x) # 0, then v(x) > 0 by the maxi-

mum principle Define g(x) =d — H"‘W e < Tt follows from (1.2) that X, (d, ¢) =0. If
a<d-— 1+ma then
q(x):d—L—L>d—oc— ac >
14+pv 1+mu 14+ ma

By a comparison, A;(ds,q) > Xi(dy) = 0, which is a contradiction with the fact that
M (dz, q) = 0. We have thus proved the theorem. O

Theorem 2.2 Assume that d > li‘fna then (1.2) has no non-constant positive solution if

dy > (a+ ‘M")/kg and d, > ((M" +a —d+ ) /ha, where My is defined in Lemma 2.2
and A, is the first positive eigenvalue of problem (2.3).

Proof Assume (u v) is a positive solution of (1.2) and let ¢ = ] flz‘ f o ¢dx, it is necessary
that @ > d — Multiplying the first equation of (1.2) by (¢ — u) and the second by

H—ma
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(v — v) and evaluating integrals on 2, we have

’ ’= - u _b—l) __2
/Qd1|Vu| +/.;2d2|Vv| —/Q|:a (u+u) (l+mu)(1+mﬁ):|(“ )
cv bu ~
+L[(1+mu)(1+mﬁ) 1+m i|(u u)(v—"1)

+/[;_d+L}<u_u>z
oL+ Bv)(1+ Bv) 1 +mu ’

By Lemma 2.2, the mean inequality and Poincaré inequality,

2 2 cMy 2
di|Vul”+ | d2|Vv]” < at+ =2 A2 |Vu|
2 fo} 2 2
+/ cM0+ d+ ac hlV |2
— v|°.
o\ 2 1+ ma 2

)/ X2, then (u, v) = (#,v). U

Obviously, if d; > (a + CMO)/AZ and d, > ("M0 +a—d+

In order to analyze the existence of positive constant solutions to (1.2), i.e., the positive
solution of the following algebraic equation (2.4),

bv
a—u—7 =0,
+omu (2.4)
o cu
—d+ =0,
14 Bv 14+ mu
we assume that the following condition holds:
(H) ma=1and d(b + Ba) = ab.
Under the condition (H), the equation in terms of u# can be obtained by eliminating v:
au’ +bu*+cu=0, (2.5)

where v = (@ — u)(1 +mu)/b, a = Bm(dm + c), b=PBdm andc=—(b+ Ba)c. Let A=
Ez —ac, B=bc, C=¢> and A = B> —4AC. 1t is easy to check that A = ;Szdzm2 +
3B8cm(dm +c)(b + Ba) >0, B=—Bcdm(b+ Ba) <0, C = (b + Ba)*c? and

A= Bem(b+ Ba){Bd*m[(b+ Ba)c — 4] — 12(dm + ¢)(b + Ba)c}.

Observation 1 If A > 0, i.e., Bd’m[(b + Ba)c — 4] > 12(dm + ¢)(b + Ba)c, then (2.5) has
no positive real solutions, i.e., (1.2) has no positive constant solution.

Observation 2 If A =0, i.e., ,dem[(b + ﬂa)c — 4] = 12(dm 4+ ¢)(b + Ba)c, then (2.5) has
(b+Ba)cd

two same positive real solutions u; , = u* 2 T = A sedm i GTED One see that

(1.2) has a unique positive constant solution (u ,v*), where v* = (a —u*)(1 +mu*)/b >0

by the condition (H).

Theorem 2.3 Assume that & > d — 11— > 0 and M, = % If a > bM; and
cla—bMy)

o>d— Trm@—bip)* then (1.2) has at least one positive solution.

@ Springer



Existence and Asymptotic Behavior of Solutions for a Predator-prey System 61

Proof First, we rewrite (1.2) in the form as follows:

—diAu= f(u,v), xe€§2,
—d,Av=g(u,v), x€82,

3 3 (2.6)
Ao, xedn,
on dn
where f(u,v) =u(a—u)— li"r}ju and g(u, v) = v(lfﬁv —d)+ lf:’,zu Forallu >0andv >0,
we have ‘;f =— lf,”nu 0 and ai = 0 = 0, that is to say, (2.6) is a so-called mixed

quasi-monotonic system (See [9]). N0w+we want to construct a pair of upper and lower
solutions U = (@(x), v(x)) and U = (u(x), v(x)). By the definitions of upper and lower
solutions (See [9]), it suffices to find U = (#(x), v(x)) and U = (u(x), v(x)) satisfying
U <U and

ou 0 v 9
Moo= o022 s, (2.7a)
on on on on
bv
—diAu—ula—u— >0>—diAu—ula—u— , (2.7b)
1—|—mu 14+ mu
—dr)AV—7
l—l—,Bv 1+mu
o cu
>0>—d,A d — , 2. 2.7
>0>—drAv— <1+,8v +1+mﬂ) on (2.7¢)

Let u(x) = a. Then the left side of (2.7b) holds for any v(x) > 0. By the hypotheses, we can

take U(x) = M, = §oEAS A (> 0), then the left side of (2.7¢) holds.
Now, the right side of (2.7b) becomes —d; Au —u(a —u — 1b+AZ1Iu) < 0. We claim that the

boundary value problem

bM,
—diAw—wla—w— =0, xef2,
1+mw

=O’ xEG.Q.

Jw (2.8)

an
has a positive solution. In fact, since a > bM, it is easy to verify that @ and a — bM, are a
pair of upper and lower solutions of (2.8) and thus (2.8) has a positive solution w(x) satis-
fying a — bM, < w(x) < a. Take u = w(x)(< a). Since u(x) has a lower bound a — bM|,
the right side of (2.7¢) is satisfied if we take v(x) to be a small positive constant. So we have
constructed a pair of upper and lower solutions U = (@(x),v(x)) and U = (u(x), v(x)) sat-
isfying U(x) > U(x), which yields the existence of positive solution (u#(x), v(x)) to (1.2)
and

Ux) < (u(x), v(x)) <U(x).

The theorem is proved. |

Assume that d —
ac
14ma*

: +ma > 0 and we consider the bifurcation at («; a, 0), where & =d —

Theorem 2.4 Assume that d — +ma > 0. Then for a > 0 fixed and § > 0 small, there exists
a continuum I of solution of (1.2), where It = {(a(s);a — w(s),v(s)) : s € [0,8)} with
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62 W. Yang

Ol(o) =d— l+ma
Iy is supercritical.

w(s) = s 4+ o(|s]) and v(s) = s + o(|s|). Moreover, the bifurcation

l+ma

Proof For p > 1, let X = {u € W»P(2) : g—z =0,x € 3R}, Y = LP(£2)*>. We take the
variables w = a — u and define G(«; w,v) : R x X — Y by

w,v)

G(a;w,v):(dlAw_l_w —aw—l—bh(a—w,v))

1+8

where h(u, v) = By using a simple calculation,

H—mu
[diA+2w —a — bh, (a—w V)¢ + bhy,(a — w, v)Y >

Guw(ew, V)¢, y]= (—ch (a—w,v)p+ [dA+ (1+ﬂv)2 —d+chy(a—w,v)¥

0
Ga(w,v)(a;wv U)[¢v w]: < v )7

(1+Bv)?

Q2+ bhyu(@ — w, V)$? — 2bhyy(a — w, V)$y )
wZ

Gwv w,v W, ) 2:
w0 (@ 0, V)9, V] (chwm—w,v)qsz—zchuv(a—w,v)w— vy

where h, (1, v) = (1+mu)2 s hy(u,v) = 5, hu (u, v) = — 143";11;)3 and Ay, (4, v) = m
At (o; w,v) = (@;0,0), it is easy to check that the kernel N (G, (@;0,0)) =
span{(Hma 1}, the range R(G,(@:0,0) = {(f,e)" € ¥ : [, g(x)dx = 0}, and
G (@; 0, 0)[#’%, 11=0,D)7T ¢ R(G . (@; 0,0)) since f_Q ldx = |£2| > 0. By ap-
plying the results of [2] or [12, Theorem 13.4], the set of solutions to (1.2) near (&; 0, 0) is
a smooth carve

N={(a(s);a—w(s), v(s)) s €0,8)},

with § > 0 small, x(0) =d —
lary 2.3],

Jw(s) =

s+o(|s]), v(s) =s+o(|s|). By [7, Corol-

H—ma l+ma

o (0)=—

(1, G wy ) @: 0, 0)[ 775, 117) _ be ,3<

ac

~ b - 3 + > > 07
(I, Gaw,n (@; 0,0) [, 1) (1 +ma) 1 +ma
where [ is a linear functional on Y? defined as (I, [f, g]) = f o &(x)dx. This yields that the
bifurcation I at (&; 0, 0) is supercritical. O

By the unilateral global bifurcation theorem developed by Lépez-Gomez, one can see
[5, Theorem 6.4.3] or [6, Theorem 2.2] for the details, we study the global bifurcation at
(@;0,0). Let P = {u € W>P(2) : u > 0, x € £2}, which is the nature positive cone in X,
and then P? is the nature positive cone in X2.

=d—

1+ma

(1) For a > 0 fixed and a € (0, d], there exists a component C*(D I) of solution to (1.2)
bifurcating from (a; u, v) at (@; a, 0), and the curve C* joints from (@; a, 0) to (; 0, 0),
where a =d.

(2) For a € [0,00) and a € [d, o0), there exists a component Ih(NCT = @) of positive
solution to (1.2) bifurcating from (a, d; u, v) at (0,; 0, 0).
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Existence and Asymptotic Behavior of Solutions for a Predator-prey System 63

Proof From the proof of Theorem 2.4, it follows that all the conditions in [5, Theorem 6.4.3]
hold. This yields that there exists a component C* O I of solution to (1.2) bifurcating at
(@; a,0) and C™ satisfies one of the following alternatives:

(i) C*isunboundedin R x X.
(ii) There exists & such that (@; a,0) € Ct, where @ # & € {& : dIMN (G (1) (@5 0, 0)) > 1}.
(iii) C* contains a point («;u,v) € (0,d] x (Z \ {(a,0)}), where Z is the complement
of N (G, (@;0,0)) in X? and can be taken as R(G . (@;0,0)) in the proof of
Theorem 2.4.

(1) Case a > 0 fixed and « € (0, d]. Assume that C* \ (&; a,0) C P>. By Lemma 2.2,
(i) is impossible. Recall that R(G ) (@; 0,0)) = {(f,g) € Y : fg g(x)dx = 0}, so (iii) is
also impossible. It is easy to verity that positive solutions of (1.2) bifurcate from the semi-
trivial solution curve {(«;a,0)} if and only if « = @, i.e., (ii) is impossible. Therefore,
Ct\ (@;a,0) ¢ P? and there exists (a;u,v) € {C* — (@;a,0)} NIP? with 0 <& < d,
which is the limit of a sequence {(a;; u;, v;)} CCt N P? with u; > 0, v; > 0 on §2. From the
maximum principle, it follows that («; u, v) must be one of the three cases: u =0,v =0 or
u>0,v=00ru=0,v>0.

Suppose that # = 0, v > 0. It is easy to check that v =
contradiction with o < d.

Suppose that # > 0, v = 0. It is easy to check that # = a. Let U; = v;/||v; || and assume
v; — U > 0. Then v satisfies

a—d

7k 0,i.e., o > d, which is a

v
on

ac

=0.
1+ma

982

d2A37+’z7<a—d+ ):O,xe.Q,

ac

: =, which is a contradiction
+ma

From the above equation, we have =1 and @ =d —
with (ii).

Therefore, we must have # = 0, v = 0. Similarly, let ¥; = v;/||v; || and assume v; —
v > 0. Then v satisfies
v
on

982

HAT+ V@ —d)=0,x € 2,

’

then =1 and @ =d, i.e., the component C* joints from (&; a, 0) to (&; 0, 0), where @ =
d— 1f;m anda =d.
(2) Case a € [0,00) and « € [d, 00). Recall the proof of Theorem 2.4 and define

H(a,oz;u,v):]szX—>Yby

dyAu + au — u* — bh(u, v) )

H(a,a;u,v) = (dzAv+ ligv —dvtch(n. v)

By using a simple calculation, A'(H, (0, d; 0, 0)) = span{(1,0)7, (0, )T} and

R(Hu)(0,d;0,0)) = [(f, 9l er?: f f(x)dx =0, / g(xX)dx = 0}.
2 2

DeCOIIlpOSe X as X = Xl —+ X2 and Y = Y] + Yz, where X] = Y1 =N(H(u,v)(0’d; Ov 0))’
Y) = R(Hu)(0,d;0,0)) and X, = R(H,4)(0,d;0,0)) NY. Assume that (u,v)" =
(™) with (wr, w) € X2, @ € (0,7/2) fixed. Let a = y,a = d + 7, and define

sinw+wy
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64 W. Yang

Fig. 1 The possible bifurcation
diagram for Theorem 2.5. Left:
C* (D IN) jointing from (&; a, 0)
to (@; 0, 0), Right (green part):
I, bifurcating from (a, d; u, v) at
(0, ; 0, 0) (Color figure online)

K(wl,wz,y,f;s):sz]R3—>Yby

K(wi,wa,y,7:5)=5""H(y,d+1;s(cosw+ w), s(cos® + w,))

_ (diAw; +y(cosw +w;) —s(cosw + w)? — bh(u, v)

- dzsz—l—%—d(sina)+w2)+ch(u,v) ’
where u = s(cosw + w;), v = s(sinw + w,). By a simple calculation, K(0,0,0,0;0) =0
and

di A 0 cosw 0
K(whwz,y,r)(O, 0,0,0; 0) = < 0 dzA 0 sinw) s

which is an isomorphism from X, x R? to Y. By the implicit function theorem, there exists
a continuous curve (wi(s), w2(s), Y (s), t(s)) defined in a neighborhood of 0, such that

(w1 (0), w2(0), ¥ (0), (0)) = (0,0,0,0), K (wi(s), wals), y(s), 7(s)) =0.

Now, set u(s) = s(cosw + wy), v(s) = s(sinw + wy), a(s) = y(s) and a(s) =d + t(s).
Substituting u(s), v(s), a(s) and «(s) in H(a, a; u, v) =0, dividing H by s and then taking
derivative at s = 0, we have

y'(0) =bsinw + cosw > 0, 7'(0) = Bd sinw — cos w.

In fact, if we chose w € (0, 7/2) such that tanw > id, then t/(0) > 0. Therefore, for s > 0
small and w € (0, 7/2) satisfying tanw > ,;—3d, D ={(a(s),a(s); u(s),v(s)) : s > 0 small}
is a curve of positive solution to H (a, ; u, v) =0. O

Remark 2 The results in Theorem 2.5 can be shown by Fig. 1. In other words, we construct a
component from (@; a, 0) to (a; 0, 0) (taking « as bifurcation parameter), and there occurs a
new bifurcation I bifurcating from (a, d; u, v) at (0, «; 0, 0) (taking a and « as bifurcation
parameters simultaneously). See the right sub-figure, the whole curve, for details.

Remark 3

(1) Theorems 2.3-2.5 all show the existence of positive solution to (1.2), however, we do
not know the existed positive solutions are constant or functions of x.

(2) Under the condition (H), assume that a > 0, > d and |a|, | — d| < 1. It follows
from Observation 1 and Theorem 2.5 that I \ {(0,¢;0,0)} consists of non-constant
positive solutions to (1.2), if Bd*m[(b + Ba)c — 4] > 12(dm + ¢)(b + Ba)c. According
to the condition (H) and the conditions “a > 0, @ > d and |a|, |@ — d| < 17, we need to
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Existence and Asymptotic Behavior of Solutions for a Predator-prey System 65

guarantee the inequation Sd*m[(b+ Ba)c —4] > 12(dm +c)(b+ Ba)c holds if m — oo
and B is bounded. In fact, we only need to guarantee the inequation Sd (bc —4) > 12bc
holds if g is bounded. Hence, if we chose “d and b” (or “d and ¢”) sufficiently large,
there exists non-constant positive solution to (1.2). The analysis procedure is as follows:
1. H)yma=1andd(b + Ba) = ab.

2.a>0,a>dand |a], | —d| K< 1.

3. Bd’m[(b + Ba)c — 4] > 12(dm + c)(b + Ba)c.

Comparing conditions 1 and 2, we need to guarantee condition 3 holds if m — oo and B is
bounded. Note that

A: Bd’m[(b + Ba)c — 4] > 12(dm + ¢)(b + Ba)c, if m — oo and B is bounded;
B: Bd*(be —4) + EL¢ 5 12dbe 4 2B+ iy, o6 and B is bounded;
C: Bd(bc —4) > 12bc, if B is bounded;

D: d, b sufficiently large or d, ¢ sufficiently large.

One can see that if ma = 1, then A < B. In fact, if m — oo, then B« C,and C < D
is obvious.

3 Stability of the Steady State Solutions

In this section, we talk about the stability of the nonnegative solution of (1.2).

Now, we consider the steady state solution of (1.1), i.e., the constant solution of (1.2). It
is easy to see that (1.2) may have the following nonnegative solutions: S; = (u, v) = (0, 0),
S, = (,v) =1(a,0), S3=(u,v)=(0,*< 7 ") ifa>d, S4y=u,v)=(p,0), where (p,0) is
the positive algebraic solution to (2.4) and S5 = (u, v) = (u(x), v(x)), where u(x), v(x) are
two positive functions.

Remark 4 1t is possible for the existence of positive constant solution to (1.2) in the form of
S4 and Ss. One can see Observation 2 for the former and see Remark 3 2) for the latter.

It is well-known (see [11]) that the stability question for S; = (u;, v;) is answered by
considering the spectrum of the linearized operator around each ;.

Theorem 3.1

(1) S1 =1(0,0) is unstable;
) S; =(a,0) is unstable if « —
(3) Assume thata > d. Ifa < b(" d) then S; = (0, &£ 5 4y is stable.

1+ma < 0;

Proof Here, we will prove only 2), the other cases can be studied in a similar manner.
From the linearization principle, the stability of S, = (a, 0) is determined by studying the
following spectral problem

diAw; —aw; — wy = AWy, x €S2,
1+ ma
dzsz-‘r‘ (Ol —d+ )wz :)\.IU2, X € .Q, (31)
1+ ma
d d
ﬂzﬂzo’ xea.Q.
on on
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66 W. Yang

Since (3.1) is not completely coupled, we only need to consider the following two eigenvalue
problems (the eigenvalue of (3.1) is real)

dr Aw, + (a —d+ ac )wz =AWy, XxE€§2,
1+ma
(3.2)
8w1
—— =0, x €082,
on
and
ab
diAw, —aw; — wy = Aw;, X €S2,
3 1+ ma
w
it T 0, X €052.
on
Assume that o« — d + lffm > 0. The principal eigenvalue 3:1 of (3.2) is positive (5:1 =
o—d+ ljr‘r‘,'w > 0) and the associated eigenfunction w, > 0. Let w; be the unique solution
of
~ ab
dlAwl—(a—f—)Ll)wl:l wy, Xx€S§2,
8w1
— =0, x €082.
on

Then 3:1 =a—d+ 1f;m > 0 is a eigenvalue of (3.1) with the associated eigenfunction

(Wy, Wy), i.e., (3.1) has a eigenvalue whose real part is greater than 0. Therefore, S, = (a, 0)
is unstable.

Assume that o —d + ﬁ < 0. Let A, be the largest eigenvalue of (3.1) and the associated

eigenfunction (wy, w,). If w, % 0, then A, is also the eigenvalue of (3.2). One see that the

largest eigenvalue of (3.2) iso —d + lj;m (< 0), hence, A, < 0. If w, =0, then w, 0 and

(A1, w)) are the eigenvalue and the associated eigenfunction of

diAwy —aw; =Aw;, x €52,

0 0 3.3

dun vy cap G-
on on

Similarly as above, we also have A1 < 0. Therefore, S, = (a, 0) is stable. O

Theorem 3.2 Assume that 0 < d — ljr'fm <a and S4 = (p,0) > 0 exists (see Observa-
tion 2). If a > bMy and 1 + m(a — 2bMy) > 0, then S, is stable. Here, My is defined in

Lemma 2.2.

Proof The linearized operator of (1.1) at S4 = (p, o) can be expressed by DAW + LW
with the domain {(¢, ) € H*(2) x H2(2) : ¢ = % =}, where

on an

D =diag(d,,d,) and

) bo bp

a—2p— ——— —_——r

(A B)_ P U+ mp)? 1+ mp

“\E F)— co o N cp
(1+mp)? (1+po)? 1+mp
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Let C; = £ — A; D. Note that Sy is stable if and only if each C; has two eigenvalues with
negative real parts. The eigenvalues () » of C; are determined by

u? —u[A+F — ri(dy +dy) | + Ajdidy — hi(d\ F + drA) + AF — BE =0.

It suffices to prove that

A+ F —xi(d+dy) <0, 3.4
A2dydy — hi(diF +dyA) + AF — BE > 0. (3.5)
One see that
o cp o cp
= —d+ < —d+ =0.
(1+ Bo)? 1+mp 14 Bo 1+mp
Recall that B < 0, E > 0. Now, we claim that A <0, i.e., a — 2p — m < 0. By the

definition of (p, o), we have (a — p)(1 4+ mp) = bo . Equation (1.2) has a positive solution
(p,0), itis necessary thata — bM, < p < a, where M, is defined in Lemma 2.2. We obtain
that

bo a—p _,0—|—a—}—2m,02

20+ ——==2p+ =
P (14 mp)? P 14+ mp 1+mp

We need only to prove that % > a, i.e., 1 + 2mp > ma, which is satisfied since
p>a—bMyand 1+ m(a —2bM,) > 0. This proves the theorem. O

b(a—d)
pd
tial functions ug(x) and vo(x) such that for some o > 0, v(x o) > 7+

Theorem 3.3 Assume thatc/m <d <o anda < < l . Then for any nonnegative ini-

ﬂ d , the corresponding
solution (u(x,t), v(x, 1)) of (1.2) satisfies (u(x,1), v(x,1)) = (0, ﬁ{ 4y st — oo.

Proof We construct a pair of upper and lower solutions of (1.2) in the form of (&, v), (u, v),
where u > 0, v > v are positive constants to be determined and u = 0. So, we should have

by
—u-— — <0,
14+ mu
o cu
——d+ — <0,
14 pv 14+ mu
o
—d=>0.
1+ Bv
_ _ d+ L
Since ¢/m < d < «, these inequalities are satisfied if v = ﬁ;dd, u>a,v> W Now
I+mu
we take ﬁ = (,v) and U® = (u, v) as the initial iterations and construct two sequences
k '
{U( )} = {@®,5%)} and (U} = {u®, v™®)}. Then these sequences possess the mono-
k+1 k _ .
tone property (u,v) < U® < U*) < [T < A < (u,7v), and converge to their re-

spective limits limy_, oo U o = (#, V) and lim;_, o, U ® = (0, ), which satisfy the relations

ou
=0, xe2, —| =0, (3.6)
on |yo

bv
1+ mu

—dlAﬁ—ﬁ<a—ﬁ—
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- o~ o cui v
—drAv — = — =] =0, e, —| =0, 3.7
220 v(l—i—ﬁv +1+mu> * on |0 S
.
—ha—-3( 2 —a)=0, xe2, 2| —o (3.8)
14 Bv on |0

Now we show that 7 = 0. If not, by the maximum principle, we have % (x) > 0. Then A, =0
is the principal eigenvalue of the problem

—diAY + gy =AY, x €82, o
9 where ¢ (x) = —+u—a. (3.9)
W_,, xedf, T = T
on
Sincev>v = %;dd, we have g (x) > }’(”—;‘1) — a > 0 from the assumption. Therefore, a com-
parison with problem (3.9), we know that the following eigenvalue problem
bl —d)
—dlAlp-F T—a 1/f:)\1/f, x €S2,
) p (3.10)
W _o. xeiR
on

has the principal eigenvalue /):1, which is non-positive. In fact, ’):1 = % —a > 0. This
is a contradiction. Therefore, we have u = 0. From (3.7) and (3.8), one see that 7 =7 =
"‘ﬂ;d". Therefore from [15, Corollary 3.1] or [10, Corollary 2.2], we know that if for some

o>0,v(x,0) > O‘ﬂ;dd, then the corresponding solution (u(x,t), v(x,?)) of (1.2) satisfies
(u(x,1),v(x, 1)) = (0, =2) as r — oo. O

* " Bd

Remark 5 From Theorem 3.3, one see that if the population of the native predators attains
certain level at some time, then the native preys will be extinct after a long time.

4 Numerical Simulation

The goal of this section is to present the results of numerical simulations which comple-
ment the analytic results in Sect. 3. We simulate the corresponding system (1.1) in the one-
dimensional space domain. Without loss of generality, we take £2 = (0, 27). We perform
the initial-boundary-value problem numerically based on the Crank-Nicholson scheme. In
each simulation, the figures are plotted at sufficiently final time (here, we take 7 = 50),
which allow us to regard the solutions as steady states. In the finite difference scheme, we
take the temporal axis with grid spacing At = 50/99 and the spatial axis with grid spacing
Ax =2m /49.

Several parameters are common for all simulations: » = 0.05,¢c =0.03,d =0.5,d, =
0.5,d, = 0.3,m = 1. The other parameters are varied in order to illustrate different out-
comes. The simulations presented below illustrate the following two outcomes:

(1) In Fig. 2, the numerical simulation of the solution (u, v) to (1.1) are plotted. In (b),
(d) and (e) of Fig. 3 and in Fig. 4, the vertical axis is the L' norm of u or v, which
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u(x,t) v(x,t)

Time t 00 Distance x Time t 00 Distance x

u(x,t) v(x,t)

Time t 00 Distance x Time t 00 Distance x

u(x,t) v(x,1)

M1
ll"|
il i

g

Hitiitig,

Time t 00 Distance x Time t 00 Distance x
(e) ®)

Fig. 2 Numerical simulation of solution to (1.1): In (a) and (b), @ = 1.25,0 = 0.45,8 = 1 and
the corresponding constant equilibrium S = (1.25,0); In (¢) and (d), a = 0.03,¢ = 0.85,8 =1 and
the corresponding constant equilibrium S3 = (0,0.7); In (e) and (f), a = 1.25,0¢ = 0.85,8 = 1 and
the corresponding positive constant equilibrium S4 = (1.2330, 0.7583). Here, the initial conditions are
ug(x) = 1.25 + 0.1cos(x), vg(x) = 0.1cos(x/2), ug(x) = 0.1cos(x), vg(x) = 0.7 + 0.1cos(x/2) and
ug(x) =1.2330 + 0.1 cos(x), vg(x) = 0.7583 + 0.1 cos(x/2), respectively in (a)—(b), (¢)—(d) and (e)—(f)

could roughly reflect the stability of the constant equilibrium, which are proved in The-
orems 3.1 and 3.2.

(2) If we use L' norm ||, ||v]| to represent the density u, v, Fig. 4 show the effect of 8 on
the density of prey and predator population. Noting that j is the strength of intraspecific
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Fig. 3 Numerical simulation of the stability for the constant equilibrium to (1.1): In (a) and (b), all the
parameters are taken the same as those in Fig. 2(a) and (b); In (c) and (d), all the parameters are taken the
same as those in Fig. 2(c) and (d); In (e) and (f), all the parameters are taken the same as those in Fig. 2 (e)
and (f). Here, (a), (c) and (e) are the profiles of corresponding (a)—(b), (¢)-(d) and (e)—(f) in Fig. 2 at time

T =50, the vertical axis in (b), (d) and (e) is the L| norm of u or v
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Fig. 4 Effect of B: The parameters a = 1.25,« = 0.85 and the same parameters as before except that

B=

0.1,0.5, 1.0, 1.5 for (a)—(d). The aim of plotting in the above domain is to explicitly show the change

tendency of u and v. Here, the initial conditions are ug(x) = 1 + cos(x), vg(x) = 1 + cos(x/2), the vertical
axis is the L norm of u or v

interference, we take the parameters a = 1.25, « = 0.85 and the same parameters as
before except that § = 0.1, 0.5, 1.0, 1.5 for Figs. 4(a)—(d), Fig. 4 presents a phenomenon
that the population density of u is increasing as g increases, but the population density
of v is in the opposite direction.
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