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Abstract In this work we present expansions of intersection local times of fractional
Brownian motions in R¢, for any dimension d > 1, with arbitrary Hurst coefficients in
(0, 1)¢. The expansions are in terms of Wick powers of white noises (corresponding to
multiple Wiener integrals), being well-defined in the sense of generalized white noise func-
tionals. As an application of our approach, a sufficient condition on d for the existence of
intersection local times in L? is derived, extending the results in Nualart and Ortiz-Latorre
(J. Theoret. Probab. 20(4):759-767, 2007) to different and more general Hurst coefficients.
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18 M.J. Oliveira et al.

1 Introduction

In the recent years the fractional Brownian motion has become an object of intense study,
namely, due to its special properties, such as short/long range dependence and self-similarity,
yielding its proper and natural uses in several applications in different fields (e.g. mathemat-
ical finances [14], telecommunications engineering [16]).

Besides its own specific properties, the intersection properties of fractional Brownian mo-
tion paths have been studied by many authors as well, see e.g. the works done by Gradinaru
et al. [6], Hu and Nualart [8, 9], Rosen [21], and the references therein.

One may consider intersections of sample paths with themselves, as in [5] and references
therein, or with other independent fractional Brownian motions, as in [15].

This work concerns the latter standpoint. Within the white noise analysis framework
(Sect. 2), a first purpose of this work is an extension of the results presented in [1] to two
d-dimensional independent fractional Brownian motions By, and B, with different Hurst
coefficients, H, and H,. Technically, this approach has the advantage that the underlying
probability space does not depend on any Hurst coefficient under consideration. As a con-
sequence, one may analyze the intersection local time of any two independent fractional
Brownian motions, without any restriction on the corresponding Hurst coefficients.

From the viewpoint of applications to physics, this absence of restrictions on the Hurst
coefficients under consideration is meaningful to widen the modelling of polymers towards
polymers molecules handling different types of polymers.

For low dimensions, that is, either for d = 1 or for d = 2, the white noise analysis frame-
work allows the definition of the intersection local time of any two independent fractional
Brownian motions By, in terms of an integral over a Donsker’s §-function

L E/dtldlz5(BH1 (t1) — B, (1)),

intended to sum up the contributions from each pair of moments of time #;, t, for which the
fractional Brownian motions By, arrive at the same point.

A rigorous definition, such as, e.g., through a sequence of Gaussians approximating the
S-function,

—d/2 < |X |2 >
2me) exp{——— ), €>0,
2¢

will make L increasingly singular, and various “renormalizations” have to be done as the
dimension d increases. Of course, besides the dimension of the space, the type of “renor-
malizations” needed depends as well on the Hurst coefficients H; € (0, 1) being considered.
For d > 2 with 1/max; H, ; + 1/max; H, ; < d, the expectation diverges in the limit and
must be subtracted. Depending on the values of max; H; ;, further kernel terms must be also
subtracted (Theorem 10).

In this work we are particularly interested in the chaos decomposition of L. We expand
L in terms of Wick powers [7] of white noise, an expansion which corresponds to that in
terms of multiple Wiener integrals when one considers the Wiener process as the fundamen-
tal random variable. This allows us to derive the kernels for L. Due to the local structure
of the Wick powers, the kernel functions are relatively simple and exhibit clearly the di-
mension dependence singularities of L (Proposition 9). For comparison, we also calculate
the regularized kernel functions corresponding to the Gaussian §-sequence mentioned above
(Theorem 10).
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Intersection Local Times of Independent Fractional Brownian Motions 19

As an application of this approach, in Theorem 12 we derive a sufficient condition for
the existence of the intersection local times in L2, extending the results obtained in [15] to
different and more general Hurst coefficients.

2 Gaussian White Noise Calculus

In this section we briefly recall the concepts and results of white noise analysis used through-
out this work (for a detailed explanation see e.g. [4, 7, 10, 12, 17]).

2.1 Fractional Brownian Motion

The starting point of white noise analysis for the construction of two independent d-
dimensional, d > 1, fractional Brownian motions is the real Gelfand triple

$2(R) C L3, (R) C S3,(R),

where L%d (R) := L?(R, R?) is the real Hilbert space of all vector valued square integrable
functions with respect to the Lebesgue measure on R, and S»4(R), S5, (R) are the Schwartz
spaces of the vector valued test functions and tempered distributions, respectively. We shall
denote the L% 4+ (R)-norm by | - |24 (or if there is no risk of confusion simply by | - |) and the
dual pairing between S}, (R) and S»;(R) by (-, )24, or simply by (-, -}, which is defined as
the bilinear extension of the inner product on L% JR),ie,

2d
@0u=Y [ drafie
i=1

forall g =(g1,...,82) € L%d(R) and all f= (fi, ..., fo0) € S2a(R). By the Minlos theo-
rem, there is a unique probability measure p on the o -algebra B generated by the cylinder
sets on S, (R) with characteristic function given by

Cc) ZZ/ du@) e @0 =317 e 5, (R).
S5 (R)

In this way we have defined the white noise measure space (S5, (R), B, u).
To construct two independent d-dimensional fractional Brownian motions we shall con-
sider a 2d-tuple of independent Gaussian white noises

(7):= (67)1,67)2), J)i=(wi.l7-"9wi,d)v l=1,2
Within this formalism, a version of a d-dimensional Wiener Brownian motion is given by
B(t) := ({01, Ljo.) - - - {@a, o)), (@1, ..., @q) € Sy(R),
where 1, denotes the indicator function of a set A and (-, -) = (-, -);. For an arbitrary d-
dimensional Hurst parameter H = (H, ..., H;) € (0, 1)?, a version of a d-dimensional
fractional Brownian motion is given by

By (1) == ({01, My, L., - .. (was My, Lp0.0)) . (@1, ..., 0q) € Sy(R),
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20 M.J. Oliveira et al.

where, for a 1-dimensional Hurst parameter H € (0, 1) and for a generic real valued func-
tion f,

G-HKy . 0 4 fO—fE+y)
Y lim, o+ [ dy T},y He(0,1/2), ()
My f)x):=\f(x), H=3,
0 _3
n_ [Fdy fo)(y -3, He1/2,1) (k)
rH-1

provided the limit in (%) exists for almost all x € R and the integral in (xx) exists for all
x € R (for more details see e.g. [2] and [19] and the references therein). Independently of
the case under consideration, the normalizing constant Ky is given by

_ DL, [~ Hef g
KH—F(H—I—E)(ﬁ—l-/O ds((1+s) —s ))

There are several examples of functions f for which My f exists for any H € (0, 1), namely,
for f =1p, witht > O or for f € S;(R). For more details and proofs see e.g. [2, 3, 13, 20],
and the references therein.

(ST

2.2 Hida Distributions and Characterization Results

Let us now consider the complex Hilbert space (L?) := Lz(Séd(R), B, n). For simplicity
one introduces the notation

d d
d
n=(ny,...,ng) € N?, n=§ n;, n!=1_[n,»!.
i=1 i=1

The space (L?) is canonically isomorphic to the symmetric Fock space of symmetric square
integrable functions,

00 ®2d
(L?) ~ (@ SymLz(Rk,k!d"x)> ,

k=0
which leads to the chaos expansion of the elements in (L?),
F(wy, @) = ZZ(Z O™ ®: 0 )
m Kk
l l ®k
S I (- B RE Y]
m k \i=l j=1

with kernel functions fy, x in the Fock space, that is, square integrable functions of the m + k
arguments and symmetric in each m;-, k;-tuple.

To proceed further we have to consider a Gelfand triple around the space (L2). We will
use the space (S)* of Hida distributions (or generalized Brownian functionals) and the cor-
responding Gelfand triple (S) C (L?) C (S)*. Here (S) is the space of white noise test func-
tions such that its dual space (with respect to (L?)) is the space (S)*. Instead of reproducing
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Intersection Local Times of Independent Fractional Brownian Motions 21

the explicit construction of (S)* (see e.g. [7]), in Theorem 2 below we characterize this
space through its S-transform. We recall that given a f = (f}, f,) € S,;(R), and the Wick
exponential

cexp((@, ) :: ZZ 'k! (AP %%, 1O @ 1K) = C(fel@ P

we define the S-transform of a @ € (S)* by
SOf) := (P, :exp((-, ) :)), VEe Su(R). (1

Here ((-, -)) denotes the dual pairing between (S)* and (S) which is defined as the bilinear
extension of the sesquilinear inner product on (L?). We observe that the multilinear expan-

sion of (1),
SOE) =) Y (Fup 7" 155),
m k
extends the chaos expansion to ® € (S)* with distribution valued kernels Fy, x such that

D=2 mk!(Fuk, ¢mi), (€)
m Kk

for every generalized test function ¢ € (S) with kernel functions ¢p, k.
In order to characterize the space (S)* through its S-transform we need the following
definition.

Definition 1 A function F : S,;(R) — C is called a U-functional whenever
1. for every £}, £, € S,4(R) the mapping R 5 A — F(Af; 4 f,) has an entire extension to
reC,
2. there are constants K, K, > 0 such that
|F(f)] < K12 PP vz e € f e Sh(R)
for some continuous norm || - || on Sy, (R).

We are now ready to state the aforementioned characterization result.

Theorem 2 [11, 18] The S-transform defines a bijection between the space (S)* and the
space of U-functionals.

As a consequence of Theorem 2 one may derive the next two statements. The first one
concerns the convergence of sequences of Hida distributions and the second one the Bochner
integration of families of distributions of the same type (for more details and proofs see
e.g. [7, 11, 18]).

Corollary 3 Let (®,),en be a sequence in (S)* such that

@) forallfe S,y(R), (SD,)®)nen is a Cauchy sequence in C,
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22 M.J. Oliveira et al.

(ii) there are constants K, K, > 0 such that for some continuous norm || - || on S»;(R) one
has

1(S®,) ()| < KX vz e C fe Spy(R), n € N.

Then (®,),en converges strongly in (S)* to a unique Hida distribution.

Corollary 4 Let (2, B, m) be a measure space and A — @, be a mapping from Q to (S)*.
We assume that the S-transform of ®, fulfills the following two properties:

(i) the mapping ) — (S®,)(f) is measurable for every f € S,4(R),
(ii) the SO, obeys a U -estimate

[(S®,)(2h)] < Cy (W)W 7 e C fe SH(R),

for some continuous norm || - || on S»q(R) and for some C; € L' (2, m), C, € L®(2, m).

Then
/ dm(L) @, € (S)*
Q

and

S(/ dm()»)%) (DZ/dm(?»)(S%)(D-
Q Q

3 Chaos Expansions

Let us now consider two independent d-dimensional fractional Brownian motions By, (¢)

and By, (t) with Hurst multiparameters Hy = (H; 1,..., Hi 4) and H, = (H» 1, ..., Hy ),
respectively. That is, given a 2d-tuple of independent white noises (w; i, ..., w14, W21,
ce, W2.4),

By, (1) := ((wi1, My, Do), - - (@ias My, L)), i=1,2.

Proposition 5 For each t and s strictly positive real numbers the Bochner integral

1\ ; :
8By, (1) =By, (s)) 1= (—) / d. ¢ ®m OB ()
2 R4

is a Hida distribution with S-transform given by

S§B, (1) —Bp, () ()

d
(=) TT-——r
2 i (2L 4 g2
. e*% Tt sy U v G M 300,002,500 Miy ;0,502

; 3

forallf=(fi1,..., fia, fo1,---5 fo.0) € S2a(R).
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Intersection Local Times of Independent Fractional Brownian Motions 23

Remark 6 For motivation we note that

lim | dae*®u O-Bu, ) =512 _
eNO Jpd

whenever (B, (1))(@1) # B, (5)) (@), & = (w1, ..., wiqg), i =1,2.
Proof The proof of this result follows from an application of Corollary 4 to the S-transform
of the integrand function

iA(Bpy (1)—Bp, (s))

D(ay,dn) = @ = (i1, ..., 014), i =1,2,

with respect to the Lebesgue measure on R?. For this purpose we begin by observing that
since the fractional Brownian motions are independent one has

S(f) = Se* PO () - SeT P (1)

forevery f= (f, ;) € S2u(R), 1 := (f1.1, .-+, fr.a). 2 := (f2.1, ..., f2.4). Hence, according
e.g. to[7],forall A = (A, ..., Ays) € R? we obtain

d
) ) 2H, ;| 2Hy ;
SO = Hellj Jrdx (Fij My ;10— f2, ()M, Jl[o,.c])(X))e—%Ai(t Ljts 2«1)7 @)
=1

which clearly fulfills the measurability condition. Moreover, for all z € C we find

d
S® () = [ e+ HT0
j=I1

P2 42200 ) ki fo dx (500 (Mg 0. 0= F2,5 (0 (M T10,5)()

d
e

11

j=1

d
SIS

2Hy.

d
_ I—[ e—%x%(z“"»/’ 5 TVl fr dx (1,0 My 0.0 = F2, () My ;LoD ()

where, for each j =1, ..., d, the corresponding term in the second product is bounded by

2 2
exp <L </Rdx (/1) (M, ;10,0 (x) — fz,j(x)(MszjJl[o,s])(x))) ) ,

because

_lki (tzHl’j 4 Ssz’j)

+ 1zl

Rdx (fr, ) (M, ;0. (x) — fz,j(x)(MHz,,]l[o,s])(x))‘
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24 M.J. Oliveira et al.

=- <ﬁ /};dx (ij(x)(MH]_jI]-[O,tJ)(x) - f2,j(x)(MH24j]l[0,sJ)(x))‘

2
_% /IZHLJ- +S2H2,JI>

|z|?
t2H1_j + 52H2:j

2
(/Rdx (fl,j(x)(MHlvjl]-[O.tJ)(x) - f2.j(x)(Mszj]l[OA,sJ)(x))) .

As a result,

2Hj 4 2H

IS (h)] < 4 Ti-140

L3 Wqﬂg«zxm, JOMpy L)@~ 2, ()M, 1[0, ()
-e t ’ 5 4 ’ »

)

where, as a function of A, the first exponential is integrable on R and the second exponential
is constant.

An application of the result mentioned above completes the proof. In particular, it yields
(3) by integrating (4) over X. O

In order to proceed further the next result shows to be very useful. It improves the esti-
mate obtained in [2, Theorem 2.3] towards the characterization results stated in Corollaries
3 and 4.

Lemma 7 [S] Let H € (0, 1) and f € S1(R) be given. There is a non-negative constant Cy
independent of f and t such that

’/Rdx FO) Myl (x)

<Cyt <SUP|f(X)| +sup|f' ()] + |f|>

xeR xeR

forallt > 0.
In particular, the use of Lemma 7 allows to state the next result on intersection local times

Ly, u, as well as on their subtracted counterparts L%\:) 1, There, and throughout the rest of
this work as well, givena H = (Hy, ..., Hy) € (0, 1)? we shall use the notation

Theorem 8 Let T > 0 be given. For any pair of integer numbers d > 1, N > 0 and for any
pair of Hurst multiparameters Hy, H, € (0, 1)¢ such that

_ d 1 1
max{H,, Hbh}{ N+ —— ————— | <N + —,
th 2}( 2 2min{H1,Hz}) 2

the Bochner integral
v T T
Lig 'y = fo dt fo ds 8™ By, (1) — By, (5))
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Intersection Local Times of Independent Fractional Brownian Motions 25

is a Hida distribution, where

1\
8(N)(BH1 ) = Bu,(5)) := (E) /Rd dA expy (i)L(BH1 (1) — BHz(s))) ,

00 X"

with CXpN(x) = Zn:N nl”

Proof To prove this result we shall again use Corollary 4 with respect to the Lebesgue
measure on [0, T]%.

By proceeding as in the proof of (3), one shows that for every ¢, s > 0 the S-transform of
SN By, (1) — By, (s)) is given by

S6M By, (1) — By, () (F)

1 & 1

1\ 1
= eX —_—— —_—
(«/27r> }:[, Vi 4 g2 L ]Z:]: e

2
: </Rdx (fl.j(x)(MHlvj]l[OA,tJ)(x) - fz,j(X)(Mszjﬂlo.sJ)(x))> ) , 5)

which is a measurable function.
In order to check the boundedness condition, on S,;(R) let us consider the norm || - ||
defined for all f = (f1, ..., fo4) € S2a(R) by

2d 2 %
£l := (Z(Sup|fi(x)|+suﬂg|fi/(x)|+|fi|>) : (6)

i=1 xeR x
We observe that on S; (R) this norm reduces to the continuous norm

A1l ZSUHng(X)I +Squ|f’(X)| +1f1 feSiR),

which implies the continuity of the norm (6) for higher dimensions.
By Lemma 7, for each j =1, ..., d, we obtain

2
(/]R dx (fl,j(x)(MHl,_,-Jl[o,f])(x) — fz,j(x)(Mszj]l[o,x])(x)))

2 2
<2 <[ dx fl,j(x)(MHl.j]]'[O,tJ)(x)> +2 (/ dx fz,j(x)(Mszjﬂ[o,sJ)(x))
R R
< ZtZC%,l_j Ifi 07+ 2S2Ci,27j Il fo. 5117,
and thus, for all z € C and all f € S5, (R),

|S@E™N B, (1) — By, (5))) (zh)|

2 2
4+
22 2
1P Chy s ey M )

1\ 1
<|—= —————ex
_< /—27_[) Em PN(
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26 M.J. Oliveira et al.

with Cy, g, := max{CHly_,., Chy,:j=1, ...,d} and

I:Il=man:1 dHl,j, 0<t<l,
Ha) =

minj:I,_",dHlyj, t > 1,

Hy=max;_ _q.Hy;, 0<s<I,
Hp) =

min;— dHZ,j! s> 1.

.....

Therefore, for 0 < ¢, s <1 one has

12 —I—s2 12 +s2

P2H0) - g2Ho) T p2H) | g2H; —

)

and thus

N
45 2 r* s 1Z2C%  IIfl12
< Hy,Hy .
€Xpy |Z| H1 H 20 Y (€]l = Y7 Y7 e 5
1 4 g2H 2 | g2H

while either for # > 1 or for s > 1 one finds

2 + 52
expy ( 1z1°C,. Hzmll II?

24 2 N 2452 2
2+ em 1y s, I
t2H) 4 §2Ho)

As a consequence, independently of T being smaller or greater than 1 there is always a
function C = C(¢, s) > 0 bounded on [0, T]? such that

|S@E™ By, (1) — By () (20|

12+ 52 2
+ ) P mCEE

d d
- 1 1
= /_2]_[ I I] /IZH]J + SszJ t2H(1) + SZH(2>
Jj=

The proof then amounts to prove the integrability on [0, 7'1? of the expression

d N
[ [ P
t2H1 J 4 522, t2H) 4 g2He)

j=1

appearing in (7). For this purpose one observes that due to the singular point at the origin
this expression is integrable on [0, 7']? if and only if it is integrable on [0, 1]*. As shown in
the Appendix A (Lemma 15), this occurs whenever

- d 1
2max{H;, H,} <N+ - — f> —2N < 1.
2 2min{H,, H,}

The proof is then completed by an application of Corollary 4. O
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Intersection Local Times of Independent Fractional Brownian Motions 27

As a consequence, one may derive the chaos expansion for the (truncated) local
times L(F},\:) Hy-

Proposition 9 Under the conditions of Theorem 8, L%) m, has the chaos expansion
Hle(a)l’wZ)_ZZ ->®m ®: wz FHI Hzmk>

where the kernel functions Fy, m, mx are given by

m+k+d

F (1 Dt P (mtk
H],Hz,m,k_<;> W(z) ( m )

mj+kj+1

T T d 1 3
/0 dt/O dsjl.:[l(—[zylij_kswz.j)

d
@) (M ;20" ® (M Lpo,)™)
j=1

for eachm = (my,...,my) and each k = (ky, ..., ky) such that m + k > 2N and all sums

mj+k;, j=1,...,d,areeven numbers. All other kernel functions Fy, m, mx are identically
equal to zero.

Proof According to Corollary 4, the S-transform of the (truncated) local time L(}Z) H is

obtained by integrating (5) over [0, T1?. Hence, givenaf=(fi1,..., fia» fo1s---s ‘féyd) €
S$54(R) one has

ey 5 1—[< )
2np! 2H ; +52H2/

n=N : ny,..ng =

ny+-tng=n

TN

2n;
/dx (1,0 (M, ;10,1 (x) — fz.j(x)(Mszj]l[o,s])(x))) 3)
R

with (8) being equal to

_Dk 2n; ) "
G Vel | dx i) (M Bo.) ()

k: J
m .k
mj+kj:2nj

kj
) </Rdx fz,j(x)(Mszjjl[O’S])(x)> .
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28 M.J. Oliveira et al.

From these calculations follow the equality

d T T (e8]
st 0 =(2) [ arf a
i, ) = - ! s
0 0 n=N Nl.-ng myemg ky,...kg
ny+tng=n mj+kj=2n;. j=1....d

d mj+3k; mjtkjHt

(-2 1 2
[l (B 20 4 g2H)

j=1
d m;j
m;+k; y
]‘[( ! ’) < f dxﬁ,,-(x)(MHL,.Jlm.,])(x))
. m; R
Jj=1 J
kj
: </ dx fz,j(x)(MHZ.j]l[o,Ay])(x)) },
R
which is equivalent to
¢ roT D" 1" m+k
W[ale ¥ S5 (s
m/) JooJo - (B \2 m
m+k=2N
mj+kjeven.j:l ..... d
mj+kj+l
2

( /R dx fl.j<x)<MH1,_,.1[0,[])(x)> '

1
. H <t2H1‘j —|—S2H2'j)

j=1

kj
([ 200, 10,00
R
Comparing with the general form of the chaos expansion

L oem ., o PRk,
E E (P ®: 05", Fuy Hymx)
m Kk

one concludes that the kernels Fp, 5, m 1 vanish whenever either thereisa j =1,...,d such
that m; + k; is an odd number or m + k < 2N, while for all other cases

m+3k

d m+k+d
1\2 (=1) 2 1 2 m +k
Finmmic =\ )~ 3 m
k)|

T T d 1 m,'+kj+l
/0 dt/O dsjl-j[l<—’2Hl’j +S2H2__,')

d

(M 130.)®™ ® (M, Lp0.5)*) -
1

J

d

Theorem 8 shows that for d = 1 or d =2 all intersection local times Ly, y, are well-
defined for all possible Hurst multiparameters H;, H, in (0, 1)?. For d > 2, intersection
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Intersection Local Times of Independent Fractional Brownian Motions 29

local times are well-defined only for 1/H; + 1/ H, > d. Under these conditions, Proposition
9 in addition yields

E.(Lu,. 1) = Fr, 100=

LN 1
=) [ s []-ee
<v2n) /0 0 }:[1 VAL 4 g2

Informally speaking, for 1/H; 4+ 1/H, < d with d > 2, the local times only become well-
defined once subtracted the divergent terms. This “renormalization” procedure motivates the
study of a regularization. As a computationally simple regularization we discuss

T T
LHlvHZ’S Z:/O d[/.g ds 8£(BH1 ([) — BHZ(S))’ e >0,

where

2e

1 \¢ By o-B?°
8By, (1) = Bp,(5)) == (m>
b3

Theorem 10 Let ¢ > 0 be given. For all Hy, H, € (0, )¢ and all dimensions d > 1 the
intersection local time Ly, n, . is a Hida distribution with kernel functions given by

m+3k

F _ (L) D" T mk
H],Hz,s,m,k_<n_) W(2> < m )

mj+k;+1

1 2
/dt/ ds <8+tzyl,+sth,>

d
Q) (M, 110.)°™ @ (M 110.5)®Y)
j=1

forallm= (my,...,mg), k= (ki,...,kg) eNg such that all sums m; +k;, j=1,...,d,
are even numbers, and Fy, m, ¢ m, k = 0 if at least one of the sums m; + k; is an odd number.

Moreover, if max{Hl, Hz}(N + £ — m) <N + , then when ¢ tends to zero the

(truncated) intersection local time LY Hl, Hye COnverges strongly in (S)* to the (truncated)

(N)
local time LH1 -

Proof As before, the first part of the proof follows from the Corollary 4 with respect
to the Lebesgue measure on [0, T2 By the definition of the S-transform, for all f =

(firs--os fra o1y, fo.0) € S2a(R) one finds

S8 (B, (1) — B, (s))(B)

1
U V27 (e + 120 4 §72))

-1, W( Jrdx (f1,; @) (Mpgy [ Lj0,1) @)= f2, ;@) Mgy [ Ljo,s) ()

’
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which is measurable. Hence, similarly to the proof of Theorem 8, an application of Lemma
7 yields for all z € C and all f € S,;(R)

|S(Se B, (1) — By, (s))(2h) |

2,2
1 mzc},l — |

d
< l_[ o 2R 4 2HG)
o1 V2w (e + 12 +S2H2!)

with —*>___ bounded on [0, T]? and I—[‘j: 1ntegrable on [0, T]%.
&

1
2H 2H,
+2Hm o) U Son (et 570

By Corollary 4, one may then conclude that Ly, p, . € (S)* and, moreover for every f =

(fras--s fra o5 f2,0) € S2a(R),

T T
SLy w6 () = / df/ ds S8;(Bp, (1) — B, (s))(f)
0 0

1 % T T ( 1) m+3k '”+§+d m -+ k
= (= ar | as Y (s
T 0 0 — (= \2 m
n1j+kjeve;1,j:1 ..... d
d 1 ml-+kj+l m;
H(m) ([Rdx fl,j(x)(MHu]]-[0.1])(x)>

Jj=1
kj
: (/ dx fz,j(x)(MHzJ11[0,s])(x)> .
R

As in the proof of Proposition 9, it follows from the latter expression that the kernels
Fu, 1,6 mx appearing in the chaos expansion of Ly, #, . vanish if at least one of the m; + k;
inm+Kk=(m, +k,...,my+ k) is an odd number, otherwise they are given by

m+3k m-+k+d

Fyy yemk = ( ) £ ( ) 2 <m+k>
m) () \2 m
T T d 1 mj+;j+1

d
. ® ((MH,A,]l[o,z])@mj ® (MHz.j]l[o,x])@kj) .
=1

To complete the proof amounts to check the convergence. For this purpose we shall use
Corollary 3. Since

L%)Hz s(f) / dt/ ds S(S(N)(BHI ([) - BH2 (S))(f)
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Intersection Local Times of Independent Fractional Brownian Motions 31

for every z € C and every f € S,;(R), a similar procedure used to prove Theorem 8 yields

T T
SL&Q?,HZ,S(A)‘S / dt / ds [S8X) (B, (1) — By, (5)) (2D |
0 0

d
2 202 .
- ( 1 ) P IPCE  supy seto. 1y Cle)

Var

12452 )N

(R E——
. dt / ds (

) -\ 22H, 2H,
0 0 i (2H 4 g2y \ 1210 4 520
showing the boundedness condition. Furthermore, we have

|8 B, (1) — By () ()|

24 2 N
"+ ) ec},]’Hz €112 sup, 0,77 Ct.5)
)

d d
- 1 1
= /—27_[ l I] /[ZHIJ + S2H2«j t2H(1) + s2H(2)
J=

which allows the use of the Lebesgue dominated convergence theorem to infer the other
condition needed for the application of Corollary 3. O

Given any pair of Hurst multiparameters Hy, H> € (0, 1)%, d > 1, such that d < 1 /I-_Il +
1/ H, according to the convergence result stated in Theorem 10, for any f € S,,(R) fixed,
SLy, m,,(f) converges to SLp, g, (f). This fact combined with the characterization result
of the convergence in (L?) in terms of the S-transform, recalled in Proposition 11, allows
to improve the previous statements concerning the intersection local times (Theorem 12
below). In particular, this theorem extends the results obtained in [15] to different and more
general Hurst multiparameters.

Proposition 11 Let (®,,),cx be a sequence in (L) and ® € (L?). The following two asser-
tions are equivalent:

(i) (®,)nen converges in (L?) to ®;
(ii) the sequence (||D,||)nen converges to | Q| and, for all £ € S, (R), (S®,(f)),en con-
verges to SO (f).
Here | - || denotes the norm defined on (L?).

The_orem 1_2 For any pair of Hurst multiparameters H, H, € (0, DY, d > 1, such that d <
1/Hy +1/H,, the intersection local times Ly, u, as well as all Ly, g, ., € > 0, exist in (L%,
and the sequence of Ly, u, . converges in (L» to L H,,H, S € tends to zero.

Proof According to the previous considerations, the proof amounts to show that Ly, g,,
Ly 6 € (L?), for all £ > 0, and that the convergence (in ¢) of their (L?)-norms holds. For
this purpose we begin by showing that the sums

2 2
E z k! E E k!

k m-k-|FH1,Hz,e,m,k|(L§{;(R))®(m+k)’ k m-k-|FH1,Hz,m,k|(L§{,(R))®(m+k>v ®
m m

converge, where Fy, m, omk and Fy, g, mk are the kernels given by Theorem 10 and Propo-
sition 9, respectively. By (2), this will prove that Ly, #, e, Lty 1, € (L?) with || Ly, 61
given by the first sum appearing in (9) and || L, &, |I?> by the second one.
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Similar calculations done to prove Theorem 10 yield
>0 mik!|Fy ?
e 1.Hy,e.mk (L%d(R))‘@("’*k)
m k
1 d (_1)m+3k 1 m+k m+k 2
=22 mk () s (5
s 2 ) (55D \2 m
T T T T
f dt/ ds/ dt// ds’
0 0 0 0
d

| mj+kj+1
.1_[<\/(8+12H1*j+52H2'j)(8+t,2H1'j+S/2H2*/)>

j=1

: <MHl.j ]]-[O,t] ) MHI,J- ]]-[O,t’] )’nj (MHZ.]' ]]-[O,S]a MHZ,j 1[0,_5’])]{/ )
with the inner products being equal to

2Hy ;L 2H 2Hy
(M, ;1100 My, ;L[] = (1‘ R 1"),

N = N =

2H, 2H, j 2H, ;
(Mu, ;10,51 Mu, ;L[0.57) = (S 20 5" — s — 5| 27’),

foreach j =1,...,d,

1\ (T T T T d 1
= (—) f dt/ ds/ dt// ds’
21 0 0 0 0 i \/(8+t2H1_j + s225) (g + 2 4 g2

Som D it
47pn! ni!...ng!

n=0 LSRR
ny+-+ng=n
d n
) 1—[ (2nj)' < 1 ) I
2H, ; 2H, 2H; 2H;
i1 n;! (e + 17700 + 57720 ) (& + /770 + §/7727)

2n
X <l (IZH]_j + l‘/ZHl‘j _ |t _ t/|2Hl‘j +S2H2Tj +S/2H2’j _ |S _ S/|2H2_j)) .
2
Concerning the integrand function, observe that using the following equalities for the

Gamma function,

@nl) 2%

1
- ﬁl"<n+§>,
(3 =r ()G )= TG +)

i=0
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one may rewrite it as

1
1_[ LV (8 + 2 452y (e 4 120 4 g2

1 "
Z Z l_[ \/—n ! <(8+[2Hl’j +32H2,J')(8+[/2H1vj +S,2H2vj)>

n=0 ".--nd
ny+- +nd_n

2n;
1 ) ) J
' <5 R e e e e R het)

! 1
11:11\/(8+I2H1/ +S2H2/)(8+l/2H17+S,2H27)

nj—l1

> ¥ (TG
n i 2
1oeenlid —1
n|+ +n1—n
li[ 2Hy,j 4 2H1j |t — /]2 4 2t 4 g |s — s/|2H2.0) 2 10)
L 4nj (5 + tZHl’-/ + SZHz*j)nj (8 + t’ZHLj + S/2H2‘f)n-f
j=
Concerning the sum in (10), observe that it is equal to
nj—1 1
> x n A1)
..... 2
n1+~--+nd—n
li[( 1)71]- (tZHl,j + Z/zHl’j _ |[ _ l‘,|2H1’j _|_52H2.j +S,2H2’j _ |S _ S/|2H21j)2nj
1 . 41 (8 + t2H1__,- + SZHZ,_/)nj (8 + [/2H"/ + S/2H2_j)n,~
1
(= 1)" T 1
T ST
(IZHl’j + t/ZHl,j — - t,|2Hl*j +S2H2-~f + SI2H2,j — s — s/|2H2J-)2n an

4"(8 +t2Hl,j +82H2’-f)n(8 +[/2H11j —|—S/2H2vj)”

Hence, taking into account that for any 0 <¢,¢,s,s' < T and forany j =1,...,d

(2 4 2 |t — /|2 5225 4 §2Mj s — s'|2H25)?

d(e + 12 4 sy (g 4 2 4 572H2))

one recognizes that each sum in (11) is the Taylor expansion of the function

-1

| (l‘zHlv/ + t/ZHl,j _ |t _ [/|2H1'j + S2H2</ _|_S/2H2,j _ |S _ S/|2H2_j)2
4(8 + tZHl_j + S2H2'j)(€ + l,zHl‘f + S,2H2'j) s
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and thus the sum in (10) is given by

—1

li[ ) ([ZHl,j + [/ZHIJ _ |[ _ t,|2H1*-7. —|—S2H2,j +s’2H2,j _ |S _ S/|2H2vj)2
2 4(8+t2H1=‘7‘ +SZH2’-f)(8 +l‘,2Hl'j +S/2H2~f)

As a result,

Z Zm!k! !FH,,Hz,g,m,k |?L%d(m))®<m+k)
m k

d
< )/ dt/ ds/ d’/ $ TT (G 20 5223 (o 4 12100 5200
2w i

[SE

1 . v 2
-3 (IZHU L P 2 g g s/|zH2,j)

Independently of the dimension d and the Hurst multiparameters under consideration,
clearly such a multiple integral is always finite.

Concerning the second sum in (9), first we note that the expression of the kernels
Fy, Hy mx coincides with Fp, p, ¢ mk for € = 0. Thus, one may apply the previous scheme,
just replacing ¢ by zero, with the slight difference that in this case one has

/2H j |t — t’|2H1J _’_SZH” +S/2H2,j — s —S/|2H2vf)2

4(t2Hl’j +SZH2*j)(l‘/2Hl'j +S/2H2'j)

0. Wt

<1,

only for0 <t,¢',s,s" < T suchthatt # ¢t and s # s". Thus, only for 0 <¢,¢,s,s" < T such
that ¢ # t" and s # s the sum corresponding to the sum in (10) converges. As a result, in this
case we obtain

DY mik! |y sy ins

m Kk

1\¢ rT t T s d
=g ) [ [ar [as [Fav T (s smna s

2z 0 0 0 0 :

j=1

1
2

1 ) ) 2
_Z ([2H1’j 4 tlel,] _ ([ _ [/)ZH]’j +SZH2‘j + S/2H2.] _ (S _ S/)ZHZJ> >

Due to the existence of singular points, an additional analysis is now needed in order to
show the convergence of this multiple integral. As before, it is enough to consider the case
T=1.

As a first step we use the fact that for each j =1, ..., d fixed one has

(t2H1,j + S2H2_j)(t/2Hl,j + S/zHZ,j) (12)

1 L 2H , L 2y \?
_Z(IZH]J +t/ ]’j_|t_t,|2H]’j +52H2_j _,’_S/ 2.j _ S—S,|2H2’/)

| ) 2
S - 4 (’2H1~f N I t’|2H”) (13)
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2
Com, L 2y ,
+ g2 g 2 (SZHZ! +5"7 — s — s/IZHz") , (14)

with the advantage that, in contrast to (12), (13) as well as (14) only depend of a unique
Hurst parameter. Moreover, (13) and (14) are both of the type

1
gDH(u, U) = MZHUZH _ Z (qu + U2H _ |I/l _ U|2H)2 ’

which, as a function of # and v, is an homogeneous function of order 4H. Therefore, for
every 0 < v <u < 1 one has

where, for v/u € (0, 1) fixed, the expression between the square brackets is a decreasing
function of H € (0, 1) (Appendix B).
As a consequence,

Z Z m'k! | FHI H, mk | (L%J(R))@’(’”Jr")

( ) / dl/ dt’ f ds/ ds’ < 2H1t/2H1 _ 1 (t2[:ll +t/21:11 _ (l _t/)2H1)2
4

_ — ] _ — _ 2
+ g2 g2 1 (SZHZ +57 (s — s’)ZHZ) ) . (15)

[N

Now the proof follows closely the one in [15, Proof of Lemma 4], based on the fact that

+00
/ dze g1,
I*( )

which allows to rewrite the multiple integral in (15) as

+OO t
1a' / 722! </ dt/ dse i (”)> (/ dt/ ds e_wﬁz("”). (16)
') Jo 0

Nm.

Since
1 t o
vzelo,1], /dt/ dse "™ - 400 i=1,2,

the convergence of the integral (16) then will follow from the convergence of the integral

400 J 1 t 1 ! .
/ dzz?™! </ dt/ dse ¥ “‘”) <f dt/ ds e71¢ﬁz(”‘)> )
I 0 0 0 0
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As in [15, Proof of Lemma 4], the homogeneity property of ¢, and ¢g, yields

+00 " 1 t 1 t
/ dzz27! </ dt/ dse ("S)) (/ dt/ ds efwﬁz(t“‘))
1 0 0 0 0

1
ZE X
0 0

where a double change of coordinates leads for eachi = 1,2 to

/ dx/ dye ;)

1
deé cos 6, sinf 2”: —,
/0 (o ( ) iy (ZH

i

=

22Hi 7 (cos 6, sinf )
4H; v ( )

Here y is the lower incomplete gamma function, that is,
y(a, x) :=/ dye V' y*~ ' a>0,
0
which, as shown in [15, Lemma 2], is bounded by
. 1
y(a,x) < K(@)x®, K(a):=max|—, (o),
o

for all x > 0 and for every 0 <€ <.

l .
Hence, forall 0 < € < Tmax(i ] Ohe finally obtains

+o00
/ dzz%" </ dt/ dse *‘”HI‘“)> (/ dt/ dse “"Hz“”)
1

2¢(Hy+Hy) d 1 1
< 25U+ X < )K < 1 >/ dZZE—I—E—E+26
16H1 H2 2H1 2H2 1
/4 1 /4 1
. (/ do (pg, (cosf,sing)) 2 ) (/ do (pg,(cosO, sinf)) 2H2> . an
0 0

. . . . s H\+Hy—dH H.
Concerning the integral in z, clearly it converges provided € < %

% always a positive number, because d < 1/H; + 1/H,. These facts combined

mean that in (17) one shall fix a

, being

1 H1+H2—dH1H2}

0<e <min{ —
2II13.X{H1, Hz} 4H1H2
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For such a € fixed, also both integrals in 6 converge, cf. [15, Proof of Lemma 4], and thus
(17) converges.

In this way we have shown that, on the one hand, Ly, u, € (L?), and, on the other hand,
that one may apply a Lebesgue dominated convergence argument to infer the convergence
in & of | L iy sy.c |’ 10 | L., 1 0

Remark 13 Under the conditions of Theorem 12, one has

. { 1 I:II—I—I:Iz—dI:IlI:Iz} I:Il—i-f_]z—df_]ll:lz
m —, —— = ——
2max{H1, Hg} 4H1H2 4H1H2
1 1 1 1

> - ER— i - -
whenever d > min{Hy,H,} max{Hj,Hy}’ while for d < min{Hy, H} max{H,H,}’

_ 1 H +H, —dH H, 1
min — — = —,
2max{H|,H2} 4H1H2 2max{H|,H2}
Acknowledgements We truly thank F.P. da Costa for the helpful discussions. Financial support of projects
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Appendix A

Lemma 14 Let 0 < Hy < H, < 1 be given. The integral

1 1 2 2\
t
/ dt/ ds(#)d
0 0 (tZHl +S2H2)N+7
is finite if and only if 2H,(N + %) <1+4+2N+ %

Hy
Proof Through the change of variables t = u 1 one obtains

1 1 t2 2\N
/m/m_gzLT
0 0 (t2H1 + S2H2)N+§

anl sAN=m
_ ( )/ du/ ds S, as)
(w2t +S2H2)N+2

where each double integral appearing in (18) is finite if and only if the integrand function is
integrable on the unit ball B;(0) C R?. Foreachn =0, 1,..., N a polar change of coordi-
nates yields

2 12
W2V g2(N=n) o
/ duds —————u™
B1(0) (U2t 4 g2H2)N+3

H
s(2n+l)H—%71

T co 0 -sin*V Mg 1
— do y dr 7 )
0 (cos2H2 9 + sin2f2 o)N+: Jo r2H2(N+%)—(2n+1)H—%72(N7n)
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which is finite if and only if the integral in r converges, that is, if and only if 2H,(N + %) -
2n + 1)% — 2(N —n) < 1. This shows that a necessary and sufficient condition for the

convergence of the sum in (18) is given by 2H,(N + %) — 2N — % <1. O
Lemma 15 Given H; = (H;,, ..., H;4) € (0, 1), i = 1,2, assume that H; < H,. Then

N
t2—|—s2
< 00

1 1 d |
/dt/ ds ] ( d _
S Tl S W/ e VR e
whenever 2H, (N + %) <1+2N+ %

Proof Since in [0, 1]? the following inequality holds

d
1—[ l < l2+S2 ) < ([2+S2)N
i [P2Hj 4 g2, (2 g2 - (tzﬁl + SZEZ)NJr% ’

the proof reduces to an application of the previous lemma. O

Appendix B
For v/u € (0, 1) fixed, let a := v/u and
F(H) = fo(H) :=a*" — % (1+a* —(1- a)zH)z, He(0,1) (19)
with derivative function given by
f/(H)=2a*"Ina— (a* +1-(1—-a)")(a*Ina — (1 —a)* In(1 —a)).

Since 0 < (1 —a)* < 1,onehas ¢’ +1— (1 —a)* >0, (1 —a)** In(1 —a) < 0, and
thus

f/(H) <2a"na —a* Ina (a®” +1— (1 —a)*)

= (2a2H —a*t (aZH +1—(1 —a)ZH))lna,
where Ina < 0 and the expression between brackets is positive:

2a2H _a2H (aZH + 1— (l _a)ZH) — (1 + (l _a)ZH)QZH _a4H
- (1 4 (1 _a)ZH)a4H _a4H

=(1—-a)a*" > 0.
In other words, (19) defines a decreasing function of H € (0, 1).
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