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Abstract A signal is said to have finite rate of innovation if it has a finite number of degrees
of freedom per unit of time. Reconstructing signals with finite rate of innovation from their
exact average samples has been studied in Sun (SIAM J. Math. Anal. 38, 1389-1422, 2006).
In this paper, we consider the problem of reconstructing signals with finite rate of innovation
from their average samples in the presence of deterministic and random noise. We develop an
adaptive Tikhonov regularization approach to this reconstruction problem. Our simulation
results demonstrate that our adaptive approach is robust against noise, is almost consistent
in various sampling processes, and is also locally implementable.

Keywords Sampling - Signals with finite rate of innovation - Regularized least squares -
Mean squared error - Wiener filter

1 Introduction

In digital signal processes, a continuous time signal is represented by its samples on a dis-

crete set. In the classical model, the Whittaker-Shannon sampling theorem states that a con-
tinuous time signal x(¢) on R bandlimited to [—£2, 2] is uniquely determined by a set of
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340 N.Bietal.

uniformly spaced samples x(nT'), n € Z, taken T seconds apart with T < /<,

x(t)=Y_x(nT)sinc((t —nT)/T), (1.1)

nez

sint

where the sinc function is defined by sinc(7) = 2.

Over the past decade, the paradigm for representing band-limited signals in the Shan-
non’s sampling theory has been extended to signals in shift-invariant spaces. It is well known
[1, 2, 32, 33] that any signal x in the shift-invariant space

> e <oo}

neZ

Va(9) = {Zc(n)as(z —n)

neZ

generated by a function ¢ can be reconstructed from its uniformly-spaced samples {x (n)},cz
via the following reconstruction formula:

x(t):Zx(n)S(t—n) for all x € V,(¢), (1.2)

nez

where the Fourier transforms of the reconstruction function § and the generating function ¢
are related by

o(f) _
ez d(f —k)

Recently, the paradigm for representing band-limited signals in the Shannon’s sampling
theory is further extended to represent signals with finite rate of innovation, which are neither
band-limited nor live in a shift-invariant space [3, 5, 11, 14, 15, 17, 24, 28, 34]. Here a signal
is said to have finite rate of innovation if it has a finite number of degrees of freedom per unit
of time, that is, if it can be specified from a finite number of samples per unit of time [34].
The number of samples per unit to specify a signal is called the innovative rate of the signal.
Prototypical examples of signals with finite rate of innovation include (i) band-limited sig-
nals x(t) =Y, , x(kT)sinc(¢t/ T — k) where T > 0 [13, 16]; (ii) signals in a shift-invariant
space x(t) = ZkeZ c(k)p(t — k), where (c(k)) is a square-summable sequence and ¢ is a
square-integrable function [1, 2, 32, 33]; (iii) stream of pulses D, c(k) px(t — #) found in
GPS applications, cellular radio and ultra wide-band communication [4, 14]; (iv) bandlim-
ited signals with additive shot noise ), ., c(k)sinc(t —k) +>_,d(1)8(t — 1;) [17]; (v) sums
of bandlimited signals and non-uniform spline signals, convenient for modelling electrocar-
diogram signals [11].

A prototypical space Vx (D),

S(H=

Vy(®) = { D e

AEA

@UMAGX}» (1.3)

was introduced in [30] to model signals with finite rate of innovation, where X is a sequence
space, ® = (¢,),ca is a family of generating functions, and A is an index set where each
A € A represents the location of the generating functions ¢; . For instance, the space Vy (P)
becomes the shift-invariant space V,(¢) generated by a function ¢ if the space £ of all
square-summable sequences is used as the sequence space X, ® = (¢ (- — n)),cz with each
generating function ¢ (- — n) in ® being generated by the integer shifts of the function ¢,
and A = Z with each index n € A being thought of as the location of the generating function
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¢ (- —n). The space Vx(®) is suitable for modelling signals with finite rate of innovation,
and also suitable for taking into account of natural phenomena, real reconstruction devices,
as well as practical numerical implementation, see [30] for detailed discussion.

The usual assumption in sampling problems is that the samples are ideals. However, in
practice, the ideal sampling is impossible to implement. A practical model considers that
the samples are obtained by linear measurements. In a popular setting, for time signals in
a Hilbert space H with inner product (-, -) 7, the sample y, at the location y € I' of a time
signal f is obtained by taking the inner product of f with the sampling function v, at
the location y, i.e., y, = (f, ¥, ). We call ¥ = (¥,), cr the average sampler, and Y =
(3y)yer the average samples. In [28], the third named author studied the average sampling
and reconstruction problem for signals in the space Vx (®) from their exact average samples
Y, ie.,

Y =(x,¥) forsomex e Vx(d)

when each generating function ¢, in & and each sampling functional v, in the average
sampler W = (), cr are assumed to be well-localized, and the sequence space X is the
space £°.

As optimal approximation of a signal based on noisy samples is one of the leading prob-
lems in approximation, statistics, and information-based complexity, in this paper we con-
sider the reconstruction for signals in the space Vx(®) from noisy average samples Y, i.e.,

Y=x,¥)4+w

for some signal x € Vx(®) and some deterministic or random noise w.

The paper is organized as follows. In Sect. 2, we make a few basic assumptions on the
signals to be sampled and reconstructed, and on the average sampler W used for sampling
signals. Under these assumptions we show that the linear reconstruction procedure is the
same as solving a least squares problem. Inspired by that observation, we propose to adopt
the Tikhonov approach for our signal reconstruction from noisy samples. We consider recon-
structing signals from noisy samples by minimizing a regularized least squares functional
for deterministic noise (Sect. 3), and by minimizing the worst-case mean squares error and
stochastic mean squares error for random noise (Sect. 4). In Sect. 3, we provide an explicit
solution to the minimization problem of regularized least squares functional (Theorem 3.1).
We emphasize that the post-filter, regularization matrix and panel parameter are three im-
portant factors in the Tikhonov approach that affect the performance of our reconstruction.
Therefore in Sects. 3.2-3.4 we discuss the problem of selecting those three factors to make
the Tikhonov approach adaptive to our sampling-reconstruction process, and in Sect. 3.5 we
propose an adaptive Tikhonov approach.

In Sect. 4, we follow the work by Eldar and Unser [6] and consider reconstructing a sig-
nal with finite rate of innovation from its samples corrupted by random noise. We solve the
problem by minimizing the worst-case mean squared error and stochastic mean squared er-
ror. We give explicit solutions to those minimization problems (Theorems 4.1 and 4.6), and
observe that the reconstruction filter Hwor in Theorem 4.1 and the Wiener filter Hy in The-
orem 4.6 become the time-varying reconstruction filter Hrx with post-filters, regularization
matrix and panel parameter appropriately chosen (see Remarks 4.2 and 4.7). In Sect. 4.2,
we also give a lower bound estimate for the stochastic mean squared error (Theorem 4.9)
and then show that lower bound estimate can be reached only when the average sampler W
is an orthonormal basis of the prototypical spaces in which the signals live (Remark 4.10).

In Sect. 5, we include various simulations to demonstrate the performance of the ap-
proach developed in this paper for reconstructing a signal with finite rate of innovation
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342 N.Bietal.

from its noisy samples. Our simulations show that our adaptive Tikhonov approach is robust
against noise, almost consistent in various sampling processes, and locally implementable.

In this paper, we will use the following notation. Given a discrete set A, let £7(A), 1 <
p < o0, be the space of all p-summable sequences on A with standard norm || - |[¢»(a) OF
Il - les for short.

2 Preliminaries

We say that A is a relatively-separated subset of R? if there are finitely many A € A in any
unit cube, more precisely

sup #(A N (7 +[—1/2,1/2]%) < o0, @.1)

teRd

and a relatively dense subset of R if there are at least one and at most finitely many A € A
in any unit cube, more precisely

1< inf#{ieAnt+[-1/2,1/2]}

reRd

<sup#{reAnt+[-1/2,1/2]} < coc. (2.2)

teRd

2.1 Signals to Be Sampled and Reconstructed

In this paper, we make the following basic assumption on signals x to be sampled and
reconstructed:

Assumption 1 Signals x live in the space

Va(®) := V(D) = {Zc(x)@

reA

D leml? < oo} 2.3)

A€A

generated by ® := (¢;),cn, Where the location set A of “impulse responses” ¢; is a
relatively-separated subset of RY; the “impulse responses” ¢; at the location A € A is en-
veloped by a A-shifted function k(- — 1), i.e.,

12 (x)| < h(x —2), (2.4)

with 4 having compact support or certain decay at infinity; and the family & of the “impulse
responses” ¢, is a Riesz basis of V,(®), i.e., there exist positive constants A and B such
that

Y e

AeA

1/2
< B(Z |c<x>|2)

2 rEA

1/2
A(Z |c(x>|2> <

reA

for any sequence C = (c(A))ren € £2(A).
From the above assumption, we see that there are finitely many “impulse responses” ¢;,

per unit time, and each “impulse response” ¢, is well-localized in the neighborhood of the
impulse location A. Therefore signals x to be considered in this paper have finite rate of
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Fig. 1 (a) A Dirac stream quv:l ¢ndy,, with innovative rate 1/u; (b) A non-uniform mesh cubic spline
2,11\,:1 dy B3 3, with innovative rate 1/u. Here N is an integer, 1 > 0 is a positive density parameter, the

location set A = {)»,,} _; of impulse responses is iteratively defined by Ay =4, +x, +p/2if 1 <n <N
where Ag = /2 and xn 1 <n < N, are numbers in [0, u] chosen randomly, the coefficients ¢;, 1 <n < N
and dp, 1 <n < N belong to [—1, 1] and are chosen randomly, and for each 1 <n < N, §,,, is the delta
pulse located in the position A, while B3 ;,, is the normalized cubic spline with knots A, _2, A, —1, An, Apy1
and A,,4» where A_| =0, 0 = /2, AN+1 = AN + 1, AN42 = Ay + 2u. In this figure, N =48, =0.2,

SN lenl? =16.4930 and YN |dy > = 13.3706

innovation. On the other hand, most signals with finite rate of innovation can be modelled
as living in some V,(®) when the “impulse responses” are chosen appropriately [30]. The
model signals to be considered in this paper are Dirac streams on a relatively-separated
subset A of R and non-uniform mesh cubic splines with a relatively dense subset A of R,
see Fig. 1.

2.2 Average Samplers

In this paper, we make the following basic assumption on the average sampler ¥ = (v, )y er
to sample signals x in V,(®). Here each index y in I means that there is an acquisition
device located at that position, and for each index y, the impulse response of the acquisition
device located at that position y is described by the sampling functional v, .

Assumption 2 The location set I' of acquisition devices is a relatively-separated subset
of RY; the impulse response v, of the acquisition device located at y is enveloped by a
y -shifted function g(- — y), i.e.,
¥y ()| = g(x = y), (2.5)
with g having compact support or certain decay at infinity; and the correlation matrix
Agy = ((Pn, I/fy))xeA,yer

between the generator ® and the average sampler W belongs to the Schur class, that is,

sup Y (s, ¥y) | +sup Y (s, ¥,)| < 0. (2.6)

rEA yel yer‘)\eA
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We call W = (¥,),er an average sampler [28]. From the above assumption on the
average sampler W, there are finitely many acquisition devices per unit of time, each ac-
quisition device is locally behaved, and every signal x in V,(®) can be sampled by the
average sampler W. The model examples of the average sampler W include the shifted
Gaussian sampler (Y, (f) = exp(—|t — v1?/(20%)) where o > 0), shifted squared sinc
sampler (Y, (1) = sinc?((t — y)/T) where T > 0), the Dirac streams for ideal sampling
(¢, (t) = 8(t — y)), and non-uniform meshed B-spline (v, is a B-spline with knots in a
fixed neighborhood of y), see Fig. 2.

Remark 2.1 The average samplers considered in this paper include the case of multiple
sampling devices located at the same position. For instance, if " is the set of all posi-
tions where at least one acquisition devices are located, and the impulse responses of the
acquisition devices located at the position y € I' are described by the sampling function-
als ¥l ..., W’;(V) respectively, where 1 < k(y), then the new index set I := U, erly +
je(y), 1 < j <k(y) — 1} and the new average sampler U= (1};)?65 are the location set
and the average sampler considered in this paper, where €(y) € [0, 1)? is chosen so that
y +je.0=j<k(y)—1N{y' +je(y),0=j<k(y)—1}=0forall y #y’, and
@y:@ﬁl{ if 7=y + je(y) el forsomey e and 0 < j <k(y) — 1.

2.3 Sampling and Reconstructing
We take a signal x € V,(®) and write
x=CTo 2.7

by Assumption 1, where C = (c(1));ca € £2(A). Then the average sample Y of the signal
x via the average sampler W is given by

Y:i=(x,¥)=AyoC. (2.8)

The average sample of the Dirac streams and the non-uniform mesh cubic spline in Fig. 1
via the average samplers in Fig. 2 is given in Fig. 3.
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Fig. 3 On the left hand side is the sampling data Ygo := {"N_| cpexp(=2/an — kT|>/T?)|1 < k <
[M] + 1} of the Dirac streams x = Zg/:] cndy,, in Fig. 1, while on the right hand side is the sampling
data Yeq := {Z,I,v=1 cn Jp e211—kT?/ T2 B3, 0dt|1 <k < [M] + 1} of the non-uniform mesh cubic
spline x = Zflvzl ¢n B3 3, in Fig. 1. The average samplers from top to bottom are generated by the T -shifted

Gaussian sampler exp(—=2[t — kT |2/ T?2) with the ratios between the sampling rate 1/ 7 of Gaussian sampling
devices and the innovative rate 1/u of the given signal being 6/5, 1,4/5 respectively
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346 N.Bietal.

By our basic assumptions on the generator ® and the average sampler W, the average
sample Y is a square-summable sequence (i.e. ¥ € £2(T")), and the reconstruction of a signal
x € Vo(®) from the exact average sample Y reduces to solving the linear system

Ay oC=Y. (2.9)

2.4 Reconstructing a Signal from Its Exact Average Samples and Solving a Least Squares
problem

We say that the average sampler W is stable on the space V,(®) if the average sampling
operator S,
S: Vo(®) 3 x —> (x, W) € £2(I), (2.10)

is bounded and has bounded left-inverse [2, 28]. For a stable average sampler W, we see that
any signal x € V,(®) is uniquely determined by its average sample Y := (x, ¥), and

x =YT Hyea® 2.11)
for some time-varying reconstruction filter
Higea = Av,0 (Ao wAv0) . (2.12)

We observe from (2.12) that the time-varying reconstruction filter Higey is the pseudo-
inverse of the correlation matrix Ay ¢, and therefore for the case that the average sample is
obtained exactly, the reconstruction of a signal in V,(®) from average sample Y reduces to
solving the least squares problem:

x = argming_y, o 1Y — (£, )1[%,. (2.13)

X

This observation inspires us to follow the above fashion in Sects. 3 and 4, and to con-
sider reconstructing a signal in V,(®) from the given noisy average sample by minimizing
the (regularized) least squares functional in the deterministic setting for the noise, and by
minimizing certain mean squared error (MSE) in the random setting for the noise.

3 Time-Varying Reconstruction Filters: Deterministic Setting

In this section, we investigate the problem of reconstructing a signal x € V,(®) from a given
noisy average sample ¥ = (y, )y er € £2(I") via the Tikhonov approach,

x= argminieVZ(q))eTIK()Z), 3.1

where the regularized least-squares functional erk (¥) is given by

p
k(@)1= Y 1L,(¥ = D)% +aCT AC, (3.2)
p=1
L,,1 =< p < P, are time-varying post-filters,

Y =(x, W)= (X, 9y))yer (3.3)

@ Springer



Reconstructing Signals from Noisy Samples 347

represents the average samples derived from the signal % := CT® € V,5(®), « is a non-
negative panel parameter, and the regularization matrix A is positive semi-definite, i.e.,
CTAC > 0 for all C € ¢2. The reader may refer to [6, 7, 18-21, 26, 27] and references
therein for some aspects of the theory and applications of (regularized) least squares prob-
lems.

In the first subsection below we solve the above reconstruction problem when post-filters,
regularization matrices and panel parameters are known. In the next three subsections we
discuss the problem of selecting post-filters, regularization matrices and panel parameters,
which are three key factors that affect the performance of our reconstruction process. In
the last subsection, we propose an adaptive Tikhonov approach for reconstructing a signal
with finite rate of innovation from its samples corrupted by deterministic noises. The sim-
ulations in Sect. 5 show that the adaptive Tikhonov approach is robust against noise and is
almost consistent irrespective of the value of the ratio between the sampling rate of sampling
process and the innovative rate of signals to be sampled. More importantly the adaptive ap-
proach can be implemented locally and then can be used in real-time reconstruction where
sample data in the future are unknown a priori, or in the partial reconstruction where partial
sample data are missing.

3.1 Solution of the Regularized Least Squares Problem

The following theorem gives an explicit solution to the regularized least squares prob-
lem (3.2) where the post-filters, the regularization matrix and the panel parameter are given.

Theorem 3.1 Let L,,1 < p < P, be time-varying post-filters, o > 0 be a nonnegative para-
meter, the regularization matrix A be positive semi-definite, ® be a Riesz basis of the space
Vo (D), and WV be the average sampler that satisfies (2.6). Set L = Z;f:l U[‘,Lp. Assume that
Agp wLAy ¢ + aA has bounded inverse. Then

(i) For any given average sample Y € £>(I"), there exists a unique signal x € V,(®) that
minimizes the regularized least-squares functional in (3.2).

(i) For any given average sample Y € £*(I'), the signal x € Vo(®), that minimizes the
regularized least squares in (3.2), depends linearly on the noisy average sample Y.
Moreover,

X = YTHT]]((D (34)

where the time-varying reconstruction filter Hrik is given by
HTIK = LAq;,q)(Aq),q/LA\pqq) +0{A)_1. (35)

(iii) If Y is obtained by average sampling xg := COTCD e Vo(®) (ie. Y = (x9, V)), then the
signal xo is the minimizer of the regularized least squares etk in (3.2) if and only if
O[ACO =0.

Proof The theorem can be proved in a standard way. For the completeness of this paper, we
include a proof here.

Take any X = CT® € V,(®) with CT # YT Hyk. Noticing that correlation matrices Ay ¢
and A,y are related by taking the matrix transfer operation, i.e. (Ay ¢)7 = Ag v, we have

P
ek (®) = Y _1L,(Y — AyoO)|} +aCTAC

p=1
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348 N.Bietal.

=T —CTAp y)L(Y — Ay oC) +aCTAC
=Y"(I — HrxAow)L(I — Ay o HL)Y + oY Hyg AHL Y
+(C" = Y"Hrx)(Apw LAy o + € A)(C — HiyY)

> €fi.
where e7ry is the value of the regularized least squares functional associated with the signal
x = YT Hpg ®. This proves the first two conclusions.
For Y = (xy, ¥) for some xg = COTQD € V»(®), it follows from (3.4) and (3.5) that the
reconstructed signal x is given by

x=ClApwLAyo(ApuwLAy o +aA) ' .

Therefore, x = x, if and only if C} Ap wLAy o(ApwLAy o +aA)~" =C[l if and only if
aCOT A =0 if and only if « AC(y = 0. The third conclusion is proved. O

Remark 3.2 If A is a positive definite matrix, i.e., there exists m > 0 such that CTAC >
m CTC for all C € £2, then we can write the time-varying filter Hrk in (3.5) as the following
two equivalent formulations:

HTIK = LA\qu;,A_l/Z(A_l/qu;.’\pLAq/.q>A_1/2 + OlI)_lA_l/2 (36)

and
Hrg = L'*(L'? Ay oA Apu L' + o) ' L2 Ay o A. 3.7

The above two equivalent formulations will be used later to find the optimal panel parame-
ter «, see Sect. 3.4 for details.

Remark 3.3 If the cardinality of the set ® is large, it will be costly and numerically unstable
to find the time-varying reconstruction filter Hrjx by computing the inverse of the matrix
AgpwLAy ¢ + aA. As our purpose is to reconstruct the signal x from its noisy sample Y or
equivalently to find the left action of the filter Hyx on Y7, we may circumvent the inversion
problem as usual by solving the following linear system

(Ap.wLAg.o +@A)C =AgyLY (3.8)

numerically. In our average sampling and reconstruction problem, the generator ¢ of the
space V,(®) and the average sampler W usually have polynomial decay (or subexponential
decay, or exponential decay) at infinity, i.e.

sup  u(x —A)|gi(x)| < o0 (3.9
xeR9 reA
and
sup  u(x — )|y, (x)| < oo, (3.10)
xeRd yel

where u is the polynomial weight (1 4 |x|)* with o > d for the polynomial decay case, the
subexponential weight exp(8|x|®) with 0 <8 < 1,0 < 8 < oo for the subexponential decay
case, and the exponential weight exp(e|x|) with 0 < € < oo for the exponential decay case.
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Thus the correlation matrices Ay ¢ and Ag, ¢ are in the Gohberg-Baskakov-Sjostrand class
Coou(I'; A) and Co (A, T') with polynomial (resp. subexponential or exponential) weight
u respectively, where the Gohberg-Baskakov-Sjostrand class of infinite matrices [25, 29] is
defined by

Cooa (8, 1) i= [ @0 P icayer s sup 1aGu 1) luG,y) < o0,

reA,yel

Therefore by the Wiener’s lemma [12, 25, 29], the time-varying reconstruction filter Hrik is
also a matrix in the Gohberg-Baskakov-Sjostrand class with polynomial (resp. subexponen-
tial or exponential) weight (hence Hrtik is a numerically sparse matrix) if the generator ® of
the signal space V,(®) and the average sampler ¥ have polynomial decay (resp. subexpo-
nential or exponential decay) at infinity, and the time-varying post-filters £,,1 < p < P, and
the regularized matrix A belong to the Gohberg-Baskakov-Sjostrand class Co , (I, I') and
Coo.u(A, A) with polynomial (resp. subexponential or exponential) weight u respectively.
Our demonstration confirms that theoretical result and shows that the number of numeri-
cally large entries in the time-varying reconstruction filter Hrjx depends almost linearly on
the size of the filter, and the numerically nonzero entries of the matrices A¢p w LAy o + A
and its inverse lie in a fixed band around the diagonal. From that observation on the time-
varying reconstruction filter Hpig and the fact that the matrix A¢ y LAy ¢ + oA is positive
definite, well known effective numerical methods, such as finite section method and conju-
gate gradient algorithm with preconditioning, may be useful to solve the linear system (3.8)
efficiently [8-10, 22].

3.2 Post-Filters in Tikhonov Approach

The post-filters £,,1 < p < P, are usually determined (or selected) by the reconstruction
problem including the pattern of deterministic noises. For instance, in the global reconstruc-
tion problem where all (noisy) average samples are given, the post-filters £,,1 < p < P,
are usually selected either to be all-pass filters in the sense that

L:02([T)ecr—> (L1(0), ..., Lpe)T € (> ()F

is bounded and has bounded inverse, or to be preconditioners in the sense that £,, 1 <
p < P, are diagonal matrices with diagonal entries forming a sequence of weights (U, ) cr,
where U, > 0 [8, 26, 27].

On the other hand, in the local reconstruction problem where only average samples on
a finite set I' C I" are given (or could be used such as in real-time implementation), the
post-filters £,, 1 < p < P, should be local in the sense that

L,Pp=L, 1=<p=<P,

where P: is the projection operator from £2(I") to £>(T") defined by

(Pfcxy):{g(” g;? for ¢ = (c(y))yer-

For those post-filters satisfying the above local property, the average samples outside the
finite set I will not be used in the minimization problem based on the regularized least
squares.
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350 N.Bietal.

Given a finite set ' C T, let Y7 denote the given sample on [, ¥ = (¥y),cr be the
subfamily of sampling functionals v, located in some position y € ', and £ ». be the sub-
matrix obtained by taking all y-rows of the post-filter £, with y € I'. Given a finite set
[ C T, we let A be the set of all A € A such that the supports of the generating function
¢,. and the sampling functional v, located in the position y have nonempty intersection for
some y € I. Let also ® = (¢) rci D€ a subfamily of functions ¢, whose supports having
nonempty intersection to that of some sampling functionals in W. Then in the local recon-
struction problem where only average samples on a finite set [T are given (or can be
used) we can show that minimizing the regularized least-squares functional in (3.2) is the
same as solving another minimization problem of small size, if we further assume that the
generating functions ¢, and the average sampling functionals 1/, are supported in a fixed
compact set and if the regularization matrix A is a diagonal matrix diag(a;);ca. Precisely
we need only to minimize the following least-squares functional

,
ek (®) =Y 1L, (YL = Y1)I; +aCT AC, (3.11)
p=1

where ¥, = (%, U) := ((%, V), < represents the average samples derived from the signal
#=CT® and the regularization matrix A= diag(a,), 5 is the diagonal matrix with the in-
dex in the diagonal elements included in A. The solution of the above minimization problem
is

x_YLLA\I, 3(Ag Aq,q,—{—ozA) P, (3.12)

where L = Zﬁ:l L5, 1 Lp,. The above argument shows that the Tikhonov approach can be
implemented locally when local post-filters are selected and the regularization matrix is a
diagonal matrix.

3.3 Regularization Matrix in Tikhonov Approach

The regularization matrix A in the regularized least squares is adjusted accordingly to the
various sampling and reconstruction situations such as in the reconstruction of signals with
finite duration or with low frequency. In most applications, the regularization matrix A in
the Tikhonov approach is given by a regularizer R on the space V,(®) in the sense that

CTAC = (R%, R%) = CT Ago roC (3.13)

where ¥ = CT® € V,(®). Typical examples of the regularizer R in the average sampling
problems are (i) (Rx)(¢) = x(¢t)w(t) for some weight w in the time domain, such as w(¢) =
(1+12))%, @ > 0, and (ii) ﬁ(f) =x(f)w(f) for some weights w in the frequency domain,
such as Rx = x”. The first type of regularity operator can be used to reconstruct signals with
fast decay in the time domain, while the second one with low frequency in the frequency
domain. For instance, for the spline case, @ is a family of splines on non-uniform meshes,
we usually take m-th derivative Rx = x® for some k > 0 as the regularity operator [23, 35].

3.4 Panel Parameter in Tikhonov Approach

For better performance of the reconstruction process, it could be crucial to select an ap-
propriate panel parameter « so that the regularized least squares minimization problem is
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consistent (or almost consistent), the average sample of the reconstructed signal is “close”
to the noisy sample, the reconstruction signal has certain regularity, and the reconstruction
process is numerically stable and robust against noise. Here, the consistency of the regu-
larized least squares minimization problem means that for the average sampler Y obtained
by average sampling a signal xo € V,(®), the signal x that minimizes the regularized least
squares has its average samples the same as the average samples of the original signal x
[33]. We use the above consistency instead of the more popular “strong” consistency where
the reconstruction signal is the same as the original signal for considering undersampling
problem where the reconstruction process is not unique in general.

In this subsection, we introduce three quantities to measure the sampling error, regu-
larization of the reconstructed signal, and numerical stability of the reconstruction process
respectively. For this purpose, we always assume that A is a positive definite in this subsec-
tion.

Let

eg() =LY — (x, U) |, (3.14)

be the £ sampling error between the noisy sampling data Y and the sampling data (x, V)
of the reconstructed signal x =Y T Hyx ®, where 1 < g<2and L = Z;’:l £;j£,,. We note
that

lim e, (e) = [|IL'2Y%,. (3.15)
oa—> 00

For g =2, the sampling error e, () is the first term in the regularized least squares ek (x),
and has the following explicit expression

er(@)=Y'LY —YT"LAy B,

X(Aq;,,q;LAq/,q) +2(XA)BO,A<]>,\1;LY (316)
by (3.4) and (3.5), where
B, = (ApwLAyo+aA)™". (3.17)
Therefore
dey(a) T
7 =2aY LAy,oByAByAByAgp wLY >0 (3.18)
o
and
e,(@) is an increasing function on (0, 00). (3.19)

Our numerical results show that e; («) is also increasing function. Thus

Claim 1 The sampling data of the reconstructed signal has smaller sampling error to the
observed noisy sampling data for smaller panel parameter a > 0.

Let
r(a):=Y"HuxAH} Y =Y LAy ¢ ByAByAg y LY (3.20)

be the second term in the regularized least squares functional ek (x) to measure the regu-
larity of the reconstruction signal x = Y7 Hyx ®. Then

lim r(x)=0 3.21)

a—+00
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and
r(a) is a decreasing function on (0, 00), (3.22)
as
d:l(j) = 2Y"LAy oBuAByABLAowLY <0. (3.23)
Therefore

Claim 2 The reconstruction signal has better regularity for larger panel parameter o > 0.

Define

ci(@) = (A" Ap y LAy o A2 +aD)7' || |A7 2 Ap y LAy o A7 2|, (3.24)

(@) = (L' Ay A Apu L2 +a) ' IL'? Ay AAe w L7, (3.25)

and
c(a) =min(c (o), c2(@)), (3.26)
where || - || is the operator norm of a matrix. Because of the equivalent formulations (3.6) and

(3.7) of the time-varying reconstruction filter Hrix, we use c(«) to measure the numerical
stability of the reconstruction process. We notice that

c(a) is a decreasing function on (0, 00), (3.27)
with
lim c(a)=0. (3.28)
a—>+00
Hence

Claim 3 The process of obtaining the reconstructed signal from the observed noisy sam-
pling data has better numerical stability for larger panel parameter .

The above claims suggest a trade-off to select the panel parameter «.
3.5 Adaptive Tikhonov Approach

In this subsection, we use the three claims in the last subsection to select the panel parameter
« appropriately and then develop an adaptive Tikhonov approach for reconstructing a signal
with finite rate of innovation from its noisy samples.

Before we apply the three claims in the last subsection, we first normalize the measure-
ments there. In fact, we normalize the sampling error e, () by negative logarithm of the
relative sampling error,
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the regularization measurement r(«) by logarithm of the ratio between the regularization
measurement r(«) and the energy of the noisy sample Y,

r@  llAewAyolllLl
R(x) =1 . . ; 3.29
@ °g”’<YTLY S 629
and numerical stability constant c(«) by its logarithm
C(a) =log;oc(@). (3.30)

In Fig. 4, we present a simulation result of the logarithm E, () of the relative sampling error
between the given noisy sample data and the sample data of the reconstruction signal, the
logarithm R(w) of relative regularization measurement of the reconstruction signal, and the
logarithm C(«) of numerical stability number of the reconstruction process. If we use the
popular signal-to-noise ratio (SNR) in decibels, 10 times the logarithm of the power ratio
between the exact sample Y, and the additive noise Y — Y, then the SNRs of the above addi-
tive noise are 24.7397db, 24.3544db, 24.8322db for figures on the right hand side from top
to bottom and 24.7701db, 23.9798db, 24.5314db figures on the left hand side from top to
bottom. Figure 4 confirms the monotonicity of the functions E; (&), E> (), R(a), C(«) (ex-
cept the functions E;(«) and E,(«) in Fig. 4(e) for small & due to the numerical instability)
and the side-effect of over-regularization for large panel parameter .

Now let us select the panel parameter «. To judge the reasonability of the reconstruction
procedure via regularization, we require that the normalized regularization measurement
R(a) should satisfy

R(a) <log,, R (3.31)

where R is a positive constant. From our simulation, we let R = 102
For the stability of the reconstructed procedure, it is reasonable to require that

C(x) <log;, S (3.32)

where S is a positive constant. From our simulation, we let S = 10° for reconstructing Dirac
streams and S = 10° for reconstructing cubic splines.

The entries in the matrix Ay, ¢ are usually obtained by numerical quadrature, which leads
to an error ey. As impulse responses of the original signal and the sampling devices at each
location are localized, the error of each entry of the matrix Ag ¢ LAy ¢ in (3.6) and the
matrix Ay A~ 'Ag .y in (3.7) obtained by numerical quadrature is controlled by a scalar
multiple of ey|| LAy |l and ey||Ay.o A" || respectively. So it is reasonable to have certain
regularization,

a > sinfi=eol| LAy o A7 (3.33)

From our simulation, we will let e, = 10~° for Dirac stream signal and ey = 1077 for cubic
spline signal.

The sampling error e,(«) between the noisy sampling data Y and the sampling data
(x, W) of the reconstructed signal x = Y7 Hyx ® should not exceed certain percentage p of
the energy of the noisy data YT LY, i.e.,

E)(a) > —logyp (3.34)
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Fig.4 The functions E1(10%) (dashed line), E>(10%) (solid line), R(10%) (dash-dotted line), C (10%) (dotted
line) of the Dirac streams in Fig. 1 (the left hand side) and of the nonuniform cubic spline in Fig. 1 (the
right hand side). The average sampler W from top to bottom is generated by the 7 -shifted Gaussian function
exp(=2|t —kT|>/T?), 1 <k < [M] +1, with u/T = 6/5,1,4/5 respectively. The noisy data Y are
given by ¥ =Y, + ogmax(|Ye|)(r(y))yer where the noise level o is 0.05, r(y),y € I' are numbers in
[—1, 1] chosen randomly and where the sampling data Y, for figures on the left and right hand sides are the
sampling data Yy, and Y, given in Fig. 3 respectively. The postfilter is Lg in (5.3), and the regularization
matrix is Ay in (5.1) for figures on the left hand side and A. in (5.2) for figures on the right hand side
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otherwise either the sampling data Y is too noisy or our reconstruction procedure via regu-
larization is over-regularized. Therefore by (3.16) we have

Y'LAy oBy(2eA + ApyLAy ¢)ByAepyLY > (1 —p)YTLY.

This together with
207'A™" = By A+ Ag LAy 0)B,

implies that the panel parameter « should satisfy
a <ssup:=2(1— p) YL'?Ay.0A" Ap u L. (3.35)

From our simulation, we will let p = 10%.

So we propose to select the smallest o € [sinf, ssup] satisfying (3.31) and (3.32) as the
panel parameter a,, in the Tihonov approach for reconstructing signals with finite rate of
innovation from noisy samples. In our simulation, we will use the following simple algorithm
on the logarithmic scale of the panel parameter to determine the adaptive parameter o,,:

Panel Parameter Algorithm:

1. Input noisy sample data ) and correlation matrix Ay e.

2. Input postfilter L,and regularization matrix A.

3. Input sinf in (3.33) and ssup in (3.35).

4. Input No, R,S (In our simulation, Ng=30,R=100and S = 1000
for reconstructing Dirac streams and S=10° for
reconstructing cubic splines)

5. Define a =log,sinf, b =log,, ssup.

Fork=1to N

m=(a+b)/2, p2=R(10™), p3=C(10");
if p2 <log,, R and p3 <log;, S
a=a,b=m;

else

a=m,b=b;

<o
H &
'Uﬁ
c |
T3
o

8. Define the reconstruction signal x,, from noisy
sample dataY by

Xre = YTLAq;’qg(quy\pLA\y.(p —+ OlopA)71 d.

4 Time-Varying Reconstruction Filters: Random Setting

Following the work by Eldar and Unser [6], we introduce in this section two design criteria
for reconstructing a signal x € V,(®) from the noisy average sampling data ¥ = (y, ), er of
the following form:

Yy ={xo, ¥y} tw,, yer 4.1)
for some xy € V,(®) and discrete additive noise w = (w, ), er With zero mean and known

covariance matrix W.

@ Springer



356 N.Bietal.

4.1 Worst-Case MSE

Given a reconstruction filter H, a positive number 8, a positive definite regularization ma-
trix A, and a linear functional M on V,(®), we define the worst-case mean squared error
€wor ‘= €wor(H, do, A, M) by

€WOR = max E{M(x — )% 4.2)

xeVa(®).llxll 4 <o
where ||x||4 :=+/CTAC for x = CT® € V,(),
F=(x, vy +whHHD 4.3)

is the reconstructed signal from the noisy sample ¥ = (x, V) + w via a reconstruction fil-
ter H, and w = (w, ), ¢r is additive noise with zero mean and with covariance matrix W.

The next result gives the solution to the reconstruction problem based on the minimiza-
tion of the worst-case mean squared error.

Theorem 4.1 Let §) > 0, A and T" be finite sets, A be a positive definite matrix, M a
linear functional on Vo(®), ® a Riesz basis of Vo(®) C L?, and ¥ an average sampler that
satisfies (2.6). Assume that the additive noise w = (w,,),cr has zero mean and covariance
matrix W, and that (S%Aq;g])A_lAq)’\p + W has bounded inverse. Then the reconstruction
filter

Hyor =83 (82Av.0A™ Agw + W) ' Ay oA~ 4.4)
minimizes the worst-case MSE ewor (H, 8y, A, M) in (4.2), that is,
Hwor = argming ewor (H, 89, A, M). 4.5)
Proof For any x = CT A™'2® with ||C||,2 < 6o,
F=CTA ™’ Apy + 0 )YHD, (4.6)

where H is the reconstruction filter, and w is the additive noise with zero mean and covari-
ance matrix W. Then we obtain

6WOR(fI! 505 A7 M)
= max E(|CTA™*(ApoH — (M) + wTH(M®)|2)

1€l 2 <80

= max [CTAY?(ApyH — I)(M®D)]> + ( MD) HTWH(M®P)

ICll,2 <80
=8 (M) (H " Ayo — DA (Apw H — I)(MD) + (MP) H'WH(M®)
= ewor (Hwor, 80, A, M) + (M®)" (H — Hwor)"
X (85Aw.0A™" Agw + W) (H — Hyor) (MP)
> ewor (Hwor, 80, A, M).

Hence the conclusion (4.4) follows. O
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Remark 4.2 The construction filter Hwor in the worst-case MSE coincides with the con-
struction filter Hyix when the covariance matrix W and the post-filters £,,1 < p < P,
satisfy WL = 831, where L = 25:1 L L,. From the above observation, we see that for
the case that average samples are corrupted by white Gaussian noise with zero mean and
variance 002, our approach could have better performance if post-filters is trivial (i.e. L = I)
and o /87 is selected as the panel parameter o.

Remark 4.3 The model example of the linear functional M in the worst-case MSE is the
evaluation functional at time ¢ (i.e. M® = ®(¢)) when ® is continuous [6, 31]. Our simu-
lation shows that the reconstruction filter Hyor does not minimize the following worst-case
weighted MSE

Gwor=  max / E(lx(r) — £ P)du (o), @.7)
xeVa(®),llxlla<do Jd

where 11(¢) is a probability measure on R?. But observing from Theorem 4.1 that the recon-
struction filter Hyog is independent of the linear functional M, we have that the reconstruc-
tion filter Hwogr also minimizes the following linearized worst-case weighted MSE,

evon= [ max Bl - 50w (4.8)
T *€V2(®),lIx[la=<dp
where (1(¢) is a probability measure.

Remark 4.4 For the case that W is an interpolating average sampler on V,(®), i.e. there
exist two positive constants A and B such that

Aliell < Ao welle < Bliell2 forall ¢ € €(I), (4.9)

the operator norm || Hwor|| of the reconstruction filter Hwogr can be bounded by a constant
independent of the parameter §, and the covariance matrix W because

I Hworll < 82]| (83 Av.0A™" Aow + W)™ [ Avoll A"
< [(Ap.0A™ Ao w) |l Aw o AT < c0.

Hence the reconstruction process from average samples via the reconstruction filter Hwor
is uniformly stable.

For the case that W is a stable average sampler on V,(®), i.e. (2.10) holds, we may not
be able to find an upper bound of the operator norm || Hwog|| that is independent of the para-
meter & and the covariance matrix W. For instance for ® = {011}, ¥ = {xj0,1/21> X11/2,11}»

_ _((6-1? 821 : (1
A=1,and W = ( o <5+1)2)’ the reconstruction filter Hywor := (1_(3
norm tending to infinity as § — +oo. But as the additive noise w is the white Gaussian
noise with zero mean and variance oy (that is, W = 0021 ), the operator norm || Hwog|| of the
reconstruction filter Hyor can be bounded by a constant independent of the parameter &

and the variance oy, since in that case the reconstruction filter Hwor can also be written as

) has its operator

Hyor =82 Av0(B2A ' Ag wAy o +0i ) AT (4.10)

Remark 4.5 The assumption that both A and I' are finite sets is a technical assumption
in Theorem 4.1. From the proof of Theorem 4.1, we see that the filter Hwog is still the
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reconstruction filter that minimizes the worst-case MSE ewor if the finite-cardinality as-
sumption on the sets A and I" in Theorem 4.1 is replaced by some technical conditions on
the noise w, the random signal x, and the reconstruction filter H in the minimization pro-
cedure, and the filter Hwog in (4.4). For instance, we may assume that the random signal
x = CT® € V,(P), the random noise w = (wy )yer, the construction filter H in the mini-
mization problem and the optimal reconstruction filter Hy satisfy the following conditions:
(1) ¢, € [—A;, Al, L € A for some sequence A;, A € A with erA |A,|? < oo where C =
(¢1)sen, (i) w, € [-B,, B, ] for some sequence B,y € I' with BT |[H|, B” |Hwor| € €*(A)
where B = (B,),cr, the (y, 1) entries of the matrices |H| and |Hwor| are the moduli of
the one of the matrices H and Hwog respectively. From the above assumption, we see that
the sparseness of the reconstruction filter Hwor is an extremely important requirement in
the reconstruction process where the average samples are corrupted by random noise. As
discussed before (Remark 3.3), the reconstruction filter Hwor has polynomial decay (resp.
subexponential or exponential decay) if the generator ® of the space V,(®) in which signals
live, the average sampler W, the regularized matrix A, and the covariance matrix W have
polynomial decay (resp. subexponential or exponential decay).

4.2 Stochastic MSE

Given a regularization matrix A and a reconstruction filter H, we define the stochastic mean
squared error (MSE) eysg := emsg(H, A) by

emse :=E{(C = O)TA(C = )}, @.11)

where x := CT® is a zero-mean random process in V,(®) with covariance function
cov(x(t), x(t)), x := CT"® = YTH® is the reconstruction signal from the noisy average
sampler ¥ = (x, ¥) + w via the reconstruction filter H, and w = (w,),r is an additive
zero-mean noise independent of x and with covariance matrix W. In the case that the reg-
ularization matrix A in (4.11) is given by a regularity operator R on the space V,(®) as in
(3.13), the mean squared error eysg in (4.11) becomes E{||R(x — X)|%}.

Theorem 4.6 Let A,T" be finite sets, A be a positive definite matrix, ® be a Riesz ba-
sis of Vo(®), and ¥ be an average sampler that satisfies (2.6). Assume that x is a zero-
mean random process in V,(®) with covariance function cov(x(t),x(t')), w = (W, )yer is
an additive zero-mean noise that is independent of x and has covariance matrix W, and
A\QYq)A;}@COV(X)A;}@Aq)!\[J + W has bounded inverse where

Cov(x) := / / cov(x(1), x('ND @) (D)) drdr’ . 4.12)
R4 JRd
Then the Wiener filter Hy defined by
Hyw = (Ay,0A36Cov()AG s Ao w + W) ' Ay 0 AgleCovix)AGy. (4.13)
is the reconstruction filter that minimizes the functional eysg in (4.11), i.e.,
Hyw = argming eysg(H, A). 4.14)

Proof For any x € V,(®), we write x = C” ® for some C € £>(A). One may then verify that
the covariance matrix associated with the random sequence C and the covariance function
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associated with the random signal x are related as follows:
cov(C) = (Agp,0) ' Cov(x)(Ag0) " (4.15)

For x = CT® € V,(®), the reconstruction signal % := C” ® from the noisy samples via the
reconstruction filter H is given by

=(C"Apy+w")H®,
where w is additive noise with zero mean and covariance matrix W. Therefore
emse = E{(C — )" A(C - O)}

=E{C"(AowH —AH" Ay o — )C} +E{w" HAH w}

= trace(cov(C)(Ao v H — I)A(H" Ay — I)) + trace(WHAH")

= trace((H" Ay,o — 1)cov(C) (A, g H — I)A) + trace(H' WH A)

= eyise + Ew (H — Hyw)A(H — Hy)" w)

+E(CTAp gy (H — Hw)A(H — Hy)" Ay.6C)
> e (4.16)

where trace(B) is the trace of a square matrix B, and ey, is the MSE associated with the
reconstruction filter Hy . The conclusion in Theorem 4.6 then follows. O

Remark 4.7 The Wiener filter (4.13) in the stochastic MSE is independent of the regular-
ization matrix A in (4.11), and coincides with the reconstruction filter (4.4) in the minimax
MSE if the regularization matrix A in (4.3) is chosen so that

cov(x(1), x(t") =82 (@ )T AT d(1). 4.17)

Remark 4.8 Similar to the worst-case MSE, we define the linearized mean squared error
(LMSE)

emse = E{IM(x — %)%}, (4.18)

where M is a linear functional with M® e £2(A), x is zero-mean random process in V()
with covariance function cov(x(¢), x(¢)), X is the reconstruction signals from the noisy
average sampler Y = (x, W) + w via the reconstruction filter H, w = (w, ), ¢r is an additive
zero-mean noise independent of x and with covariance matrix W. One may then verify that
the Wiener filter Hyw in (4.13) is also the reconstruction filter that minimizes the linearized
MSE €L MSE in (418)

The next result gives a lower bound estimate of the stochastic MSE eysg for identically
distributed random signal x € V,(®) and noise w with zero means.

Theorem 4.9 Let A and T be finite sets, ® = (¢;)sen be an orthonormal basis of its span
Vo(®), and V¥ = (¥,)er be a stable average sampler on V,(®), i.e. (2.10) holds. Assume
that x is an identically distributed random signal in V,(®) that has zero mean and covari-
ance function

cov(x(1), x(1)) = 02 (1) D (1) (4.19)
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for some oy > 0, and that w is the identically distributed random noise that has zero mean
and the covariance matrix

W =0l (4.20)

for some o1 > 0. Then the stochastic MSE eyisg in (4.11) satisfies

N’ojo} )
€ > M—N 4.21
MSE > 10 1Po? + No? +( ) 4.21)

where ||V| = (Zyef‘ ¥, 13)!/2, and M and N are the cardinality of the sets A and T
respectively. The inequality (4.21) becomes an equality if and only if the Wiener filter Hy is
used as the reconstruction filter and W C V,(®) is a tight frame for V,(®), i.e., there exists
a positive constant B such that

D KLY =BIfI3 forall f € Va(®).

yel

Proof By (4.16), (4.19) and (4.20), the stochastic MSE €ysg in (4.11) is larger than or equal
to

trace(cov(C)(Ao,y Hw — ) A(Hy Ag.o — 1)) + trace(W Hw A Hy,)
= trace(—cov(C) Ao,y (Ay,0c0v(C)Ap y + W)™ Ay cov(C)A + cov(C)A)
=ojortrace((0g Ay oAsy + 07 1)), (4.22)

where we have used the fact that trace(AB) = trace(BA) for any matrices A and B. Let
Ak, 1 <k < N, are eigenvalues of the matrix A¢ ¢ Ay o. Noting that all eigenvalues of the
matrix Ae yAy, ¢ are positive by the stability of the average sampler W, and that the sets
of nonzero eigenvalues of the matrices Ay ¢Ag w and Ae wAy ¢ are the same, we then
have that N <M and Aq, ..., Ay, 0, ..., 0 are all eigenvalues of the matrix Ay ¢Ag, w. This
together with (4.22) implies that

N
euse = 0307 »_(0gh +07)"" + (M — N)og
k=1

o} | Py |13 !
NU&U%(M + Jl2> + (M — N)JOZ

v

Nlojot >
> W + (M — N)UO s (4.23)

where we have the facts that
N
> h=trace(AowAvo) = IPY I <D vy 1P = W],
k=1 yel yel

to obtain the first and second inequalities, and P is the project operator from L? to V,(®).
From the above argument, we see that all inequalities in (4.22) and (4.23) become equal-
ities if and only if the Wiener filter Hy in (4.13) is used as the reconstruction filter and all
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eigenvalues of the matrix Ag gy Ay, ¢ are equal. Therefore the second conclusion in Theo-
rem 4.9 follows. O

Remark 4.10 We say that the average sampler W = {y, }, <r is normalized if |, o =1,y €T.
In this case, the lower bound estimate in (4.21) becomes

N?c2o? Nolo?
01 2 01
€MSE > —————— + (M — N)o; >
Mol + No? "= o+

where we have used the fact that M > N to obtain the second inequality. This indicates
that an orthonormal basis of the space V,(®) (for instance the generator ®) is the best
normalized average sampler on that space V().

5 Numerical Simulations

In this section, we present the results of some numerical simulations for reconstructing a
signal with finite rate of innovation from the given noisy samples.

5.1 Adaptive Tikhonov Approach
In the following simulation, we use the adaptive Tikhonov approach developed in Sect. 3 to

reconstruct Dirac streams and cubic splines from their corrupted average samples. For this
purpose, we use the following regularization matrix

. 2 A3 — Aj
Ay = diag , yeens
A=A (A —AD(A3 —A2)
AN — AN_ 2
N —AN—2 ’ ) 5.1)
(Anv—1 —AN2)(Ay —An—1) AN — An—i

for the Dirac streams x = Y~

n=1

Ac = (/ B35, (1) B s, (t)dl‘)
R 1<n,m<N

+ ( / By, (B3, (t)dt> : (5.2)
R I<n,m<N

for the nonuniform mesh cubic spline signal y = Z;V:l ¢, B3 ;, . Also for the sampling func-
tional W = {,, },,er With y; < y» <--- < yx we will use the following preconditioner:

¢,,0,,, and the following regularization matrix

P
Ly:=Y LyL,=diag(, ... k) (5.3)

p=1

where 71 = (v, — 1), e = (kw1 — Vo) P if2 <k <K — 1, and Jx = (yx — yk-1) .
In Fig. 5, we present the reconstructed signals from noisy sampling data via the adaptive
Tikhonov approach developed in Sect. 3, i.e., the Tikhonov approach with the panel para-
meter «,, being obtained in the Optimal Parameter Algorithm.
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Fig. 5 The reconstructed Dirac streams Zr]LV:l Cnby, (the left hand side) and the nonuniform
mesh cubic spline 2,11\]:1 dy B3, (the right hand side) via the adaptive Tikhonov approach.
The sampling functionals W := (¥,) from top to bottom are the T-shifted Gaussian sampler
exp(—2|t — kT\z/TZ), 1<k< [M] + 1, with the ratios between sampling rate 1/7 of Gaussian sam-
pling devices and innovative rate 1/x of signal x being 6/5, 1,4/5 respectively. The noisy data Y are given
in Fig. 4, the postfilter is the matrix Lg in (5.3), and the regularization matrix is the matrix A, in (5.1) for
figures on the left hand side and the matrix A in (5.2) for figures on the right hand side respectively
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N
n=1

The difference between the reconstructed signal X :=Y_,"_, ¢,8,, and the original Dirac
stream x = Zf,v:l ¢ 0;, , and the difference between the sample (X, W) of the constructed sig-
nal X and the given noisy sample Y are presented on the left hand side and on the right hand
side of Fig. 6 respectively. In the noiseless sampling environment (i.e. 09 = 0 in Fig. 4), the
¢2-norm (Y0 1€, — ¢,[?)"/? of the difference for the reconstructed signal ¥ = Y~ | &,5,,
and the original Dirac stream x = Z;V:1 ¢p6;,, 15 1.0784 x 10-3,0.5637, 1.7062 for the ratios
between sampling rate 1/ T of Gaussian sampling devices and innovative rate 1/u of signal
x being 6/5, 1, 4/5 respectively. In the same noiseless sampling environment, our simulation
shows that the £2 norm of the difference between the sample (¥, ¥) of the reconstructed sig-
nal ¥ and the given noiseless sample ¥ = (x, ¥) is 1.1563 x 107,0.0093, 3.2993 x 1077,
while the £2 norm of the given noiseless sample Y = (x, W) is 3.7050, 3.7265, 3.6214 for
the ratio between sampling rate 1/ 7 of Gaussian sampling devices and innovative rate 1/u
of signal x being 6/5, 1, 4/5 respectively.

The difference between the reconstructed nonuniform mesh cubic spline y =
Zflv:l z?,, B;;, and the original nonuniform mesh cubic spline y = Zf:]: 1duBs3,, and
the difference between the sample (y, W) of the constructed signal y and the given
noisy sample Y are presented on the left hand side and on the right hand side of
Fig. 7 respectively. In the noiseless environment (i.e. oy = 0 in Fig. 4), the ¢>-norm
O |d, — d,|*)'/? of the difference between the reconstructed nonuniform mesh cubic
spline y = Zflvzl d, B3, and the original nonuniform mesh cubic spline y = ZLV:] d, B3,
is given by 0.0162,0.6101, 1.5942 for the ratio between sampling rate 1/7 of Gaussian
sampling devices and innovative rate 1/ of signal x being 6/5, 1,4/5 respectively. The £>
norm of the difference between the sample data (y, W) of the reconstructed cubic spline y
and the given noiseless sample data (y, ¥) is 3.3688 x 10~*,0.0075, 2.6447 x 10~*; and
the £2 norm of the given noiseless sample data (y, W) is 0.5466, 0.5835, 0.6286 for the ratio
between sampling rate 1/T of Gaussian sampling devices and innovative rate 1/u of signal
x being 6/5, 1,4/5 respectively.

From the above demonstration, we notice that our reconstruction procedure is almost
consistent in the noiseless sampling procedure, and robust against noise. We also observe
that the procedure has better performance for the oversampling case than for the undersam-
pling case, and has much smaller error between the sampling data of our reconstructed signal
and the given noisy sampling data than the error between the reconstructed signal and the
original signal.

5.2 Local Implementation of Adaptive Tikhonov Approach

In the following simulation, we want to demonstrate that our adaptive Tikhonov approach
can be implemented locally. The setting in the simulation is as follows: the nonuniform mesh
cubic spline x = ZN d, B3, in Fig. 1 is taken as the original signal, the average sampler

n=1

V= {81(7},{{:1 is generated by the delta functional on the set I' = {kT},{(:l with T = %u and
K =[(Ay +21)/T]+ 1, the exact sample Y., is given by

N
Yea =1 dyBs;, (kD)1 <k < K}, (5.4)

n=1

and the noisy sample Y is generated by

Y =Yeq +oomax(|Yea)(r (¥))yer (5.5
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Fig. 6 The difference between the reconstructed Dirac streams X = Z,ILV:]

-0.005

-0.01

-0.015

-0.02

-4t
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SRIT

Cn ), in Fig. 5 and the original

Dirac streams x = Zflv:l Cn 8y, (the left hand side), and the difference between the sample (x, W) of the
reconstructed Dirac streams ¥ and the given noisy data Y in Fig. 5 (the right hand side). From top to bottom,

the £2-norms (ZN
while the £2-norm (Z

1&n — cnl?)1/2 of the difference of three signals are 0.1992, 0.6009, 1.7326 respectively,
1 lcen |2 1/2 of the original 51gnal is 4.0612; the £2-norms of the difference (X,¥)—Y

of three sample data are 0.0589, 0.0154, 3.2593 x 1077 respectively, and the £2-norms of the given noisy
samples are 3.7185, 3.7392, 3.6461 respectively
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Fig. 7 The difference between the reconstructed cubic spline y = Zyll\;l dyn Bj 3, in Fig. 5 and
the original cubic spline y = Zrll\':] dn B3, (the left hand side), and the difference between
sampling data (y, W) of the reconstructed cubic spline y and the given noisy data Y (the right
hand side). On the left hand side from top to bottom, the £2-norms Qe |¢§n —dy |2)l/2 of the
difference of three signals are 0.2056, 0.7243, 1.6116 while the £2-norm (X-_; |d,|*)!/? of the
original cubic spline signal y is 3.6566. On the right hand side from top to bottom, the ¢2-norms

of the difference (y, W) — Y of three sample data are 0.0076, 0.0073, 0.0003, and the £2-norm of
the original samples Y are 0.5568, 0.5907, 0.6365, respectively
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Fig. 8 The locally-reconstructed cubic spline ane Atg.R dy,R B33, (the left hand side) and its difference
to the original signal ane Akg.R dn R B3, (the right hand side) from its noisy sample data Yy, g located

on (kg — R)T, ..., (kg + R)T, where R =5, 10, 15 from top to bottom. Here N = 50 and kg = 15. The local
error measurement for the difference of the locally-reconstructed cubic spline and the original spline is given
in Fig. 9
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Fig. 9 The error measurement 0.12 .
D(R)Z(ZAnEAko_s x 2N
dyp. g — dn|*)'/? between the
locally-reconstructed cubic spline o, ~
Z)»nEAkO.R dy g B3, and the / \ /
original signal

Z)LHGAkO,R dy, g B3, from
noisy samples with the noise
level oy in Fig. 4 being
0,0.025, 0.05 are presented by
solid line, dashed line and
dash-dotted line respectively

where the noise level oy is 0.05 and r(y), y € I' are numbers in [—1, 1] chosen randomly,
the post-filter L is given by

»
L:=) L3L,=diag(,...,0, 7y &, ig+&: 0, .., 0) (5.6)

p=l

where p;, 1 <k < K, are defined in (5.3), and the regularization matrix A is determined
by (5.2).

Now let us define the localized versions of the sample Y, the post-filter L, the reg-
ularization matrix A, the generator ®, the average sampler W. Given 1 < ky < N and
R < min(ko, N — ko), define [y, gz = {kT}f:,;f_R and Ay, g = {An}nln, where ng is the
index such that A, ;> > (kg — R)T and A, 41 < (kp — R)T and n, is the index such
that A,,_» < (ko + R)T and A,,—; > (ko + R)T. Using these two index sets, we define
Ve = {‘Su}uef“k as the local version of the average sampler W, &y, r = {Bs,, }AneAkO,R as the
local version of the generator ®, Ly, r = diag(Vky—r, - - -, Yko+&) as the local version of the
post-filter L in (5.6), the matrix Ag, r obtained by taking all A,-columns and rows of the
regularization matrix A. in (5.2) where A, € Ay, r as the local version of the regularization
matrix A, and the sequence Yy, r = (y(V))yeFko, « as the local version of the noisy sample
Y = (y())yer in (5.5).

We will use the reconstruction formula (3.12) to reconstruct signal from its noisy sam-
pling data Y}  obtained at locations yy,_g. ..., Yk,+&- and the panel parameter « is selected
by the Panel Parameter Algorithm with the noisy sample Y, the post filter L, the regular-
ization matrix A, the generator ® and the average sampler W being replaced by their local
versions Yy g, Ly, r» Akg,r> Pho,r» ko, & TESPECtivEly.

We observe that this regularization matrix A in this simulation is not a diagonal matrix,
but we still use (3.12) to reconstruct signal from local sample data because it is the solution
that minimizes the regularized least squares functional erix (X) with X € V,(®y, ) (instead
of its superspace V,(®P)).

In Fig. 8 we let N =50 and ko = 15. On the left hand side of Fig. 8 we present the

reconstruction cubic spline Zx” J,l, g B3, for R =35, 10, 15 (from top to bottom) from

GAk(),R

noisy sampling data Y . On the right hand side of Fig. 8 is the difference ZAHGAk(),R (dy.r —
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Fig. 10 The reconstructed Dirac streams X (the left hand side) obtained by applying the filter HwoR in
(4.4), and the difference between the reconstructed Dirac streams and the original Dirac streams (the right
hand side). From top to bottom the ratios between sampling rate 1/7 of Gaussian sampling devices and
innovative rate 1/u of signal x are 6/5, 1,4/5 respectively. The average sampler W and the regularization
matrix A are the same as in Fig. 4, the noisy sample Y in (4.1) is the same as the noisy sample in Fig. 4, and

the covariance matrix W for the additive noises is %Ug max(|Yye D31 with 0 = 0.05 and Yy, given in Fig. 4
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Fig. 11 The reconstructed cubic spline y (the left hand side) obtained by applying the filter HywoR in (4.4),
and the difference between the reconstructed cubic spline and the original cubic spline (the right hand side).
From fop to bottom the ratios between sampling rate 1/7 of Gaussian sampling devices and innovative rate
1/ of signal x are 6/5, 1, 4/5 respectively. The average sampler W is the same as in Fig. 4, the regularization
matrix A is given in (3.13) with the regularizer R being the identity operator, the noisy sample Y in (4.1) is the
same as the noisy sample in Fig. 4, and the covariance matrix W for the additive noises is %ag max(|Ycg |)3
with og = 0.05 and Y given in Fig. 4
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Fig. 12 The difference (e1(y))yer between sampling data (¥, ¥) of the reconstructed Dirac stream X in
Fig. 10 and the given noisy data Y (the left hand side), and the difference (e2(y))ycr between sampling
data (y, W) of the reconstructed cubic spline y in Fig. 11 and the given noisy data Y (the right hand side).
From top to bottom the ratios between sampling rate 1/7 of Gaussian sampling devices and innovative
rate 1/ of signal x are 6/5,1,4/5 respectively. From fop to bottom, the errors (Zyel‘ |e1(y)\2)1/2 for
reconstructing Dirac streams are 0.0621, 0.0228, 0.0217, respectively, while the errors (ZV e \eg(y)lZ)l/ 2
for reconstructing cubic splines are 0.0081, 0.0039, 0.0036, respectively
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d,) B3 ,, of the reconstruction cubic spline and the original cubic spline with R =5, 10, 15
(from top to bottom).
We will use

12
D(R) = ( Z |dnA,R - dn|2>

An EAkOTS

to measure the coefficient difference between the reconstructed cubic spline and the original
cubic spline near the position A, close to the center ko7 of the given sampling location, see
Fig. 9.

From Figs. 8 and 9, we see that there is some boundary effect in our local reconstruction
but the boundary effect fades away in the center of the sampling location as we have more
sampling data around that center. This, in the other words, means that our adaptive Tikhonov
approach can be implemented locally and could be possibly used in real-time implementa-
tion.

5.3 Tikhonov Approach for Random Noise

In Figs. 10, 11, and 12, we present the reconstructed Dirac streams and cubic splines ob-
tained by applying the filter Hwor in (4.4), the difference between the reconstructed signal
and the original signal, and the difference between sampling data of the reconstructed signal
and the given noisy sample data.

From the above simulation, we observe that the reconstructed signal from our recon-
struction procedure have better approximation to the original for the oversampling case than
for the undersampling case, while on the other hand the sampling data of the reconstructed
signal has smaller error to the given sampling data for the undersampling case than for the
oversampling case. The reason behind this observation could be that there is much less free-
dom for the oversampling case than for the undersampling case to recovery signals from the
given sample.

Acknowledgements The authors would like to thank Professor Akram Aldroubi and the reviewer for their
suggestions to the improvement.
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