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Abstract It has been known that the distribution of the discrete cosine transform (DCT)
coefficients of most natural images follow a Laplace distribution. However, recent work has
shown that the Laplace distribution may not be a good fit for certain type of images and that
the Gaussian distribution will be a realistic model in such cases. Assuming this alternative
model, we derive a comprehensive collection of formulas for the distribution of the actual
DCT coefficient. The corresponding estimation procedures are derived by the method of
moments and the method of maximum likelihood. Finally, the superior performance of the
derived distributions over the Gaussian model is illustrated. It is expected that this work
could serve as a useful reference and lead to improved modeling with respect to image
analysis and image coding.

Keywords Discrete cosine transform (DCT) · Gaussian distribution · Generalized
hypergeometric function · Image analysis · Image coding · Incomplete gamma function ·
Kummer function · Modified Bessel function

1 Introduction

A discrete cosine transform (DCT) expresses a sequence of finitely many data points in
terms of a sum of cosine functions oscillating at different frequencies. The DCT was first
introduced by Ahmed et al. [1]. Later Wang and Hunt [2] introduced a complete set of
variants of the DCT. The DCT is included in many mathematical packages, such as Matlab,
Mathematica and GNU Octave.

DCTs are important to numerous applications in science and engineering, from lossy
compression of audio and images (where small high-frequency components can be dis-
carded), to spectral methods for the numerical solution of partial differential equations to
Chebyshev approximation of arbitrary functions by series of Chebyshev polynomials. The
use of cosine rather than sine functions is critical in these applications: for compression, it
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turns out that cosine functions are much more efficient, whereas for differential equations the
cosines express a particular choice of boundary conditions. We refer the readers to Jain [3]
and Rao and Yip [4] for comprehensive accounts of the theory and applications of the DCT.
For a tutorial account see Duhamel and Vetterli [5].

The DCT is widely used in image coding and processing systems, especially for lossy
data compression, because it has a strong “energy compaction” property (Rao and Yip [4]).
DCT coding relies on the premise that pixels in an image exhibit a certain level of correlation
with their neighboring pixels. Similarly in a video transmission system, adjacent pixels in
consecutive frames show very high correlation. (Frames usually consist of a representation
of the original data to be transmitted, together with other bits which may be used for error
detection and control. In simplistic terms, frames can be referred to as consecutive images in
a video transmission.) Consequently, these correlations can be exploited to predict the value
of a pixel from its respective neighbors. The DCT is, therefore, defined to map this spatial
correlated data into transformed uncorrelated coefficients. Clearly, the DCT utilizes the fact
that the information content of an individual pixel is relatively small, i.e. to a large extent
visual contribution of a pixel can be predicted using its neighbors.

A typical image/video transmission system is outlined in Fig. 1. The objective of the
source encoder is to exploit the redundancies in image data to provide compression. In other
words, the source encoder reduces the entropy, which in our case means decrease in the
average number of bits required to represent the image. On the contrary, the channel encoder
adds redundancy to the output of the source encoder in order to enhance the reliability of
the transmission. The source encoder has three sub-blocks: the transformation sub-block,
quantizer sub-block and the entropy sub-block. The transformation sub-block refers to the
DCT. The quantizer sub-block utilizes the fact that the human eye is unable to perceive some
visual information in an image. Such information is deemed redundant and can be discarded
without introducing noticeable visual artifacts. The entropy encoder employs its knowledge

Fig. 1 Components of a typical image/video transmission system
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of the DCT and quantization processes to reduce the number of bits required to represent
each symbol at the quantizer output. The source and channel decoders reconstruct the image
by doing all the above operations in reverse.

Efficient encoders and decoders are based on source models. Reininger and Gibson [6]
used Kolmogorov–Smirnov tests to show that most DCT coefficients are reasonably mod-
eled by the Laplace distribution. This knowledge has been used to improve decoder design.
However, recent work has shown that the Laplace model does not give a good fit for certain
images such as text documents (see Lam [7] and Lam and Goodman [8]). In these cases, it
is suggested that the Gaussian distribution is a realistic model. In fact, using a doubly sto-
chastic model, Lam and Goodman [8] argue that within an 8 × 8 block used for the DCT,
assuming that the pixels are identically distributed, the DCT coefficient is approximately
Gaussian. The probability density function (pdf) of the Gaussian distribution is given by

f (y) = 1√
2πσ

exp

(
− y2

2σ 2

)
(1)

for −∞ < y < ∞, where σ 2 > 0 represents the variance of the block.
When modeling the DCT densities of a big image, the block variance σ 2 in (1) is likely

to vary over different parts of the image and so one should consider σ itself to be a ran-
dom variable. This means that the actual DCT coefficient distribution will be given by the
compound form:

f (y) = 1√
2π

∫ ∞

0

1

σ
exp

(
− y2

2σ 2

)
g(σ 2)dσ 2, (2)

where g(·) denotes the pdf of σ 2. For convenience, letting x = y2/2 and λ = σ 2, one can
rewrite (2) as

f (y) = 1√
2π

∫ ∞

0

1√
λ

exp

(
−x

λ

)
g(λ)dλ. (3)

A number of forms for g(·) has been used in the literature. Lam [7], Lam and Goodman [8]
and Lam [9] considered g(·) to have the exponential distribution. Lam [7], Teichroew [10]
and Nadarajah and Kotz [11] considered g(·) to have the gamma distribution. The uniform
distribution has also been used.

The aim of this note is to derive the most comprehensive list of forms for (3) by taking
g(·) to belong to some sixteen flexible families. For each g(·), we derive the corresponding
f (·) given by (3) as well as provide estimators of the associated parameters obtained by the
method of moments and the method of maximum likelihood, see Sect. 2. An application of
the derived distributions is illustrated in Sect. 3. It is shown that they are better models for
the DCT coefficients than the Gaussian distribution given by (1).

The calculations of this note use several special functions, including the incomplete
gamma function defined by

γ (a, x) =
∫ x

0
ta−1 exp(−t)dt,

the modified Bessel function of the third kind defined by

Kν(x) = xν�(1/2)

2ν�(ν + 1/2)

∫ ∞

1
exp(−xt)(t2 − 1)ν−1/2dt,
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the generalized hypergeometric function defined by

pFq(a1, . . . , ap;b1, . . . , bq;x) =
∞∑

k=0

(a1)k(a2)k · · · (ap)k

(b1)k(b2)k · · · (bq)k

xk

k! ,

and, the Kummer function defined by

�(a,b;x) = �(1 − b)

�(1 + a − b)
1F1(a;b;x) + �(b − 1)

�(a)
x1−b

1F1(1 + a − b;2 − b;x),

where (f )k = f (f + 1) · · · (f + k − 1) denotes the ascending factorial. The properties
of these special functions can be found in Prudnikov et al. [12] and Gradshteyn and
Ryzhik [13].

The estimation by the method of moments and the method of maximum likelihood re-
quires the following notation: for a random sample λ1, . . . , λn of λ, define

β1 = {2μ3
1 − 3μ1μ2 + μ3}2

{μ2 − μ2
1}3

(4)

and

β2 = −3μ4
1 + 6μ2

1μ2 − 4μ1μ3 + μ4

{μ2 − μ2
1}2

(5)

as the sample skewness and sample kurtosis, respectively, where μj is the j th sample mo-
ment defined by μj = (1/n)

∑n

i=1 λ
j

i for j = 1, 2, 3, 4.

2 Models for Actual DCT Coefficient

In this section, we provide a collection of formulas for f (·) in (3) by taking g(·) to belong
to sixteen flexible families. The estimators for the parameters of f (·) determined by the
method of moments and the method of maximum likelihood are also given.

One Parameter Exponential Distribution: If g takes the form

g(λ) = (1/μ) exp(−λ/μ)

for λ > 0 and μ > 0 then

f (y) =
√

2x1/4

√
πμ3/4

K1/2

(
2
√

x

μ

)
.

Note that μ is the scale parameter. The moment estimator of μ is μ1, the sample mean. This
is also the maximum likelihood estimator of μ.

Two Parameter Gamma Distribution: If g takes the form

g(λ) = λβ−1 exp(−λ/μ)

μβ�(β)
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for λ > 0, β > 0 and μ > 0 then

f (y) =
√

2xβ/2−1/4

√
π�(β)μ(1/2+β)/2

Kβ−1/2

(
2
√

x

μ

)
. (6)

Note that β and μ are the shape and scale parameters, respectively. The moment estimators
of μ and β are μ1β1/4 and 4/β1, respectively, where μ1 is the sample mean and β1 is the
sample skewness given by (4). The maximum likelihood estimator of β is the solution of the
equation:

n logμ1 − n logβ + nψ(β) =
n∑

i=1

logλi,

where ψ(x) = d log�(x)/dx is the digamma function. The maximum likelihood estimator
of μ is μ1/β̂ .

One Parameter Half Logistic Distribution: If g takes the form

g(λ) = 2μ exp(−λμ)

{1 + exp(−λμ)}2

for λ > 0 and μ > 0 then

f (y) = 2
√

2μ3/4x1/4

√
π

∞∑
k=0

(−2

k

)
(k + 1)−1/4K1/2

(
2
√

μ(k + 1)x
)
.

Note that μ is the scale parameter. The moment estimator of μ is (2 ln 2/μ1)
1/3, where μ1

is the sample mean. The maximum likelihood estimator of μ is the solution of the equation:

1

μ
+ 2

n

n∑
i=1

λi exp(−μλi)

1 + exp(−μλi)
= μ1.

Two Parameter Inverse Gaussian Distribution: If g takes the form

g(λ) =
√

μφ

2π
exp(φ)λ−3/2 exp

{
−φ

2

(
λ

μ
+ μ

λ

)}

for λ > 0, φ > 0 and μ > 0 then

f (y) =
√

φ exp(φ)

π

(
1 + 2x

μφ

)−1

K−1

(√
φ

(
φ + 2x

μ

))
.

Note that both φ and μ are the scale parameters. The moment estimators of φ and μ are
9/β1 and μ1, respectively, where μ1 is the sample mean and β1 is the sample skewness
given by (4). The maximum likelihood estimators of μ and φ are the simultaneous solutions
of the equations:

1

2μ
= φ

2n

n∑
i=1

1

λi

− φμ1

2μ2
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and

1 + 1

2φ
= μ1

2μ
+ μ

2n

n∑
i=1

1

λi

.

Two Parameter Weibull Distribution: If g takes the form

g(λ) = βλβ−1μ−β exp{−(λ/μ)β}

for λ > 0, β > 0 and μ > 0 then

f (y) = βxβ−1/2

μβ
√

2π

[
q−1∑
j=0

(−A)j

j ! �(1/2 − β − βj)C1j

+
p−1∑
h=0

(−1)hA(1/2−β+h)/β

h!β �

(
β − 1/2 − h

β

)
C2h

]

provided that β = p/q where p ≥ 1 and q ≥ 1 are co-prime integers,

C1j = 1Fp+q(1;�(p,1/2 + β + βj),�(q,1 + j); z)

and

C2h = 1Fp+q

(
1;�

(
q,

1/2 + h

β

)
,�(p,1 + h); z

)
.

Furthermore, A = (x/μ)β , z = (−1)p+qAq/{ppqq} and �(k,a) = (a/k, (a + 1)/k, . . . ,

(a + k − 1)/k). Note that β and μ are the shape and scale parameters, respectively. The
moment estimator of β is the root of the equation

√
β1

{
�

(
1 + 2

β

)
− �2

(
1 + 1

β

)}3/2

= �

(
1 + 3

β

)
− 3�

(
1 + 1

β

)
�

(
1 + 2

β

)
+ 2�3

(
1 + 1

β

)
,

where β1 is the sample skewness given by (4). The moment estimator of μ is μ1{�(1 +
1/β)}−1, where μ1 is the sample mean. The maximum likelihood estimators of μ and β are
the simultaneous solutions of the equations:

n

β
+

n∑
i=1

logλi = n logμ +
n∑

i=1

(
λi

μ

)β

log

(
λi

μ

)

and

nβ

μ
= βμ−β−1

n∑
i=1

λ
β

i .
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Three Parameter Stacy Distribution: If g takes the form

g(λ) = cλcγ−1 exp{−(λ/β)c}
βcγ �(γ )

for λ > 0, c > 0, γ > 0 and β > 0 then

f (y) = cxcγ−1/2

βcγ
√

2π�(γ )

[
q−1∑
j=0

(−A)j

j ! �(1/2 − cγ − cj)C3j

+
p−1∑
h=0

(−1)hA(1/2−cγ+h)/c

h!c �

(
cγ − 1/2 − h

c

)
C4h

]

provided that c = p/q where p ≥ 1 and q ≥ 1 are co-prime integers,

C3j = 1Fp+q(1;�(p,1/2 + cγ + cj),�(q,1 + j); z)

and

C4h = 1Fp+q

(
1;�

(
q,1 − c + 1/2 + h

c

)
,�(p,1 + h); z

)
.

Furthermore, A = (x/β)c, z = (−1)p+qAq/{ppqq} and �(k,a) = (a/k, (a+1)/k, . . . , (a+
k − 1)/k). Note that c and γ are the shape parameters while β is the scale parameter. The
moment estimators of c and γ are the solutions of the equations

√
β1

[
�(γ + 2/c)

�(γ )
−

{
�(γ + 1/c)

�(γ )

}2]3/2

= 2

{
�(γ + 1/c)

�(γ )

}3

− 3
�(γ + 1/c)�(γ + 2/c)

�2(γ )
+ �(γ + 3/c)

�(γ )

and

β2

[
�(γ + 2/c)

�(γ )
−

{
�(γ + 1/c)

�(γ )

}2]2

= −3

{
�(γ + 1/c)

�(γ )

}4

+ 6
�2(γ + 1/c)�(γ + 2/c)

�3(γ )
− 4

�(γ + 1/c)�(γ + 3/c)

�2(γ )

+ �(γ + 4/c)

�(γ )
,

where β1 and β2 are the sample skewness and the sample kurtosis given by (4) and (5),
respectively. The moment estimator of β is μ1�(γ )/�(γ + 1/c), where μ1 is the sample
mean. The maximum likelihood estimators of c, γ and β are the simultaneous solutions of
the equations:

n

c
+ γ

n∑
i=1

logλi = nγ logβ +
n∑

i=1

(
λi

β

)c

log

(
λi

β

)
,
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c

n∑
i=1

logλi = nc logβ + nψ(γ )

and

cβ−c−1
n∑

i=1

λc
i = ncγ

β
.

One Parameter Half Gaussian Distribution: If g takes the form

g(λ) = 2√
2πμ

exp

(
− λ2

2μ2

)

for λ > 0 and μ > 0 then

f (y) = x3/2

πμ

[
�(−1/2)1F3(1;�(2,3/2),�(1,1 + j); z)

+
1∑

h=0

(−1)hA(−1/2+h)/2

2h! �

(
1/2 − h

2

)
1F3

(
1;�

(
1,

3/2 + h

2

)
,�(2,1 + h); z

)]
,

where A = x2/(2μ2), z = −A/4 and �(k,a) = (a/k, (a + 1)/k, . . . , (a + k − 1)/k). Note
that μ is the scale parameter. The moment estimator of μ is μ1

√
π/2, where μ1 is the

sample mean. The maximum likelihood estimator of μ is
√

μ2, where μ2 is the second
sample moment.

Two Parameter Fréchet Distribution: If g takes the form

g(λ) = kθk

λk+1
exp

{
−

(
θ

λ

)k}

for λ > 0, k > 0 and θ > 0 then

f (y) = kθk
√

x√
2π

q−1∑
j=0

(−A)j

j ! �(−1/2 + kj)p+1Fq(1;�(p,−1/2 + kj),�(q,1 + j); (−1)qz)

provided that 0 < k < 1 and k = p/q where p ≥ 1 and q ≥ 1 are co-prime integers, A =
(x/β)k , z = (−1)p+qAq/{ppqq} and �(k,a) = (a/k, (a +1)/k, . . . , (a +k−1)/k). On the
other hand, if k > 1 then

f (y) = θk
√

x√
2π

p−1∑
h=0

(−1)hA(1/2−h)/k

h! �

(
h − 1/2

k

)
C5h,

where

C5h = q+1Fp

(
1;�

(
q,

h − 1/2

k

)
,�(p,1 + h); (−1)p

z

)
.
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The moment estimator of k is the root of the equation

√
β1

{
�

(
1 − 2

k

)
− �2

(
1 − 1

k

)}3/2

= 2�3

(
1 − 1

k

)
− 3�

(
1 − 1

k

)
�

(
1 − 2

k

)

+ �

(
1 − 3

k

)
,

where β1 is the sample skewness given by (4). Note that k and θ are the shape and scale
parameters, respectively. The moment estimator of θ is μ1/�(1 − 1/k), where μ1 is the
sample mean. The maximum likelihood estimators of k and θ are the simultaneous solutions
of the equations:

n∑
i=1

(
θ

λi

)k

log

(
θ

λi

)
= n

k
+ n log θ

and

kθk−1
n∑

i=1

λ−k
i = nk

θ
.

Two Parameter Pareto Distribution: If g takes the form

g(λ) = aka

λa+1

for λ > k and a > 0 then

f (y) = aka

√
2πxa+1/2

γ

(
a + 1/2,

x

k

)
.

The moment estimator of a is the root of the equation
√

β1
√

a(a − 3) = 2(a + 1)
√

a − 2,

where β1 is the sample skewness given by (4). Note that a and k are the shape and
scale parameters, respectively. The moment estimator of k is μ1(a − 1)/a, where μ1

is the sample mean. The maximum likelihood estimators of k and a are minλi and
{log minλi − (1/n)

∑n

i=1 logλi}−1, respectively.

Four Parameter Two Sided Power Distribution: If g takes the form

g(λ) =
⎧⎨
⎩

p

b−a

(
λ−a
m−a

)p−1
, if a ≤ λ ≤ m,

p

b−a

(
b−λ
b−m

)p−1
, if m ≤ λ ≤ b

for 0 < a ≤ λ ≤ b < ∞, 0 < a ≤ m ≤ b < ∞ and p > 0 then

f (y) = p

(b − a)
√

2π

[
(m − a)1−p

p−1∑
k=0

(
p − 1

k

)
(−a)kxp−1/2−kC6k

+ (b − m)1−p

p−1∑
k=0

(
p − 1

k

)
(−b)kxp−1/2−kC7k

]
,
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where

C6k = γ

(
1

2
− p + k,

x

a

)
− γ

(
1

2
− p + k,

x

m

)

and

C7k = γ

(
1

2
− p + k,

x

m

)
− γ

(
1

2
− p + k,

x

b

)
.

Note that p is the shape parameter while a, b and m are the scale parameters. The moment
estimators of p and θ = (m − a)/(b − a) are the solutions of the equations

√
β1

{
e2 − e2

1

}3/2 = 2e3
1 − 3e1e2 + e3

and

β2

{
e2 − e2

1

}2 = −3e4
1 + 6e2

1e2 − 4e1e3 + e4,

where

ek = pθk+1

p + k
−

k∑
i=0

(
k

k − i

)
p(θ − 1)i+1

p + i
,

where β1 and β2 are the sample skewness and the sample kurtosis given by (4) and (5),
respectively. For the maximum likelihood estimators, see van Dorp and Kotz [14, 15].

Two Parameter Beta Distribution: If g takes the form

g(λ) = λa−1(1 − λ)b−1

B(a, b)

for 0 < λ < 1, a > 0 and b > 0 then

f (y) = �(b) exp(−x)√
2πB(a, b)

�(b,3/2 − a;x).

Note that both a and b are the shape parameters. The moment estimators of a and b are the
solutions of the equations

√
β1

√
ab(a + b + 2) = 2(b − a)

√
a + b + 1

and

β2ab(a + b + 2)(a + b + 3) = 6{a3 − a2(2b − 1) + b2(b + 1) − 2ab(b + 2)},
where β1 and β2 are the sample skewness and the sample kurtosis given by (4) and (5),
respectively. The maximum likelihood estimators of a and b are the simultaneous solutions
of the equations:

n∑
i=1

logλi = nψ(a) − nψ(a + b)
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and

n∑
i=1

log(1 − λi) = nψ(b) − nψ(a + b).

Two Parameter Inverted Beta Distribution: If g takes the form

g(λ) = λγ−1

B(γ,β)(1 + λ)γ+β

for λ > 0, γ > 0 and β > 0 then

f (y) = �(1/2 + β)√
2πB(γ,β)

�(1/2 + β,3/2 − γ ;x).

Note that both γ and β are the shape parameters. The moment estimators of β and γ are the
solutions of the equations

√
β1

{
γ (γ + β − 1)

}3/2 = 2γ 3(β − 2)3/2 − 3γ 2(γ + 1)(β − 1)
√

β − 2

+ γ (γ + 1)(γ + 2)(β − 1)2
√

β − 2(β − 3)−1

and

β2γ
2(γ + β − 1)2 = −3γ 4(β − 2)2 + 6γ 3(γ + 1)(β − 1)(β − 2)

− 4γ 2(γ + 1)(γ + 2)(β − 1)2(β − 2)(β − 3)−1

+ γ (γ + 1)(γ + 2)(γ + 3)(β − 1)3(β − 2)(β − 3)−1(β − 4)−1,

where β1 and β2 are the sample skewness and the sample kurtosis given by (4) and (5),
respectively. The maximum likelihood estimators of β and γ are the simultaneous solutions
of the equations:

n∑
i=1

logλi −
n∑

i=1

log(1 − λi) = nψ(γ ) − nψ(γ + β)

and

n∑
i=1

log(1 − λi) = nψ(γ + β) − nψ(β).

Two Parameter Lomax Distribution: If g takes the form

g(λ) = aca

(c + λ)a+1

for λ > 0, a > 0 and c > 0 then

f (y) = a�(1/2 + a)√
2cπ

�(1/2 + a,1/2;x/c).
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The moment estimator of a is the root of the equation

√
β1a

3/2 = 2(a − 2)3/2 − 6(a − 1)
√

a − 2 + 6(a − 1)2
√

a − 2(a − 3)−1,

where β1 is the sample skewness given by (4). Note that a and c are the shape and scale
parameters, respectively. The moment estimator of c is (a − 1)μ1, where μ1 is the sample
mean. The maximum likelihood estimators of a and c are the simultaneous solutions of the
equations:

n∑
i=1

log(c + λi) = n

a
+ n log c

and

(a + 1)

n∑
i=1

1

c + λi

= na

c
.

Two Parameter Generalized Pareto Distribution: If g takes the form

g(λ) = 1

k

(
1 − cλ

k

)1/c−1

for λ > 0, −∞ < c < ∞ and k > 0 then

f (y) =
⎧⎨
⎩

�(1/2−1/c)(−c)−1/2√
2kπ

�
(

1
2 − 1

c
, 1

2 ;− xc
k

)
, if c ≤ 0,

�(1/c)c−1/2√
2kπ

exp
(− cx

k

)
�

(
1
c
, 1

2 ; xc
k

)
, if c > 0.

Note that c and k are the shape and scale parameters, respectively. The moment estimator of
c is the root of the equation

√
β1

{
− 1

c3
B

(
−1

c
− 2,3

)
− 1

c4
B2

(
−1

c
− 1,2

)}3/2

= 2

c6
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(
−1

c
− 1,2

)
+ 3

c5
B

(
−1

c
− 1,2

)
B

(
−1

c
− 2,3

)
+ 1

c4
B

(
−1

c
− 3,4

)

for c ≤ 0 or

√
β1

{
− 1

c3
B

(
−1

c
− 2,3

)
− 1

c4
B2

(
−1

c
− 1,2

)}2

= 2

c6
B3

(
2,

1

c

)
+ 3

c5
B

(
2,

1

c

)
B

(
3,

1

c

)
+ 1

c4
B

(
4,

1

c

)

for c > 0, where β1 is the sample skewness given by (4). The moment estimator of k is given
by

k =
⎧⎨
⎩

c2μ1

{
B

(− 1
c
− 1,2

)}−1
, if c ≤ 0,

c2μ1

{
B

(
2, 1

c

)}−1
, if c > 0,
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where μ1 is the sample mean. The maximum likelihood estimators of c and k are the simul-
taneous solutions of the equations:

(c − 1)

n∑
i=1

λi

k2

(
1 − cλi

k

)−1

= n

k

and

c(c − 1)

n∑
i=1

λi

k

(
1 − cλi

k

)−1

=
n∑

i=1

log

(
1 − cλi

k

)
.

Two Parameter Burr III Distribution: If g takes the form

g(λ) = kcλ−c−1(1 + λ−c)−k−1

for λ > 0, c > 0 and k > 0 then one can write

f (y) = kc√
2π

I,

where

I =
∫ ∞

0

wc−1/2 exp(−wx)

(1 + wc)k+1
dw.

This integral cannot be reduced to an explicit form for general c. It can be reduced for
particular values of c. For instance, if c = 2 (no physical motivation) then

I = x2k−1/2�(1/2 − 2k) 1F2

(
k + 1; k + 1 − 1

4
,−3

4
;−x2

4

)

+ 1

2
B

(
k − 1

4
,

5

4

)
1F2

(
5

4
; 1

2
,

1

4
− k;−x2

4

)

− x

2
B

(
k − 3

4
,

7

4

)
1F2

(
7

4
; 3

2
,

7

4
− k;−x2

4

)
.

Note that both c and k are the shape parameters. The moment estimators of c and k are the
solutions of the equations

√
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{
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c
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and

β2

{
kB

(
1 − 2

c
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)
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c
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where β1 and β2 are the sample skewness and the sample kurtosis given by (4) and (5),
respectively. The maximum likelihood estimators of k and c are the simultaneous solutions
of the equations:

n∑
i=1

log
(
1 + λ−c

i

) = n

k

and

n∑
i=1

logλi − (k + 1)

n∑
i=1

λ−c
i logλi

1 + λ−c
i

= n

c
.

Two Parameter Burr XII Distribution: If g takes the form

g(λ) = kcλc−1(1 + λc)−k−1

for λ > 0, c > 0 and k > 0 then one can write

f (y) = kc√
2π

I,

where

I =
∫ ∞

0

wkc−1/2 exp(−wx)

(1 + wc)k+1
dw.

Again, this integral cannot be reduced to an explicit form for general c. For particular values
like c = 2 (no physical motivation) one can reduce the integral to

I = x3/2�(−3/2)1F2

(
k + 1; 7

4
,

5

4
;−x2

4

)

+ 1

2
B

(
3

4
,
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2
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; 1
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2
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(
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,
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2
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1F2

(
2k + 3/2

2
; 3

2
,

3

4
;−x2

4

)
.

Note that both c and k are the shape parameters. The moment estimators of c and k are the
solutions of the equations
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√
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where β1 and β2 are the sample skewness and the sample kurtosis given by (4) and (5),
respectively. The maximum likelihood estimators of k and c are the simultaneous solutions
of the equations:

n∑
i=1

log
(
1 + λc

i

) = n

k

and

n∑
i=1

logλi − (k + 1)

n∑
i=1

λc
i logλi

1 + λc
i

= n

c
.

3 Application

As mentioned in Sect. 1, a popular modal for the DCT coefficients of images such as text
documents is the Gaussian distribution. Here, we show that the distributions derived in
Sect. 2 are better models for the DCT coefficients whether they follow the Gaussian dis-
tribution or not. To show this, we simulated 100 samples each of size 10 from each of the
following distributions:

(1) the standard Gaussian distribution (Model 1);
(2) the Student’s t distribution with degrees of freedom ν = 1 (Model 2);
(3) the standard logistic distribution given by the pdf f (x) = exp(−x)/{1 + exp(−x)}2 for

−∞ < x < ∞ (Model 3);
(4) the standard Laplace distribution given by the pdf f (x) = (1/2) exp(− | x |) for −∞ <

x < ∞ (Model 4).

For each of the 100 × 4 = 400 samples, we fitted the distribution given by (6) as well as
the standard Gaussian distribution. The method of maximum likelihood described in Sect. 2
was used. We computed 2(logL2 − logL1) for each fit, where L1 and L2 denote the maxi-
mized likelihoods for the two distributions. Figure k + 1 shows the box plot of the values of
2(logL2 − logL1) for the 100 samples from Model k, k = 1, 2, 3, 4.
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Fig. 2 Box plot of the values of 2(logL2 − logL1) for the 100 simulated samples each of size 10 from the
standard Gaussian distribution

Fig. 3 Box plot of the values of 2(logL2 − logL1) for the 100 simulated samples each of size 10 from the
Student’s t distribution with degrees of freedom ν = 1

A box plot is a convenient way of graphically depicting numerical data through their
five–number summaries: the smallest observation, lower quartile, median, upper quartile,
and the largest observation (from the bottom to top). Observations which are considered
“outliers” or “extreme observations” are indicated by open dots. The box plot was invented
by the American statistician John Tukey. We refer the readers to Tukey [16] for details.

The box plots in Figs. 2, 3, 4 and 5 show that the distribution of 2(logL2 − logL1) lies
entirely below zero. In other words, the likelihood L1 for the fit of (6) is always greater than
the likelihood L2 for the fit of the standard Gaussian distribution. So, one can infer that the
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Fig. 4 Box plot of the values of 2(logL2 − logL1) for the 100 simulated samples each of size 10 from the
standard logistic distribution

Fig. 5 Box plot of the values of 2(logL2 − logL1) for the 100 simulated samples each of size 10 from the
standard Laplace distribution

model given by (6) performs better than the Gaussian distribution when the DCT coefficients
are in fact Gaussian distributed, see Fig. 2. More importantly, when the DCT coefficients
are not Gaussian distributed the model given by (6) performs better when compared to the
Gaussian model, see Figs. 3–5. The results were similar when the other distributions derived
in Sect. 2 were used and for larger sample sizes of 100, 1000 and 10,000. Hence, the derived
distributions in Sect. 2 provide versatile models whether the DCT coefficients are Gaussian
distributed or not.
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4 Conclusions

We have derived sixteen flexible models for the distribution of the actual DCT coefficient
given by (3) and the corresponding estimation procedures by the method of moments and
the method of maximum likelihood. We have established the superior performance of the
derived models over the Gaussian distribution given by (1). The models can be useful for
the DCT coefficients of large text documents or images of that type (see Lam [7] and Lam
and Goodman [8]).

An extension of the work is to consider the generalized Gaussian distribution in place of
the Gaussian distribution, i.e. replace (1) by

f (x) = 1

2β�(1 + α)
exp

(
−

∣∣∣∣ xβ
∣∣∣∣
1/α)

for −∞ < x < ∞, where β > 0 is the scale parameter and α > 0 is the shape parameter. In
this case, the actual DCT coefficient distribution can be given by

f (x) = 1

2�(1 + α)

∫ ∞

0

1

β
exp

(
−

∣∣∣∣ xβ
∣∣∣∣
1/α)

g(β)dβ. (7)

Expressions for (7) similar to those in Sect. 2 can be derived by taking g(·) to belong to
the sixteen families. We hope to present these expressions and show their applicability in a
future paper.
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