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Abstract The grade (purity) filtration of a finitely generated left module M over an Auslan-
der regular ring D is a built-in classification of the elements of M in terms of their grades (or
their (co)dimensions if D is also a Cohen-Macaulay ring). In this paper, we show how grade
filtration can be explicitly characterized by means of elementary methods of homological
algebra. Our approach avoids using sophisticated methods such as bidualizing complexes,
spectral sequences, associated cohomology, or Spencer cohomology used in the literature
of algebraic analysis. Efficient implementations dedicated to the computation of grade fil-
tration can then be easily developed in the standard computer algebra systems. Moreover,
this characterization of grade filtration is shown to induce a new presentation of the left
D-module M which is defined by a block-triangular matrix formed by equidimensional
diagonal blocks. The linear functional system associated with the left D-module M can
then be integrated in cascade by successively solving inhomogeneous linear functional sys-
tems defined by equidimensional homogeneous linear systems of increasing dimension. This
equivalent linear system generally simplifies the computation of closed-form solutions of the
original linear system. In particular, many classes of underdetermined/overdetermined linear
systems of partial differential equations can be explicitly integrated by the Maple package
PURITYFILTRATION and the GAP package homalg, but not by the standard PDE solvers
of computer algebra systems such as Maple.

Keywords Algebraic analysis - Grade (purity) filtration - Module theory - Homological
algebra - Symbolic computation - Mathematical systems theory - Underdetermined or
overdetermined linear functional systems - Linear systems of partial differential equations

A. Quadrat (X))

DISCO project, L2S, Supélec, Inria Saclay — ile-de-France, 3 rue Joliot Curie, 91192 Gif-sur-Yvette
Cedex, France

e-mail: alban.quadrat@inria.fr

url: http://pages.saclay.inria.fr/alban.quadrat/

@ Springer


mailto:alban.quadrat@inria.fr
http://pages.saclay.inria.fr/alban.quadrat/

28 A. Quadrat

1 Introduction

The theory of linear functional systems such as linear systems of partial differential
(PD)/time-delay/difference equations is a rich branch of mathematics which finds its foun-
dation in mathematical physics. Different analytic methods can be used to study determined
linear functional systems (see, e.g., [18]), namely linear functional systems containing as
many unknown functions as functionally independent linear equations. Overdetermined
(resp., underdetermined) linear functional systems, namely linear functional systems con-
taining fewer (resp., more) unknown functions than functionally independent linear equa-
tions, also find important applications in mathematical physics (see, e.g., [13, 37]), in dif-
ferential geometry (see, e.g., [23, 37]), or in mathematical systems theory (see, e.g., [14, 35,
37, 39]). Formal methods for the study of overdetermined linear systems of PD equations
can be traced back to the works of Cartan, Riquier, and Janet [26]. A modern approach was
developed in the sixties by Spencer and his collaborators (see, e.g., [37, 52]). Grobner bases
and Janet bases [12, 26] over a noncommutative polynomial ring of functional operators are
nowadays two fundamental computational tools used for the formal study of overdetermined
linear functional systems (see, e.g., [14, 30, 48]).

Despite these important computational methods, computer algebra systems still have
many difficulties to find closed-form solutions of overdetermined or undetermined linear
functional systems (when they exist), for instance of linear systems of PD equations. One of
the main reasons is that linear functional systems generally mix together unknown functions
which satisfy linear functional systems of different dimension. For instance, the integration
of the unknown functions of an overdetermined linear systems of PD equations depends
on arbitrary functions of a certain number of the independent variables (due to the Cartan-
Kdhler-Janet theorem which generalizes the well-known Cauchy-Kowalevski theorem) (see,
e.g., [26, 37, 52]). The maximal number of independent variables which appear in these ar-
bitrary functions (sometimes plus the number of independent variables) is called the dimen-
sion of the system. Hence, an important issue for the study of overdetermined linear func-
tional systems is to determine the unknown functions or their linear functional combinations
which satisfy a linear functional system of a given dimension. This problem, related to the
equidimensional decomposition of algebraic varieties (see, e.g., [19, 24, 49]), has lengthly
been studied within algebraic analysis and algebraic/analytic D-module theory [9-11, 32]
by Roos [49], Sato and Kashiwara [28, 29], Bjork [9, 10], Ginsburg [22], and others. This
problem corresponds to the so-called grade filtration {M;};>¢ (also called bidualizing or pu-
rity filtration) of the finitely generated left D-module M which defines the linear system
of PD equations, where D is a noncommutative polynomial ring of PD operators satisfying
certain regularity conditions (e.g., D is an Auslander regular ring). This descending filtra-
tion of M is defined by the left D-submodules M;’s of M formed by the elements of M
having a codimension (or a grade) greater or equal to i. The existence of the grade filtration
of a finitely generated left/right module M over an Auslander regular ring D is proved in
[9, 10, 22, 31, 49] (resp., in [28, 29]) using bidualizing complexes and spectral sequence ar-
guments (resp., derived categories, derived functors, and associated cohomology [24]), i.e.,
by means of sophisticated homological algebra techniques (resp., modern developments of
category theory). See also [37, 38] (resp., [36]) for a recent study of grade filtration based
on Spencer cohomology and Spencer sequences (resp., Gabriel localization for commuta-
tive polynomial rings). Despite the difficulties to compute the spectral sequences defining
the grade filtration, these were recently made constructive in [2, 3] thanks to the new concept
of generalized morphisms, and they were implemented in the homalg package [8] of the
system GAP [21] (homalg is a package dedicated to homological algebra oriented com-
putations). To our knowledge, it is the first implementation of the computation of the grade
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filtration in a computer algebra system. We refer the reader to [19, 24, 49] (resp., [9, 10,
22, 28]) for applications of grade filtration to algebraic geometry (resp., algebraic analysis).
Finally, techniques based on grade filtration have recently been introduced in mathematical
systems theory (see [4, 3642, 44]).

The purpose of this paper is to develop a new algorithm which computes the grade fil-
tration of a finitely generated left module M over a regular domain D satisfying a slightly
weaker condition (see (38)) than the standard Auslander condition (see, e.g., [9, 10]). In par-
ticular, many important classes of noncommutative polynomial rings of functional systems
satisfy these conditions. The first benefit of this new algorithm is that it is an extension of
the methods developed in [1, 14, 29, 37, 39] for the classification of modules (torsion mod-
ules, modules with torsion submodules, torsion-free/reflexive/projective modules). These
methods have recently been applied to solve the problem of parametrizing underdetermined
linear functional systems by means of arbitrary functions (potentials) studied in mathemat-
ical physics and in control theory (see [14, 15, 20, 37, 39, 54]). The second benefit of this
algorithm is that it is conceptually much simpler than the algorithms based on bidualizing
complexes, spectral sequences, and associated cohomology. In particular, it can be easily
implemented in any computer algebra system in which Grobner basis techniques are avail-
able (e.g., Maple, Mathematica, Singular, Macaulay2, Magma). The corresponding algo-
rithm was implemented by the author in the Maple package PURITYFILTRATION [45] built
upon OREMODULES [15]. Using the PURITYFILTRATION package, classes of overdeter-
mined/underdetermined linear systems of PD equations which cannot be directly integrated
by Maple can be explicitly solved [45] (see also the forthcoming homalg based package
D-modules). Moreover, the algorithm has also been implemented recently in the homalg
project package AbelianSystems [7] developed in collaboration with M. Barakat (Uni-
versity of Kaiserslautern). This implementation is much faster than the original homalg
command based on spectral sequence computation, and thus it can be used to study larger
examples. More recently, the algorithms developed in this paper were implemented in the
Singular package purityfiltration.lib [51]. We hope that the results developed in
this paper and demonstrated by the PURITYFILTRATION, AbelianSystems, and puri-
tyfiltration.1lib packages will be used in the future to improve standard computer
algebra systems such as Maple or Mathematica for the symbolic integration of overdeter-
mined/underdetermined linear functional systems. The third benefit of this new approach
is that it gives a filtration-adapted presentation matrix which has a remarkably simple form
(block-diagonal and single off-diagonal). It does not seem that it can easily be obtained
from the classical black-box spectral sequence approach [2, 9, 10, 22, 49]. The last benefit
is that this algorithm holds for computable abelian categories [6], and thus it can be used
in different contexts such as the computation of the grade filtration of coherent sheaves over
projective schemes as shown in the homalg project package Sheaves [5].

Since techniques of module theory, homological algebra, and algebraic analysis are not
largely well-known, they are summarized in Sect. 2. The main results about grade filtration
are developed in Sect. 3. In Sect. 4, we show how the concept of grade filtration can be used
to compute an equivalent block-triangular form of a linear functional system whose diagonal
blocks define equidimensional linear functional systems. The integration of the original sys-
tem is then equivalent to a cascade integration of inhomogeneous linear functional systems,
the corresponding homogeneous linear systems being equidimensional and of increasing
dimension (e.g., we first integrate a 0-dimensional/holonomic homogeneous linear system,
then an inhomogeneous linear systems defined by a 1-dimensional/subholonomic homoge-
neous linear system, ... ). Finally, in Sect. 5, we briefly give a few extensions of the results
obtained in Sect. 3.
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30 A. Quadrat

The paper was written in a self-contained way so that everyone willing to implement the
computation of the grade filtration in a computer algebra system will find there all the nec-
essary materials. To emphasize the main results, we shortly summarize the main ideas and
results. Within the algebraic analysis approach (see Sect. 2), a linear system defines a finitely
presented left module M over a ring D that we shall suppose to be an Auslander regular of
global dimension » (see Definition 8). To compute the grade filtration {#; (M)};—o... n+1 Of M
defined by the left D-submodule #; (M) of M formed by the elements of M of grade greater
than or equal to i (see (21)), we first need to consider a free resolution (see 6 of Defini-
tion 2) of M of the form (24), then dualize it to get the complex (25), and finally consider
the beginning of a free resolution of the cokernel of each homomorphism R;;. defining (25)
(see (27)). The complex (25) then induces a chain complex (32) between the free resolutions
of two consecutive right D-modules N;; = cokerp (R;;.) (the so-called Auslander transpose
D-modules). By truncating (32) to get the commutative diagram (33) and by dualizing it,
we obtain the commutative diagram (47) formed by horizontal complexes. The defect of
exactness of the horizontal complex at D'*?0 is the left D-module T; defined by (48), and
(47) induces a left D-homomorphism y;1y; : T;+1 —> T; defined by (49) fori =1,...,n,
and yyp : Ty —> M defined by (50). The constructions of the left D-modules 7;’s and of
the left D-homomorphisms y;;1);’s are summarized in Algorithm 1. The condition (38) of
the Auslander regular ring D implies that the y(;41);’s are injective fori =0, ..., n. We can
then consider the left D-submodule M; = (yjp 0 y21 0 y32 0 -+ - 0 Yii—1y)(T;) of M = M, for
i=1,...,n (see (56)). Theorem 11 proves that t;(M) = M; for i =0, ..., n, which gives
a complete characterization of the elements #;(M)’s of the grade filtration (58) of M as
images of injective homomorphisms. The construction of the grade filtration of M is sum-
marized in Algorithm 2. Now, if we want to characterize the M;’s by means of finite presen-
tations, we first need to consider the first two syzygy modules of cokerp (. Ry;) of the left D-
homomorphisms .Ry; defined in (47) to get the commutative diagram (70) formed by exact
horizontal sequences. Combining (47) and (70), we obtain Fig. 1, which induces a sequence
of left D-modules L;’s isomorphic to 7; defined by (66), and the left D-homomorphisms
Yi+ni : Tix1 —> T; induce the injective left D-homomorphisms ¥ ;) : Li+1 —> L; and
Y10 : L1 —> M respectively defined by (73) and (77). Finally, using Baer’s extension tech-
niques (see Sect. 2.2) and the presentation of the i-pure left D-module coker ¥,y (see
Definition 7), which is isomorphic to t;(M)/t;+1 (M), we obtain a new presentation matrix
R of M defined by (91). The equidimensional decomposition of M clearly appears on this
filtration-adapted presentation (block-diagonal and single off-diagonal) and it is particularly
interesting for the symbolic integration of the linear PD system defined by M when D is a
ring of PD operators.

2 Algebraic Analysis Approach to Linear Functional Systems

In what follows, D will always be a noetherian ring, i.e., a ring D that is both a left and
a right noetherian ring (see, e.g., [50]). Moreover, the set of g X p matrices with entries in
D is denoted by D?*”, and the unit of the ring D”*? by I,,. If F is a left D-module (e.g.,
F =D)and R € D?*?_then .R and R. are respectively the left D-homomorphism (i.e., the
left D-linear map) and the abelian group homomorphism (i.e., Z-homomorphism) defined
by:

.R: D4 — plx» R.: FP —» F4
A=(1...05) —> AR, n=(n...np)" —> Rn.
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Grade Filtration of Linear Functional Systems 31

With the above notations, we call linear system an abelian group of the form:
ker=(R.) = {n € FP|Rnp= 0}.
The study of kerz(R.) in terms of the finitely presented left D-module
M =D"?/(D" R)

and of the left D-module F was first developed in [33]. This approach is nowadays the cor-
nerstone of the algebraic D-module theory (or algebraic analysis), developed by Bernstein
and Sato’s school (particularly by Kashiwara), in which D stands for a noncommutative ring
of partial differential (PD) operators with coefficients in a differential ring (see, e.g., [9-11,
29, 32]). More precisely, if A is a ring and {§;};—;..., are n commuting derivations of A,
namely, §;: A —> A satisfies

i(ar + az) = 6;(a1) + &;(a2),
Val ,apy € A,
8i(a1az) = §;(ar)ax + a1é;(az),
forall i =1,...,n, and §; 0 §; =3§; o §; for all i,j =1,...,n, then the ring D =
A(dy,...,0d,) of PD operators with coefficients in A is the noncommutative polynomial
ring in 9y, ..., 9, with coefficients in A which satisfies the relations:

Vi:l,...,n, VCZEA, 3,-a:a8,~+8,~(a), Vi,j:l,...,n, 81-8]-:8/-(%.

Prototypical examples of a ring D of PD operators are the so-called Weyl algebras A, (k)
and B, (k) of PD operators with respectively coefficients in A = k[x;,...,x,] and in A =

k(xy,...,x,), where k is a field (that we shall suppose to be of characteristic 0), ﬁn(k),
or D, (k") the rings of PD operators with coefficients in the ring of formal power series
A = k[xi,...,x,] or in the ring of locally convergent power series A = k'{xy, ..., x,},

where k' = R or C. These rings are noetherian domains (see, e.g., [9, 11, 32]). If D is a ring
of PD operators and F a left D-module (e.g., F = A), then R € D?*? is a matrix of PD
operators and the linear system ker = (R.) is the k-vector space formed by the F-solutions of
the linear system of PD equations Rn = 0. Within algebraic analysis, more general classes
of noncommutative polynomial rings of functional operators can be considered such as Ore
algebras as explained in [14], which allows one to consider a more general class of linear
functional systems.

Let us now explain basic ideas of algebraic analysis. Let 7 : D'*? —s M be the left
D-homomorphism which maps A € D'*” to its residue class (1) € M, and {fi}j=1,.,p the
standard basis of D'*P namely, f ; 1s the row vector of length p with 1 at the jth position
and O elsewhere. Then, {y; = 7 (f;)};=1,..,p is a family of generators of M since for every
m € M, there exists A = (A;...4,) € D'P such that m = m (1), which yields:

4 P P
m=m(\)= ”(ijfj) =D ()= ke
j=1 j=1 j=1

The family of generators {y;} =1, , of M satisfies D-linear relations: if R;, denotes the ith
row of R, then R;, € D'*?R, which yields 7 (R;,) =0, and thus:

» » p
Vi=1,...,q, N(Ri.)ZN(ZRijfj> ZZRijﬂ(fj)ZZRij)’j =0.
=1 =1

j=1
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32 A. Quadrat

If y=(yi...y,)" € M”, then the above relations can be rewritten as Ry = 0.
If F is a left D-module, homp (M, F) the abelian group of left D-homomorphisms from
M to F, and ¢ € homp(M, F), then n = (¢ (y1) - . .¢(y,,))T € FP and

P P P
Vi=1,....q, Y Rim; =ZRij¢<y,~>=¢(ZRijy,-> =¢(0)=0,
j=1 j=1

j=1
i.e., n € kerz(R.). Conversely, if n € kerz(R.), then we can define the map ¢,,: M — F

by ¢, (7 (1)) = An for all A € D'™?_ Indeed, ¢, is well-defined: if w (L) = 7 (1'), then A =
A 4 wR for a certain u € D'*9, which yields:

¢y(m(V) =An=A"n+uRn=21n.

The map ¢, is clearly left D-linear and ¢,(0) = 0 since ¢, (7w (uR)) = (Rn) = 0 for all
w € D™, and thus ¢, € homp (M, F). If we introduce the following abelian group homo-
morphisms

o: kerg(R.) — homp(M, F) x: homp(M, F) — kerr(R.)
T
> ¢y, o () ...0(p) s
then x o0 =idyer,(r) since ¢, (y;) =n; forall j=1,..., p,and o o x = idpom,m, ) Since
(0 0 X)(P) = Pp(y))..605,n7 = P> Which shows that x~! = o, and proves that kerz(R.)

and homp (M, F) are isomorphic as abelian groups, which is denoted by kerr(R.) =
homp (M, F).

Theorem 1 ([33]) With the previous notations, we have:

ker(R.) Zhomp(M, F).

Theorem 1 shows that the linear system ker=(R.) can be intrinsically studied by means
of the two left D-modules M = D'*? /(D4 R) and F. The matrix R is a particular finite
presentation of the left D-module M defined up to isomorphism (see, e.g., [50]). Hence,
we can study the solution space homp (M, F) independently of the particular embedding of
kerz(R.) into FP. A second benefit of Theorem 1 is that the linear system ker(R.) can be
studied by means of the properties of the left D-modules M and F.

Definition 1 ([50]) Let D be a noetherian ring and M a finitely generated left D-module.

1. M is free if there exists r € N= {0, 1,2, ...} such that M = D'’ Then, r is then called
the rank of M.
2. M is projective if there exist r € N and a left D-module N such that

M@N =D,

where @ denotes the direct sum of left D-modules.

3. M is reflexive if the left D-homomorphism ¢: M — homp(homp (M, D), D), defined
by e(m)(f) = f(m) for all m € M and for all f € homp(M, D), is an isomorphism.

4. If D is a domain, then M is torsion-free if the torsion left D-submodule of M defined by

t(M)={meM|3d e D\{0}: dm =0}

isreduced to 0, i.e., if r(M) = 0.
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5. If D is a domain, then M is torsion if t (M) = M, i.e., if every element of M is a torsion
element.

Theorem 2 ([50]) A free module is projective, a projective module is reflexive, and a reflex-
ive module is torsion-free.

In the next sections, we summarize basic homological techniques which will be used to
algorithmically test whether or not M admits torsion elements or is torsion-free, reflexive, or
projective (see Theorem 5 thereafter). These techniques will then be generalized in Sect. 3
to obtain an explicit characterization of the so-called grade filtration of M.

2.1 Basic Homological Algebra
Let us shortly recall a few definitions of homological algebra (see, e.g., [50]).
Definition 2

1. A complex, denoted by

diyy diy1 d; di—
M- — Mipyy— M — My —> -+, (D

is a sequence of left (resp., right) D-modules M; and of left (resp., right) D-homomor-
phisms d; : M; — M;_, that satisfy imd,; | C kerd,, i.e.:

VieZ, diodi=0.
2. The defect of exactness of (1) at M; is the left/right D-module defined by:
H;(M,) £ kerd;/imd;.

3. The complex (1) is exact at M; if H;(M,) = 0, i.e., if kerd; = imd;,, and exact if
kerd; =imd,, for all i € Z. An exact complex is called an exact sequence.
4. An exact sequence of the form

0— M -1 M55 M" —s 0, )

i.e., f is injective, kerg =im f and g is surjective, is called a short exact sequence.
5. A projective resolution of a left D-module M is an exact sequence of the form

dy d3 d d do
i —> P —> Pp— P— Pp— M — 0,

where the P;’s are projective left D-modules, and d; € homp(P;, P;_;) for i > 1, and
homp (Py, M). The smallest n € N such that P,, = 0 for all m > n is called the length of
the projective resolution of M. Similarly for right D-modules.
6. A free resolution of a finitely generated left D-module M is an exact sequence of the
form
LB pixe B pon By pae T, 3)

where R; € DPi*Pi-t and .R;: D'Pi —s D'*Pi-1 is defined by (.R;)(A) = AR;.
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34 A. Quadrat

7. A free resolution of a finitely generated right D-module N is an exact sequence of the
form

0« N <& polipn 2ope B &)

where S; € D%-1*% and S;.: D% — D%~ is defined by (S;.)(n) = Sin.

Example 1 1f D is a noetherian domain and M a finitely generated left D-module, then we
have the following short exact sequence of left D-modules:

0—> t(M) —1> M 25 M/t(M) —> 0. )

Remark 1 A module M is not defined by a unique projective/free resolution: if

0—>kerm — P —> M —> 0, 0—kern' — P 5> M —0

are two exact sequences, where P and P’ are projective modules, then Fitting’s lemma
asserts that kerr @ P’ =kerw’ @ P (see, e.g., [50]). This isomorphism does not generally
imply that kerw = kerw’. We say that kerw depends on M up to a projective equivalence
(see, e.g., [50]). Similarly, if we consider two finite presentations of M,

Ixp R Ixpyg T 1xp' Ry 1xp) 7’
Dl — D0 —5 M — 0, D1 — D0 — M — 0,

then kerp(.R;) @ D'*#i+r0) = kerp(.R}) @ D*1+ry)  See, e.g., [50], and [17] for a con-
structive proof. Similar results hold for the syzygy modules kerp(.R;)’s of M.

Since D is a noetherian ring, one can easily prove that every finitely generated left (resp.
right) D-module M admits a free resolution (see, e.g., [S0]). Now, if F is a left D-module,
then using a free resolution (3) of a finitely generated left D-module M, we can define the
extension abelian groups ext"D(M ,F)’s for i > 0 as follows. Up to abelian group isomor-
phism, they are defined by the defects of exactness of the following complex of abelian
groups

Rit1. i—1-

R, . R Rs. R,. R).
e PP FPiSl D FP2 S FPL L FP (), (6)

where R;.: FPi-1 — FPi is defined by (R;.)(n) = R;n for all n € FPi-1, namely:

0 ~
{ extd (M, F) = kerr(R).), -

exth, (M, F) Zkerz(Rit1.)/imz(R;.), i>1.

Theorem 1 shows that ext%(M, F) =homp(M, F). See also, e.g., [50].

We say that the complex (6) is obtained by application of the contravariant left exact
Sfunctor homp (-, F) to the reduced (truncated) free resolution of M, namely, to the complex
obtained by removing M from the finite free resolution (3) as follows:

ﬂ Dlxp3 ﬁ Dlxp2 ﬂ) Dlxp ﬂ) D'*P0 5 (. 8)
A fundamental theorem of homological algebra asserts that the abelian groups
ext’b (M, F)’s depend only on the left D-modules M and F (up to abelian group isomor-

phism), i.e., they do not depend on the choice of the free resolution (3) of M (see, e.g., [50]).
The ext’b (M, F)’s can also be defined using projective resolutions of M (see, e.g., [50]). But
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this approach is less constructive than the one based on free resolutions. In what follows, we
shall only consider free resolutions and we let the reader reformulate the different results
based on projective resolutions.

The idea of replacing a rather complicated left D-module M by the complex (8) formed
by the left D-modules D'*7i’s (free modules) and trivial left D-homomorphisms .R;’s (de-
fined by matrices) is of paramount importance in the theory of derived category developed
by Grothendieck and Verdier (see, e.g., [24]). In this paper, we shall show how the grade
filtration of M, which is difficult to compute directly on M, can be explicitly characterized
by many but simple (matrix) computations related to the computation of ext;, (M, D) and
ext}, (exty, (M, D), D).

Similarly, if N a finitely generated right D-module and G a right D-module, then using
a free resolution (4) of N, we can define the following abelian groups:

ext),(N, G) =homp(N, G) =kerg(.S)),
ext, (N, G) =kerg(.S;+1)/img(.S;), i>1.

We note that if M is a left (resp., right) D-module, then ext’b(M , D) is aright (resp., left)
D-module due to the D — D-bimodule structure of D (see, e.g., [50]).

Definition 3 ([S0]) A left D-module F is called injective if ext"D(M , F) =0 for all left
D-modules M and for all i > 1.

Example 2 If §2 is an open convex subset of R” and k = R or C, then the space C*(£2)
(resp., D'(£2), S'(§2), A(£2), O(82)) of smooth functions (resp., distributions/temperate
distributions, real analytic/holomorphic functions) on 2 is an injective D = k[dy, ..., d,]-
module [33, 35, 54].

If M is a finitely generated left D-module and F an injective left D-module, then ap-
plying the contravariant left exact functor homp (-, F) to (3), using Theorem 1, and the fact
that ext’, (-, F) =0 for all i > 1, we obtain the following exact sequence of abelian groups:

& Bt B o o homp (M, F) «<— 0.

The contravariant functor homp (-, F) is then said to be exact. Within mathematical systems
theory, the linear system ker = (R;1;.) is parametrized by R; (called a parametrization) since
kerz(R;iy1.) = R; FPi-! forall i > 1.

Let us now state two results which will be used in Sect. 3.

Theorem 3 ([50]) Let (2) be a short exact sequence of left (resp., right) D-modules and N
a left (resp., right) D-module. Then, the following long exact sequence holds

0 —> extl(M", N) &> extd (M, N) D> ext®(M', N)
—> ext(M", N) —> exth, (M, N) —> ext}, (M, N)

—> exth(M",N) —> exth,(M,N) — -+ -,
where f* and g* are respectively defined by:

V¢Gh0mD(M7N)a f*(¢)=¢of7 VWGhOmD(M,/,N), g*(W)=1//Og
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36 A. Quadrat

Remark 2 One can prove that a left D-module M is projective iff ext}, (M, N) = 0 for all
left D-module N and for all i > 1 (see, e.g., [50]). If P and P’ are the two projective left
D-modules considered in Remark 1, the additivity of the functor ext"D( -, N) (see, e.g., [50])
then yields

eXtiD(kern ®P N)= ext), (kerm, N) @ ext), (P, N)= ext), (ker, N),
Vi>1, ) ) . .
extp (kern' @ P, N) = ext, (kern’, N) @ ext), (P, N) = ext), (ker ', N),

and thus ext), (kerr, N) = ext)y (kerz’, N) for i > 1, which shows that ext,(ker 7, N) de-
pends only on M and N (up to isomorphism) fori > 1.

Combining Remark 2 with Theorem 3, we obtain the following result.

Proposition 1 ([S0]) Let (2) be a short exact sequence of left (resp., right) D-modules and
M a projective left (resp., right) D-module. Then, for every left (resp., right) D-module N,
we have ext’gl (M",N) = ext’b(M/, N) fori > 1.

Let us introduce important invariants of modules and rings.

Definition 4 ([50])

1. The left projective dimension of a left D-module M, denoted by Ipd,, (M), is the min-
imum of the lengths of projective resolutions of M. If no such integer exists, then
we set Ipd, (M) = oo. Similarly for the right projective dimension rpd,(N) of a right
D-module N.

2. The left global dimension (resp., right global dimension) of aring D, denoted by lgd(D)
(resp., rgd(D)), is the supremum of Ipd, (M) (resp., rpd,(N)) for all left D-modules M
(resp., all right D-modules N).

3. If the left and the right global dimension of D coincide, then the common value is called
the global dimension of D and is denoted by gld(D).

Proposition 2 ([10]) Let D be a noetherian ring and M a finitely generated left D-module.
Then, we have:

Ipd,, (M) = sup{i € N| ext), (M, D) #0}.
Similarly for the right projective dimension rpd,(N) of a right D-module N .

Proposition 3 ([50]) 1gd(D) <n iﬁ‘ext"D (M, N) =0 for all left D-modules M and N, and
foralli > n.

Theorem 4 ([50]) If D is a noetherian ring, then 1gld(D) = rgld(D).
Example 3 If k is a field, then gld(k[xy,...,x,]) =n A(see, e.g., [50]). If k is a field of
characteristic 0, ¥ =R or C, and D = A, (k), B, (k), D,(k), or D,(k"), then gld(D) =n
(see, e.g., [9, 10, 29]).

‘We are now in a position to recall how the properties stated in Definition 1 can be checked

by means of homological techniques for a regular domain D, namely a noetherian domain
D of finite global dimension gld(D).
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Theorem 5 ([1, 14, 29, 37, 39]) Let D be a noetherian domain with a finite global di-
mension gld(D) =n, M = D'P/(D'¥4R) a finitely presented left D-module, and N =
D% /(RDP?) the so-called Auslander transpose right D-module of M.

1. The following left D-isomorphism holds:
t(M) Zext, (N, D). )

2. M is torsion-free iff ext,, (N, D) = 0.
3. The following long exact sequence holds

0 —> ext}, (N, D) — M — homp (homp(M, D), D) —> ext} (N, D) — 0, (10)

where ¢ is defined in 3 of Definition 1.
4. M is reflexive iff ext,,(N, D) =0 fori =1, 2.
5. M is projective iﬁ‘ext’b(N, D)=0fori=1,...,n.

Remark 3 The Auslander transpose right D-module N = D?/(RD?”) depends on the left
D-module M = D'*P/(D'*9R) up to a projective equivalence. Indeed, if M = M’ =
D'?' /(D4 R’), then we get N @ D¥+4) = N’ @ D@+ where N' = DY /(R'D?") is
the Auslander transpose of M’ [1]. See [17] for a constructive proof. Using Remark 2, the
additivity of the functor ext, (-, F) (see, e.g., [50]) then yields ext)y (N, F) = extyy (N', F)
for all left D-modules F and for i > 1. Therefore, the results stated in Theorem 5 do not
depend on the chosen presentation of M.

The results of Theorem 5 were implemented in the OREMODULES package [15] for
the class of Ore algebras of functional operators implemented in the Maple package
Ore_algebra (e.g., PD, shift, difference, time-delay operators) for which Buchberger’s
algorithm terminates for any admissible term order and which computes a Grobner basis
[14]. Using the OREMODULES package, we can effectively check whether or not the left
D-module M = D'*? /(D x4 R admits torsion elements, or is torsion-free, reflexive or pro-
jective. For applications of Theorem 5 to mathematical systems theory and mathematical
physics, see [15].

Let us now explain how to compute the torsion left D-submodule ¢ (M) of the M =
D'*P /(D'*4 R). We first consider Q € DP*™ such that kerp (R.) = Q D"'. We get the exact

sequence 0 «— N <«— DY K D? <Q— D™. Then, 1 of Theorem 5 shows that the defect

of exactness of the complex D'*4 & pixp -2, D' ™ at D'*P is defined by
(M) Zexth(N, D) Zkerp(.Q)/imp(.R) = (D7 R') /(D' R), (11)

where R’ € DY P is any matrix such that kerp(.Q) = D' x4’ R’ Moreover, the standard third
isomorphism theorem (see, e.g., [50]) then yields:

M/t(M)=[D"?/(D"R)]/[(D™R)/(D"R)]=D"P/(D™R).  (12)

‘We note that an analogous to Theorem 1 for right D-modules asserts that homp (M, D) =
kerp(R.). Hence, if homp (M, D) = 0, then we get the following exact sequence

0<—N<—D‘1<R—'D1’<—0,
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38 A. Quadrat

and thus the defect of exactness of the complex D'*¢ B pxr s 0at DV s t(M) =
exth (N, D) = D7 /(D4 R) = M by (9), i.e., M is a torsion left D-module. Conversely,
if M is a torsion left D-module and f € homp(M, D), then for every m € M, there exists
d € D\ {0} such that dm = 0, which yields df (m) = f(dm) =0, and thus f(m) = 0 since
D is a domain and f(m) € D. Thus, f =0, i.e., homp(M, D) =0.

Corollary 1 ([14]) Let M be a finitely generated left module over a noetherian domain D.
Then, M is a torsion left D-module iff homp (M, D) = 0.

The next proposition gives a finite presentation of a factor module.

Proposition 4 ([16]) Let R € D?*" and R’ € DY xp satisfy D4R C D4 R',i.e., are such
that R = R"R’ for a certain R" € D9*4'_ Moreover, let R} € D" be a matrix such that
kerp(.R') = DIX’/RQ, and let w and v’ be respectively the following canonical projections:

w: DR —s (D' R)/(D'*R),
_ p\xd Dlxq//(Dlqu// + Dlxr/Ré).
Then, the left D-homomorphism  defined by

Dlxq//(Dlqu” + DlXV’Ré) — (Dlxq/R,)/(Dlqu) 13)
/() — 7 (AR,

is an isomorphism and its inverse =" is defined by:

(Dlxq’R/)/(Dlqu) i> DIXq//(DIXqR//-FDlxr/Ré)
7 (AR) —> 7' (M).

Applying Proposition 4 to (M) = (D'*4'R") /(D'*4R), we obtain
1(M) = DIXq//(DIXqRN-f-Dlxr/Ré) _ Dlxq//(Dlx(q+r’)(R//T RéT)T), (14)

where R” € D?%4" and R} € D" *¢" are respectively defined by R = R”R’ and kerp(.R') =
Dl xr' Ré

If t(M) = 0, then using (11), the complex D'*? B, prr 22, piom i exact at
D' P and thus it defines the beginning of a free resolution of the left D-module L =
D™ /(D'™4 Q). Up to isomorphism, a finitely generated torsion-free left D-module M can
then be embedded into a finitely generated free left D-module since M = D'*? /(D'*4R) =
imp(.Q) € D™ If F is an injective left D-module, then applying the exact functor
homp (-, F) to the above beginning of a free resolution of L, we obtain the exact sequence

F1 & FP & F" ie., kerg(R.) = QF™, and thus Q is a parametrization of ker=(R.). The
computation of parametrizations is implemented in the OREMODULES package [15]. This
package allows one to explicitly parametrize underdetermined linear functional systems ap-
pearing in mathematical physics and in control theory (see [15]).

The above techniques will be generalized in Sect. 3 to determine the so-called grade
filtration of a finitely generated left D-module M.

To finish with this section, we shortly recall a few classical results on homomorphisms
of finitely presented modules that will be used in the next sections.
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Proposition 5 ([16, 17]) Let M = D'*?/(D'*4R) (resp., M’ = D'*? /(D'*9 R")) be a
left D-module finitely presented by R € D?*? (resp., by R’ € D" yand w: DV — M
(resp., 7': DV —> M) the canonical projection onto M (resp., M'). Then, f €
homp (M, M') is defined by f(mw(L)) = n'(AP) for all . € D'*P, where P ¢ DP*P sat-
isfies RP = QR’ for a certain Q € D% Moreover, we have:

1. ker f = (D' S)/(D'*4R), where the matrix S € D"*? is defined by:
kerp(.(PT RT)")=D""(S -T), TeD™.

In particular, f is injective iff there exists a matrix F € D"*? such that S = FR.

2. im f = (DYPP + D4 R") /(D™ R') = coimf = D7 /(D'*"§).

3. coker f = D'*P' /(D"P P + D" R'). Thus, f is surjective iff (PT R'")T admits a left
inverse, i.e., X € DP*P and Y € DP*9" exist such that XP + YR’ = Iy.

4. f is an isomorphism, i.e., M = M', iff there exists F € D"*? such that S = FR and
the matrix (PT R'™)T admits a left inverse. If X € D' *? is defined as in 3, then f~' €
homp(M', M) is defined by f~'(w'(\)) =w (XM X) forall X' € DY

2.2 Baer’s Extensions

In this section, we give another interpretation of the abelian group ext}) (M, N) which will
be used in Sect. 4. To do that, let us introduce a few more definitions.

Definition 5 ([50])

1. Let M and N be two left D-modules. An extension of M by N is a short exact sequence
of left D-modules of the form:

e 0—N-5ELsm—so. (15)

2. Two extensions ¢;: 0 — N N E; i> M — 0 of M by N for i =1,2 are said
to be equivalent, which is denoted by e; ~ e,, if there exists a left D-isomorphism
¢: Ey —> E; such that oy = ¢p oy and B; = B, o ¢, or equivalently, such that the fol-
lowing commutative exact diagram holds:

0 N g Py 0
o) B
0 N E, M 0.

3. Let [e] be the equivalence class of the extension e for the above equivalence relation ~.
The set of all equivalence classes of extensions of M by N is denoted by ep (M, N).

The next theorem, which can be traced back to Baer’s work, plays an important role in ho-
mological algebra. In particular, it explains the terminology extension used for ext}) (M,N).
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40 A. Quadrat

Theorem 6 ([50]) Let M and N be two left D-modules. Then, we have:
exth (M, N) Zep(M, N).

The next theorem gives an explicit description of the isomorphism stated in Theorem 6
in the case where M and N are two finitely presented left D-modules.

Theorem 7 ([46,47]) Let M = D'*? /(D' R) and N = D'** /(D'*'S) be two finitely pre-
sented left D-modules, w: D'*P — M (resp., §: D' — N) the canonical projection
onto M (resp., N), R, € D" such that kerp(.R) = D" R,, and:

Q={XeD™|3¥ e D" R,X=YS}.

Then, every equivalence class of extensions of M by N is defined by the following short
exact sequence

e:0—N-5EL mMm—so, (16)
where the left D-module E = D"+ /(D'<U*D L) is finitely presented by

_(R —A (+0x(p+s)
L= <0 s ) eD R

foracertain A € 2, € homp (N, E) and B € homp (E, M) are defined by

N-%E EL M
S —o(nO© 1)), o) x(v, O)F),

and g: D"+ — E s the canonical projection onto E. Finally, the equivalence class
[e] depends only on the residue class € (A) of A in the following abelian group:

2/(RD?° + D' S) Zexty, (M, N). (17)

Remark 4 The extension e of Theorem 7 is trivial, i.e., E = N & M, iff there exist U € D?**
and V € D9 suchthat A= RU + V S, i.e., iff e(A) = 0. If D is a commutative polynomial
ring over a computable field k, then using Kronecker product and Grobner/Janet bases, we
can check whether or not this identity holds and if so, compute solutions U and V. See, e.g.,
[47, 55].

The next corollary shows how to determine € (A) for a given extension e.
Corollary 2 ([47]) With the notations of Theorem 7, let
:0—>N-S5F-5M—0

be an extension of the finitely presented left D-module M = D'*? /(D'*4R) by the finitely
presented left D-module N = D" /(D'*'§), {fiYi=1,..p (resp., {ei}i=i,..q) the standard
basis of D'? (resp., D'*9), yj =n(fj), and zj € F a pre-image of y; under v for all
j=1,..., p. Then, we have Z‘;’:l Rijzjeimu foralli =1, ..., q, and, since u is injective,

there exists a unique n; € N satisfying u(n;) = Zf;l Rijzj. If we consider a pre-image
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a; € D' of n; under 8, i.e.,n; =8(a;) foralli =1, ...,q, then the extensions ¢’ and (16)
are equivalent, where E = D'*(P*+9) /(D'*@W+D Ly and:

aj

L= (g —SA) c D(q+t)><(p+.v)’ A= e DI%s .

dq

Equivalently, the following commutative exact diagram holds

R T

Dl><q Dl><p M 0
ool
0 N—" F "M 0,
where  and ¢ are respectively defined by:
Y: DX — F ¢: D9 — N
fir—zjj=1,...,p, ei—>n;=6(a;),i=1,...,q.

Theorem 7 and Corollary 2 will be abundantly used in Sect. 4. For more results
on Baer’s extensions, examples, and applications to mathematical systems theory, see
[4, 46, 47, 50, 55].

The next proposition shows how the presentation of the left D-module E defining the
extension of M by N (see Theorem 7) changes with the presentations of M and N.

Proposition 6 With the notations of Theorem 7, let
M=D1xp/(D1qu)7 N=D1><s/(Dl><tS)’ E=D1x(p+s)/(D1x(q+t)L)

be three left D-modules defining the extension e of M by N (16). Moreover, let [ and g be
two left D-isomorphisms defined by

f:M=D"r/(DIR) — M'= D" /(D'*¢R’)
7(A) —> 7' (AP),
g: N=D"/(D''S) — N'=D"'/(D''§’)
§(u) > 8'(nX),
where 7’ /(resp., 8') is the canonical projection/ onto M’ /(resp., N, i./e., P e DPXP:,
X € D** are such that there exist Q € D17, P’ € DP*P, Q' € D11, Y € D",

X e D", Y e D' T eDP4, T € DP'*4 7 € D' and 7' € D**" satisfying the
following identities:

RP = QR SX=YS,

RP =Q'R, S'X'=Y'S, as)
I,=PP +TR, I,=XX'+Z8,

Iy, =P P+TR, Iy=X'X+27'5.
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Then, the extension e yields the following extension of M’ by N’

oo -1
00— N LB o, (19)

which implies that the left D-module E admits the following presentation

4 ’
I L LS S P
0o s

ie., EZE = D>W+) (D@ [1Y \where this left D-isomorphism is defined by

¢: E— E' ¢ E — E
o(v) — o' (VU), o' (V) — o (VU'),
(P TAXY poroxeien g (P 0 ¢ perroners
0 X ’ 0 X ’

and ¢': D'+ — E’ is the canonical projection onto E'.

Proof With the notations (18), 4 of Proposition 5 yields:
f—l:M/=D1><p’/(Dl><q R/)_)M Dl><p/(Dl><qR)
n/(k/) —> n(k’ /)
g—l: N/:Dlxs’/(Dlxr /) Dlxs/(DlxtS)
8’( /) — S(M X)

Using (18), we get ([, — QQ' — RT)R=R—- QQ'R— RTR=R - RPP'— RTR=0.
Thus, if kerp(.R) = D" R,, then there exists 7» € D> such that:

I,=QQ +RT + T1R,. (20)

Now, (16) yields (19). Moreover, since A € £2 (see Theorem 7), there exists B € D"
such that R, A = BS. Hence, using this identity, (18), and (20), we get

LU~ (R —A\(P TAX\_(RP (RT-1)AX
“\o s /lo x J7\o SX

_ (QR/ —(QQ'A+ T2<R2A>)X> _ (QR’ —(QQ'A+ TzBS)X>

0 Ys 0 Ys
OR —QQ'AX — T,BYS' 0 -TBY\[R —QAX .
Lo Ys “\o Y 0 s -
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where V is the first matrix appearing in the last but one equality, which shows that ¢ is
well-defined by Proposition 5. Similarly, using (18), we get

Ly R —QAX P 0 R'P" —Q'AXX'
~\o s o x/)] \o ¢
Q'R —Q'A(;—Z5) Q" QAZ (R —A) ,
— = = V L,
0 Y'S 0 Y’ 0o S
where V' is the first matrix appearing in the last but one equality, which yields ¢ €

homy, (E', E) defined by ¢ (0'(v')) = o(v'U’) for all v/ € D"*¥'"+") by Proposition 5. Using
(18), we also have

, P TAX P 0 PP TAXX'
UuU' = =
0 X 0 X 0 ). 0. ¢
I,—TR TA(;—-ZS5) 7 T TAZ R —A
Lo L-zs )= \o z J\o s )

which shows that ¢ o ¢ = idg. Moreover, using (18), we obtain

(PT-T'Q)R=PTR-T'QR=PTR-T'R'P

=P'(I,-PP)— (I, — P'P)P' =0,

which shows that there exists W € D? " such that P'T — T'Q' = WR,. Using R,A=BS

and SX = Y (see (18)), (P'T — T'Q")AX = W(R,A)X = WBSX = WBYS', and thus
P'TAX =T'Q'AX + WBYS', and then

s (P O\ (P TAX P'P PTAX
“\o xJ\o x /J \o X'X
Iy=T'R PTAX\ T" —WBY\ (R —QAX
- 0 I,—z's )~ 7" 0oz 0 s )

which shows that ¢ o ¢ = idgs, and proves that ¢ is a left D-isomorphism, ¢ = ¢~!. ]
2.3 Pure Modules and Grade Filtration
Let us introduce the concept of grade number.
Definition 6 ([9, 10]) The grade number of a nonzero finitely generated left D-module M
is defined by jp(M) =inf{i € N | ext’b(M, D) # 0}. If M =0, then we set jp(M) = oo.
A similar definition holds for right D-modules.

If M #0, then jp (M) is then the smallest nonnegative integer such that:

ext)?™ (M, D) #0.
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Remark 5 If gld(D) is finite and M is a nonzero left D-module, then using Proposition 3,
extiy(M, D) =0 for all i > gld(D), which yield 0 < j, (M) < gld(D).

Let us introduce the concept of pure module that will play an important role.

Definition 7 ([10]) A finitely generated left D-module M is said to be pure or jp(M)-pure
if jp(N) = jp(M) for all nonzero left D-submodules N of M.

Remark 6 If M is a pure left D-module, then the cyclic left D-module Dm generated by
m € M \ {0} satisfies jp(Dm) = jp(M). More generally, if N is a left D-submodule of a
Jjp(M)-pure left D-module M, then N is also jp(M)-pure since every left D-submodule of
N is aleft D-submodule of M and jp(N) = jp(M).

In what follows, we shall mainly focus on the class of Auslander regular rings.

Definition 8 ([10]) We have:

1. A ring D is called an regular ring if D is a noetherian ring of finite global dimension
gld(D).

2. Aring D is called an Auslander regular ring if D is a regular ring which satisfies the
Auslander condition, namely, for every i € N, for every finitely generated left (resp.,
right) D-module M, and for every right (resp., left) D-submodule N of ext’b(M , D),
then jp(N) > 1.

Remark 7 If D is an Auslander regular ring, then for a nonzero finitely generated
left D-module M, taking N = ext’b(M, D) in Definition 8, jD(ext’b(M, D)) > i, ie.,
exté(ext’b(M, D), D) =0 for 0 < j < i. Considering ext"D (M, D) instead of M in Defi-
nition 8, then we get that N C ext), (ext), (M, D), D) yields jp(N) > 1.

Theorem 8 ([10]) Let D be an Auslander regular ring and M a nonzero finitely generated
left D-module. Then, we have:

1. M is pure iff M is a left D-submodule ofextg)(M> (extjDD(M> (M, D), D).

2. M is pure iﬁ‘ext’b(ext’b(M, D), D) =0 fori # jp(M).

3. If ext), (ext,(M, D), D) # 0, then exty,(ext),(M, D), D) is a pure left D-module with
grade number i, i.e., jD(ext’b(ext’b(M, D), D)) =i.

Example 4 By 1 of Theorem 8, M is O-pure iff M is a left D-submodule of
homp (homp (M, D), D). If D is a domain, then using 3 of Theorem 5, we deduce that

M is O-pure iff M is a torsion-free left D-module. In particular, the left D-module M/t (M)
is either zero or O-pure.

Let us now show that pure modules naturally appear in the study of a finitely generated
left module M over an Auslander regular ring D. Let us consider:

i(My={meM| jp(Dm) =i}, i=0,....,n=gld(D), L (M)=0. (21

To prove that the ¢; (M)’s are left D-modules, we need the following result.
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Proposition 7 ([10]) [f 0 — M’ — M —> M" — 0 is a short exact sequence of left
modules over an Auslander regular ring D, then:

Jo(M) =inf{jp(M'), jp(M")}.

Remark 8 Tf ext,,(M’, D) = 0 and ext),(M"”, D) = 0 for 0 <i < j, then Theorem 3 yields
extiD(M, D)=0for0<i < j,andthus jp(M) > inf{jp(M"), jp(M")}. Thus, the Auslan-
der regularity condition is only used to prove the other inequality.

Let us now explain why t; (M) is a left D-module. Firstly, if m € ¢;(M) and d € D, then
dm € Dm, i.e., D(dm) € Dm. Then, applying Proposition 7 to the short exact sequence
0 — D(dm) — Dm — Dm/D(dm) — 0, we get jp(D(dm)) > jp(Dm) > i, i.e.,
dm € t;(M). Secondly, let m; and m, € t;(M). Then, we have m| 4+ m, € Dm; + Dm,.
Since D(m; +m,) € Dmy 4+ Dm,, similarly as previously, Proposition 7 yields jp (D (m +
my)) > jp(Dm; + Dm;). Now, applying again Proposition 7 to the following two standard
short exact sequences

0 —> Dm; N Dmy —> Dm; & Dm, —> Dm| + Dm, —> 0,

0 — Dm; —> Dm; & Dm, — Dm, — 0,

(see, e.g., [50]), we then obtain the following inequality and equality

Jp(Dmy + Dmj) > jp(Dm; & Dmy),
Jjp(Dmy @ Dmy) = inf{jp(Dm,), jp(Dmy)} =1,
which ylelds ]D(D(ml +my)) >1i, ie,my+myet; (M).
If M’ is a left D-submodule of M such that j,(M') > i and if m" € M’ \ {0}, then apply-
ing Proposition 7 to the short exact sequence

0— Dm' — M’ — M'/(Dm') — 0,

we get jp(Dm') > jp(M') > i, i.e., m" € t;(M), and thus M’ C t;(M), which proves
that ¢;(M) is the largest left D-submodule of M (D is a noetherian ring) which satisfies
Jp @ (M)) = i.

Note that to(M) = {m € M | jp(Dm) > 0} = M. Thus, the following descending filtra-
tion of M holds:

0=t (M) S t,(M) S 1,1 (M) S--- S H(M) S 1o(M) =M. (22)
If D is a domain, then using Corollary 1, we get ¢, (M) = ¢t (M) since:
met(M) & ext)(Dm,D)=0 <& jp(Dm)>1 & met(M).
It can been seen that a module M is i-pure iff t; (M) =M and t,., (M) = 0.

Lemma 1 The left D-module t;(M)/t;11 (M) is either zero or is i-pure.

Proof Let us suppose that P = 1;(M)/t;.1(M) is nonzero. Applying Proposition 7 to
the short exact sequence 0 — t,. (M) — t;(M) — P — 0, we get jp(P) >
jp(ti(M)) >i,and thus P C¢t,(P) C P,i.e., t;(P) = P.Letus now check that #;,{ (P) =0,
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which will prove the result. Composing the two canonical projections «: t;(M) — P =
t;(M)/t;x1 (M) and B: P —> P/t;11(P), we get the following commutative exact diagram:

0 0
tir1(M) ker(B o @)
0 1 (M) (M) 0
o Boua
0—— t1(P) P P P/tis1(P) ——— 0.
0 0

The snake lemma (see, e.g., [50]) then yields the following short exact sequence:
00— ti s (M) — ker(Boa) — t;11(P) — 0.

Using Proposition 7, jp(ker( o o)) = inf{jp(t;11(M)), jp(ti+1(P))} > i + 1. Since
tir1(M) Cker(Boa) Ct;(M) C M, we obtain ker(f oa) =t; (M), and thus t;,1(P) =0
by the above short exact sequence. O

According to Lemma 1, (22) is called the grade (purity) filtration of M (see [10]).

Theorem 9 ([9-11]) Let D be a ring equipped with a filtration {D,},>_;, where D_; =0,
such that the associated graded ring gr(D) = @,y D,/ D,-1 satisfies the following three
properties:

1. gr(D) is a commutative ring.

2. gr(D) is a noetherian ring.

3. gr(D) is a regular ring of pure dimension d € N, namely, gld(gr(D)w,) is equal to d for
all localizations gr(D)y, of gr(D) at maximal ideals m of gr(D).

Then, the following results hold:

1. gld(gr(D)w) is equal to the Krull dimension Kdim(gr(D)y,) of the noetherian local
ring gr(D)w, which also equal to the dimension dimgr(D)m/m(m/mz) of m/m? as a
er(D)y /m-vector space. This common value d for all maximal ideals m of gr(D) is
denoted by dim(D).

2. If M #£0 is a left D-module M, then the characteristic ideal J (M) of gr(D), defined by

J(M) = \/anngp, (gr(M)) = {a € gr(D) | Ik € N: a*gr(M) =0},
does not depend on any good filtration of M (e.g., if M = Zl{;j Dy; then {M,},cn
defined by M, = Z_’;=l D,y; for all r € N is a good filtration of M and we have

er(M) =Y 0_, gr(D)y;).
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3. If the dimension of M is defined by dimp (M) = Kdim(gr(D)/J(M)) and the codimen-
sion of M by codimp (M) = dim(D) — dimp (M), then we have:

Jjp(M) = codimp(M). (23)

A ring D satisfying (23) for all modules M is called a Cohen-Macaulay ring. A nat-
ural substitute for dimp(-) for more general k-algebras is the so-called Gel’fand-Kirillov
dimension GKdim (see, e.g., [34]).

If D satisfies the hypotheses of Theorem 9, then dim(D) = gld(gr(D)) since
gld(gr(D)) = SUP 1 eMax(gr(D)) gld(gr(D)y,), where Max(gr(D)) is the set of the maximal
ideals of gr(D) (see, e.g., [50]).

Example 5 If k is a field of characteristic O and A a differential field (namely, a field with
a differential ring structure) of characteristic 0 (e.g., k, k(xy,...,x,)), or k[xy, ..., x,],
kxi, ..., x.], K{x1,...,x,} where ¥’ =R or C, then the ring D = A{dy,...,d,) of PD
operators with coefficients in A is Auslander regular and Cohen-Macaulay (see [9-11]).
In particular, if {D;};>_; is the order filtration of D, namely D; is the A-submodule of D
formed by the PD operators of order less than or equal to i, and ; is the class of 9; in D/ Dy,
then gr(D) = Alxi, ..., xn]. Thus, if A is a differential field of characteristic O (e.g., k,
k(xy,...,x,)), then dim(D) =n, and if A =k[xy, ..., x,], k[x1, ..., x,], or K'{x1, ..., x,},
then dim(A) = n and dim(D) = 2n.

Corollary 3 ([9-11]) Let D be an Auslander regular ring and a Cohen-Macaulay ring, and
M a nonzero finitely generated left D-module. Then, we have:

. dimp (ext), (M, D)) < dim(D) —i.

. dimp (ext}?™ (M, D)) = dim(D) — jp(M).

. Ifext, (exty(M, D), D) # 0, then dimp (ext}, (ext;, (M, D), D)) = dim(D) —i.
. If M is an i-pure left D-module, then dimp(M) = dim(D) —i.

AW N —

If D is an Auslander regular ring with gld(D) = n, then a nonzero finitely gener-
ated left D-module M is called holonomic (resp., subholonomic) if jp(M) = n (resp.,
jp(M) > n — 1). It is convenient to assume that M = 0 is also holonomic so that M is
holonomic if jp(M) > n. If D is also a Cohen-Macaulay ring, then M # 0 is holonomic
(resp., subholonomic) iff dimp (M) = dim(D) — n (resp., dimp(M) < dim(D) — n + 1).
In particular, if D is one of the rings of PD operators defined in Example 5, then we find
again the classical definitions of holonomic and subholonomic modules over a ring of PD
operators (see, e.g., [9-11, 32]).

Let us state a few remarks on holonomic modules. If

0O—M —M-—>M —0

is a short exact sequence and jp(M’') = jp(M”) =i, then jp(M) =i by Proposition 7. In
particular, if M’ and M” are two holonomic left D-modules, so is M. The converse result
also holds since Proposition 7 and jp (M) > n yield jp(M') > n and jp(M") > n. Thus, M
is a holonomic left D-module iff M’ and M” are two holonomic left D-modules. Finally,
a simple module (i.e., a module containing no nontrivial submodules) left A, (k)-module is
not necessarily holonomic as shown in [53]. But a simple module over an Auslander regular
ring D is pure.
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3 Grade Filtration

The goal of the section is to show how the grade filtration (22) of a finitely generated left
module M over an Auslander regular ring D can be explicitly computed. Since we are
motivated by developing an effective algorithm which can be implemented in computer
algebra systems, in what follows, we shall only use free resolutions of modules and not the
more general projective resolutions. This extension can easily be done and it is left to the
interested reader.

Let D be a regular ring, i.e., a noetherian domain D with a finite global dimension
gld(D) = n, and M a finitely generated left D-module. Let us consider a free resolution
of M:

0(_M<”_D1XP<)<ﬂDIXm (Rl <'R’;D‘XP,>1 &Dlxmg&i 24)
Using (7) and Proposition 3, the defects of exactness of the following complex
Ry. R;. Ri_y. R - Rigr. o Riga.
0— DP0 — DPt = ... —— DPi-l 5 DPi 5 DPirl (25)

are the right D-modules defined by:

ext),(M, D) =kerp(R).),
exth,(M, D) =kerp(Ri11.)/(R:DPi-1), 1<i<n, (26)
exti[,(M, D)=0, i>n.

To characterize the extiD(M, D)’s for all 0 <i < n, we need to study kerp(R;;.). For
1 <k <n+ 1, considering the beginning of a free resolution of the finitely generated right
D-module kerp (Ry.), we obtain the following long exact sequence of right D-modules

Rok- Rig. Rok Rek—1)k-
—_—

. Rik-
DP-oe 2% proe 2R ppuwe 22K DPk-k K ppe KK Ny — 0, (27)

where for k from 1 to n 4 1, we have set Ryx = Rk, Pik = Pks Pti—)k = Pk—1 = Plk—1)(k—1)
and:

Nkk = cokerD(Rkk.) = DPkk/(Rkle’Uc—l)k).

Let us explain why this choice of the notations is natural. If we consider a squared-line
paper sheet where each square has coordinates (j, k) € N2, and if the long exact sequence
(27) is placed at k' level with D”J* at position (j, k), then the horizontal arrow of the right
D-homomorphism R j;. arrives at D?J* with j <k (a good mnemonic device). For instance,
the first three horizontal exact sequences can be arranged as follows:

Ro3. Ry3. Ra3. R33.

Dr-13 255 pros 2By pris 285 peas 735 pes B3 N )
Roa.- Ry. Ry. (55}

DP-12 =5 DP02 =5 DP12 =5 NP2 =% N22 RN O’
01 -

R Ryp. K11
pr-n 225 pro 25 pra 2L Ny s,

Since (25) is a compleX, Rk R—1yk—1) = ReRyk—1 =0 forallk =2,...,n 41, and thus
R—1y(k—1) DP&=26=1) C kerp (Rik.) = Ryg—1)x D=2k, which shows the existence of a ma-
trix Fig_p € DPé=2k*Pt=2G-1) such that:

Vk=2,...,n+1, Ru_no-n = Ra-ixFu-2y- (28)
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Using (28), Ru—nk Fe—2k Rk-24-1) = Ra—nyoe—1 Re-2a-1) = 0, i.e.,
Fe—ok R—2y(k—1) DP %D Ckerp(Rg—1yk.) = Rg—ay DPE3k,
and thus there exists a matrix F_3y € DP¢-3k>*Pt=3¢-1 guch that:
Vk=2,....n+1, FgonRa-2a-1 = Ra—rF-3- (29)

For k =3,...,n+ 1, we can similarly show that matrices Fy_j € DP*-Dk*P=pt-D exist
with j =3, ..., k such that:

Fae—pk Rie—jyk—1) = Rk—jpk Fik—j— k- (30)
Let us denote by:
Roo =0, Noo = DP% /0 = DPw, Dol = Poos Foi =1, p-10=0. 3

Using (27), (28), (29), (30), and (31), we get the following commutative diagram formed by
n+2 horizontal exact sequences (where to reduce the size of the diagram, we setm =n—+1):

Om - Rim- Rom- Rap. Rap - Rsp.

R,
DP—1m DPom DPim DP2m DP3m DPam

]‘FOm- ‘Flm~ ]‘FZWP ‘F3m- ]FMW
Ryp. Rop.-

DPén

‘Fln- /[FOH' ‘Fln- /[an' ‘FSn- ]FML-

Ron- Rsy,.

Fo4. Fog- Fig. [sz

Dr-13 Ro3- Dros Ry3. Do Ro3. D Rs33. prs " Nas 0
F_i3. Fo3. Fi3.

pr-i2 Rpa.- Do Rpa. pri2 Roj. pra k22 Ny 0

F_ip. Fop-

DP-11 Ror- DPot Ru- DPu i Nij 0

0 Dpro 2, Ny, 0.

(32)
Now, if we denote by N_jy the finitely presented right D-module defined by

N(k—j)k = cokerD(R(k_j)k.) = DP“*]')I"/(R(k_j)k DP(k—j—l)k)7
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then (32) can be truncated to get the following commutative diagram formed by horizontal
exact sequences:

Ro+1)- Rig+1)- Kl(n+1
DP-1(n+1) L} DPo@m+1) L} DPin+1) L Nl(n+l) J—{

‘F—l(n+l)- ]Fow-l)- L”l(nﬂy
R

. Riy.- K
DP-1n * DPon In DPin In Nln 0
[F—ln- WFOn- WFIH-
F_1g. Foa- Fg.
Ry3. Ry3. K
DP-13 03 , DPo3 13 DPi3 13 Ni3 0
Foi3. Fos. F3.
Rpp. Ryp. K
pr-uz % pre 12 pri2 12 N 0
F_ip Foo
Ro1- Ryy. K11
DP-11 s DPot DPu Ny 0
K00
00— Dro Noo 0.

(33)

Fork=1,...,n+1and j=0,...,k — 1, using the exactness of the complex

Rik—j—1)k- Rk—j)k-
DPe—j-nk “ETTTOR ppge e 2R bk

at DP&-i-bk we get Ny—j—1y = cokerp(Ru—j—1y.) = imp(Rg—jy.) which, when com-
bined with the short exact sequence

. o K=k
00— lm[)(R(k_j)k.) —> DPu=jk —j)

N(k—j)k —> 0,
yields the following short exact sequence of right D-modules:
0—> N(k,jfl)k —> DPU=k — N(kfj)k — 0. (34)

Using (26), we obtain the following characterization of the right D-modules
exth,(M, D)’s:

exth (M, D) Zkerp(Ri1n+1-)/imp(Ri;.) = (Rig41) DPe-0G+0) /(R;; DPa-Di),
0<i<n, 35)
ext,(M, D) =0, i>n.
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Since Nj; = DPi [(R;; DPG=bi), Nigy1y = DPiGD /(Ry11) DPE-DGED), piipry = pji, and
Noo = DP0_(35) and the third isomorphism theorem of module theory (see, e.g., [50]) yield
the following short exact sequence of right D-modules:

0 —> ext))(M, D) —> Njj —> Njgy1 —> 0, i=0,...,n. (36)

Applying the contravariant left exact functor homp (-, D) to the short exact sequence of (36)
and using Theorem 3, we obtain the following long exact sequences:
0 — ext)(Not,D) —> ext)(Noo, D) —> ext)(ext),(M, D), D)
— exth(Noi, D)  —> exth (Noo, D),
- —> extly ' (Njg41), D) —> extyy ' (Ni;, D) —> extyy ' (exty(M, D), D) (37)
—> ext),(Nig41), D) —> exth,(N;;, D) —> ext)y(extl, (M, D), D)

Ti+1 i+

—>extlDl(N,-(,-+]),D)—>exti5rl(Nii,D)—> ceey, l:],,n

In what follows, we shall assume that D satisfies the following property
Vi>1, exty'(exth(M,D),D)=0, (38)

for all finitely generated left D-modules M. In particular, by Remark 7, this condition holds
if D is an Auslander regular ring (see Definition 8). The importance of (38) was already
noticed in Sect. 9.1.4 of [2].

We note that ext}, (Nog, D) is reduced to 0 since Nog = D is a free, and thus a projective
right D-module (see Remark 2). Using (38), the above long exact sequences then yield the
following long exact sequences of left D-modules:

00— ext% (No1, D) — extOD(Noo, D) — extOD (extOD(M, D), D) — extlD(N()l, D) — 0,

00— eXtiD(N,-(i_,_l), D) — ext’b(N,-,-, D) — extiD (ext’b(M, D), D), i=1,...,n.
(39)

Applying Proposition 1 to (34) fork =i + 1 and j =0, ...,i — 1, i.e, to the short exact
sequence 0— N(i—j)(i+1) — DPG—j+Di+) — N(i—j+l)(i+l) —> 0, we obtain:

Vi=1,....,n, exty' (Nutiitn, D) = exty(Nig41), D) = - Zexty(Nig+1y, D).
(40)
Similarly, applying Proposition 1 to (34) for k =i + 1 and j = 0 gives:

exty > (N1t D) = exti (Nig41y, D). 41
Applying Proposition 1 to the above short exact sequence with i =0 and j =0, we get:
exts (N1, D) = extl (No;, D).
Thus, the first long exact sequence of (39) yields the following one
0 —> exth,(Noi, D) =% ext) (Noo, D) 2% ext) (extd, (M, D), D)
— exts (N, D) — 0, (42)
and (39) and (40) yield the following exact sequence of left D-modules
0 — ext ' (Niynitn, D) LGN exthy (N;, D) 25 ext), (ext, (M, D), D)

— cokery;; — 0, (43)

@ Springer



52 A. Quadrat

where, using (41), we have:
Vi=1,...,n, cokery; =imt,; Cexty (Nigs1), D) = extyi*(Niinuny, D). (44)
Hence, if we introduce the following finitely generated left D-modules
Vi=0,...,n+1, T 2ext,(N;y, D), (45)

then (43) can be rewritten as the following exact sequences:

0—> Trpy 25 7 255 extly (extly (M, D), D) —> cokeryi; —> 0, i=1,...,n. (46)

Remark 9 If D is an Auslander regular ring, then using (45) and Remark 7, 7; is either
zero or jp(T;) > i. Moreover, by 3 of Theorem 8, ext’b (ext’b(M , D), D) is either zero or
is i-pure. In particular, coker y11y; = T;/Vi+1)i (T;+1) is isomorphic to a left D-submodule
imy;; of ext),(ext,(M, D), D), and thus it is either zero or is i-pure by Remark 7. Finally,
using Definition 8 and (44), we find that coker y;; is either zero or jp(cokery;;) >1i + 2.

Using (40), up to isomorphism, the left D-modules 7;’s are the defects of exactness at
D' Poi (marked in red (color version online)) of the horizontal complexes of the following
commutative diagram

Rom+1) Rin+1)

D XP-10+1) D XPom+n) DXPiw+n

J-F1<n+1> J-Fo(n+1> J-F1<n+1>
R R

Dixpoin 0 D1xpon _TIn D1xPin

J-Fln J~F0n J~Fln

(47)
DIxpr-13 : D'xro ¢ D'xri3
Foi3 Fo3 i3

Ry Rip

Dxpr-12 Dxpo2 Dxpri2

Fo1z Foo

R, .R
DIxp- o1 Dxpor 1 Dxru

0—— DWP0

i.e., we have:

Ty = D"Pw, T, =kerp(.Ry;)/imp(.Ry;), i=1,...,n+1. (48)
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If pi: kerp(.Ry)) —> T; = kerp(.Ry;)/(D'*P1i Ry;) is the canonical projection onto the
D-module T; fori =1,...,n+ 1, then Y41y € homp(Ti41, T;) (see (46)) is defined by:

VA ekerp(RoG+1),  Yirni(Pie1(V) = pi(AFoa4y), i=1,....n. (49)

The inclusion kerp (.Ro;) € D'*P0! yields the commutative exact diagram

0 0

|

00— DIXPHR” e keI'D(.Ro]) L) T1 — 0

]

0—— DVPuR, — > pbxpo — "y,

0
where y;9 € homp (T, M) is defined by
Vi ekerp(Ro1),  yio(o1(V) =), (50

and 7 is the canonical projection onto M = D'*7o1 /(D'PILR| ) i.e., yio = idy, . In partic-
ular, yo is injective. Moreover, using the following inclusion

Ty = kerp(.Ror) /(D" Riy) € M = D'*71 /(D*PIRy,),
the third isomorphism theorem of module theory (see, e.g., [50]) gives:
M/ T, = D" /kerp(.Roy). (51)

If D is a domain, then 1 of Theorem 5 shows that 7 =t(M) and M/ T, = M /t(M).

Let us now study the long exact sequences (42) and (46) fori =n — 1, n.

A right D-module analogous of Theorem 1 shows that ext(l’) (No1, D) =kerp(.Ry1). Us-
ing (31), Ty = ext},(Noo, D) = homp(DP®, D) = D*P0 = D!*Por (see (48)). The long
exact sequence (42) then becomes the following one:

0 —> kerp(.Ro) 2% D701 % ext (ext) (M, D), D) —> ext%,(N11, D) —> .

Proposition 3, gld(D) = n, and (44) yield
coker Y11y S ext’ly’ (N, D) =0,

i.e., coker Yu—1ym—1y = 0. Thus, setting i =n — 1 in (46), we get the following short exact
sequence

0—> T, 0 7, L2 exey ! (extly | (M, D), D) —> 0,
which shows that:
coker Vntn—1) = Tn—l/(yn(n—l)(Tn)) = eXtrll)_l (eXt;l)_l(Ma D), D) (52)
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Proposition 3, gld(D) = n, and (44) imply that
coker Y, € exth> (Niys1)r1), D) =0,
i.e., coker y,, = 0. By Proposition 3, we also have:
Tn+1 = ext’;)“ (N(n+1)(n+l)a D) =0.

Thus, setting i = n in (46), we obtain the following short exact sequence

0—s T, 2% ext, (ext’b(M, D), D) — 0,

which shows that:
T, = ext} (ext),(M, D), D). (53)

Therefore, the following exact sequences of left D-modules hold

— T, T exthy (exth (M, D), D) — 0,

00— T, Jrloml) T — coker ¥, (n—1 — 0,

00— Tl M} Ti*l —> coker Yii-1) e 0,
(54

00— T, RN T, — coker y»; — 0,

0— T, e M SN M/T, —0,

0 —> kerp(.Ry;)) —> D'*pot AN M/T, —0,

0— M/T — ext% (ext%(M, D), D) — ext%(N“, D) — 0,

where:

Vi=2,...,n, cokery;;_1 C ext’b (ext"D (M, D), D). (55)

Since the y;(;—1)’s are injective left D-homomorphisms and y;¢ = idy, , we can define the
following sequence {M;};—o...., of left D-submodules of M as follows:

My=M,
M, =yio(T)) =T, (56)
M; = (yipo---oyii-n))T) =T, i=2,...,n.

Using (49) and (50), the left D-module M; can be explicitly characterized by:

M, =7 (kerp(.Ror)),

. (57)
M,‘:T[(keI'D(.RQ,‘)(FO[...F()l)), 1 :2,...,l’l.

The inclusion y;;—1)(T;) € T;—; yields M; € M;_;, and we get the following descending
filtration of M:

0=M,1CEM, CM, 1S---CMCTM SMy=M. (58)
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Remark 10 Let us explain why the left D-modules M;’s depend only on M and not on
the free resolution (24) of M. Using Remark 3, the Auslander transpose right D-module
N;; = DPii /(R;; DPG-Vi) of the left D-module cokerp(.R;;) = D'*Pii /(D'*PG-1i R;;) de-
pends only on cokerp (.R;;) up to projective equivalence. Using Remark 1 and the exactness
of the free resolution (24) of M, we find that the right D-modules

COkCI'D(.R,‘,‘) = COkCI'D (R,) = Dlei’] R,'_l = kerD(.R,‘_z), i > 3,
cokerp (.R») = cokerp(.Ry) = D*PIR, =ker,
cokerp(.Ry;) =cokerp(.R;) =M,
depend on M up to projective equivalence. Thus, the right D-module N;; depends only on

M up to a projective equivalence for i > 1. Finally, using Remark 2, M; = T; = ext}, (N;;, D)
depends only on M fori > 1.

We obtain the following results.

Theorem 10 Let D be a regular ring of global dimension gld(D) = n which satisfies
Vi>1, ext)'(exth(M,D),D)=0,

for all finitely generated left D-modules M. Then, with the above notations, the following
results hold:

1. The following long exact sequences of left D-modules hold

0—> My 5 M; =5 extly (extly(M, D), D) —> C; — 0, i=0,...,n, (59
where C; = coker¢; is isomorphic to a left D-submodule ofextigrz(N(i+1)(i+1), D) for all
i=0,...,n—2 (with equality for i =0), C,_ =0, and C, = 0. In particular:

M, Zext)(ext}(M, D), D),  M,_i/M, =ext} ' (ext}; (M, D), D).
2. The following descending filtration {M;}i—o....n+1 of M holds:
0=M,, CM, CM, 1 S---CM;CTM CSTMy=M.

In particular, if M; =0, then M; = M; 1, =---=M, =0.
3. M :MjD(M)'

Proof 1. Using the last short exact sequence of (54), M = My, and M, = T|, we obtain
(59) for i =0, where Cy = ext%(Nll, D). Let us now suppose that i = 1,...,n and let
Qi = Y100)210¥320- - -0 ¥ii—1) be the left D-isomorphism from 7; to M; (see (56)). Then, the
long exact sequence (46) yields (59) where t; 41 = o 0 Y41y © O‘i_+11 =idy,, . & =Viio ai_l,
and C; = cokere; = cokery;; C ext"gz(N(,»H)(,-H), D) by (44). Since gld(D) = n, we get
C,—1 = C, =0.Finally, (59) fori =n, M,;; =0 and C, yield M,, = ext,(ext},(M, D), D),
and (59) fori =n — 1 and C,_; = 0 implies that M, /M, = ext}, ' (ext}; (M, D), D).

2. The equality is a direct consequence of (58).

3. If jp(M) = 0, then the result holds since M = M,. Let us suppose that j,(M) > 1.
Then, we have ext), (ext),(M, D), D) =0 fori =0, ..., jp(M) — 1 since ext}, (M, D) =0
fori =0,..., jp(M)— 1. Using (59), we get M; ., =M, fori =0, ..., jp(M) — 1. O

Let us give consequences of the above results for an Auslander regular ring D.
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Proposition 8 If D is an Auslander regular ring and gld(D) = n, then we have:

1. If M; is nonzero, then jp(M;) >i fori =0,...,n.

2. If M;/M; | is nonzero, then M;/M; is an i-pure left D-module fori =0, ...,n. More-
over, if M1 =0, then M; is either zero or an i-pure left D-submodule of M. In particu-
lar, M, is either zero or a n-pure left D-module.

3. If C; is nonzero, then jp(C;) >i+2fori=0,...,n—2.

4. M; = My, iff ext), (ext), (M, D), D) =0.

Proof 1. Since M; = T; = ext),(N;;, D) for i = 1,...,n, Remark 7 then shows that
jp(M;) > i. Moreover, My = M, and thus jp(My) > 0.

2. By 3 of Theorem 8, ext),(ext), (M, D), D) is either zero or i-pure, and so is the
left D-module M;/M;,; = imeg; C ext"D(ext’b(M, D), D) (see Remark 6). In particular,
if M;;; =0, then M; is either zero or an i-pure left D-submodule of M. Finally, M, =
ext, (ext, (M, D), D) (see 1 of Theorem 10) implies that M, is either zero or n-pure.

3. C; = cokerg; is isomorphic to a left D-submodule of extgz(N(i+1)(i+1), D) for i =
0,...,n—2(see 1 of Theorem 10). Then, using 2 of Definition 8, we get jp(C;) > i +2 for
i=0,...,n—2.

4.1f M; = M;, then (59) gives C; = ext) (ext},(M, D), D). On the one hand, by 3 of
Theorem 8, C; is either zero or i-pure, and thus we either have C; =0 or jp(C;) =i. On the
other hand, using 3, if C; # 0, then jp(C;) > i + 2, which shows that C; = 0. Conversely, if
exth (exth, (M, D), D) = 0, then (59) yields M; = M. O

If D is also a Cohen-Macaulay ring, then Corollary 3 yields:

Vi=0,...,n, dimp(M;) <dim(D) —1i, 60)
Mi/Mi+1 #0 = dlmD(M,/M,+|):d1m(D)—l
If D is an Auslander regular ring, then let us now show that the filtration {M;};—o ., of
M defined by (56) is exactly the grade filtration {t; (M)};—o,..., of M defined in (21).
Theorem 11 Let D be an Auslander regular ring and M a finitely generated left D-module.
Then, we have t;(M) = M; foralli =0, ...,n =gld(D), i.e., the grade filtration (22) of M
and the filtration (58) of M coincide.

Proof 1. Let us first prove that 0 = M; € t;(M). By 1 of Proposition 8, jp(M;) > i. If
m € M;, then applying Proposition 7 to the following short exact sequence

0— Dm — M; — M;/(Dm) — 0,

we obtain jp(Dm) > jp(M;) =i, and thus m € t;(M), i.e., M; C t;(M).

2. Following [9], let us prove #;(M) € M; by induction on i, i.e., t; (M) = M;. We first
note that to(M) = M = M,, which proves the result for i = 0. Let us now assume that
t;(M) = M; and let us show that it yields #; (M) = M;,. Since M;; Ct;1.1(M) C t;,(M)
by 1,wegett, .y (M)/M;11 Ct;(M)/M;1 = M;/M;,. Using 2 of Proposition 8, M; /M,
is either zero or an i-pure left D-module. If M;/M;, =0, then t, ., (M)/M;.; =0, i.e.,
tiy1(M) = M;, which proves the result. Hence, let us assume that M;/M;, is an i-pure
left D-module. Then, by definition of a pure module, its left D-submodule #;;(M)/M;
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is also either zero or i-pure. If #;41(M)/M;, is i-pure, then jp(t;1(M)/M;,) =i. But
applying Proposition 7 to the following short exact sequence

0— Miy1 — tipgi(M) — t; 1 (M)/ M1 — 0

gives jp(tir1(M)/M;11) > jp(tiv1(M)) > i + 1, which yields a contradiction. Thus, we
obtain t;(M)/M;+, =0, i.e., t;11 (M) = M;,,, which proves the result by induction. [

Remark 11 We can combine Theorem 11 and Proposition 8 to find again 2 of Theorem 8.
Indeed, using Theorem 11 and the fact that M is i-pure iff t;(M) = M and t;;1(M) =0,
we get that M #£0Q is i-pure iff M =M, =---=M; #0 and M;1, = Myyp =--- =
M, 11 = 0. By 4 of Proposition 8, the equalities are equivalent to ext’i) (ext’z) (M, D), D) =
0 for k=0,...,i—1and k =i + 1,...,n. Now, combining M; # 0, M;;; = 0, and
(59), exti,(ext;,(M, D), D) contains the nonzero left D-submodule M;, which shows
that exti, (exti, (M, D), D) # 0. Conversely, if extt,(extt,(M, D), D) = 0 for k # i and
extl (exth, (M, D), D) #0,then M =M, =---=M; and My, =My =---=M,;; =0
by 4 of Proposition 8. Finally, since ext"D(extiD(M, D), D) # 0 yields M #0, M #0 is
i-pure, which proves the result.

The existence of the filtration (58) only requires that D is a regular ring which satisfies
(38). If D is an Auslander regular ring, then Theorem 11 proves that (58) is exactly the grade
filtration (22) of M. If D is also a Cohen-Macaulay ring, then using (60), the descending
filtration {M;};—,.., of M gives a built-in classification of the elements of M by means of
their (co)dimensions, i.e.:

i=0,....,n, M;=t(M)={meM|codimp(Dm)=>i}
={m e M | dimp(Dm) <dim(D) —i}.
This filtration is sometimes called the codimension filtration of M (or equidimensional de-
composition in algebraic geometry).

Remark 12 1f D satisfies the hypotheses of Theorem 9, then Theorem 9 shows that the
characteristic ideal J (M) of gr(D) does not depend on the choice of a good filtration of M.
The characteristic variety of M is then defined by

char(M) = {p € Spec(gr(D)) | J (M) S p},

where Spec(gr(D)) is the set of prime ideals of gr(D) endowed with the Zariski topology.
A well-known result in algebraic analysis states that a short exact sequence of left D-modu-
les0 — M' — M —> M" — 0 yields the equality char(M) = char(M’) U char(M")
(see [29, 32]). Applying this result to the short exact sequences

0— My — M; — M;/M;1, — 0, i=0,...,n,
we get:

char(M) = | J char(M;/M;.,). 61)
i=0,...,n
It can be proved that the characteristic variety char(P) of an i-pure module P is equidimen-
sional in the sense that every irreducible component of char(P) has dimension dim(D) — i
(see, e.g., [10]). Hence, (61) is an equidimensional decomposition of the affine algebraic
variety char(M).
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Theorem 11 shows that the grade filtration of M can be computed by means of elemen-
tary methods of module theory and homological algebra. In particular, we do not need to
compute a Cartan-Eilenberg resolution P** (see, e.g., [50]) of the complex (25) (called
Rhom(M, D) in derived categories (see, e.g., [24])), the total complex Tot(homp(P**, D))
of the double complex homp (P**, D), and the spectral sequence associated with the first fil-
tration of Tot(homp (P**, D)). For more details, see [2, 9-11, 22, 24, 31, 50]. Our approach
has then the advantage to be easily implementable in any computer algebra system con-
taining an implementation of Grobner bases for (noncommutative) polynomial rings (e.g.,
Maple, Singular, Macaulay2, Magma, Mathematica).

The filtration (58) is a particular case of the more general bidualizing filtration
{M;}i—o...n of a finitely generated module M over a regular ring D [9, 10], of which the
existence can be proved by means of a spectral sequence argument. In this case, M; /M, is
then a left D-subquotient (i.e., a quotient of a left D-submodule) of ext’b (ext’b (M, D), D),
and not simply a left D-submodule as shown above for a regular ring D satisfying (38) (e.g.,
an Auslander regular ring). Finally, the results developed in [9, 49] were extended in [31] for
an Auslander-Gorenstein ring D, namely a noetherian ring of finite injective dimension m as
a left/right D-module (i.e., ext"D (M, D) =0 for i > m and for all left/right D-modules M)
[50] which satisfies the Auslander condition (see 2 of Definition 8).

Let us sum up the above results in the following algorithm.

Algorithm 1

Input: A regular ring D satisfying (38), gld(D) = n, and a matrix R € D9*?.

Output: A sequence {7;},—; ., of finitely generated left D-modules defined by
(45) and a sequence {y1o € homp(Ty, M)} U {yi+1yi € homp(Tity, T;)}i=1,..n of left
D-homomorphisms defined by (50) and (49) such that

{My=y10(T)), Mi = (000 vig—)(T), i =2,...,n}

is a descending filtration of M (which is the grade filtration when D is an Auslander
regular ring).

. SetRy =R, pi=p, pp=q,and M = D'*P1 /(D' *P2R)).
. Compute matrices Ry € DP¥*Pk=1 for k =2, ..., n such that (24) is an exact sequence.
3. Set prk = P, P—1)k = Pk—1 = Dk—1)tk—1)» Rix = Ry, and:

N =

Ny = DI’kk/(RkkDP(k—l)k).
4. Fork=1,...,nandfor j=1,...,k, compute Ry_jy € DP&-Hk*P-j-bk guch that (27)
is an exact sequence.
5. Fork =2,...,n, compute matrices F_sy € DP*-2k*P-2Gk-1 guch that:
Ric—1ya—1) = Ro—1x Fre—2pk -
6. Fork=2,...,nandfor j =2,...,k, compute F_jy € DP*=pk*Pt=p&-1 gsatisfying:
F— pk Rie—jyk—1) = Rik—jpk Fike—j— -

7. Return the matrices Ry;, Ry;, and Fy; defining the left D-modules

Vi=1,...,n, T;=kerp(.Ry)/imp(.Ry;),

@ Springer



Grade Filtration of Linear Functional Systems 59

Yio = idTlI Tl = kerD(.Rm)/imD(.R“) — M = DIX'DOI/imD(.RH), and Yii-1) €
homp(T;, T;_1) by (49) fori =2, ..., n.

Remark 13 Using 3 of Theorem 10, i.e., M = M, (), let us explain how Algorithm 1 can
then be speeded up when jp (M) > 1 by avoiding the computation of the left D-modules 7;’s
fori=1,..., jp(M). Since ext’b(M, D)=0fori=0,...,jp(M)— 1, then (25) yields the
following free resolution of N, ), wm):

R;. Rjpan-

Ry. . Kjp(M)jp (M)
ppro 2L ppr 220 PP ppipmy ID2TIDET

Njpayjpny — 0. (62)

Applying Proposition 1 to (62), extg’(M) (Njponjpany, D) = ext}j(N“, D) = M,, where
Ny = DPV/(R; D). Since jp(M) > 1, using Theorem 1, kerp(R;.) = ext%(M, D) =0,
and thus M =M, = extlD(N 11, D). Hence, we do not need to compute the beginning of a
free resolution of Ny, fork=1,..., jp(M), i.e., in 4 of Algorithm 1, we can only consider
k=]D(M)+1,,n

If D admits an involution 6, namely, 6 : D —> D satisfies 0% =1idp and
Vdi,d, e D, 6(d,+dy)=0(d) +0(d), 0(d\dr) =0(d>)0(dy),

then we can compute the matrices R— ) defined in 4 of Algorithm 1 by left Grobner basis
techniques. For more details, see [14].

Algorithm 1 and its improvement given in Remark 13 are implemented in the PURITY-
FILTRATION package [45] built upon the Maple package OREMODULES [15]. For more
details, see [43]. The PURITYFILTRATION package can be used to compute the grade filtra-
tion of a finitely generated left D-module M, where D is one of the Ore algebras supported
by the OREMODULES package. Algorithm 1 has also been implemented in the homalg
based package AbelianSystems [7] by M. Barakat (University of Kaiserslautern) and
the author, and more recently by C. Schilli (University of Aachen) in the Singular package
purityfiltration.lib [51].

Let us now determine a finite presentation of the left D-modules 7;’s defined by
(45). To do that, we first consider the beginning of a finite free resolution of P; =
D*P-1i /(DYPoi Ry;), namely, matrices R|; € DPii*Poi and R} € DP%*Pii such that
kerp(.Ro;) = DIX”/HRL. and kerp(.R};) = DxPy; RS, fori =1,...,n. We obtain the com-
mutative diagram (69) formed by horizontal exact sequences.

Remark 14 If Ry, =0, i.e., kerp(Ry;.) = 0, then applying the functor homp (-, D) to the

Rix. .

short exact sequence 0 — D?P0 2 pric 25 N 1 —> 0, we get the following complex
0 «—— D!xprok ('R_”‘ DX

Hence, we have kerp(.Rox) = D' ie., R}, = I, pj; = Por> and Ry, =0.

Combining (57) with kerp(.Ro;) = D' Rj;, we obtain the following characterization
of the M;’s, i.e., of the #;(M)’s when D is an Auslander regular ring:

(63)

My = (D5 Ry (DV7 Ry,
M; = (D"™Pi (R} Fyi ... Fon))/ (D" Ry1), i=2,...,n.
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Hence (63) shows that the residue classes of the rows of the matrix Rj; Fo; ... Fy; in the left
D-module M = D'*Po1 /(D'P11 R ) generate the left D-module M;.

Algorithm 2

Input: A regular ring D satisfying (38), gld(D) = n, and a matrix R € D?*P.
Output: A sequence {M;};—; ., of left D-submodules of M defined by (63), i.e., the
grade filtration (58) of M when D is an Auslander regular ring.

1. Apply Algorithm 1 to D and R € D?*P to get Ry; € DPo*P-ii for i =1,...,n, and
Fy; € DPoixpoi-n fori =2,...,n.

2. Compute Rj; € DP1i*Poi guch that kerp(.Ry;) = DIXP’nRil, fori=1,...,n.

3. Return the matrices Rj; Fo; ... Fy (or their reductions with respect to the left D-module
DY iRy ) fori=1,...,n, where Fy; = I,,),.

Algorithm 2 is implemented in the PURITYFILTRATION package [45].

Let us now compute a finite presentation of the left D-module M;’s. The identity
Ry Ry; =0yields D'*Pti R); Ckerp(.Ry;) = D7 Rj;, and thus there exists R|; € DP1ixPli
such that:

Vi=1,...,n, Ry =RR],. (64)

Applying Proposition 4 to the left D-module 7;, we obtain

Vi=1,...,n, T, =kerp(.Ry)/imp(.Ry;) = (Dlxp’nfR;i)/(D“PlfR”)

) ) (65)
=L; = D"Pi/(D"PiR], + D" R),),
where the above left D-isomorphism y; is defined by
' i pr L. pr Xi ' P/ i
L; = D" /(DVPiR], + D™ R),) = T; = (D7 R};) /(D" Ry;) 66)

P — pi(ARY).

and p!: D"Pii —> L; is the canonical projection onto the left D-module L;. The inverse
)(f1 € homp(T;, L;) is defined by Xfl(,o,- (AR})) = p;(1) forall A € DY,

Let us now complete the commutative diagram (69) to determine the left D-homomor-
phism ¥ ;. |; induced by the left D-homomorphism y; 4y and the left D-isomorphisms x;
and x;4+;. Using (30) with k = j =i and i =2,...,n, we obtain Fy; Roi—1) = Roi F_1;.
Pre-multiplying this identity by R};, we get R}, Fo;Roi—1) = R};Ro;F-1; =0, and thus
Dle’/li(RgiFO,») C kerp(.Roi—1)) = DIX”?(F‘)R/I(FI), which proves the existence of a ma-

trix F/, € Di*Pli-1 such that:
Vi=2,....n, Ry Fo=FRj_,. (67)
Similarly, we can prove the existence of a matrix F; € DP2*P2i-1 such that:
Vi=2,....n, RyFl=FjRy_,. (68)
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Thus, the commutative diagram (70) formed by horizontal exact sequences holds.
R R} .R},
DIxP-1n On D1 xPon 1n D!xPi, 2n D1xP,
gy -Fop
Rogr_ R}, R,
DXP-i-1) 0= D1XPoe-1) le—D) DlXp/l(n—l) -1 Dlxl’émfl)
F_1m-1) Fom—1)
(69)
F_jg -Foa
/ /
R -R
Dlxl’—l? 03 Dlxpg:; 13 Dl><p/]3 23 Dl><p/23
Fo1z -Fo3
R R R}
Dxr-12 02 D!xpro 12 D*Ph 2 D*Py
F_i2 -Fop
R / R/
Dlxp-11 o D1 xpoi 1 D1xP 21 D1xPy
R R’ R/
Dlxp—ln <$ DIXPOII In n Dlxp/zn
F_4 F F/ F}
Y g ) -L'0on “ln T 2n
Ro(n_ Ry R,
DxP—1a-1) 0t—D DxPon-1) =) 2n—D D1><P/z(n71)
! !
Fo1m-1 Fo-1) Flan Fym-1y
(70)
F_14 Fos Fiy Fly
R R’ R/
DIxr-1s 03 D1xpos 13 23 D1xP;
F_g3 .Fo3 Fis Fls
R R R
D1xp-12 02 Dxpo2 12 22 D! X Phy
F_12 Foo Fiy Fly
R .R! R}
Dxp-11 ot Dxpor 1 2 D1xpy
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; .RY. .Rj,.
Dixp-13 -Ros D1%pos3 13 23 D1xphy
A % .R'{S
Dixp-13 -Ros D1xpo3 iz Dlxpiz iy
F_13 Fos \
Xa2
R Ry
DlXp_12 -Roz D1%xpo2 12 22 D1Xphy
-
F_a3 -Fos Fig
7
dp_yy 'I;Doz <R12
Dlxp_12 -Roz D1Xpo2 SizE) D1xpiz ,FQ/Q
PP Foa \
Xi2
R R
plxp-11 -Ro1 D1xpo1 11 21 D1Xphy
F_12 - ¥
Foa Ipyy
) 'IP—u R ‘Imn R ~R11/1
Dixp-11 -101 D1xpo1 -1 Dlxp1u1

Fig. 1 Bottom part of the main diagram defining the grade filtration of M
Let us now deduce identities which will be used in what follows. Combining (28), (29),
(30), (64), and (67), fori =1, ..., n, we get

Fiisn (R RY) = FiasnRi = R Fosn) = (R i1 Rigen) Foisn)

= Ri/(i+l)F1/(i+l)Rii’
and thus (Fig4+nHR]; — Rf(i+1)F1/(i+1))Rii =0,i.e.,
DY Pty (Fl(i+|)R;/i - R/l/(i+1)Fl/(i+1)) C kerp ( i[) = D" Ry,

which proves the existence of a matrix X;, € DP1G+0*Py; guch that:

Vi=1,...,n—1, FiaR}; = R Flip = XiaRy;. (71)

Now, ¥(i+1); € homp(T;41, T;) then yields ¥, |); € homp(L;y1, L;) defined by
Vi=1,...n—1, Vi =x"0Vitni o Xi+1, (72)

where the x;’s are defined by (66) and y(;11y; by (49). Using (67), we get

Vs (P ) = (67" 0 awni) (01 (AR ) = 4 (i (AR 1y Foin)))
= Xi_l(pi ()‘Fl/(iJrl)R/li)) = pt'/()”Fl/(i+l))’ (73)

for all & € D *Pla+ Moreover, using (68) and (71), fori =1,...,n — 1, we obtain

Riiin ., (PR —XoRy\ ([ Fuwy  —Xo ) (R (74)
’ 1G+1) — ’ ’ - ’ ’ ’
RZ(i+]) F2(i+1)R2i O F2(i+1) th
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which yields the following commutative exact diagram

| , Rl Ry’ Iy Pit1
DXLy TP D P+ Lis 0
Gt LFI’(M) lV(iH)i
A(RN,T R/T_)T p{

D1+ R prr g 0,

(75)
N / . ! . . . . .

where G/ ;| € D10 P24 X (PtP2) i the first matrix appearing in the last equality of

(74)
The identities R;; = R}, R}, (see (64)) and R}, R}, = 0 yield the following commutative
exact diagram

nT /T\T /
DIx(Pu+py) (RiRoy) Dxri i L, 0
J_(’zz)n) lR’” J710—710°X1
D1xpi R D1xpoi T M 0,
(76)
where ¥, = y10 0 x1 € homp(L;, M) is defined by:
Vie DM, y(0j (V) = (ARY},). (77)

The matrices previously introduced can be rearranged into the three dimensional di-
agram whose bottom part is shown in Fig. 1. Each two dimensional diagram of Fig. 1
commutes except for the two diagrams marked in green (“faces in the depth direc-
tion”) (see (71)). The horizontal sequences are in the foreground complexes and are ex-
act in the background sequences. The vertical sequences are not complexes. The defect
of exactness T; = ext’b(N,«,«, D) of the ith horizontal complex at D'*?% (marked in red
(color version online)) is isomorphic to the cokernel L; of the left D-homomorphism
DXwitry) 5 pIXPii defined by the two left D-homomorphisms .R{;: DVPi —s
DYl and R DYPy —s plxpy; arriving at (marked in green (color ver-
sion online)), i.e., L; = D" /(D>*Wi*r)(RIT RIYT). The left D-homomorphism
Yii—n: Ti — Ti—; defined by (49), i.e., by means of the left D-homomorphism .F,
(marked in red (color version online)), then induces y;;_;, € homp(L;, L;—;) defined by
(73), i.e., by means of the left D-homomorphism (marked in green (color version on-
line)).

Algorithm 3

Input: A regular ring D satisfying (38), gld(D) = n, and a matrix R € D?*P.

Output: A sequence {L;};,—;, ., of finitely presented left D-modules and a sequence
{10 € homp (L, M)} U{V 1y € homp(Liy1, Li)}izi,...n—1 of left D-homomorphisms
defined by (66).

1. Apply Algorithm 2 to D and R € D7*? to get matrices Ry; € DPo*P-ti fori=1,...,n,
Fo; € DP>*Poi-n for j =2,...,n, and R}, € Dii*7 such that kerp(.Ry;) = D'*P1i R},
fori=1,...,n.
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. Compute R}, € DP2*?ii such that kerp(.R};) = D"*P2 R}, fori =1,...,n.

. Left factorize Ry; by Rj; to get R}, € DP'i*Pii such that R, = R[,R|, fori=1,...,n.

. Compute F], € D"1*P1i-1 such that R, Fy; = FiR},_, fori=2,...,n.

. Return L; = D'Xpii/(Dlx(P'i+p§i)(R/l/iT ROTY fori =1,...,n, the matrix R}, which
defines ¥, € homp(L;, M) defined by (77), and the matrices Fl’(l. 4D which define
Y1 €homp(Liyy, L) by (73) fori=1,...,n—1.

AW

Algorithm 3 is implemented in the PURITYFILTRATION package [45].
Using 3 of Proposition 5, we get the following finite presentation of cokery ; y;:

coker 7y, = DV /(DPu B, + DPU R}, + DVPuR)), i=1,...,n—1. (78)

We denote by o; : D¥Pi — cokery ;. y; the canonical projection onto cokery ; ,1y;-
Up to isomorphism, the short exact sequences

Y@i+1)i .
0— Ty Z T; — cokeryis — 0, i=1,....,n—1,

defined in (54) (see also (46)) give rise to the following exact sequences:

0—> Lips —2% 1, 5 cokerPgpy —> 0, i=1,...,n—1. (79)
Since both yj¢ and x; are injective so is ¥ ,, and (76) yields the following short exact
sequence

0— L 2% M2 M/My — 0, (80)
where M /M, = D701 /kerp(.Ro;) = D701 /(DY*PR))) (see (51)).

We recall that cokery ;) = coker y1) C ext)(ext),(M, D), D) (see (55)), and thus
cokery ;1y; is either zero or an i-pure left D-module when D is an Auslander regular ring
(see 3 of Theorem 8 and Remark 6).

Exact sequences (79) and (80) will be used in Sect. 4.

Remark 15 Let us point out that the left D-modules M;’s can also be characterized by means
of the left D-homomorphisms ¥;_;,’s. Combining (75) with (76), we obtain the following
commutative exact diagram:

(R'T RIHT P
DX p1i+py) i u DIxp; ! L; 0
G G 11’11 (F/ F/.R ) V100Vl
GGl ) (B B Ry Y10 Yi(i—1)
1x R 1x T
D'xru D'xpot M 0.

By construction (see (67)), the identity Rj, Fy; ... Fi» = F|; ... F|, R}, holds. Hence, using
(63) and 2 of Proposition 5, we obtain:

M;=imy g0 0V;4_1) = (DIXP/”(FL' e FI,ZRil) + DIXp”Rn)/(DIXp”Ru)-

The residue classes of the rows of the matrix R}, Fy;... Fip = F|;... F{,R{; in the left
D-module M = D'*Po1 /(D'*P1L R, ) generate the left D-module M; fori =1,...,n.
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Finally, we explain an efficient way to obtain the grade filtration of a nontrivial
ext"D(N , D) for i > 1. We consider the case of a right D-module N (the case of a left
D-module is similar). Let us first study the case of extlD(N , D), where N = D9/(RDP?).
If we introduce the Auslander transpose M = D'*?/(D'*4R) of N, then the above results
shows that 1, (M) = extlD (N, D), and thus the grade filtration of extlD (N, D) can be obtained
by computing the grade filtration of M. Let us now study the case i > 2. Considering a free
resolution (4) of N and introducing the right D-module P = D%-1/(S; D%) = imp(S;i_;.),
then applying Proposition 1 to the following long exact sequence

« sy 5. Si—a
0<«— N<«— DN < DN & ... <= D=2 «— P «— 0,

we get exty (N, D) = exth (P, D) = t;(L), where L = D'*% /(D'*Pi-1§;) is the Auslan-
der transpose of P, which shows that the grade filtration of L gives the grade filtration
of exty(N, D). The corresponding algorithm is implemented in the PURITYFILTRATION
package [45].

4 Equidimensional Triangularization of Linear Systems

The purpose of this section is to apply Theorem 7 on Baer’s extensions to the short exact se-
quences (79) and (80) to get a block-triangular matrix which presents the left D-module M,
and whose block-diagonal matrices are presentation matrices of the pure left D-modules
M[/M,‘H . where {Mi}i:(),m,n is the filtration (58) of M.

To simplify the exposition, we shall only consider the first three terms of the filtration
(58) of M, i.e.,, M3 € M, € M; € M, to obtain a presentation matrix P of M based on
the presentation matrices of the left D-modules M3, M,/M3, My/M,, and M/M,.If D is
an Auslander regular ring, then M /M, (resp., M|/ M,, M,/M3) is O-pure (resp., 1-pure, 2-
pure). The left D-module M; satisfies jp(M3) > 3 but it is generally not 3-pure (it is the
case if gld(D) = 3). From the clear pattern of the presentation matrix P, we can then easily
obtain the result for the general case.

The approach we use here also emphasizes another advantage of our approach over the
ones based on more sophisticated techniques of homological algebra. If we do no want to
separate the elements of M of grade number greater than or equal to j, then we only need
to compute the first j terms of the filtration (58) of M.

By (79) and (80), the following short exact sequences hold

V32 62 —
0— L3 — L, — cokery;, — 0,

0— L, LN L, LN cokery,; — 0, (81)

0—s L 2% M 25 M/M, —> 0,
where L; (resp., cokery ;. ;) is defined by (65) (resp., (78)) and:

M/M, = D"Po1/(D*PuRy).
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Using the definitions of L, L3, and cokery s, (see (66) and (78)), the following commu-
tative exact diagram holds

Ixp1a p 1xph, p/
D R}, + D" 2R},

1T nT 1T\NT
(Fi3 Ry Ry

[o)
D' *Piztptryy) DY — 2 cokeryzy ——— 0
J/w :
2 )
V32 62 —
0 L; L, cokeryy, —— 0,
0

where ¥, : D i3tP124P5) 5 [+ is the left D-homomorphism defined by:

pie), i=1,...,pl5

lﬁz(ei): . , ’ /
0, i=ps+L....p5+ P2+t py

Applying Theorem 7 to the first short exact sequence of (81) with the matrix

A= (,; Y OT)T € DWPiatPiatphy)xps
13

(see Corollary 2), we obtain the following characterization of the left D-module L, in terms
of the presentations of the left D-modules L3 and cokerys,.

Proposition 9 With the previous notations, let us consider

!
Fis _11’/13
"
RY, 0
P=| RS, 0 € D(P/13+I712+[7§2+[?13+I’/23)><([’/12+P/13)!
"
0 R,
/
0 R},
RN
0, = :2 c D(p12+P§2)Xp’12,
Ry,

and the following two finitely presented left D-modules:

L, = DIXpiz/(Dlﬂplz*—péz)Qz)’
E,= D|><(P32+P’13)/(D1><(p’13+p12+17§2+P13+P§3)PZ).
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If 07 DY PutPis) s E, s the canonical projection onto E,, then we have Ey = L,,
where the left D-isomorphism is defined by:
¢r: Ly — E;
P5 () > 02 (1L, 0)),
R
0200 — p3(v(1],  FF)").

(82)

Proof Let us consider the following matrices:
— (1., P x(Ply+r)3)
Vo=, 0)e DMt

0 I 0O 00 ,
Wy = P12 c D(P12+P22)X(p’13+[712+[’/22+1713+1/23)7
0 0 I”éz 0 0

I
X, = ( P2 ) ¢ pPhtpi)xpiy

!
Fis
0 0
1[712 0
Y, = 0 Il’éz € DPI13HP1+Py P13+ i) X (P12+1)))
Fiz3 —X»
0 F;,

Using (68) and (71) (see also Fig. 1), we can check that Q,V, = W, P, (resp., P,X, =
Y>Q»), which by Proposition 5 induces ¢, € homp(L,, E;) (resp., ¥» € homp(E>, L))
defined by (82). Since V,X, = Ipﬁy we get ¥ o ¢ = id;,, which shows that ¢, is injec-
tive. Using 3 of Proposition 5, coker ¢, is finitely presented by the matrix (V. PJ)T €
DPtPist Pt Py P3P X (P tPis) | which admits the following left inverse

1, 0 0 0 0
12
Fi, -1 Pl 0 0 0/’
which yields coker ¢, =0, i.e., ¢, is surjective, and finally shows that ¢, is an isomorphism,
E;= Ly, and ¢; ' = . a

Using the left D-isomorphism ¢, ' E, —> L, defined by (82), the second short exact
sequence of (81) yields the following short exact sequence

_ oq)_l
0— E, 2% 11 % cokery, — 0, (83)

where using (73), the left D-homomorphism y,; o ¢, l': E; — L, is defined by
I

, F|
(72 093") (020) =7 ("5 ( (zfii ))) = ( (Fl/;,’fl{z)) |
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for all v € D'*12*P13) Using the definitions of L, E,, and coker¥,, (see (66), Proposi-
tion 9 and (78)), we get the commutative exact diagram

0

DIX””Ri'l + Dl><p/21 Rél

(F5 RIT O RDT o1
’ ’ N ’
DXwuteutry) = ° , pbPu ——, cokery, — 0
J‘/fl o
Y21 0¢{l 0 _
0 E, L, cokery, —— 0,
0

where ¥y : DXPitPtr) s E s the left D-homomorphism defined by

o (fiF), j=1,....pp,

Yi(fj) = . /
J 0, j=ph+1 ..., pL+pu+Dpy.

{£i}i=1oply+p1145, 1 the standard basis of D Pitputry) ang:

Iy, 0

12

F=| 0 0| ebDPutrntr)xeptry)
0 0

Applying Theorem 7 to the short exact sequence (83) with the matrix A = F (see Corol-
lary 2), we obtain the following proposition.

Proposition 10 With the previous notations, let us consider the following matrices

/
F, _Il’iz 0
R, O 0
/
R, 0 0
0 F1,3 _1[7/ ’ ’ ’ ’ ’ ’ / ’
P = » K = D(p.frpu+p21+1)13+p12+p22+p13+p23)X(pl1+p12+p.3),
0 R 0
12
/
0 Ry, 0
"
0 0 Rl

0 0 R},

R//
0, = R}l € DPu+py)*p;
21
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and the following two finitely presented left D-modules:

/ /
Ly = D™Pu /(D™ Putrn) Qy),
Ey = DPutPintriy) /(DX Pt Pt py t Pt Pt tristry) ppy.

If or: D Pitrptriy) E| is the canonical projection onto E\, then we have E\ = L,
where the left D-isomorphism is defined by:

¢1: Ly — E;
piv) — ai(v(L, 0 0)),
7' E, — L, 84)
Iy,
o) —pp | A Fly
Fi3Fy,

Finally, we have L = M, with the following left D-isomorphisms:

X12L1—>M1 Xf1:M1—>L1
pr(v) — n(vR]]), n(vRil) — p1(v).

Proof Let us consider the following matrices:
V= ([p/11 0 0)e Dl’/llx(p/ll+p/12+pll3),
T / / / ,
X = (IPT/“ Fl’g (F(3F(2)T) c D(V11+1’12+f’|3)x/’11,

W1:<O I, 0 00000

0 0 000 0 0 € DPFP)X (Pl tpiitpy PPt Py HPI3TPY)
I,

P21
0 0
Ipl] O
0 Ipél
Y, = 0 0 € DWPhtPitph +pi3 Pt phy+ P13+ i) X (PP |
[Pll —Xn
0 F;,
Fiz —Fi3Xi—XnF),
0 Fi3Fy,

Using the identities (68) and (71) (see also Fig. 1), and Fy, = I,,,, we can check that O, V| =
W, Py (resp., P X, = Y;Q;), which by Proposition 5 induces ¢, € homp(L,, E) (resp.,
Y, € homp(E;, L)) defined by (84). Since V| X, = Ip/”, we get Y o ¢ =1id;,, which
shows that ¢; is injective. Using 3 of Proposition 5, the left D-module coker ¢, is finitely
presented by the following matrix

(VIT P]T)T c D(p’l1+p’12+p11+p§1+p’13+mz+p§2+p13+p§3)x(p’l1+p’12+p’13)!
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which admits the following left inverse:

Iy, 0 00 0 0000
Fy =1, 00 0 0000
FF, —F; 0 0 —I; 0 0 0 0

Hence, coker¢; =0, i.e., ¢, is surjective, and thus ¢; is an isomorphism, E; = L, and
qﬁl_l = 1. Finally, the last result of Proposition 10 was proved in Remark 15. |

Using Proposition 10 and Remark 15, 7, o (f)f] : Ey —> M, is then defined by:

Ry
(XI°¢1_1)(Q1()~)):7T M OFLRy
Fi3F, R,

Then, the third short exact sequence (81) yields the following one:

_ Oqu
0— E 2% m 25 MM, —s 0. (85)

Now, we can easily check that the following commutative exact diagram holds

/

Ry -

D D<o M/M; ——— 0
Fioodr! o
0 E, M M/My —— 0,

where  : D™Pii —s E| is defined by ¥ (gx) = Ql(gk(lpil 0 0)), and {gk}kzl_,_ﬂp/“ is the

standard basis of D'*”11. Then, we can apply Theorem 7 to the short exact sequence (85)
with A= (I, 00)€ DPiXPutPitriy) (see Corollary 2) to get the following theorem.

Theorem 12 Let D be a regular ring which satisfies (38). With the previous notations, let
P e DPLFPLtpipy 401312+ Py P13 +53) < (po1 01 +P1+P13) pe defined by

R}, —II,/“ 0 0
0 F|, =1, 0
0 RY, 0 0
0 R}, 0 0
P=1] 0 0 Fi, Iy |
0 0 R, 0
0 0 R}, 0
0 0 0 R{;
0 0 0 R},
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and the following two finitely presented left D-modules:

1 1
M=D Xpm/(D Xl’llRll)7
E— Dl><([701+I’/11+I7/12+[7/13)/(D1><([’/11+I7/12+l71H‘[’él+[7/13+[712+I7/22+[’13+I7/23>P).

Ifo: DX PortPytPatry) s F s the canonical projection onto E, then we have E = M,
where the left D-isomorphism is defined by:

¢: M — E
(M) — o(A(I,, 0 0 0)),
o' E— M
Iy, (86)
ole)—m | € il
FL Ry,
Fi3Fy Ry,

Proof Let us consider the following matrices:

/ / /
V = (117()1 0O 0 0) IS DI’OI><(I’01+[’11“‘/’12+[’13)7
’ ! / ’ / /
W:(R/l/1 0 ]P,” 00 00O 0)eDlmX(P]1+p12+p11+p21+p13+p12+p22+p13+p23),

11’01

R,
X = 1 € DWPort+p|+pi+pi3)x o1
FI,R! '
1284
! ! !
FisF, Ry,

’ ’ / ’ ’ ’
Y = 0 e DP1tP PR TPIPy TP 3Pt Pyt P13 )X P

Now, using (68) and (71) (see also Fig. 1), we can check that R;;V = WP (resp., PX =
Y Ry1), which by Proposition 5 induces ¢ € homp (M, E) (resp., ¥ € homp(E, M)) defined
by (86). Moreover, since VX = I, , we get ¥ o ¢ =1idy;, which shows that ¢ is injective.
Using 3 of Proposition 5, the left D-module coker ¢ is finitely presented by the matrix

(VT pT)T c D(pm+pi1+p’12+p’13JX(p01+p’“+p’12+p11+p§1+p’13+p12+p’22+p13+p§3)7
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which admits the following left inverse

I, 0 0O 00 0 0000
R}, ~I 0 00 0 0000
FLRy,  —F, —I;, 00 0 000 0]

F,F,Ry, —FF, —F; 0 0 —I, 0 0 0 0

which yields coker¢ = 0, i.e., ¢ is surjective, and finally shows that ¢ is an isomorphism,
E=M,and ¢p~' = 1. O

We note that (71) for i =1 and Fi, = I,,, yield the following identity:
R}, = R,Fi, + X1uRy,. 87)
Hence, we can check that
O R, 0 0)=R5(0 F, —1Iy, 0)+Xp(0 Ry 0 0)+(0 0 Ry, 0),

which shows that the third row of P containing the matrix R/ is just a left D-linear combi-
nation of the others. We obtain the following corollary of Theorem 12.

Corollary 4 With the hypotheses and the notations of Theorem 12, if

R, —I; 0 0
0 F, I 0
0 R, O 0

O

0o 0 R, 0
0 0 R, 0
0 0 0 R
0 0 0 Ry

c D(pil+p’12+p§1+p’13+mz+p’22+ms+p§3)X(pm+p’1]+piz+p’13)’

then we have
1x 1x
M=D P()l/(D P11R”)
~F— DlX(pm+p§1+p§2+p’13)/(D1X(p’”+p§2+p§]+p§3+p12+p’22+p|3+p§3)Q)’

where the isomorphism is defined by (86).

If F is a left D-module, then M = E yields ker=(R;;.) = kers(P.) = kers(Q.) (see
Theorem 1). Applying the contravariant homp (-, ) to the diagram defined in Fig. 1, we
obtain the diagram defined in Fig. 2 formed by horizontal complexes of abelian groups.
Using (86) and R = Ry, we get the following corollary.
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/
FP-13 Ros. JFPo3 ng'
Fp-13 Ros Fpos Fas Fys.
F_13. Fops. \ X
22
/
FPo12 Roa FPo2 Rra- \
F_i3. :
Fos. .- Fis.
o Ip_ss- R o gy - R
FP-12 02- FPo2 12- Fé2.
F_q2 Foz. \ X
12
> /,
P11 Ro1. FPo1 R FPL \
F_1g. Foz2. . Ipy,
. p_qy- L."IPUL' o
FP-11 Ro1. JFPo1 B JFP11

Fig. 2 Dual of Fig. 1

Corollary 5 If D is a regular ring which satisfies (38), R € D9*P, and F a left D-module,
then ker(R.) = ker(Q.), i.e., the following system equivalence holds

R, —11 =0,
F,u— =0,
R, 711 =0,
Flino—13=0,
Ri=0 & (88)
R,,1 =0,
1373 =0,
Riit3 =0,
under the following invertible transformations:
y: kerz(Q.) —> kerr(R.) y~1: kerz(R.) — kerx(Q.)
¢ ¢ Ly,
T T /11 (89)
n| 7T e LRy
73 & Fi3F Ry,

Remark 16 If D is an Auslander regular ring and a Cohen-Macaulay ring and

S():Rilv Sl:

’
12

F,
R/l/l ’ i: , ’
Ry,

’
R21
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’
F13

S=| R} O
2= 12 P 3= R’ )
23

Ry,
then, within mathematical systems theory, we have:

1. kerx(S;5.) Ehomp(L;, F) = homD(ext%(N%, D), F) is either O or has dimension less
than or equal to dim(D) — 3,

2. kerz(S,.) = homp(cokerys,, F) = homp(coker ys,, F) is either O or has dimension
dim(D) — 2,

3. kers(S).) = kers(S].) = homp(cokery,,, F) = homp(coker y,;, F) is either O or has
dimension dim(D) — 1,

4. kerx(So.) =homp(M/M,;, F) has dimension dim(D) when it is nonzero.

If R; has full row rank, i.e., kerp(.R3) = 0, then N33 = ext%(M, D), and thus
ext3, (N33, D) = ext3, (ext3, (M, D), D) is either zero or a 3-pure left D-module, which shows
that ker~(S3.) has dim(D) — 3 when it is nonzero.

Hence, the linear system kerr(R.) can be obtained by integrating the linear system
ker~(Q.), i.e., by integrating in cascade the linear system kerr(S;.) of dimension less
than or equal to dim(D) — 3, then the inhomogeneous linear systems of dimension re-
spectively dim(D) — 2, dim(D) — 1, and dim(D). Finally, if F is an injective left D-
module, then the linear system kerx(R],.) of dimension dim(D) is parametrized by Ry,
ie., kerr(R},.) = Rot FP-1.

Example 6 Let us consider an example, first studied by Janet (see [26] and the refer-
ences therein) and considered again in [37], defined by the D = Q[d;, 95, d3]-module
M = D'*/(D'*®R) finitely presented by the following matrix:

0 —20, 03 —20, —0d; —1

0 9;—290 20, — 30, 1
R— d  —60; —20, —59; -1
0 0,—9 0y — 0y 0
) —0 —0, — 0; 0
0 —0 —20; 0

The D-module M admits the following finite free resolution:

P R Ry R3
0«— M <& DV & pix6 2 plxé 2 p ),

20, & -9, —8; 9; 0

Ry — 20, 8 =201+ —0; 89 —0d —83,+20
0 8—3 d—0 9 —83 +d 8h-—0 |’
0 0 0 1 —0; )

Ry=(91 3 —02 03).
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75

Using the notations R;; = R, Ry = R, and R33 = R3, the commutative diagram (32) be-

comes the following commutative diagram

R Ra3. R33.
0 D B s Rme o B p NN 0
Fo3- TFIS H
R Rop.
0 D’ 2 pt 2 pt 2Ny, 0
Foa- H
R R
0 p——,p+ T, pe Ny, 0
0 Dt s Ny 0,
which horizontal sequences are exact and with the following notations:
1 0 0
1 -1 490,—9; 0
-1 1 40,—03 05
Ry = s Ry = ’
1 0 9—90 O
9 — 20, + 03 0 9—0d O
0 0 9
-9 9 0 O —0,
R 0 0 1 R —03
5= o —1 8 | =15 |
d# 0 0 o 01
0 —20, —0,—20+3 -1
Fp=]10 -1 -1 01, Fz=@0 0 1),
1 -1 -2 0
0 o0 0 1 -1 0
F 2 1 -1 0 0 0
P20 8, —20, 40, —ds 83— —80,+20
0 o0 0 0 0 1

Ro3 =0, and Ry, = 0. Using Remark 14 with pp3 =1 and pg, =3, we get R|; =1, R}, = I3,
R}, =0, R}, =0, and R); = 0. Then, (70) becomes the following the commutative diagram
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R
0 D " bp 0
J{.Fo’j ) J/.Fl/}
0 DI><3 .R12 D1><3 0
lf‘ﬂoz l.F{z
D -Roi Dlx4 Riy D1x3 0
with the following notations:
1 0 —1 0
R;l =10 1 1 0 s
0 0 0,—20,+0; —1
0 —20; 1
F|; = Fps, F,=]10 -1 0
1 -1 0

Moreover, using (64), we have R|; = Ri3, R{, = R, and:

0 —20, 1

0 —-20,+0d3 -—1

. 03 —60; 1
Ry, =

0 —01+0 0

0> —0; 0

1 —0; 0

Since kerp(.R3) = 0, we have N33 = ext3D(M, D), and thus ext%(N33, D) =
ext?) (exti, (M, D), D), which shows that {M;},—o.. 3 defined by (58) is the grade filtration
of M.

Using (45) and (65), where Ny, = D°/(Ry;D*), Ny = D*/(R»D®%), and N3; =
D/(R33D*), we obtain the following finitely left D-modules:

Ly =D"3/(D"R},) = ext},(Ny1, D) = t(M),
L, =D"3/(D"°Ry,) = ext},(Nx, D),

Ly = D/(D"*Ry3) Z ext} (N33, D).
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Corollary 4 yields M = E = D! /(D'*'7 9), where Q is defined by:

1 0 -1 0 -1 0 0 O 0 0 0
0 1 1 0 o0 -1 0o o0 0 0 0
0 0 9,—-20,+0s -1 O 0 -1 0 0 0 0
0 0 0 0o 0 20 1 -1 0 0 0
0 0 0 0 o0 —1 0 o —1 0 0
0 0 0 0 1 -1 0o o0 0 -1 0
00 0 0 o0 0 0 0 0 1 -1
0 0 0 0 o0 0 0 1 0 0 0
0=]0 0 0 0 o0 0 0 -1 40,—93 O 0
0 0 0 0 o0 0 0 1 40, —093 03 0
0 0 0 0 0 0 0 0 9-0 O 0
0 0 0 0 O 0 0 0 9-9 O 0
0 0 0 0 o0 0 0 o0 0 0 0
0 0 0 0 o0 0 0 o 0 0 -0
0 0 0 0 o0 0 0 o 0 0 —0s3
0 0 0 0 0 0 0 O 0 0 0
0 0 0 0 0 0 0 O 0 0 91

Let us compute ker~(Q.), where F = C®(R>). We first integrate the last diagonal block of
0, i.e., the 0-dimensional (holonomic) linear system ker=(R;3.):

—013 =0,
—0373 =0, & w=ceR.
311'3 =0,

Then, we integrate the inhomogeneous linear system in T, = (to; T2 723)7 and 73 formed by
the third triangular block of O (which homogeneous part is purely subholonomic), namely:

73— 13 =0,

I3 =13 =cy,
0 =0, PB=T3=C

(49, — 33)T =0 s =0

—T21 1 —03)T =Y,

(40) — 33)122 =0,
71 + (401 — 03)T2 + 93703 =0,

(01 — 012 =0.
(81 — 32)T22 =0,

We obtain 71 =0, 15 = fi(x3 + %(xl + x3)), where fj is an arbitrary smooth function,
and 153 = c;, where ¢ is an arbitrary constant. Then, we integrate the inhomogeneous linear
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systemint; = (t;; T2 7T13)7 and 1, formed by the second triangular block of Q, namely:

Tn=—Tn=—fi (xa + %(XI +X2))»
=201t + 713 — 121 =0, |
—Tp— T =0, & T11=—T22+T23=—f1<x3+1(xl+X2)>+C1,
T — T12 — T3 =0,

1. 1
T3=—201Tn + 101 = —§f1 (X3 + Z(xl +X2))-

The entries of t; are 1-dimensional and not 2-dimensional. This result comes from the fact
that the matrix S| defined in Remark 16 admits a left inverse. Thus, we have M;/M, =0,
i.e., M; = M,, which yields kerz(S}].) = homp(cokery,,, F) = homp(coker y,;, F) = 0.
Finally, we integrate the inhomogeneous linear system in ¢ = (¢; ... )T and 7; formed by
the first triangular block of P, namely:

& — 8 —11 =0,
O+ —12=0,
(01 =20, +033)83 — & — 113 =0,

1
& —sz—f1<x3+ Z(xl +x2)> +ci,

1
& O+ =—fi <x3+z(x1+xz)>, (90)

1. 1
(01 =200+ 03)83 — &4 = _Efl <X3 + Z(xl +x2)>.

The torsion-free D-module M/t(M) = D"*/(D"3R/,) can be parametrized by means
of Ry, i.e., M/t(M) = D'**Ry,. Since F is an injective D-module, the linear system
kerz(Rj,.) is parametrized by Ry, i.e., kerz(R],.) = Ro1F. Moreover, R}, admits the fol-
lowing right inverse over D

10 0
01 0
X= :
00 0
00 —1

and the Quillen-Suslin theorem (see, e.g., [20, 50]) implies that M/t (M) is a free D-module
of rank 1. The general F-solution of (90) is then defined by ¢ = Ry1§ + X1

1
o= —f1<x3+ Z(xl —|—x2)> +c1,

1
H=-§ _fl(x3+z(xl +x2)),

;3=E,

1. 1
C4=(01 — 20, +03)¢ + Efl(x3+z(xl +x2)),
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for all £ € C*®°(R?), for all f; € C*°(R), and for all ¢; € R. For more details, see [46]. Using
the D-isomorphism y defined by (89), we obtain

—201m2 + 9313 — 203 — 91m3 — e =0,
0312 — 20112 + 20213 — 30113 + 14 =0,
0311 — 63112 — 20213 — 501m3 — 14 =0,
0212 — 01m2 + 02m3 — 01m3 =0,

0any — 1mp — dam3 — 913 =0,

01n — dimy — 201m3 =0,

1
Ul =$—f1<x3+z(xl +x2)> +ci,

1
m=—£& —f1<x3+Z(X1 +X2)),

773:57

1. 1
N4 = (0) — 20, + 03)§ + §f1<x3+ Z(xl +x2)>,

where & (resp., fi, 1) is an arbitrary function of C*®(R?) (resp., C*(R), constant).
We note that the presentation matrix Q of E can be simplied by elementary operations.
In particular, we can check M = E = E = D3 /(D3 Q), where

d3—49; 0 O
d3—409, 0 O

0= 0 0 o |,
0 0 09,
0 0 05

and the isomorphism f : M — E is defined by f((») =2(U) for all » € D4, where
2 : D3 — E is the canonical projection onto E and U is defined by:

-1 -1 1

-1 1 0
U=

0 -1 0

201 —0;+20,—0d5 O

Finally, we have M = D & D/(0; — 49,, 03 — 40,) ® D/ (9, 02, 33), i.e., M is the direct
sum of the O0-pure D-module D, of the 1-pure D-module D/(9; — 49;, 93 — 49,), and of the
3-pure D-module D/(9;, d;, 93).

For more examples coming from mathematical physics, mathematical systems theory,
and algebraic geometry, see [43, 45]. For instance, using the PURITYFILTRATION package,
we can show that the torsion submodule of the differential module M defined by the lin-
earized Einstein equations in the vacuum (see, e.g., [14]) is 1-pure (see [45]), and thus every
nontrivial torsion element m of M defines a pure differential module of dimension 3. For
more details, see [43].
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Using the regular patterns of the matrix P and (86), we can easily generalize Theorem 12,
Corollary 5, and Remark 16 as follows.

Theorem 13 Let D be a regular ring D satisfying (38), gld(D) =n, and R € D7*". Then,
there exists a matrix R € D9*P of the form

R, I 0 0 0 0
11
0 F, -I;, 0 0 0
0 R, 0 0 0 0
0 0 : : 0 0
R=]| 0 0 S 0 0 1)
0 0 0o 0 F, -
0 0 0 0 Rj,, O
0 0 0 0 Ry, O
0 0 0 0 0 R/,
0 0 0 0 0 R,

such that M = D"*? /(D4 R) =M = D"*? /(D'*9R).
Moreover, if R}, € DP1*P qnd T : D'P —> M s the canonical projection onto M,
then there exist matrices F|; fori =2, ..., n such that:

o:M—M
T = T(Ayy 0 -+ 0)),
"M —M

IPOI
/
Rll

T — 1| n Fi,R},

Fl/n”'Fl,ZR/ll
If F is a left D-module, then kerz(R.) = ker=(R.), where:

v kerz(R.) —> kerz(R.) 7!t kerg(R.) — ker=(R.)

¢ ¢ Ipy,

T T Ril
—>n=2g, nr— . = . 1.

Tn Tn Fi, - FRy,

Finally, if D is an Auslander regular ring, then the grade filtration {M;};—o,..., of M is de-
fined by the left D-module M; finitely presented by (R|T  RY)T, and M;/M;, is the i-pure
left D-module finitely presented by Ry, for i=0, by (F{(; ) R{] Ry fori=1,....,n—1,
and by (R|T R\ fori =n.

In
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We note that the presentation matrix R has a remarkably simple form (block-diagonal
and single off-diagonal). It does not seem that it can easily be obtained from the classical
black-box spectral sequence approach [2, 9, 10, 22, 31, 49].

Remark 17 We note that M; = M, iff S; = (F{{;, ;) R/ R;)" admits a left inverse. It
shows that the matrix R can sometimes be simplified especially if Grobner/Janet bases can
be computed over D. Moreover, elementary operations can also be applied to simplify the
matrix S; (see, e.g., Example 6). Using inductively Proposition 6, we can then obtain a
simple presentation matrix of M with a triangular-block form and whose diagonal blocks
present the nontrivial left D-modules M;/M;;’s. Such a procedure is implemented in the
PURITYFILTRATION package. For related results, see Appendix A of [2]. Finally, if D is
a commutative polynomial ring, then Remark 4 can also be used to check whether or not
M; = M;/M; | © M, i.e., whether or not the corresponding matrix (Ipr 07 07)T can be

replaced by the trivial matrix (07 07 07)7 (which generally helps the integration of the
corresponding linear functional system).

Even if the size of the matrix R is larger than the one of R, this presentation matrix is
more tractable than R for a fine study of the module properties of the left D-module M = M,
for the study of the structural properties of kerz(R.), as well as for computing closed-form
solutions of ker+(R.) (when they exist). For instance, overdetermined/underdetermined lin-
ear PD systems ker=(R.), which cannot be directly integrated by means of standard com-
puter algebra systems such as Maple, can be done using their equivalent forms kerz(R.).
For more details, see [43, 45].

5 An Embedding Theorem

If D is a domain, then a torsion-free left D-module M can be embedded into a free left
D-module (see the comment after Proposition 4), and thus into a projective left D-module.
Using Example 4, a O-pure left D-module M can then be embedded into a left D-module
of left projective dimension 0. This result is a particular case of the following theorem for
which we give a construct proof.

Theorem 14 ([10]) Let D be an Auslander regular ring and M an i-pure left D-module.
Then, M can be embedded into a left D-module P; of left projective dimension i, i.e.,
there exist a left D-module P; with lpd,(P;) =i and an injective homomorphism €; €
homp (M, P;).

Proof Let us first suppose that M = D'*?/(D'*9R) is O-pure, i.e., to(M) = M and
(M) =0. Since jp(M) =0, kerp(R.) =homp(M, D) # 0 (see Theorem 1), which shows
that the Auslander transpose Ny = D?!1 /(R;; Do) of M = D'*Pot /(D'P1IR| 1) (R}, = R,
Po1 = P, p11 = q) admits a free resolution of the form

R_11. Ror. Rip. K11
.. s DP-11 S DPoi > pru L Ny > 0,

where Ry, # 0. Since T} = ext}) (N1, D)=ZM, =t;,(M) =0 (see Theorem 11), then we get

.Ro1 Ry . . ~
the exact sequence D'*P-11 & pDIxpoi < pDIxPii_ which yields M = cokerp(.R;;) =

imp(.Ro;) € D*P-11 and Ipd(D'*P-11) = 0.
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Let us now suppose that i > 1. Since M is i-pure and jp,(M) =i. If (24) is a free
resolution of M, then N;; = DPii /(R;; DP-)i) admits the free resolution (62), where
Rii = R;, pii = pi, and p;i4+1y = pii (see the notations of Sect. 3). Now, extiD(M, D)=
keI'D(R(,'_H)(H_l).)/iIIlD(Rii.) = (R,'(,'_H)Dp(i’l)(i+]))/(RiiDp<i’])i) is a left D-submodule
of N;;. Using Proposition 4 for right D-modules, we get

exthy (M, D) = D064 /((Fg-1yty R-1yi4) DP0-0 102040 )
and the following commutative exact diagram holds

Fi-n+1  Ri-1a+1))- .
DPU—i P-4 =D+ RGE=DGE+1) DPi-ni+h —— ext), (M, D) — 0

Upg-ni O JRi(iHr J"

Ri;. Ki

DPi-ni DPii N;; 0.

where u is an injective right D-homomorphism.

Let g0 = pi-ni+1» 1 = Pi-ni + Pi-2i+n> @1 = Fi-na+y  Ri-narn). Lo =
Rig+1.and L| = (Ip(i—l)i 0). Extending the presentation of ext, (M, D) to get a free res-
olution of ext’, (M, D) and using Remark 13, u € homp (ext;,(M, D), N;;) induces the fol-
lowing commutative exact diagram:

Oit1- Q;. 0>. 0. ;
pan U pai >, pn L, D% — exti,(M,D) — 0
J/LH—I. J/L,‘. J/Ll, J(L(). J/u
DP-1 Ror- DPo Rui- . (DY DPi-1i-1 ', prii YNy 0.
92)

Since jp(M) =i > 1, Theorem 1 shows that kerp(R;;.) = homp(M, D) =0, ie.,
Ry; = 0. Dualizing (92), we get the following commutative diagram:

.Q,‘ .Q2 <Ql

D1xdin plxai plxar %1 plxq .

R O L

0 plxpo R Ri-1yi-1 -Rij

Qit1
PRt

pIXpPi-ni-1y " plxpi .

93)

Since D is Auslander regular, Remark 7 shows that ext{) (ext"D(M ,D), D) =0 for
j=1,...,i — 1, which shows that the top horizontal complex of (93) is exact at D'*x4j
for j =0,...,i — 1. The defect of exactness of the top horizontal complex at D'*% is
ext’b (ext’b (M, D), D) =kerp(.Q;+1)/imp(.Q;), and the defect of exactness of the bottom
horizontal complex at D701 is ext), (N;;, D) = Dot /(D1*P11 Ry = M. Hence, .L; in-
duces the following left D-homomorphism

g: M — kerp(.Qiy1)/imp(.Q;)
(L) —> o(AL;),
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where o: kerp(.Q;41) —> kerp(.Qi11)/imp(.Q;) is the projection and A € D01, Since
M is i-pure, 1 of Theorem 8 then implies that &; is injective.

The exactness of the top horizontal complex of (93) at D'*9 for j =0, ...,i — 1 shows
that the left D-module P; = D'*% /(D'*%-1Q;) admits a free resolution of length i defined
by .Q; with j =i,..., 1, which implies that extg(Pi, D) =0 for all j > i. Using this free
resolution of P;, we obtain ext), (P;, D) = D% /(Q; D) = ext\, (M, D) # 0, which proves
that Ipd, (P;) =i by Proposition 2.

Finally, kerp(.Q;41)/imp(.Q;) is a left D-submodule of P; = D'*% /(D'*%-1Q;), and
thus &; induces an injective left D-homomorphism ¢;: M — P; defined by €;(w (1)) =
o;(AL;) for all A € D'*Por where o; : D'*% — P; is the canonical projection onto P;,
which proves the result. O

Theorem 14 is implemented in the PURITYFILTRATION package.
A proof of Theorem 14 based on Spencer cohomology [52] was obtained in [38].

Example 7 Let D be an Auslander regular ring with gld(D) = n and M a nonzero holo-
nomic left D-module. Then, gld(D) = n yields extiD (M, D) =0 for i > n by Proposition 3.
By definition of a holonomic module, jp(M) = n, and thus ext},(M, D) # 0, which proves
that Ipd,, (M) = n by Proposition 2. Finally, since M is n-pure, we can take P, = M and
€, = idy; in Theorem 14.

Example 8 Let D be an Auslander regular ring and M a nonzero left D-module defined by
the free resolution 0 —> D1*P LN D>P Iy M — 5 0. Since M = ext})(ext})(M, D), D),
i.e., M is l-pure, and Ipd, (M) = 1, we can then take P, = M and €; =idy, in Theorem 14.
If D is also a Cohen-Macaulay ring, then dimp (M) = dim(D) — 1. If D is the ring of PD
operators with coefficients in a differential field K of characteristic 0, then this result proves
Janet’s conjecture [25], which was first proved by Johnson in [27] (see also [39, 40]).

Corollary 6 Let D be an Auslander regular ring, M = D'*? /(D'*4R) an i-pure left D-
module, and F an injective left D-module. Then, there exist Q € D**" and L € DP*" such
that lpd;, (P) =i, where P = D™ /(D™ Q), and

kerz(R.) = Lkerr(Q.),

i.e., an i-pure linear system is the image of a linear system of projective dimension i.

Proof The proof of Theorem 14 shows that the commutative exact diagram holds

0 P % pixai % plxai
[Ei ]-Li ‘-Lil
Ry

Dxpor Dxpis

0 M

(94)

where €; € homp (M, P;) is injective, R;; = R, po1 = p, and p;; = q. Applying the con-
travariant exact functor homp( - , F) to (94), we obtain the following commutative exact
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diagram

0 —— kerz(Q;.) Fii 2 i

Ll

Ryy.
0 —— kerz(Ri1.) Fro L, Fo

where €]: kerz(Q;.) —> kerz(R.) is defined by €/(§) = L;§ for all £ € kerz(Q;.). By
Theorem 3, the short exact sequence 0 — M BN P; —> cokere; — 0 yields the follow-
ing long exact sequence:

*

0 — homp(cokere;, F) —> homp (P;, F) i> homp (M, F) — ext})(cokerei, F).

Since F is an injective left D-module, ext}) (cokere;, F) = 0 (see Definition 3), which
shows that €] is surjective, i.e., using Theorem 1, for every n € kerz(R.), there exists & €
kerz(Q;.) such that n = L;&. Finally, we note that € is injective iff homp(cokere;, F) =
ker=((LT 9Ty =0. O

Example 9 Let M be the D = Q[9,, d,, 93]-module finitely presented by:

9 0
R=]0 3 |eD>2
9 —0

Then, the D-module M admits the following free resolution:

0e—MI—D2 B p3Lp 0 R=(0 0 a).

Clearly, ext%(M, D) = D/(91, 02, 93) # 0, which shows that pd,, (M) = 2 by Proposition 2.
Using Algorithm 1, we can check that M = M| =¢(M) and M, = ext% (Ny, D) =0, where
Ny = D/(91, 03, 03), which shows that M is a 1-pure D-module. With the notations of
Sect. 3 and of the proof of Theorem 14, i.e., Rj; = R, Ry = Ry, kerp(Ry.) = R;x D3,
kerp(Ri2.) = Rp2 D, RiaFo2 = Ry11, Q1 = (Fo2 Roz), Lo = Rz, and Ly = (I 0), where

33 31 0 0 0 _al
Rp=10 0 9 |, Fp=11 0], Rp=1 0 |,
0 0, —05 0 1 0>

we obtain ext})(M, D) = kerD(Rzz.)/(R”Dz) = (R12D3)/(R11 Dz) = D3/(Q1D3) By
Theorem 14, the D-homomorphisme: M —> P; = D3 /(D3 Q) defined by €, ( (1)) =
o01(AL;) is injective. Since the matrix Q; has full row rank and P; # 0, pd, (P;) = 1, which
shows that the 1-pure D-module M can be embedded into the D-module P; of projective
dimension 1. If F = C*®(R?) (see Example 2), then

kerz(Q1.) = {(0:3¢(x2,x3) 026 (x2,x3) —¢(x2’X3))T | V¢ € C=(R%)},

which finally yields:

kerr(R.) = Likers(Q1.) = { (03 (x2, x3) 32¢>(x2,x3))T |V € C™(R?)}.
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