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Abstract We solve a problem of local contact equivalence of hyperbolic and elliptic
Monge-Ampere equations to linear equations with constant coefficients. We find normal
forms for such equations: the telegraph equation and the Helmholtz equation.
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1 Introduction

The class of Monge-Ampere equations is distinguished from the variety of second-order
partial differential equations by the property that this class is closed under contact transfor-
mations and contains quasilinear equations. This fact was known already to Sophus Lie who
studied the Monge-Ampere equations using methods of contact geometry [19, 20].

The Monge-Ampere equation has the following form:

Avy 4 2By 4 Coyy + D(vyevyy —v3) + E =0, (1)

where A, B, C, D, and E are functions of independent variables x, y, an unknown function
v =v(x,y), and its first partial derivatives v, and vy.

In 1978 Lychagin noted that the classical Monge-Ampére equation and its multi-
dimensional analogues admit a description in terms of effective differential forms on the
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space of 1-jets of smooth functions [21, 22]. His idea was fruitful, and it generated new
approach to Monge-Ampere equations. The first advantage of this approach is a reduction
of the order of the jet space: we use a simpler space of 1-jets J'M instead of the space of
2-jets J>M where Monge-Ampére equations should be ad hoc, being second-order partial
differential equations [27]. In this paper we follow his approach.

A problem of reducibility of hyperbolic and elliptic Monge-Ampere equations (1), where
coefficients A, B, C, D, and E do not depend on the variable v (they call such equations
symplectic), to the equations with constant coefficients was solved by Lychagin and Rubtsov
in 1983 [23]. Later on Tunitskii took off this restriction and solved the problem for general
equations [26]. The problem of classification of Monge-Ampere equations was also consid-
ered by Morimoto [25].

The special class of parabolic Monge-Ampere equations were considered by Blanco,
Manno and Pugliese [1].

The general classification problems for symplectic Monge-Ampere equations were stud-
ied by Kruglikov [6—8] and the author [10-13].

A contact linearization problem for general hyperbolic and elliptic Monge-Ampere equa-
tions was solved by author in the series of papers [14—16].

Problems of the equivalence and classification of second-order differential equations
which admit infinitesimal group of symmetries were studied in the series of papers by Ibrag-
imov [4]. A complete system of differential invariants for linear hyperbolic equations was
constructed in his paper [5].

One can find review old and new results in the theory of Monge-Ampere equa-
tions in [17].

The present paper can be considered as continuation of the paper [15]. Here we give
a complete solution of the following problem for hyperbolic and elliptic Monge-Ampere
equations:

Find conditions under which Monge-Ampére equations are locally contact equivalent to
linear equations with constant coefficients.

In the paper we find conditions when Monge-Ampere equations can be transformed to
one of the following:

Ury =k(x, y)v;
the telegraph equation v, = v;

Vxx + Uxx :k(x7 y)U + f(x’ y)7
the Helmholtz equation vy, + vy, =+v + f(x, y).

Note that proofs of all theorems of the paper are constructive and contain algorithms for
transformation of Monge-Ampere equations to corresponding normal forms.
2 Lychagin’s Approach to Monge-Ampére Equations and Laplace Forms
2.1 Nonlinear Differential Operator and Effective Differential Forms
Let J!' M be the manifold of 1-jets of functions on a 2-dimensional smooth manifold M. We

denote by £22°(J!' M) the module of differential s-forms on J'M.
The manifold J!M is endowed with the natural contact structure (Cartan’s distribution)

C:acJ'Me Cl@)CT,(J'M)
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given by the universal differential 1-form U € 2'(J'M) (Cartan’s form), where C(a) =
kerU,.

In the local canonical coordinates (g, u, p) = (q1, q2, U, p1, p2) on J 'M the Cartan form
can be written as follows:

U =du— pidq, — p2dq>.

With any differential 2-form @ on J'M, we associate a differential operator A, :
C®(M) — §£2%(M), which acts as

Ao (V) = ol wyu)-

Here v € C*®°(M) and j; (v)(M) C J'M is the graph of the 1-jet of v (see [21]).

The equation E,, = {A,(v) =0} C J>M has the form of (1).

The constructed map “differential 2-forms” — “differential operators” is not a 1-to-1
map. In order to make it 1-to-1 we should restrict a class of differential 2-forms and consider
only effective differential forms.

Differential 2-forms that vanish on any integral manifold of the Cartan distribution form
a submodule 72 of the module £2%(J!'M). Such forms produce zero differential operators.

Elements of the quotient module

22 =0*'M)/1?

are called effective 2-forms.

Denote the equivalence class corresponding to the form w € 22(J'M) by w, = w + I*.

Remark that for any element of the factor module §22, one can choose a unique represen-
tative w € £22(J' M) such that X; o =0 and w A dU = 0. Here X, is a contact vector field
with generating function 1.

In the local canonical coordinates such representatives have the form

o= Edq; ANdqy + B(dq Adp; —dqx Adp»)
+ Cdqy Ndp, — Adg, ANdpy + Ddpy ANdp, 2)

where A, B, C, D and E are smooth functions on J'M.

Remark also, that form (2) generates equation (1).

We identify effective forms as elements of the factor module §22 with differential forms
of type (2) and also call such differential forms effective.

Note that, generally speaking, a contact diffeomorphisms do not preserves the Cartan
form and, because of it, do not act directly to the chosen representatives of effective forms.

Let w and 6 be two effective differential 2-forms. Two Monge-Ampere equations E,, and
E, are called locally contact equivalent at a point ay € J' M if there exists a local contact
diffeomorphism ¢, which preserves this point and such that ¢*(w), = h6 in a neighborhood
of ag. Here h is a function.

2.2 Geometric Structure on J' M

At each point a € J'M, the restriction of the differential of the Cartan form to the 4-
dimensional space C(a) defines the symplectic structure

2, =dU|c@)-
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With any effective differential 2-form @ one can associate a smooth function Pf(w) on
J'M by means of the following equality:

Pl(w)2 A2 =w A w. 3)

We say that the Monge-Ampere equation E,, is hyperbolic, elliptic or parabolic at a
domain D C J'M if the function Pf(w) is negative, positive or zero at each point of D,
respectively. The hyperbolic and elliptic equations are called nondegenerate.

An effective 2-form w generates the “non-holonomic™! field of endomorphisms A, on
the Cartan distribution by means of the formula

X|lo=A4,X]82, @

where X is a vector field from the Cartan distribution.
The square of operator A, is scalar and

A% +Pf(w) = 0. )

Effective forms @ and hw, where / is a nonvanishing function, define the same equation.
Therefore, for a non-degenerate equation E,, the form w can be normed in such a way that

w

| Pf(w)| = 1. It is sufficient to replace w by ———

By (5), the hyperbolic and elliptic equations generate a product structure A, , = 1 and
complex structure A,, , = —1 on C(a) respectively.

Eigenspaces of the operator A, generate two distributions C and C_ on J'M. These
distributions are real for hyperbolic equations and complex for elliptic ones.”> We call them
characteristic.

The first derivatives of the characteristic distributions Cg) =Ci + [Cy, Cy] are 3-
dimensional. Their intersection [ = Cfr] ’n ™ is a one-dimensional distribution, which is
transversal to the Cartan distribution [24].

For the hyperbolic equations the tangent space 7, J' M splits into the direct sum

T,J'M=C,(a)®l(a)®C_(a) (6)

at each pointa € J' M.

For elliptic equations we get similar decomposition of the complexification of 7, J' M.
In this case the distributions / is real also.

A non-degenerate equation is called regular if the derivatives C:(tk ) (k=1,2,3) of the
characteristic distributions are distributions too.

2.3 The Laplace Forms
Define four tensor fields ¢3 5, g7 1,43 5, and g7 , on J' M:
q; (X, Y) = —P[P; X, P, Y],
where j, k,s =1,2,3;5 # j, k. Here P; : D(J'M) — D; is the projector from the module

of vector fields D(J'M) on J'M to the module of vector fields D ; on the distribution P;
(J=1,2,3) (see [15]).

IThe endomorphism A, 4 is defined on C(a) only.

2In elliptic case they are complex conjugate.
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On Contact Equivalence of Monge-Ampere Equations 201

Then two differential 2-forms A_ and A, which are “wedge contractions”

A= (‘112,1’ ‘121,3) and Ay = (6132,3, ‘113.2>’ (N

of these tensor fields, we call Laplace forms (see [15]).
Here a contraction (-, -) is defined by the formula

(@®X,pRY)=(Y]a) A(X]B)

for tensors & ® X and B ® Y. For tensors Y _ o ® X we define this contraction by linearity.
It is not hard to check that this definition is correct.

Coefficients of the Laplace forms for linear hyperbolic equations are the classical Laplace
invariants [18]. This observation justifies our definition.

By the construction the Laplace forms are contact invariants of equations.

For elliptic equations they are complex conjugate. In case of linear elliptic equations
coefficients of the Laplace forms are also known as the Cotton invariants [2].

2.4 The Classes Hy

Let E,, be a non-degenerate regular equation and let C; be one of the characteristic distrib-
utions. Then for the distribution we expect one of the following four cases:

(1) C;# ¢ =C? anddimC’ = 3;

@) C;#£CV£C?P =c anddimC{" =3, dimC? = 4;

3) C;#CP#£CP£CY =TJ'M and dimC{" =3, dimC}” = 4;
@) Cj#CP£CP =TJ'M and dimC}" =3.

For complex distributions, “dim” means the complex dimension.

We say that a Monge-Ampere equation belongs to the class Hy; (k,1=0,...,4;k <I)
if case (k) holds for one of the characteristic distributions and case (/) holds for the another
one [25].

Classes Hy are invariant under contact transformations.

3 Hyperbolic Equations

3.1 Normal Form v,, =k(x, y)v

First of all, we describe a class of Monge-Ampere equations which are locally contact equiv-
alent to the equations of the form

vx_\':k(-xv Y)U, (8)
where k is a smooth function.
Let (¢°, u®, p°) be local coordinates of a point ay € J'M. Suppose that the function k
does not vanish at the point ¢° € M, then (8) belongs to the class H;,.

Theorem 1 A hyperbolic Monge-Ampere equation of the class H, ; is locally contact equiv-
alent to (8) at a point ag € J' M if and only if the following conditions for its Laplace forms:

1. )\.+/\)\._ =O,

2. dhy =di_=0,
3. )\.++)\., :0
hold.

@ Springer



202 A.G. Kushner

Proof Necessity we check by straightforward computations. Indeed, for (8) the Laplace
forms are

Ay = Fk(x, y)dx Ady,

and, therefore, conditions 1-3 hold. Now we prove the sufficiency.
Due to the theorem of contact linearization [15], the equation E is locally contact equiv-
alent to linear equation of the form:

Uxy = a(x, y)vx +b(x, y)vy +c(x, v +g(x, y). (&)

Here a, b, c and g are smooth functions. Third condition of the theorem implies the equality

by, = ay,,ie.,a =@, and b = @, for some smooth function ¢ = ¢(q, g2). This function

is defined up to an additive constant. We choose this constant in such a way that ¢(¢g°) = 0.
The effective form corresponding to (9) is

w=dq ANdpy —dqgy Ndpy —2(@g, 1 + @ P2+ cu+ g)dq1 Adgs.
Applying the contact transformation
q1 = 41,
92 42,
¢:y ur> efutalg) —q)+ B3 —q)),

pi— e (pr—a+ w+alg) —q1) + BG5 — 42)@q,),
pa> e (pr— B+ w+alg) —q)+ B@Gd — a2))e,),

where a = ug,, (¢°) and B = u¢,, (¢°), to the 2-form w and taking the effective part of the
2-form ¢*(w), we get the form

¢*(@)e =€*(dgi1 Adpy —dgs Adpr) —2(g + ¢ (u + a(q — q1)
+ B3 — 02 (€ + 0404 = Pa12))dq1 A dg.
The Monge-Ampere equation corresponding to this form is
Vgiq, = kv + 8, (10)
where
k=c+@q¢q — Pgqy =ab+c —ay,
is one of the Laplace invariants of (9) and
g=ge ™+ (alq) —q) + Blg; —a))¢.

Let v =1 (q1, g2) be a solution of (10) with the following Cauchy data:

Vlg—g9 = vo(q1) and =y1(q1),

392 |4y=49
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On Contact Equivalence of Monge-Ampere Equations 203

where ¥, and y; are smooth functions such that ¥o(q}) = y4(¢)) = 71(¢}) = 0. Due to
the existence theorem, in some neighborhood of the point ¢° there exists a solution of the
Cauchy problem and its partial derivative by g; vanishes at the point ¢°, i.e., % l[,0 =0.

The contact transformation

(g1, g2, u, p1, p2) = (q1, g2, u + Y, pr+ Vg P2+ Vy,),
takes (10) to (8). O

3.2 Normal Form v,, =v

Consider the linear equation
Uxy = alx, y)vx +b(x, y)vy +c(x, y)v + g(x, y). an
To formulate conditions of equivalence of (11) to equation of the form
Uy = vy + By +yv + f(x,y) (12)

with constant coefficients «, 8, and y we note that the Laplace invariants of (11) are k =
ab+c—byand h=ab+c —a,.

Remark also that any equation which is equivalent to (12) belongs to the class H; ; (when
k=h=0) or Hy, (when k # 0 and & # 0). All equations of the class H; ; are locally
equivalent to the wave equation v,, = 0 [26]. Therefore, we shall consider only equations
of the class Hj .

Equation (12) belongs to the class H,, if and only if «f + y # 0. In this case it can be
reduced to the telegraph equation

Vgy = 0.

It worth to note, that this fact was known to Euler [3].

Theorem 2 Differential equation (11) is locally equivalent to the telegraph equation v, =
v at point ¢° € M if and only if its Laplace invariants coincide in some neighborhood of q°,
do not vanish at this point and satisfy the following differential equation:

k. — kykey = 0. (13)

Proof Necessity we check by straightforward computations. Indeed, for the telegraph equa-
tion the Laplace invariant k(x, y) = 1 and therefore, the conditions of the Theorem hold.
Let’s prove the sufficiency.

Since the Laplace forms of (11) satisfy Theorem 1, this equation is locally equivalent
to (8).

Equation (13) is equivalent to the equation

3%1n |k
n| |:0.
091092

Therefore k(q) = X (ql)f (g2) for some functions X and Y. Let X and Y be integrals of

X and Y respectively, such that X (¢%) = ¢¥ and Y (¢)) = ¢). Therefore, the effective form

corresponding to (13) is

w=dq Ndpy —dg, Adp, —2X'(q)Y'(g2)udqr A dgs.
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204 A.G. Kushner

Since the function k does not vanish at the point ¢°, there exist the inverse functions for
X and Y. We denote them by x and ¥ respectively. Note that x(¢?) = ¢?, ¥ (¢9) = g3,
X' (@) # 0 and ' (¢9) #0.

The contact transformation

p1—§& Pz—ﬂ)

(91,92, u, p1, p2) = (x(ql), V(). u —Eq1 — nqo, @ V)

where

£ =p?<# - 1) and n=p§<L — 1>,
x'(q)) V' (qY)

transforms the form w to the form

®=dq) Ndp) —dq> ANdp>
—2X'(x (@)Y (W (@) —Eqy — ng2) x (gD V' (q2)dq, Adqs,.

Since
N@) = and Y=,
X'(x(q) Y'(¥(g2))
we get
o=dq) Ndp) —dgx Ndpr —2(u+y(q))dq: Adqa,
where

Y@ =—X'(x (@)Y (¥ (@) (Eqr +ng2).
The equation corresponding to the form @ is
Vg, =V +v(q), (14)

and this equation is locally contact equivalent to the telegraph equation. ]
The similar theorem holds for Monge-Ampere equations.

Theorem 3 A hyperbolic Monge-Ampére equation is locally equivalent to the telegraph
equation at a point ay € J'M if and only if its Laplace forms are

A =D(g,h)ydgndh and A_=—D(g,h)dg Ndh, (15)

where g and h are first integrals of the distributions Cf) and C? respectively, and the func-
tion @ (g, h) does not vanish at this point and satisfies the following differential equation:

DD, — D, =0. (16)

Proof The functions g and & are defined up to gauge transformation g — n(g), h +— ¢(h)
and up to permutation g — h, h — g. Here n and ¢ are arbitrary functions such that n'¢’ # 0.
Equation (16) is invariant with respect to such transformations.

Necessity follows from the fact that for the telegraph equation we have g = ¢, h = ¢,
and @(q1,42) = 1.
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On Contact Equivalence of Monge-Ampere Equations 205

Now we prove the sufficiency. Due to Theorem 1, the equation is equivalent to (8) with
k(x,y) = ®(x,y). It follows from the fact that Laplace forms are contact invariant of dif-
ferential equations. Due to Theorem 2, the last equation is equivalent to the telegraph equa-
tion. ]

4 Elliptic Equations
4.1 Equations vy, + Uy = f(X, ¥, U, Uy, Vy)

Since the Laplace forms for elliptic equations are complex conjugate [15], all elliptic
Monge-Ampere equations split into two classes: H; ; and H; 5.

Equations of the class H; ; were considered in [26]. Any equation of the class H, is
contact equivalent to an equation of the type [26]

Vex + Vyy = f(X, Y, 0, Uy, 0y) )

for a smooth function f [26].
The following lemma describes the class of contact transformations which preserve the
class of equations of type (17).

Lemma 1 A contact transformation takes an equation of type (17) to equation of the same
type if and only if this transformation is a prolongation to J' M of the following point trans-
formation:

(. y,v) = (X(x,y), Y (x,y), V(x,y,0)), (18)

where X and Y are harmonic conjugate functions, and V is a smooth function.

Proof The first integrals of the complex distributions c? and Cf) for (17) are z =x + 1y
and 7 = x — ty, where ¢ = v/—1. Therefore, the transformations should be one of two types:
7+ P(z2) or z+— Q(zZ), where P and Q are some complex functions.

It is easy to see that the functions P(z) and Q(z) are holomorphic and anti-holomorphic,
respectively. Therefore, P(z) = X (x,y) + Y (x,y) and Q(z) = X (x,y) — Y (x, y), where
X and Y are harmonic conjugate functions. The transformation of the first type is (x, y)
(X, Y) and the transformation of the second type is (x, y) > (X, —Y). The functions X and
—Y are harmonic conjugate also.

The function V does not depend on p; and p,. Otherwise, the corresponding transfor-
mation cannot be contact. 0

Corollary 1 A contact transformation takes a linear equation of type
Uy + Uyy = a(x, y)vx + b()C, y)vy + C(X, y)U + g(x7 y) (19)

to an equation of the same type if and only if it is a prolongation to J'M of the following
point transformation:

(x,y,0) = (X(x,y), Y (x,y), Ax, y)v + B(x, y)), (20)

where X and Y are harmonic conjugate functions and A, B are smooth functions.
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4.2 Normal Form v, + vy, = k(x, y)v+ f(x,y)

Let (¢°, u°, p°) be local coordinates of a point ay € J' M. Suppose that the function k does
not vanish at the point ¢° € M, i.e., the equation

Uxx+vyy:k(xﬂy)v+f(xsy) (21)

belongs to the class H> .

Theorem 4 An elliptic Monge-Ampere equation of the class H, » is locally contact equiva-
lent to (21) at a point ag € J' M if and only if the following conditions for the Laplace forms
of E:

1. )\.+/\)\._:0,
2. diy=di_=0,
3. )\.+ +)\._ :0
hold.

Proof Necessity one can check by straightforward computations. Let’s prove the sufficiency.
Due to the theorem of contact linearization [15], the equation E is locally contact equiv-
alent to the linear (19).
Since the Laplace forms of (19) are

1

1
b= <bq] —a, + <§(a2 +b%) +2c—a, — qu>[>qu Adgs, (22)

the third condition of the theorem implies equality b,, = a,,. Then a = ¢,, and b = ¢,, for
some smooth function ¢ = ¢(q, g2). The function ¢ is defined up to an additive constant.
We choose this constant in such a way that ¢(g°) = 0.

The effective form corresponding to (19) is

w=dqi Ndpy —dqy Ndpy = (9g, P1 + @g, P2+ cu + g)dqi Adq,.
Applying the contact transformation

q1 = 41,
92— g2,

@
2

u (u+alg) —q)+BG5 —q)e,

pi> <p1 —a+ w—z‘”(u +a(q) —q1) + B(G> —Q2))>€%,

P> (Pz -B+ %(u +a(g) —q1) + B4y —Q2))>€%,

where o = %uo(pqI (¢®) and 8 = %uogoqz (g%), to the 2-form e and taking the effective part of
¢*(w), we get:

¢ (w)e =(k(q)u + f(q))dq, ANdq, +dq, Nndp, —dq, Adp,
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where
1 1, ) 1, , 1
k=§wwn+%wo—zwm+%g—c=—ﬂa+b)+5mm+mg—a
f= (@) —q) +B@) — 42) — ge” %k,
and the corresponding equation has form (21). ]

Remark 1 1f the coefficients A, B, C, D and E of (1) are analytic functions, then, under
conditions of the previous theorem, the term f in (21) can be eliminated, similar to the case
of hyperbolic equations (see Theorem 1).

4.3 The Helmholtz Normal Form
The Helmholtz equation has the form

UXX+Uyy=KU+f(X, y), (23)

where « is some constant (x # 0).

Let us find conditions under which Monge-Ampere equations of the class H, , are equiv-
alent to the Helmholtz equation.

We need the following

Lemma 2 For any harmonic function w(x, y), there exists a harmonic function h(x, y) such
that

h+h=e". 24)
Proof 1t is sufficient to prove that the overdetermined system

F=hy+hy=0,
- (25)

G=h>+h2—e"=0

with respect to the function 4 is compatible for any harmonic function w. To prove this we
calculate the Kruglikov—Lychagin—-Mayer bracket [9] for this system:
[F.Gl=2(h}, +2h}, +h}) — " (w; + w)). (26)

This bracket vanishes due to the system. Therefore, system (25) is formally integrable.
Since this system is finite type, it has a smooth solution (see [9]). ]

Theorem S The linear elliptic equation
Usr + 0y = alx, ) +b(x, Y)vy +clx, v+ g(x, y) 27)

of the class H. , is locally equivalent to the Helmholtz equation at a point ¢° € M if and
only if ay, = b, and the function

1 1
k= Z(d2+b2)+c_ E(ax+by)
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208 A.G. Kushner

satisfies the following differential equation:
k(kx +kyy) =k + k. (28)

Proof Necessity one can check by straightforward computations. Let’s prove the sufficiency.
Due to Theorem 4, (27) is equivalent to (21). Equation (28) can be written as

A(ln|k|) =0,

where A is the Laplace operator. Therefore, the function k has the form k(x, y) = ge®™*»),
where w is a harmonic function and ¢ = 1.

Due to Lemma 2, there exists a harmonic function 2 = h(x, y) such that k = s(h)zc + hf,).
Then the corresponding effective form for (21) is

w=dq Ndp, —dg, Ndp, — (es(hé1 +h312)u + f)dq Nndqs.

Let g = g(x, y) be a function, which is harmonic conjugate to 4,i.e., h, = g, and hy, = —g,.
The functions % and g are determined up to additive constants. Choose them in such a way
that h(¢%) = q?, g(qg) = qg. Due to Lemma 1, we can construct the following transforma-
tion of M:

(q1.92) = (Q1 =h(q), Q2 =g(q)).
It preserves the point ¢° € M. Since k(g°) # 0 and the Jacobian

(01, Q2) , .
m :hqlng - hngql :hql +hq2 #0

in some neighborhood of ¢°. For the inverse transformation

(01, 02) = (1 =H(Q),q2=G(Q)),

the functions H and G are harmonic conjugate and

R =
q @~ g2 2
l ’ HQ1+HQ2

Let us take the following local point transformation

¢ :(q1,q2, )~ (Q1=h(q), 02 =¢g(q), U =u)

and prolong it to a contact transformation. Then

¢* (@) =dQi AdPy —dQy NdPy — (eU + f(Q)d Q1 Ad O,

where
Y (H(Q), G(Q))
flo= s
[ + [}
The corresponding equation is (23) withx = —1 ork = 1. ]

The following theorem gives a criterion of equivalence of Monge-Ampere equations to
the Helmholtz equation.
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Theorem 6 An elliptic Monge-Ampére equation is locally contact equivalent to the
Helmholtz equation at a point ag € J' M if and only if its Laplace forms are

Ay =P(g,8)dg Ndg, Ao=—P(g,8)dg ndg 29)

were g and g are first integrals of the complex distributions Cf) and C®, and the function
@ (g, h) does not vanish at the point ay and satisfies the following differential equation:

PPy — DDy =0. (30)

Proof Necessity one can check by straightforward calculations. To prove the sufficiency
remark that in new variables ¥ = Re(g) and ¥ = Im(g) the Monge-Ampére equation has the
form

vrx +v5y = f(X, ¥, v, vz, vy),

or, if we omit the tilde, form (17). Equation (30) takes the form
@@ZZ—¢Z@Z:O, (31)

where z = x + ty. Since the Laplace forms are complex conjugate, ¢ (z, 7) is a real-value
function. Define the function K (x, y) =4®(z,z). Then

l
)\:t = :tEK(q)dql AN dQ2,

and the function K satisfies the equation
K (K + Kyy) =K+ K;. (32)

Due to Theorems 4 and 5, the equation is locally contact equivalent to one of the follow-
ing equations:

Uxx+v}v)':v+f(x,y)s or Uxx+Uyy=—U+f(X,)’),

where f is a smooth function. |
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