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Abstract In some recent papers by the first two authors it was shown that for any algebraic
crossed product A, where Ay, the subring in the degree zero component of the grading, is a
commutative ring, each non-zero two-sided ideal in .4 has a non-zero intersection with the
commutant C 4(Ap) of Ay in A. This result has also been generalized to crystalline graded
rings; a more general class of graded rings to which algebraic crossed products belong. In
this paper we generalize this result in another direction, namely to strongly graded rings
(in some literature referred to as generalized crossed products) where the subring Ay, the
degree zero component of the grading, is a commutative ring. We also give a description of
the intersection between arbitrary ideals and commutants to bigger subrings than Ay, and
this is done both for strongly graded rings and crystalline graded rings.
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1 Introduction

Dynamical systems, generated by the iteration of homeomorphisms of compact Hausdorff
spaces, lead to crossed product algebras of continuous functions on the space, by the action
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of the additive group of integers via composition of continuous functions with the iterations
of the homeomorphisms. In the context of C*-algebras, the interplay between topological
properties of the dynamical system such as minimality, transitivity, freeness on one hand,
and properties of ideals, subalgebras and representations of the corresponding crossed prod-
uct on the other hand, has been a subject of intensive investigation at least since the 1960’s,
both for single map dynamics and for more general actions of groups and semigroups, that
is in particular iterations of several transformations called iterated function systems in the
literature on fractals and dynamical systems. Such constant and growing interest to this in-
terplay between dynamics, actions and non-commutative algebras can be explained by the
fundamental importance of this interplay and its implications for operator representations
of the corresponding crossed product algebras, spectral and harmonic analysis and non-
commutative analysis and non-commutative geometry fundamental for the mathematical
foundations of quantum mechanics, quantum field theory, string theory, integrable systems,
lattice models, quantization, symmetry analysis, renormalization, and recently in analysis
and geometry of fractals and in wavelet analysis and its applications in signal and image
processing (see [1-5, 7, 9-14, 19-21, 28-30, 33, 39, 42, 44, 55, 56, 58] and references
therein).

There has been a substantial progress on the interplay between C*-algebras and dynamics
of iterations of continuous transformations and more general actions of groups on compact
Hausdorft spaces [2, 10, 44, 55-57]. However, the investigation of actions of not neces-
sarily continuous transformations on more general and more irregular spaces than Haus-
dorff spaces requires an extension of this interplay beyond C*-algebras to a purely al-
gebraic framework of general algebras and rings. Only partial progress in this important
direction has been made. In [45-48], extensions and modifications of this result and the
interplay between dynamics and maximal commutativity properties of the canonical co-
efficient subalgebra, the degree zero component of the grading, and its intersection with
ideals was investigated for dynamical systems that are not topologically free on more gen-
eral spaces than Hausdorff spaces both in the context of algebraic crossed products by Z
and for the corresponding Banach algebra and C*-algebra crossed products in the case
of single homeomorphism dynamical systems or more general dynamical systems gener-
ated by an invertible map. Also in these works, this interplay has been considered from
the point of view of representations as well as with respect to duality in the crossed
product algebras. Some results, that could be considered as related to this direction of
interplay, have been scattered within the purely algebraic literature on graded rings and
algebras [6, 8, 15-18, 22-27, 31-35, 40, 41, 43, 49-54]. In many of these related results,
very special properties are assumed for the coefficient subring or for the whole crossed
product or graded ring or algebra, such as being a ring without zero-divisors, semi-simple
or simple ring, etc. This has been motivated in most cases by the desire to use the alge-
braic constructions, tools and techniques that were available at the time. However, it turns
out that these restrictions often exclude for example many important classes of algebras
arising in physics and associated to actions on algebras and rings of functions on infinite
spaces or other algebras and rings with zero-divisors, and many other situations. Thus, it
is desirable to investigate the above mentioned interplay between actions and properties of
ideals and subalgebras for general graded rings and crossed product rings and algebras and
their generalizations, without any restrictive artificially imposed conditions. It turns out that
many interesting properties and results hold in such much greater generality and also as a
consequence, new previously not noticed results and constructions come to light.

In this paper we focus on the connections between the structure of ideals and the commu-
tant of subrings in generalizations of crossed product rings and in general classes of graded
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rings. This, in particular, provides a general understanding of the conditions for maximal
commutativity of the degree zero component subalgebra of the grading and properties of
more general subalgebras important for representation theory. In this paper we substantially
extend the approach and some of the key results in [36-38] to more general subrings than
the degree zero component of the grading in crossed products, or more general graded rings.

In Sect. 2 we briefly recall the basics of graded rings and crossed products. Given a ring
R and a subset S C R, we denote by

Cr(S)={reR|rs=sr, Vs €S8}
the commutant of S in R. The following theorem was shown in [36].

Theorem 1 If R =P, _; R, is a G-crossed product where R, is ccommutative, then

geG

INCr(Re) # {0}

for every non-zero two-sided ideal I in R.

Given a normal subgroup N of G one can consider the subring Ry = @,y R in R
and obtain a generalization of Theorem 1 by considering the intersection between arbitrary
non-zero ideals and Cx (R y). This is done in Sect. 3 (Theorem 2).

In Sect. 4 we consider general strongly graded rings R = <G R¢» Which are not neces-
sarily crossed products. Given any subgroup H of G we give a description of the commutant
of Ry in R (Theorem 3) and prove the main theorem (Theorem 4). We obtain some inter-
esting corollaries (Corollaries 2, 4 and 5) which generalize the results obtained in Sect. 2
and generalize Theorem 1 to general strongly graded rings.

In Sect. 5 we recall the definition and basic properties of crystalline graded rings, a class
of graded rings which are not necessarily strongly graded (for more details see [34, 35, 38]).
Given a subgroup H of G we give a description of the commutant of Ay in the crystalline
graded ring A and give sufficient conditions for each non-zero two-sided ideal / in A to
have a non-zero intersection with C 4 (Ag) (Theorem 5).

2 Preliminaries

Throughout this paper all rings are assumed to be unital and associative and we let G be an
arbitrary group with neutral element e.
Aring R is said to be G-graded if

R=EPR, and R,Ry< Ry

geG

for all g,h € G, where {Rg}gec is a family of additive subgroups in R. The additive
subgroup R, is called the homogeneous component of R of degree g € G. Moreover, if
R¢Ri = Rgpn holds for all g, h € G, then R is said to be strongly graded by G and if we in
addition have

UR)NR, #0
for each g € G, where U (R) denotes the group of multiplication invertible elements in R,

then R is said to be a G-crossed product.
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Suppose that we are given a group G, a ring R, and two maps ¢ : G — Aut(R,) and
a:G x G — U(R,) satisfying the following conditions

og(on(@)) a(g, h) = a(g, h) ogn(a) ey
a(g, h)a(gh,s) = og(a(h,s)) a(g, hs) (@)
a(g,e) =ale,g) =g, 3

forall g, h,s € G and a € R.. We may then choose a family of symbols {v,}.cc and define
R’ to be the free left R,-module with basis {v,}eec and define a multiplication on the set
R’ by

(a1 vg)(az vp) = ay o4(az) a(g, h) vg

for a;,a; € R, and g, h € G. It turns out that R’ is an associative and unital ring with this
multiplication and that it is in fact a G-crossed product, where the homogeneous component
of degree g € G is given by R, v,.

Conversely, given a G-crossed product R = P ¢eG Rg» one can choose a family of el-
ements {ugleeq in R such that u, € U(R) N R, for each g € G and put u, = 1. It is
clear that Ry =R, u, = u, R, and that the set {u,},c¢ is a basis for R as a left (and right)
R.-module. We may now define a map

o:G — Aut(R,)
by u,a =o,(a)u, forall a € R and g € G. Furthermore, we define a map
a:GxG—>UR,)

by a(g,h) =uguy u;hl and it is straight forward to check that these maps satisfy conditions
(1)—(3) above. Furthermore, one can use these maps together with G and R, and make the
previous construction and obtain a G-crossed product R’ which actually turns out to be
isomorphic to the G-crossed product R that we started with. For more details on this we
refer to [33, Propositions 1.4.1 and 1.4.2].

Remark 1 The above crossed product will be denoted by R, x§ G, to indicate the maps o
and o.

3 Subrings Graded by Subgroups

Given a G-graded ring R = @, ; R, and a non-empty subset X of G, we denote

RX=@RX.

xeX

geG

In particular, if H is a subgroup of G, then Ry = @),,.,; Rs is a subring in R, and it is in
fact an H-graded ring. The following lemma can be found in [22, Proposition 1.7].

Lemmal IfR = @geG R, is a G-graded ring and N is a normal subgroup of G, then R
can be regarded as a G/ N-graded ring, where the homogeneous components are given by

Ren = EP Re

xegN
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for gN € G/N. Moreover, if R is a crossed product of G over R,, then R can also be
regarded as a crossed product of G/N over

RN:@RX.

xeN
Proposition 1 Let R =P ecG Rg = Re g G be a G-crossed product and suppose that N
is a subgroup of G. If the following conditions are satisfied:

(1) R, is commutative
(i) N € Z(G)(ker(o)
(i) a(x,y)=a(y,x) forall (x,y) e N x N

then Ry is commutative.

Proof Let the family of elements {u,},cc be chosen as in Sect. 2. To prove that Ry is
commutative, it suffices to show that for any g,h € N and a,, b, € R, the two elements
ag ug and by, u, commute. By our assumptions, we have

(ag ug) (bh uh) =dg O-g(bh) Ol(g, h)ugh =dg bh Ol(g, h)ugh
=byagalh, guy, =byoy(ag) ah, g)uyg = (byuy) (ag ug)

and hence Ry is commutative. U

Theorem 2 [f R =D
tions are satisfied:

e Re = Re Mg G is a G-crossed product and the following condi-

(i) R. is commutative
(i) N is a subgroup of G, such that N C Z(G) [\ ker(o)
(i) a(x,y)=a(y,x) forall (x,y) e N x N

then

I'NCr(Ry) # {0}

for every non-zero two-sided ideal I in R.

Proof 1t is clear that N is normal in G and it follows from Lemma 1 that R, xJ G =
Ry X , G/N for some maps o’ and «’. By our assumptions and Proposition 1 we see that
Ry is commutative, and hence by Theorem 1 it follows that each non-zero two-sided ideal
in R has a non-zero intersection with Cr (Ry). O

Corollary 1 If R = @gEG Ry =Re %7 G is a G-graded skew group ring where R, is
commutative and N C Z(G) Nker(o) is a subgroup of G, then

I'NCr(Ry) # {0}

for every non-zero two-sided ideal I in R.

Remark 2 Let R = P, R, be a G-graded ring. If

{fe}C---CGyCZ(G)CG,C---CG
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is an increasing chain of subgroups of G, then we get
ReC+ SR, ERz6) E R, S CR
as an increasing chain of subrings in R and the corresponding
Cr(Re) 2 2Cr(Rg,) 2 Cr(Rz@) 2Cr(Rg,) 2+ 2 Cr(R) = Z(R)

as a decreasing chain of subrings in R. The existence of non-trivial subgroups N of G
satisfying the conditions of Theorem 2 therefore provides more precise information about
the ideals in the crossed product than the previous Theorem 1. By the arguments made above
it is clear that N = Z(G) N ker(o), the biggest normal subgroup to fit into our theorems, is
the most interesting case to consider since it makes Cr (R y) as small as possible.

4 Strongly Graded Rings

In this section we let R = P scG Rg be astrongly G-graded ring, not necessarily a crossed
product. It follows that 1z € R, since R is G-graded (see [33, Proposition 1.1.1]), and that

R¢R,-1 =R, for each g € G since R is strongly G-graded. Thus, for each g € G there
i)

exists a positive integer n, and elements aif,i) €R,, bgfl € Rt fori € {1,...,n,}, such
that
ng
Y al b =lg. 4
i=1

For every A € Cr(R.), and in particular for every A € Z(R,) € Cr(R.), and g € G we
define

g
o) =) al xb,. )

i=l1

Remark 3 The definition of o, is independent of the choice of the a{’’s and b;i,)l ’s. In-

deed, given positive integers ng,n, and elements a(’, ¢ eR,, bg,)l,d;{ ) e R, for

ie{l,...,ng}and j €{l,...,n,} such that

n

g g
Zaéi)bgzl = IR and ch(gj)d;jf)l = 1R7
i=1

j=1

for A € Cr(R.) we get
ng g 0
(@) @) @] J
(E a, Abgl> - E ¢/ )\dgfl
i=1 j=1

g g
_ (i) (2 () ()
=1z (Zag kbg1> Yo rdl | 1x
i=1 j=1
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ny ng
) (/) (z) (z) ) ) @) (@)
B RED B SE DT

j=1i=1 j=1i=1
eRg

ng ng
) (J) (i) (i) _ ) ) ) () _
rdlad b, Do et rdal b =0

i=1 j=1i=1

Il
i) Mw
M

Lemma 2 Let R=&, ; R, be a strongly G-graded ring. If a € R is such that

geG
aRg = {0}
for some g € G, then a =0.

Proof Suppose that a R, = {0} for some g € G, a € R. We then have a R, R,-1 = {0} or
equivalently a R, = {0}. From the fact that 1z € R., we conclude that a = 0. O

For the convenience of the reader we include the following lemma from [22, Proposi-
tion 1.8].

Lemma3 LetR =D,
1 for some ng > 0 and ai,") €R,, b(i)l € Ry fori €{l,...,nz}. For each . € Cr(R,)

ng

define o4(1) by o,(M) =%, ;’) )Lb(’) The following properties hold:

R be a strongly G-graded ring, g € G and write Y_'% | a;i)b;ill =

(i) og(A) is a unique element of R satisfying
reA=0,(A)rg, Vr, €R,. (6)

Furthermore, 0,(A) € Cr(R.) and if . € Z(R.), then o4(A) € Z(R.).

(i) The group G acts as automorphisms of the rings Cr (R,.) and Z(R,), with each g € G
sending any A € Cr(R.) and A € Z(R,), respectively, into o4(1).

(iii) Z(R)={r e Cr(R.) | 0g(A) =1, Yg € G}, i.e. Z(R) is the fixed subring Cr(R.)¢
of Cr(R.) with respect to the action of G.

Proof (i) Let g€ G. If r, € R,, then b( )1 rg € Rg-1Rg =R, and so b( )] re commutes with
A€ Cr(R,) foreachi e {l,...,n,}. It follows that

o (M), = Za(l) )\b(ﬁ)] rg = Za(’) b(’)I rgl=rgh.

Take an arbitrary A € Cz(R.) and let x € R be an element satisfying a[f,") A=x aéi ) for all
i €{1,....n,}. This yields

ng
ag(A)ZZa;,")kbgzl Zxa(’)b(’) =
i=1

which shows that o, (1) is a unique element satisfying (6). By the strong gradation it follows
that if A € R,, then o,(A) € R,. In particular if A € Z(R,) € Cz(R.), then o, (1) € Z(R,).
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Indeed, for A € Z(R,) and ¢ € R, we have

cog(h) = I cag(h) = ZZ “”b““ “Mb“ﬂ,

i=1 j=1 R
€Re

oe\

Z Z Wy b:f)l cal b:jl =o,(Mclg =0,0)c

where Z ¢ Lag? b'(’ ) = I, and hence it only remains to verify that o, (1) € Cx(R,) for
an arbitrary A € CR(R ). If r, e Ry and z € R, then zr, € R, Ry =R, 50 We have

(Ug()\)z)rg = ag()\) (ng) = (ng))‘«
= Z(rg)“) :Z(Ug(k)rg) = (Zag()\))rg
which means that (o, (1) z — z0,(1)) R, = {0}. By Lemma 2 we conclude that o,(X) z =

z04(A) and hence 0, (A) € Cr(R.).
(>i1) Since 1z € R., we have for each A € Cr (R,) that

A=Ilgi=0.(A)1g =0,(}).
Ifg,heG,r, € Ry and rj, € Ry, then ry 1y, € Ry, and for A € C (R,) we have

Ogn(A) (rgry) = (rgrp) A =rg (rp A) =rg (an(A) rp)
= (rgon (M) 1, = (0g(03, (X)) rg) 1y = 04 (0, (X)) (rg 1)

The products of the form r, r;, generate the submodule R, and by Lemma 2 we conclude
that

0y (04 (X)) =0, (1)

proving that (g, A) > 0,(X) is an action of G on the set Cx(R.). Now take an arbitrary
g € G and fix it. By the definition of o, (A), the map A — o, (1) is clearly additive. For some

positive integer Ng-1 We may choose c;jjl € Ry and dgj) eR for jell,..., Mg }, such

-1 (J) d(/)

that 1 = and define 0,1 following (5). Then, for each A € C (R.), we get

/ 1

Op (Ug()\)) — Z (J) (Za(l) )\b(l)l> d(/) _ Z c(!) (Za(t) A b(ljl d(/))

j=1

Re

Z (Za(’) b(lzl d(’) k) i c(j) ("Zg ag) b?l) dé,j) A
i=1

i=1

=1z

n__
¢!

=> ¢ dP r=1
g 8
j=1
—_—
=lg
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and hence o,-1 is the inverse of o,. For any A, 7 € Cr(R,) and r, € R, we get

Og(AM) 1y =1, (M) = (g M)t = (0,(A) 1)

= O'g()\) (rg t) :Gg()‘) (Ug(t) rg) = (O'g()“) Ug(t)) Ig.

By Lemma 2 this implies o, (At) = 0,(X) 0,(¢). Therefore, for each g € G, the map A
0, (1) is an automorphism of the ring C (R.).

(iil) Since R = P ¢cG Ry 1s strongly G-graded, we have

Z(R) = ﬂ Cr(Rg) ={1 € Cr(Re) | 1 € Cr(Ry), Vg€ G}
geG

and the result now follows from the fact that an element A € Cx(R.) centralizes R,,
g € G, if and only if 0,(A) = A. Indeed, if 0,(A) = A for some A € Cz(R.), then clearly
A centralizes R,. Conversely, if we suppose that R, is centralized by some A € Cr(R.),
then we have (o,(A) — A) R, = {0} and hence by Lemma 2 we have o,(A) = A. O

Remark 4 We have shown that G acts as automorphisms of Cx (R.). However, note that
since R, is not assumed to be commutative, we may have R, € C (R,) and hence G does
not necessarily act as automorphisms of R,. This should be compared to the case of an
algebraic crossed product as described in the previous section. For crossed products, if R,
is commutative, then we see that G acts as automorphisms of R,, but in general this is not
true.

Lemma 4 Let R = EngG R be a strongly G-graded ring and o : G — Aut(Cr(R.))
defined as in (5). If R, is maximal commutative in R, then ker(o) = {e}.

Proof By our assumption R, = Cx (R,) is maximal commutative in R and hence for each
g #e and all r, € R, there must exist some A € R, such that Ar, # rg A = 0y (A) 1, using
the definition of o : G — Aut(R,). Hence o, # idg, for each g #e. O

‘We shall now state an obvious, but useful lemma.

Lemma5 If R =@, ; R, is a strongly G-graded ring, then

geG

Cr(R.) = [A:ZAg eR ’ hg € Rys Fehg=dgre, YgeG.Vr, E’Rg}
geG

=[x=21genﬂxge7zgncﬁ(7ze), VgeG}

geG

=P (RN Cr(RY).

geG
The following theorem is a generalization of (iii) of Lemma 3.
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594 J. Oinert et al.

Theorem 3 Let R = @gec R, be a strongly G-graded ring, H a subgroup of G and denote
Ry = EBheH Ry If o : G — Aut(Cr (R.)) is the action defined in (5), then it follows that

Cr(Ry) = {A =Y i eR ‘ hg € CR(R) N Ry, 01 (hg) = hygy1, Ve € G,Vh € H]
geG

={reCr(R.) | on(A) =X, Vhe H}.

Proof Let A = dec Ay € Cr(Rp), with A, € R, be arbitrary. Since R, € Ry, we have
A € Cr(R,) and from Lemma 5 we see that A, € Cr(R,) for each g € G. For every

rn, € Ry, h € H, we have
ry Zkg = Z)\g}’h
geG geG

since A € Cr(Rpy), but A, € Cr(R,) so from (6) we get

Zah(kg)rh = Z)\gi’h

geG geG
which is an equality in R = P,.; R, If we look in the R, R¢R;,-1R) = Ry, component,
forall g € G, h € H, we deduce that
O’h(}\g)rh=)\.hgh4 rn, Yr,€Ry

since the sum R = @@, R, is direct. Applying the above equality to the elements a,(,i) of

Ry in (4), we get

geG
on(rg)ay = Ay ay’
foreach i € {1, ..., n;}, which implies

np

np
ou(hg) = 04 () I =0 (0g) D _ay’ b, = on(hg)ay’ b,
i=1 i=1
np

np
(@) 7,@0) () 1,0
= Z)‘hgh’l ay byl = Apgp Z ay by "y =gyt
i=1 i=1

Conversely, let A = deG Ag € R, where A, € Cr(R,) NR, and 0, (Ag) = Apgy-1, for
all g € G, h € H. Then, for every r;, € Ry,

A=Y Thhg =D 0uG) Tk =Y gt T = D Al = AT

geG geG geG keG

and hence A € Cr(Rpy). This concludes the proof. O

Remark 5 If R, is commutative, then R, = Z(R,). Thus, if R, is commutative, then G acts
as automorphisms of the ring R,.
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Theorem 4 Let R = @gEG R, be a strongly G-graded ring where R, is commutative
and ker(o) is the kernel of the previously defined action o : G — Aut(R,), i.e. ker(o) =
{g€Glo,(Ae) =Ae, YA, € R.}. If H is a subgroup of G which is contained in ker(c) N
Z(G), then

INCr(Ry) # {0}
for every non-zero two-sided ideal I in R.

Proof Let I be an arbitrary non-zero two-sided ideal in R. For every h € H and r;, € R;, we
define a kill operator

D, :R—TR, D, <ng> =m Y hg— Y dern=Y d.

8eG 8eG geG keG

Note that for every non-zero summand A, € Ry of A =3 ; A, we take a summand dj, =
Thhg — Aoty € R = Ry, of D, (A) which may be zero or nonzero, but

dp=rphe —Aeth =03 (A) Tl — AT = Aol — Aty = 0.

Thus, for A=), ; A, € R with A, #0 and D, (A) =D, d, we get

geG
#supp(h) =#{s € G | A, #0) > #{s € G | d, # 0} = #supp(D;, (1)).

Furthermore, note that for all r, € Ry, I is invariant under D,, and

Tn

CrRu)= [ ker(D,,).

heH,rpeRy,

Now, let A = dec
some non-zero A’ =Y

Ag € I be non-zero. We can assume that A, # 0. Otherwise there exists

ecG My € I with A, # 0. Indeed, A # 0 so there exists 7 € G such that

A # 0. There exists, as well, some j € {1, ..., n,} such that bt({)l A # 0, where b,@, € R,
is as in (4), because if b[(i_), M =0, Viell,...,n}, then

ny
=lg k=Y a"b" 2 =0.

i=1

Thus, for every non-zero element A of / we can have an element b[(]_ )1)‘ =A=) A of

I with A, = bl(f),k, #0, and #supp(A) > #supp(}') > 1.

‘We return to the element A = dec Ag € I with A, #0.If A € Cx(Ry) we have nothing
to prove. If A ¢ Cx(Ry), then there exists & € H and r, € R;, such that D,, (1) # 0. But
D,, (1) € I so we have a new element of I with smaller support. If we continue in the same
way, the procedure must eventually end, because supp(X) < co. So, there will be a stop of
this procedure which gives an element © = deG e € INCr(Rpy), with u, # 0. a

!
8eG g

The following corollary generalizes Theorem 2 to the situation when Ry need not nec-
essarily be commutative.

Corollary 2 If R = ®gsc R, =TR. Ng: G is a G-crossed product and both of the following
conditions are satisfied:
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596 J. Oinert et al.

(i) Re. is commutative
(i1) N is a subgroup of G, such that N C Z(G) Nker(c”)

then

1IN Cr(Ry) # {0}

for every non-zero two-sided ideal I in R.

Proof For each g € G we may choose u, € U(R) N R,. It follows from [33, Proposi-
tion 1.1.1] that (ug)‘1 € Ry-1. Clearly u, u;l = 1% and following (5) we define o,(a) =
Uga u;' for all a € Cr(R.). In particular R, € Cr (R.) since R, is commutative, and it is
now clear that the restriction of o, to R, is equal to agf for each g € G. From Theorem 4
it now follows that each non-zero two-sided ideal in R has a non-zero intersection with
Cr(Ry). |

The following corollary generalizes [36, Theorem 2] from G-crossed products to strongly
G-graded rings.

Corollary 3 If R =@, ; R, is a strongly G-graded ring where R, is commutative, then

geG
INCr(R.) # {0}

for every non-zero two-sided ideal I in R.

Proof Consider the subgroup {e} of G. Clearly {¢} C Z(G) Nker(o) and since R, is com-
mutative it follows from Theorem 4 that I N C (R.) # {0} for each non-zero two-sided
ideal I in R. ]

Corollary 4 I[f R =P
tive in R, then

geG Re s a strongly G-graded ring where R, is maximal commuta-

INR, #{0}
for every non-zero two-sided ideal I in R.

Proof By the assumption R, is maximal commutative in R, i.e. Cz (R,) = R,, and hence
the desired conclusion follows immediately from Corollary 3. O

Corollary 5 If R =P
abelian, then

ccG Rg is a twisted group ring, where R, is commutative and G is

INZMR) #{0}

for every non-zero two-sided ideal I in R.

Proof Since R is a twisted group ring, all homogeneous elements commute with R,.
Hence, ker(o) = G and moreover G = Z(G) since G is abelian. Consider the subgroup
ker(c) N Z(G) =G NG = G of G and note that Cr (Rg) = Z(R). By our assumptions R,
is commutative and it now follows from Theorem 4 that

INZMR) #1{0}

for each non-zero two-sided ideal 7 in R. O
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Remark 6 It was shown in [43, Theorem 2] that if R is a semiprime PI. ring, then 7 N
Z(R) # {0} for each non-zero ideal [ in R.

5 Crystalline Graded Rings

We shall begin this section by recalling the definition of a crystalline graded ring. We would
also like to emphasize that rings of this class are in general not strongly graded.

Definition 1 (Pre-crystalline graded ring) An associative and unital ring A is said to be
pre-crystalline graded if:

(i) there is a group G (with neutral element e),
(ii) thereisamapu:G — A, gr> u, suchthatu, =14 and u, # 0 for every g € G,
(iii) there is a subring .4y € A containing 1 4,

such that the following conditions are satisfied:

P A=P,cqAoug:
(P2) Forevery g € G, u, Ay = Ay u, and this is a free left .4y-module of rank one;
(P3) The decomposition in P1 makes A into a G-graded ring with A4y = A,.

Lemma 6 (see [34]) With notation and definitions as above:

(i) For every g € G, there is a set map o, : Ay — Ao defined by u,a = o,(a)u, for
a € Ay. The map o, is a surjective ring morphism. Moreover, 0, =id 4,,.

(ii) There is a set map o : G x G — Ag defined by ugu, = a(s,t) uy for s,t € G. For any
triple s, t,w € G and a € Ay the following equalities hold:

a(s, Ha(st, w) = o (a(t, w))o(s, tw) (7)
og(or(@))a(s,t) =a(s, t)oy(a) ®)

(iii) For every g € G we have a(g,e) =al(e, g) =14, and a(g, g h= ag(oz(g_l, g2)).

A pre-crystalline graded ring A with the above properties will be denoted by A;0% G and
each element of this ring is written as a sum eeG e Ug with coefficients r, € Ay, of which
only finitely many are non-zero. In [34] it was shown that for pre-crystalline graded rings,
the elements «(s,t) are normalizing elements of Ay, i.e. Ao (s,?) = a(s,t) Ay for each
s,t € G. For a pre-crystalline graded ring Ao0% G, we let S(G) denote the multiplicative
set in Ay generated by {a(g,g™") | g € G} and let S(G x G) denote the multiplicative set
generated by {«(g,h) | g, h € G}.

Lemma 7 (see [34]) If A= AoQ%G is a pre-crystalline graded ring, then the following
assertions are equivalent:

(1) A is S(G)-torsion free.
(ii) A is S(G)-torsion free.
(iii) a(g, g~")ag =0 for some g € G implies ay = 0.
@iv) a(g,h)ap =0 for some g, h € G implies ay =0.
V) Aoug =ugz Ag is also free as a right Ao-module, with basis u, for every g € G.
(vi) Forevery g € G, o, is bijective and hence a ring automorphism of Aj.
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Definition 2 (Crystalline graded ring) A pre-crystalline graded ring AyQ%G, which is
S(G)-torsion free, is said to be a crystalline graded ring.

Examples of crystalline graded rings are given by the algebraic crossed products, the gen-
eralized twisted group rings, the Weyl algebras, the quantum Weyl algebra, the generalized

Weyl algebras, quantum sl,, etc. For more examples we refer to [34].

Proposition 2 Let A= AyQ%G be a pre-crystalline graded ring, H a subgroup of G and
consider the subring Ay = AgQO% H in A. The commutant of Ay in A is

Fep—1 (X([h_l,h) :Gh(rh—lr)(x(h,h_lt),

CA(.AH):{ngugeA

geG

rro:(a)=ar,, NaecAy YheH, NVt eG}.

Proof Suppose that )
we have

ccGTelg € C4(Ag). Clearly Ay € Ay and hence for any a € Ay,

a(ng ug> = (ng ug>a — Zarg Ug = ngag(a)ug

geG geG geG geG

= ar,=ry0.(a), VgeG.

Furthermore, let &7 € H be arbitrary. Since u;, € Ay we have

h(z ) _ (Z )h

geG geG

= Zah(rg)a(h, 8 Upy = nga(g, h) ugp

geG geG
= D ootk =Y ryah™ b,
teG teG

— or-path k) =r,c1ah™ h), YteG.
Conversely, suppose that the coefficients of an element gcG T'g g satisty the following two
conditions:

1. r,o,(a)=ar, foralla e Apandt € G.
2. ryra(th™ h) =o,(r—1,) a(h,h~'t) forallhe H,t € G.

By carrying out calculations similar to the ones presented above, for any >, b, uy € Ag
we get

(th uh> (Z ) -3 0, (Z ) = Z(er ) bt

heH geG heH geG heH “geG
~(Zren ) (X owm)
geG heH
which shows that ccGTgllg € C 4(Apg). This concludes the proof. O
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Remark 7 By putting H = {e} respectively H = G we get expressions for C 4(Ag) respec-
tively Z(A).

Theorem 5 If A = AyQ%G is a crystalline graded ring, where Ay is commutative and H is
a subgroup of G contained in Z(G) Nker(o), then

INCu(Ap) #{0}

for every non-zero two-sided ideal I in A.

Proof Let I be an arbitrary non-zero two-sided ideal in A and assume that A, is commuta-
tive. For each g € G we define a map

Ty: A— A, Zas Ug > (Zax us> Ug.

seG seG

Note that, for each g € G, I is invariant under 7,. We have

T, (Zas us) = (Zas us) Uy = Zas(x(s, 8) Usg

seG seG seG

for every g € G. Suppose that D _. a, u;, is such that a, = 0 but a,, # 0 for some p # e.
Then, we get T‘I,—I(ZSEG asUs) = Y o asals, p‘l)uspfl. In particular we see that the
coefficient in front of u, is given by a,a(p, p~!) and since A is assumed to have no
S(G)-torsion and Ay is assumed to be commutative, we see by (iii) in Lemma 7 that
a,a(p, p~') # 0. It is now clear that for each non-zero element ¢ € A it is always pos-
sible to choose some g € G and let T, operate on c¢ to end up with an element where the
coefficient in front of u, is non-zero. For each b € Ay and h € H, we define a map

Dy, : A— A, Zas us > buy (Z@v%) — (Zasu_y) buy.

seG seG seG

Note that, for each b € Ay and h € H, I is invariant under D, . Furthermore, due to the
fact that H € Z(G) Nker(o), we have

Dy, (Zas ux) = (Zboh(as)a(h,S)uhs> - (Zax ax(b)a(s,h)ush>

seG seG seG

=Y (basalh,s) —aso,B)yals, N us= Y diu,

seG teG\{h}

since d, = (ba,a(h, e) —a,o.(b) (e, h)) =0. It is important to note that

CaAm)y= [ ker(Dpy,)

beAy,heH

and hence for any ) _;a,u; € A\ Ca(Ap) we are always able to choose b € Ay and
h € H and the corresponding Dy,, and have ZseG asus & ker(Dy,,). Therefore we can
always pick an operator Dy, which kills the coefficient dj, (coming from a,) without killing
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everything. Hence, if a, # 0, the number of non-zero coefficients of the resulting element
will always be reduced by at least one.

The ideal [ is assumed to be non-zero, which means that we can pick some non-zero
element ) _.riu, € I.If Y _-riu; € C4(Ap), then we are finished, so assume that this
is not the case. Note that r; # 0 for finitely many s € G. Recall that the ideal 7 is invariant
under T, and Dy, forall g € G, b € Ap and h € H. We may now use the operators {T,},cc
and {Dyy, }pea,,nen to generate new elements of /. More specifically, we may use the T, :s
to translate our element ) _; 1 u, into a new element which has a non-zero coefficient in
front of u, (if needed) after which we use the D, operator to kill this coefficient and end
up with yet another new element of / which is non-zero but has a smaller number of non-
zero coefficients. We may repeat this procedure and in a finite number of iterations arrive
at an element of 7 which lies in C 4(Ag) \ Ao, and if not we continue the above procedure
until we reach an element in Ay \ {0}. In particular Ay C C 4(Ap) since A, is commutative
and hence I N C 4 (Ap) # {0}. O
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