Acta Appl Math (2016) 141:1-15
DOI 10.1007/510440-014-0001-2 CrossMark

Analytic Integrability of Some Examples of Degenerate
Planar Vector Fields

Antonio Algaba - Cristobal Garcia - Jaume Giné

Received: 28 March 2014 / Accepted: 4 December 2014 / Published online: 17 December 2014
© Springer Science+Business Media Dordrecht 2014

Abstract This paper is devoted to the classification of analytic integrable cases of two fam-
ilies of degenerate planar vector fields with a monodromic singular point at the origin. This
study falls in the still open degenerate center problem. This classification can be done us-
ing the formal normal form theory and knowing a suitable normal form of any differential
systems associated to each family.

Keywords Nonlinear differential systems - Integrability problem - Degenerate center
problem

1 Introduction

One of the most important problems in the study of a planar differential system

X =P, y), y=0(x,y), (1.1)

where P and Q are analytic in a neighborhood at the origin and coprimes, is to determine
when it has a local analytic first integral defined in a neighborhood of a singular point.
Other open problem is to characterize when a monodromic singular point is a center. Of
course, when the linear part is of center type, i.e., with imaginary eigenvalues and when
the linear part is degenerate but not identically zero the characterization is well-known,
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2 A. Algaba et al.

[8, 18, 19, 21]. However, when the linear part is identically zero, i.e. for a degenerate center
the characterization is not known and only some generic cases are solved, see for instance
[2,4-7, 13, 15, 17] and references therein.

One form to characterize the center problem for a nondegenerate singular point is through
the existence of an analytic first integral in a neighborhood of the origin, see [9, 16, 18, 21].
However, the existence of this analytic first integral is only a sufficient condition to have
a center for a nilpotent or a degenerate singular point, see [10-12]. Therefore there are
nilpotent and degenerate centers not characterized by the existence of a local analytic first
integral, see for instance [13, 15, 17, 20, 22, 24] and references therein.

For nilpotent singular points, the orbital normal form of the centers with analytic first
integral was obtained in [23]. The result is the following:

Theorem 1.1 Any nilpotent center has a local analytic first integral if, and only if, it is
analytically orbital equivalent to the Hamiltonian system

=y, y=—x*1 (1.2)
with k > 1.

Nowadays the integrability problem for non-monodromic nilpotent systems is not solved.
The problem of recognizing what degenerate singular points have an analytic first integral is
still open, although some partial result have been achieved recently. In [6] the analytic inte-
grability problem for a large family of degenerate planar system was studied. More specifi-
cally it was studied the degenerate systems of the form

i=y +3ux’y+o(lx,yP),  y=-x=3uxy’+o(lx,y), weR, (1.3)

and the following result was established:

Theorem 1.2 System (1.3) is analytically integrable if, and only if, it is formally equivalent
tox =y3 +3ux’y, y=—x3 = 3uxy>.

This result is equivalent to Theorem 1.1 but for degenerate systems of the form (1.3). The
result was obtained by means of the normal form theory.
In [7] it is investigated if similar results for the family of degenerate systems of the form

i=y +2axy 4o, j=—x"=3ax’y 4o, (1.4

can be obtained where the dots means terms of higher order than the first component in the
quasi-homogeneous order (see definition below). However the results for systems (1.4) are
different to the ones obtained for family (1.3). In fact systems (1.4) with an analytic first
integral are not formally equivalent to their Hamiltonian leading part as the following result
shows and this is the first family in which this phenomenon is observed.

Theorem 1.3 System (1.4) is analytically integrable if, and only if, it is formally equivalent
to =y +2ax3y —2Box*y, vy = —x° — 3ax?y? + 4Box>y?, where By depends on the
parameters of the first three quasi-homogeneous components.

This result shows that the analytic integrability problem is a difficult problem and re-

quires further studies to find the complete solution for any degenerate differential system.
In [14] such type of degenerate systems were called generalized nilpotent systems.
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Analytic Integrability of Some Examples of Degenerate Planar Vector 3

In this work and by means of the normal form theory we obtain necessary and sufficient
conditions for the analytic integrability of some families of degenerate planar vector fields.
More specifically for the family (3.3) and the family (4.3) (see these families along the
work). These families are considered because are the easiest cases of monodromic families
where we can apply the formal normal form and as a test bed for future studies in the ana-
Iytic integrability problem for degenerate singular points. The paper is organized as follows:
in Sect. 2 we give some preliminary definitions and results, in Sects. 3 and 4 using the for-
mal normal forms theory, we compute the analytic integrability cases for these polynomial
families of the type (1.3) and (1.4), respectively.

In our analysis, we use some definitions and terminology, related to the quasi-
homogeneous expansions of planar vector fields. In the next section we summarize these
results.

2 Preliminary Definitions and Results

A scalar function f is quasi-homogeneous of type t = (#1, t,) € N? and degree k if

f(e"x, e?y) = ek f(x, y).

The vector space of quasi-homogeneous scalar function of type t and degree k is denoted
by P;. A vector field F = (P, Q)" is quasi-homogeneous of type t and degree k if P € P},

and Q0 € P} 1, The vector space of quasi-homogeneous vector field of type t and degree k
is denoted by Q.
Given a vector field F, we can formally write it as a quasi-homogeneous expansion cor-

responding to a fixed type t:
Fx)=F& +F 1 (x)+--,

where each term F; is a quasi-homogeneous vector field of type t and degree k.

Given a scalar function p, to obtain its quasi-homogeneous expansion w =Y, i, with
wi € PL, it is enough to collect the terms of its Taylor expansion whose exponents lie in
the straightline #;x + f,y = k, for each k. The expansion in quasi-homogeneous terms of a
vector field F = (P, Q)7 is obtained easily from the ones of the components P, Q. If we
select the type t = (1, 1), we are using in fact the Taylor expansion, but in general, each term
in the above expansion involves monomials with different degrees. We give some definitions
and properties, see for instance [1, 2].

e We denote by X, the Hamiltonian vector field associated to Hamiltonian 4, that is, X;, =
oh  0h

—3 a_x)T‘ It is easy to check that X, € O} if, and only if, & € fp}mw (here |t| ;=1 + 1,
denotes the modulus of t).

e The divergence of a vector field F = (P, Q)7 is div(F) = & + % For all F € Q!, we
have div(F) € P%.

e The wedge product of two vector fields F = (P, Q)7 and G = (R, S)7 is the scalar func-
tion FAG=PS — QR.If we take F € Q} and G € Q! thenF/\GGTZHHt‘.

e The Lie bracket of two vector fields F and G is [F, G] = DFG — DGF. If F € Qi and
Ge Qj then [F,G]e Q.

e We denote Dy = (t;x, 1, y)” € QB. Observe that it is a radial vector field. For any p € iP}(

we have Vp - Dy = kp (Euler’s Theorem for quasi-homogeneous vector fields).
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4 A. Algaba et al.

A key fact, which can be found in [2, 3], is the following. Any planar quasi-homogeneous
vector field can be decomposed uniquely as the sum of two quasi-homogeneous vector fields,
one of them having zero divergence (conservative part) and the other one with divergence
equal to the original vector field (dissipative part).

Lemma 2.1 Let us consider a quasi-homogeneous planar vector field Fy. € QL. Then, there
exists a unique couple of quasi-homogeneous polynomials: h € P! 4t M€ P, such that

1 1
F. =X, +uDy, withh=——DyAFy, = ——div(Fy).
% n+ uDg ke jz Kt (Fo)

3 The Integrability of a Family of Systems (1.3)

In this section we consider system (1.3) which we write of the form

<X) i D i jkr @i X'y ¥ +3ux?y (L
) =F+ < i+j= ! l> whereF:( )eQ’.
v) T T\ bix'y P\ =3yt ) 5

3.1
In this case the homogeneous principal part is of degree 2 respect to type t = (1, 1) given
by F, = X, where h = —%Do ANF, = —J—‘[)c4 + y* 4+ 6ux?y?] = —}—t[(y2 + 3ux?)? +
(1 —9u*)x*]1 € P, and Dy = (x, y)T.

In [6] the following results are established.

Lemma 3.1 The origin of system (3.1) with . # —% is monodromic if, and only if, —% < [L.

Theorem 3.2 System (3.1) with u # :I:% is formally equivalent to:

: 3 2 0
x y +3uxy M 200 @ 2
(y') - (—x3 - 3uxy2> + ) [(eihsx® v + g5 0y ) Dy
1=0
(L a2 HDo + (ol xh'* + a7y
2 3

+ (e X h ™+ ) xy it 4 0l v )Dy ], (3.2)
where otz)+ ; are the invariant values of the normal form which are polynomials on the pa-
rameters a;; and b;; and the first invariant values are

Ol_gl) =dy — 3udps, a§2’ =dp — 3uds,
(3(cos + 5¢41) 0 — 5023)(¥§1) 4+ (B(cs0 + Scra)pm — 5032)(1;2)
36— DGr+ 1)
n 5(cs0 + c1a)dzo + S5(ca1 + cos5)dos
3
(eso = Sc1a + 15csm)as” — (cos + Sean — 15cp30)ats”
2Bp+DHGBr-1)

@ _
) =

+ 2(dso + dos),

3
0‘4(3) — _5“0‘4(11) +
5
+dy + §(C23d03 + dspc3),

@ Springer



Analytic Integrability of Some Examples of Degenerate Planar Vector 5

where
4as + b3y 3az; + 2bx 2a 4 3b3
d30=f, d21=f» n=—"—5
dos = ags -;41704, dip = 5“50;‘ b4y 7
3az + 3by a4 + Sbos b3 —ayq
dy = — 6 do4=T, ¢s50 = by, C41 = —5
by — a3 biz +an by — a3
C3 = T Cz3=f, 14:?’ Cos = —ao4-

Remark In the family of system (3.1) there exist centers without analytic first integral. For
instance, (%, y)" = (3°, —x*)T + x2yhDy, has a center at the origin because the origin is
monodromic and the vector field is reversible with respect to the involution o, (x, y) =
(x, —y). From Theorems 3.2 and 1.2 this system has not analytic first integral.

Now we apply these previous results to a particular family of polynomial vector fields.
More specifically, we consider the system given by

x y? asx* + a3xy + ayx?y? 4+ ajxy® + agy*
)=\ st 4 3 2.2 3 4 - (3.3)
y X byx® 4+ b3x’y + byx“y* 4+ byxy’ + bgy

System (3.3) has u© = 0 and from Lemma 3.1 we know that system (3.3) has a mon-
odromic singular point at the origin, that is, the singular point is a focus or a center. There-
fore if system (3.3) is analytically integrable then it has a center at the origin. We recall
that not all the nilpotent and degenerate centers have an analytic first integral at the ori-
gin, for instance (%, y)” = (y + x2, —x*)” is monodromic and invariant to the change
(x,y,t) > (—x,y, —t), therefore, it has a center at the origin but it is easy to prove that
it is not analytically integrable, see [10]. Hence, the center problem for the system (3.3) is
still open.

For simplicity we divide the study of this family into two different cases which are studied
in Theorem 3.3 and Theorem 3.5, respectively.

Theorem 3.3 System (3.3) with (a; + 4bo)(4as + b3) = 0 is analytically integrable in a
neighborhood of the origin if, and only if, one of the following conditions is verified

(a) a; +4by =2a, + 3by = 3a3 + 2b, = 4a4 + b; = 0. (Hamiltonian case).

() ay=ar =as =a4 =by = by, = b3 =0 and (a; + 4by) # 0. (Reversible with respect to
the involution oy (x,y) = (x, —y).)

(C) ag =dy = b] = 3(13 + 2b2 :4(14 + b3 =dy +b4 = 2a1 — 4170 +5a3 :a4(2b0 - 5a3) +
311% =0, and (a; + 4by)(b, — a3) # 0. (Reversible with respect to the involution
o2(x,y) = (x, —y).)

(d) aj =a,=a3 =by=>by =by, =by =0, and 4a4 + b3 # 0. (Reversible with respect to
the involution oy (x,y) = (—x,y).)

(e) as = b2 = b4 = 2(12 + 3b1 =da +4bo =dy +b0 :4114 — 2b3 — Sbl = b()(2614 — Sbl) +
3b% =0, and (4as + b3)(by — az) # 0. (Reversible with respect to the involution
o1(x,y) =(=x,y).)
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6 A. Algaba et al.

Proof Using the conservative-dissipative decomposition, see Lemma 2.1, system (3.3) can
be written into the form

X y3 IX
y ] T\ =23 +§ esxdteqxtyesndy24epayd eyt ey’

+ é(d3x3 +dox*y +dixy* +doy*)Dy, (3.4)
with
co = —do, ¢ =by—ay, e =by—ay, ¢z =by —as, c4=b3—ay,
cs = by, dy = ay + 4by, dy =2a + 3by, d, =3az + 2b,, ds =4a4 + bs.

To achieve the integrability conditions we transform system (3.4) into its normal form (3.2)
computing its invariant values of the normal form af&r ;- From Theorem 1.2 the vanishing
of these invariant values af@r ; is a necessary and sufficient condition to have analytic in-
tegrability. In practice we only compute some of them in order to obtain some necessary
conditions. The sufficiency will be given by the classical alternative methods, i.e., to detect
that the system is Hamiltonian or showing that it has an inverse integrating factor V (x, y)
with V (0, 0) # 0 or applying the box-flow theorem after desingularizing the singular point.

The first integrability obstructions are aél) =d;, and a§2) = d,. Imposing the vanishing
of these conditions, we obtain the following invariant values:

1) _‘ ds dy

g | & do _ ;
’ 4 —(c4 +5¢9) c1+5¢cs|°

4 —C (3

The case (a; + 4bo)(4as + b3z) = 0 implies dyds = 0. Therefore we divide the study in 3
cases:

(1) If dy = ds =0, we obtain the Hamiltonian case described in (a).

(ii) Ifdy # 0 and d; = 0 then we have af‘z) =dycy, and af‘l) =dy(cs+5¢p). The vanishing of
these coefficients is equivalent to ¢; = 0 and ¢4 = —5c¢y. In this case, the next invariant
values are:

agl) =co(dp + c1 + 10cs),
al? =2¢3(dy + 6¢) + 5¢s) + 125¢2.

@ii.1) If ¢g = O then agl) =0 and agz) = 0 is equivalent to either ¢3 =0 or dy =
—6(,’1 — 56’5.
(1i.1.1) f co=c3=0thend; =dry =ds =co =co=c3 =¢c4 =0, dy # 0. Sys-
tem (3.3) becomes

)‘f _ ys3 o, d0—5461xy3
y —x %y4+csx4 ’

which is reversible under the involution o (x, y) = (x, —y). Applying
the singular change of variables x = u, y* = v, and scaling the time by
dt = y3dt, we get

d() —46‘1
—u,
5

d
v = —4u + 4%1} +desu®,

u'=1+
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Analytic Integrability of Some Examples of Degenerate Planar Vector 7

which is analytically integrable using the box-flow theorem. This case
corresponds to (b).

(ii.1.2) If ¢3 % 0 and dy = —6¢; — 5¢5 then al” = 6¢2 — 25¢cs is zero if ¢s =
6c§ /(25¢) otherwise if ¢; = 0 implies c3 = 0 and this is a contradiction.
In this case, system (3.3) becomes

2 25¢i43¢3

. 3 3_2 3
(X (Y L)+ 25 o AYT = 56Xy ,
¥ — 2 +25¢ [&
y X _106e3+25¢f 4 3. 2.0, 6 4
3 o Y T 50XTY X

It is easy to see that this system has an inverse integrating factor given by

15(5(72+02) 25¢24+6¢2
V4 where A = W and V =1+ 2 ‘(‘2 3(=25¢1x + Sczer y* +
3 1 ‘1

625
3c§x2). This case corresponds to (c).
(ii.2) If dy = —c; — 10cs # 0 and ¢y # 0, we have i = dy(2¢3(cs — ¢1) — 25¢2).
Taking into account that c3 # 0 we get that agz) is null if, and only if, ¢cs = ¢| +
(250(2)) /(2c3). The next invariant value is aé3) = codo(3cic3 + SOC(%). Therefore
= —50c(2)/(303) and, in this case, aél) and aéz) do not vanish simultaneously.
(iii) If dyp = 0 and d5 # O doing the change x — y, y — x, dt — —dt, d; > —d;_; for
i=0,1,2,3and ¢; —> ¢5_; fori =0, 1,2, 3,4,5, this case is transformed into (ii.1.1)
or (ii.1.2). These two cases correspond to the cases (d) and (e), respectively. O

Remark Notice that system (3.3) is invariant with respect to the change (x, y, t, a;, b;) <
(=x,y,—t,—bs_;, —as_;), i =0,...,4. Therefore, any integrability condition of system
(3.3) is invariant by the change of parameters:

(a,-,b,») — (—b4_,‘, —114_,') i :0, ,4 (35)

It is easy to see that the condition (a) of Theorem 3.3 is invariant by the change (3.5).
Moreover, the conditions (d) and (e) are symmetric with respect to the conditions (b) and (c)
by the change (3.5), respectively.

The following result simplifies system (3.3), for the case (a; + 4by)(4as + b3) # 0.

Lemma 3.4 System (3.3) with (a; + 4by)(4a4 + b3) # 0 is equivalent to

x y3 lX
y ] T\ =8x3 +§ esxdteqxty+esndy24epaydberxytegy’

1
3 2 2 3
+ g(x +drx*y +dixy* + y°)Dy, (3.6)
__ ap(ag+by)'3 _ bo—a _ bi—ay _ by—a3

where co = == ST €1 = Ty 2= G a5 O = Grvang a6

_ by—ay _ bglag+4by)'3 _ 2a,43b) _ 3a3+2by
“= 4“4%34’/3 5T Tagtby) d = (4ag+b3) 173 (a1 +4bg) /3 & = (4ag+b3)2/3 () +4bo)1/3 and

__ (aj+4bg)

T (dag+b3)3 "

. . . . 1 (4a4+b3)1/3 _
Proof The upscaling in the state variables and time x — i Y 7 by dt =
(a1+4bp)*

darihy dt transforms system (3.3) into the conservative-dissipative system (3.6). O
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8 A. Algaba et al.

Theorem 3.5 System (3.6) is analytically integrable in a neighborhood of the origin if, and
only if, one of the following conditions is verified

@d =d =0, c5 = =Scs, c5 = —L1SG5coS + ¢1 + cp), o = —Lwa
4= (5S3—1)Cz+105 .

(b) d = 0 c; —Cp,C4 = —C1,C5=—Co, 1 =10c) —2¢, — 1,5 =1, 9c§ — 2250(2) —
30C()C2 + 5C2 + 2560 = 0, Co (862 +5— 556‘()) 75 0

(C) d1=d2=C2=C3=C4=C§—0 c1 = 1(,‘0 5

(d) d1:d226‘2:C3:C0:Cl OC4—1 C5 = —%

(e) d1:d2:(,‘2:C3:C0:Cs 06‘4—1 Cc1 = —1.

s 1 1 1

) di=dr=c2=c3=0,c5=—35,c4=—35,¢c1 =73, = g5

Proof The first integrability obstructions are a( ) =d,, and a = d,. Imposing the van-

ishing of these conditions we obtain the following invariant values af) =c3+ Sca, ail) =

5¢5 + S(5¢oS + ¢1 + ¢4). The vanishing of these coefficients is equivalent to
c3=—S8c,

1
C5s = —gS(SC()S + +C4).

In this case the next invariant values are agl) and a(z) where

al =58(c; + Sco)(10Sc +2¢4 + ¢ — 1) +2(58¢) — 1 4 6¢4)er — 482¢3,

<2> = [ca +10S(co — Sc2) — 1]ey

+ (5Sco — 4cg)(cs — 1+ 10Scp) +28%(cq + 58¢o — 1)ey — 4Sc3.
We define C4 := c4 + 10S(co — Scz) — 1. Now we divide the study in two cases (i) C4 # 0
and (ii) C4, = 0.
(i) For C4 #0, we get 05(2) =0 taking
4S(1+958%)c3 +25%(39C4 + 20 — 220Scp)cr + C4(4Cy + 4 — 45S¢)
Cy ’

c| =

and
) =[408°c2(10S + (14 955%)c2) + 108%¢;(1368%¢, +9)Ca + (5 + 1588¢2) €3
+6C; —555(C4 + 108c2) (Cs + 85%¢2) o]
x [105(c4 + 1)+ (955% + 1)c, — 110S¢ .
For vanishing a we distinguish two cases (i.1) 10S(C4 + 1) + (9553 + 1)c; —
11052¢o =0 and (1 2) 10S(Cy+ 1) 4 (9553 4 1)e; — 11082¢y 0.
(i.1) I 10S(Cy+ 1)+ (955% +1)es — 11082¢) = 0, then € = — O3S HDeHI05U-11Sc)

108
0. In this case we obtain

) 28 58% — 1)cy +108(Scy — 1 3¢
x:y3+ ?sz3y_ ( ) 2 ( 0 )x4_ _2x2y2

508 5
208%c)+55+8c2 4 .
258 Ty
S s 2(58° — e, + 5501 +4Sco)x3y (=Dt 10S200x4
258 10
_ 3S_5c‘2x2y2 N 252)())3 _ SS(SCOZS;) +2¢5 y4.
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Analytic Integrability of Some Examples of Degenerate Planar Vector 9

This system has an inverse integrating factor given by V4 where V =1 + %x -

___ 258 — 55@Sco+D s : : _
S @seo D 35 If e, = > , this system has an inverse integrat

ing factor given by exp(x — éy). This case corresponds to (a) with the additional
condition (955> + 1)c, + 10S(1 — 11Scp) #0.

(i.2) If 10S(Cy + 1) + (9553 + 1)cy — 1108%¢y # 0, then we divide the study in three
cases: (1.2.1) C4 +85%c; =0, (1.2.2) C4 + 105%c; =0, ¢, # 0 and (1.2.3) (C4 +
105%¢,)(C4 + 88%¢y) # 0.

(i.2.1) If C4 = —8S%cy, then c; # 0 and (1583 + 1)c; — 10S(11S¢y — 1) # 0,
otherwise C4 =0 and 10S(Cy + 1) 4+ (9553 + 1)c; — 1105%¢y = 0, respec-
tively. We obtain

AisyandA:

s = (S = Dea(82+ S+ 1)[(158 + 1)cz — 10S(11Sey — D],

and S =1 is the only possibility to vanish this constant. In this case we
obtain o:éz) =0and

#0
——
al’ =a =(8cy +5 — 55¢0) (9¢3 + S¢2 — 30cocs — 225¢] + 25¢0).
Taking 9¢3 + 5S¢z — 30coc2 — 225¢3 + 25¢o = 0, we obtain

. 3 54 8(cz — 5¢p) 2
X = y3 — gczxzyz #xf + gczx3y — c0y4

5
_ (&) _560x4’
5
3 2 548(c;—5
y=—x>—Zcx?yr 4+ Zexyd + M)ﬁy
5 5 5
-5
_2uy4 —cox*,

5

This system has an inverse integrating factor given by V# where

Cy) — SC() (x2 + y2) 762 — 506‘0 + Sxy:|

1
Ve=l——|y— 2
ﬁ[y RRT) + 10

o g . .
and B = —— . Moreover if ¢; =7¢y — 1, this system has an inverse

integrating factor given by V = exp(x — y + 15(1 — 2¢o)(x* + y?) +
%(co +2)xy). This case corresponds to (b).

(i.2.2) If C4 = —10S82c, then c; #0and (58° —1)c, +10S(11S8¢y — 1) # 0, other-
wise C4 =0 and 10S(C4 + 1) + (9553 + 1)c; — 110S%¢y = 0, respectively.
We obtain

ozgl) = cz[(SS3 —1)ez +108(118¢ — 1)] #0.

(1.2.3) IF[10S(Cy+ 1)+ (9553 + 1)cs — 11085%¢p](C4 + 108%¢2) (Cy +85%¢,) # 0,

then we get aél) =0 taking

4083c2(10S + (1+958%)c2) + 105%¢2(1368¢2 +9)Ca + (5 + 1585%¢2)C3 + 6C3
= 558(C4 + 1052c2)(C4 + 85%¢2) ’
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10 A. Algaba et al.

Therefore,

al’ = p(Cy, 2, 8)q1(Ca, 2, S),
o = p(Cy, 2, $)q2(Cy. 2. 5),
ag = c2p(Cy, &2, 8)q3(Ca, 02, 9),

where p(Cy, ¢2, S) =2SC3 + (4185% — 1)c2C4+6S5*(355° —3)c3 = [Cy +
USLe)p — U2 and g;(Cy 2, S), i = 1,2,3, are polynomi-
als in the variables Cy4, ¢, and S. To vanish O‘S) we distinguish three
cases (i.2.3.1) ¢ =0, (1.2.3.2) p(C4,¢2,8) =0, ¢ # 0 and (i.2.3.3)
c2p(Cy, 2, 8) #0.

(1.2.3.1) If ¢; = 0, then we obtain ’ = 0 and

]

ag) = Ca(Cy = 1)(9C4 +2),
al? = Cy(Cy — 1)(6C4 +5).

Then, C4 =1 is the only possibility to cancel both constants. In
this case, we obtain the system

. 1 1
x=y3+§x4+xy3—§y4,

y=—Sx>+ ley.
5
This system has an inverse integrating factor given by V =
a- %)4(1 + x — 25). This case corresponds to (c).

(1232) Case [)(C4, Co, S) = 0, (C4 + 1052C2)(C4 + 8S2C2)62 # 0. In this
case, we obtain 10S(C4 + 1) 4 (9583 + 1)c; — 1108%¢y = 0, that
is contradictory.

(i.2.3.3) Case c,(C4 + 108%¢;)(C4 4+ 85%¢2) p(Cy, ¢3, S) # 0. In this case,
the resultant of polynomials g;(Cy, ¢z, S) and ¢3(Cy, ¢z, S) with
respect the variable C, gives

R := (9980018°c5 — 120925¢5 S + 2500) (7644c3 S — 125),
and no solution of R = 0 vanishes the remaining conditions.
(i) If C4 =0, then ¢4 = —10S(co — Scz) + 1 and
1 _ 3 3
as’ =58(ci + 1 —108co)(c1 + Sco) + 10(1 + 108°¢c; + S(108° — 11)co) e,
+ 1168%¢3,

o = c2[e2(958% + 1) — 10S(11Sco — 1)].
To vanish agz) we distinguish two cases (ii.1) ¢2(955% 4+ 1) — 10S(115¢y — 1) =0 and
(ii.2) c2 =0, 11Scy — 1 #0.

(ii.1) If c3(958% +1) — 108(118¢co — 1) =0, we get ¢y =
this case, we obtain

Tio57 (9382 +¢2 4+ 108). In

s = (228c; +9¢; + 25 + 195%¢) (55S¢i — 27c2 + 58 + 62587¢,),
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we divide the study in two cases:

.. 3
(ii.1.1) If ¢; = —w, then we have

10S — (1583 = 1) , 3 2¢,(1983 +9) + 158

3 4 2 22 3

+ 555 Ty 555 Y
28 5 958*+1)+10S

Ty ery 11052 v

_ e (535% —5)+55 , 3S 2
y=—8x>— sz4 — ?czxzyz + gczxy3

46,158 — 1)+ 155 5 (198 +9)—20S
— X — .
555 Y 1108

It is easy to prove that this system, if 2c,(195% — 2) 4+ 155 # 0, has

X=y

an inverse integrating factor given by V4 where A = Zcz(lggﬁ and
— Lo, 1 _ _ 158 : .
V=144 —-5y.lfe= 2005 D) then this system has an inverse

integrating factor given by exp(x — éy). This case corresponds to case
(a) with the additional condition (955> + 1)c; 4+ 10S(1 — 115¢y) = 0.

.. 3_ 3 .
(ii.1.2) Case ¢; = — 25 2Dat35 o OSHHOES e ¢)(355% —3) #0 and
(62583

= # In this case aél), aéz) and aé3) do not vanish simul-
taneously.
(ii.2) ey =0, 118cy — 1 £0, then ol = (¢; + Sco)(c; + 1 — 10S¢p).
(ii.2.1) Case ¢; = —Sco. In this case, we get o\’ = 0, f” = co(118¢y — 1) x
(6Sco — 1), ) = co(118¢o — 1)(9Sco — 1).
co = 0 is the only possibility to vanish both constants. In this case, we
have the system

: 1
T)= y33 Tl _s.4 gxf 1.4 -
y —Sx =X+ x"y+ 3y

This system has an inverse integrating factor given by V = (1 4 %)4(1 +

% — %). This case corresponds to (d).

ii.2. = co — 1, then we have o¢ " = a5 = ¢9(9Sco — co— 1),
(ii.2.2) If ¢; = 10S¢ — 1, th have o)) =l = ¢y(9Sco — 1)(11S¢y — 1)
therefore we study two different cases.
(ii.2.2.1) In the case ¢y = 0 system (3.6) becomes

()=(50)+ ()

and this system has an integrating factor given by V =
1+x)(1 - éy). This case corresponds to (e).

(ii.2.2.2) In the case co = 55 we have

v 3 2.4 1 3 1 .4
)=( 2 3 )+ 5? +§)fy —sz
y —Sx —§x4+6x3y+5y4 ’

which has an inverse integrating factor given by V4 where
A= g and V=1+ %(x — éy) + %(x + %y)z. This case cor-
responds to (f). O

Remark Notice that the conditions (a), (b), (e) and (f) of Theorem 3.5 are invariant by the
change (3.5) rewrite in terms of ¢; and d;, and (d) is symmetric by the change (3.5) of (c).
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12 A. Algaba et al.

4 The Integrability of a Family of Systems (1.4)

We consider the following differential planar system

y3 +2ax3y

X
<y>:F7+F8+F9+, whereF7:<_x5_3ax2y2

) eQ®? @
Fs = (asox® + anx?y?, byx*y + bisxy*)" € Q§2’3), Fo = (anxy + aizxy?, beox® +
b3x3y? +bouyhHT € Q;”) and the dots represent quasihomogeneous terms of degree higher
than nine.

In this case we choose the type t = (2,3), then Dy = (2x,3y)7 and the quasi-
homogeneous principal part is of degree 7 given by

3 3
. . y° 4+ 2ax’y
Fr =X, = <—x5 — 3ax2y2> ’

where

1
h=—
12

1 3
== |:(x3 + 3ay2)2 + 5(1 — 6a2)y4i| eP,.

1
Dy AF; = - |:2x6 +3y*+ 12ax3y2]

In [7] the following results are stated.

Lemma 4.1 The origin of system (4.1) is monodromic if and only if — \%6 <a< L

7
Theorem 4.2 System (4.1) with 6a% —1 # 0, is formally equivalent to:
X y3 + 2ax3y ad ) 441 @) 2,1
v) T\ w5 —3ax?y? )t BoXyiy2 + D [ (@iarpsx*h! + iy gxy*h')Dy
1=0
+ @12490x° YA Do + @124 10x7 Y2 h (X)Dg + ayor411x* A (x)Dyg
+ (“Elz)lﬂzhlﬂ(x) + 0‘%+12x3y2hl(x))Do
+ (el g XX+ a2 Y2 H (X)) Do + @iogis yh T (D
+ @163 T (XD + oo 17xyh T (X)Dy
+ (oo 00 + @) 5P R T (0) Do + aarpiox YR (0D ), (4.2)

where a{iz), +j are the invariant values of the normal form which are polynomials on the
parameters a;; and b;; and the first invariant values are

o) =13dy,  of =13dp,

26((2a2 + 1)cyz — 4ClC50)d

g = —25ad03 — 2(3(1 — 1)6‘14 — 26’42 + 8d31 —
6a? —1

12

T 52(2a623 — C5())

dyo,
6a2 — 1 40

3 9
Bo = —9ady; —2(5a — 1)c14 + e + §d31 — 2dy2023 — 42acq0 + 3dsocso

- 7((8a2 + ?a)c%3 + (9a2 + 5)c§0 — 26cz3a050)/(6a2 1),

@ Springer



Analytic Integrability of Some Examples of Degenerate Planar Vector 13

where
iy = bay + 51150! 5o = 2byy — 3050, dy = 3bi3 + 2022, ey = 2by3 — 31122’
13 13 13 ) 13
_ 2by +4ay _ 2by —3ag don = 4bos + ay3 _ 2boy — 3a3
31—714 s C42—714 , 03—714 s 014—714 s
_ 2bgo
c0 = F

Notice that the value By in (4.2) is univocally determined therefore it is an invariant of
system (4.1).

Now we apply the results given in this section to a concrete family of polynomial vector
fields. More specifically, we consider the system given by

X _ y3 —|—2ax3y a0x5 +a1x4y +a2x3y2—|—a3x2y3 —i—a4xy4 +a5y5
y )\ =x3 —3ax?y? bix*y 4+ byx3y? + byx?y? + byxy* + bsy’ ('4 3

If — \/]6 <a< ﬁ Lemma 4.1 proves that system (4.3) has a monodromic singular point at
the origin. Therefore if system (4.3) is analytic integrable then it has a center at the origin.

Theorem 4.3 System (4.3) is analytically integrable in a neighborhood of the origin if and
only if one of the following conditions is satisfied

(a) Sag+ by =by +2a; =bs + a, =2by + as = ay + 5bs = 0, (Hamiltonian case).

(b) Sag+ by = by +2a; = by 4+ a, =a = a4 + 5bs — 2apaz — 4apgbs = a, — 6a1ay + 20a3 =
bs — 4a3a1 — aogby + 16a8 =as+ (a; + 4a3)(b4 —asz + 2(a; + 4a(2))(a1 + 10a§)) =0
and 2by + a3 # 0.

Proof To get the integrability conditions we transform system (4.3) into its normal form

(4.2) computing the invariant values of the normal form ozf’z)l +- From Theorem 1.3 the van-

ishing of these invariant values ozf[z)l +; is anecessary and sufficient condition to have analytic
integrability. In practice we only compute some of them in order to obtain some necessary
conditions.

The first integrability obstructions are aél) = S5ay + by, and ozéz) = (. Imposing the van-
ishing of these conditions, we obtain that the following invariant value is

Og = bz + 2(11 .
In this case 19 = b3 4+ az, and o] = a(2b4 + a3). Therefore we divide the study in 2 cases:

(i) If 2by + a3 = 0, we obtain oz(” 12(a4 + 5bs) and ozf? = 2a(ay + 5bs). Therefore if
we impose a4 + 5bs = 0, we obtain the Hamiltonian case described in (a).

(i) If @ =0 and 2b4 + a3 # 0 then we have a(l) 12(614 + 5bs — 2apaz — 4apbs) and
ot%) = 0. In this case we obtain 0514 = —2(ar — 6aay + ZOaO)(2b4 + a3), and otﬂ) =0.
From the vanishing of these coefficients is deduced that ojs = 0 and a6 = 5 0 ps —

4a3a1 —apbs + 16a3)(a3 + 2b4). In this case, the next invariant values are

24
o7 = —?(2b4 +a3)(a5 =+ (al + 4a§)(b4 —asz+ 2((11 +4a§) (a1 + IOag))).
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14 A. Algaba et al.

Under such conditions system (4.3) becomes

=y +apx’ +axty + 2a0(3a1 — 1Oa§)x3y2 +azx?y?

— ao(b4 —2a; + 2Oa§a1 — 80(13)xy4

+ (al - 4a(2))(a3 — by + 16a3 +4a§a1 - 2a12)y5,
y=—x> —5apx*y — 2a1x%y? — 2a0(3a1 - 10¢1§)x2y3

+ b4xy4 + ao(b4 + 4a§a1 — 16ag)y5.

It is easy to see that this system has an inverse integrating factor given by V4 where
=Pt and V=1+ (a3 + 8ajar — 2a}) (x> + 2apxy + (a) — 4a})y*) and if
1

a3+8a8a172a
as + 8aja; — 2a? = 0 then this system has an inverse integrating factor given by "
where W = 2(by — 4aja; + a}) (x> + 2aoxy + (a; + 4a3)y?*). This case corresponds
to (b).

This completes the proof of the theorem. O

Remark I Family (4.3) was also studied in [14] where such type of degenerate systems were
called generalized nilpotent systems. However the results obtained there do not coincide with
the ones given in this work. This is because in [14] only were found the analytic integrable
systems that have a first integral of the form H(x,y) = y* + fs(x)y> + ---, which is re-
strictive because the first integral can be of the form H (x, y) = y* + fs5(x, y) + ---, where
fi(x, y) are homogeneous polynomials of degree i.
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