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Abstract Iserles et al. (J. Approx. Theory 65:151-175, 1991) introduced the concepts of co-
herent pairs and symmetrically coherent pairs of measures with the aim of obtaining Sobolev
inner products with their respective orthogonal polynomials satisfying a particular type of
recurrence relation. Groenevelt (J. Approx. Theory 114:115-140, 2002) considered the spe-
cial Gegenbauer-Sobolev inner products, covering all possible types of coherent pairs, and
proves certain interlacing properties of the zeros of the associated orthogonal polynomi-
als. In this paper we extend the results of Groenevelt, when the pair of measures in the
Gegenbauer-Sobolev inner product no longer form a coherent pair.
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1 Introduction

Let {PY}°°, be the sequence of monic orthogonal polynomials with respect to the inner
product

b
(f,8)y = /b J)gx)d (x)
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66 E.X.L. de Andrade et al.

and let p¥ = (PY, PV),, where dy is a symmetric measure on [—b, b], 0 < b < oo.
In [10], Iserles et al. have introduced the concept of symmetrically coherent pairs of mea-
sures (also the concept of coherent pairs of measures), showing that the pair of symmetric

measures {d{, dy;} form a symmetrically coherent pair is equivalent to
PV (x) = —[P””O(x) +b, 1 P (0], forn =1,

where b, are non-zero constants and {P,;/’"} and {P,;// '} are the respective monic orthogonal
polynomials. As a consequence of this, as proved in [10], the monic orthogonal polynomials
P3 associated with the Sobolev inner product

(f! g)S = <f’ g)l//o +K<f/’ g/>1//1,

where k > 0, satisfy
P (x) + @, P3 (x) = P/, (x) + b, P)° (x), n=>2. )

Meijer, in [13], showed that in a coherent pair or symmetrically coherent pair one of the
measures must be classical. In particular it was established that there are only five types of
symmetrically coherent pairs of measures involving the classical measure of Gegenbauer,
namely

(1—x2)M+1/2

Sldx), A> —1/2, £ #0.

“;jil/zdx + M8(x + E)dx + M8(x — £)dx}, » > —1/2,

— Type I {(1 — x»)*/2dx,

— Type IT {(1 — x»)*"2dx,
|| >1, M >0.

— Type II {(x% 4+ £2)(1 — x>)*7'2dx, (1 —x®)**2dx}, A > —1/2.

— Type IV {(£2 — x2)(1 — x>)*V2dx, (1 — x> 2dx}, A > —1/2, |&] > 1.

— Type V{(1+ Mé(x + 1)+ Ms(x — 1))dx, dx}, M >0.

Here and in (6), §(x) is the Dirac delta function such that f_woo fXx)é(x)dx = f(0) for f
continuous.

Marcelldn, Pérez and Pifar [12], in 1994, came up with a very nice idea to study the inter-
lacing properties of the zeros of a special case of Gegenbauer-Sobolev orthogonal polynomi-
als. Meijer and de Bruin [14] and de Bruin, Groenevelt and Meijer [8], both in 2002, extend
this idea to study the zeros of the orthogonal polynomials with respect to the Jacobi-Sobolev
inner products, Laguerre-Sobolev inner products (both in [14]) and Hermite-Sobolev inner
products (in [8]). Using such an idea, also in the same year, Groenevelt [9] gives certain in-
terlacing properties of the zeros of orthogonal polynomials with respect to the Gegenbauer-
Sobolev inner products, covering all 5 types of coherent pairs written above. We mention
that the papers [14] and [8] are cited in Groenevelt [9]. For an updated survey of recent
results concerning zeros and asymptotics of orthogonal polynomials with respect to inner
products on unbounded support, specifically Laguerre-Sobolev and Hermite-Sobolev inner
products, we refer to [11].

Berti and Sri Ranga [3] and Berti, Bracciali and Sri Ranga [4] introduced an alternative
approach to study Sobolev inner products with their orthogonal polynomials satisfying a re-
currence relation of the form (1). This approach permits one to extend the pair of measures
in the Sobolev inner products beyond coherent pairs and still maintain the required recur-
rence relation. The results given in the present paper are based on the following theorem
proved in [3].
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Zeros of Gegenbauer-Sobolev Orthogonal Polynomials 67

Theorem A Let doy and dyry be classical symmetric measures such that the monic orthog-
onal polynomials {P°} and {P}°} satisfy P,""(x) = nP¢°1(x) n > 1. Let the symmetric
measure dyr, be such that (1 + qx*)dr(x) = d¢o(x). Then the monic orthogonal polyno-
mials {Pnsl} associated with the inner product

(f,8)s; = ([ yy + (f/’g/>'f1¢0+'f2¢1’ 2
satisfy PS'(x) = PJO(x) =1, P9 (x) = P°(x) = x, P;' (x) = P} (x) and

PL(X) 4 aui (s k1, k) P (X)) = PP () + by () PV, (X), n>2,

where
%0
+kin’p, (n+2)p)
an(l],Kl,Kz):bn(fJ)&isll, bn(q)—THq, forn>1.  (3)
(Pn aPﬂ )Sl n n—1

Hence b,(0) = a,(0,k1,k2) = 0, n > 1. Moreover, when q # 0, the coefficients
an+1(q,k1,k2), n > 2, can be recursively generated by

ant1(q, K1, K2)

Vus1 (k1) r° b1 ()
Vs 1 (1) PR + by 1(61)/) A2 — Dg=e + v 1 (k1) [ba—1(q) — an-1(q, K1, 1)1}

b b

v (k1) 1(q) = ar(q, k1, k2) = va (k1) zé/q]) i and v, (k) = n Kl +
vl(K1)+K2/JU /P vy (k1) +4kap " /Py

pn /pn 1» n > 1. Here q, ki and Kk, are such that the inner products (., .}y, and (., .)s, are

positive definite.

with a,(q, K\, k2) =

In [7], Delgado and Marcellén consider the following problem. Given the inner product
(fLe)s=(fr gy +{f. g/)y;, where v and i are symmetric measures on the real line find
the relation between these measures so that the recurrence relation of the type P, +1 (x) +

a,_ 1P () = ,:/jrl (x)+b,_ lP _(x) holds. It seems that the only known situation, with
finite support for the measures, where such a recurrence relation holds is given by the above
theorem.

In (2), if one takes dvry(x) = (1 — x?)*~!/2dx, then

<f’ g)Sl = (ff g)Sl()h,q,/qA,Kz)

1
= / F)gx) (1 —xH*12ax
—1

/ Fx)g' x) (Kl + 1+ )(1 X225

-1 -1 1 1
M ! _ ’ . ! - ’ _ - , 4
e "[f <\/—q)g (v—q>+f<v—q>g («/—q>] @
where A > —1/2 and g > —1. Moreover,

M,>0 for —1<gq<0; M,=0 forg=>0.
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68 E.X.L. de Andrade et al.

When «; =0, ¢ #0, k; >0 and A > —1/2, the inner product (4) covers Type I and
Type 1I of the coherent pairs of measures established by Meijer [13]. In these types, as
proved in Groenevelt [9], there are n different real zeros of the corresponding Sobolev or-
thogonal polynomials (P}, with the exception for type I where only n — 2 different zeros
are guaranteed when # is even. For example, the |n/2] — 1 largest positive zeros of (P}
interlace with the largest positive zeros of the Gegenbauer polynomial of degree n associated
with the measure dry(x) = (1 — x?)*~12dx.

We mention that in [12] the authors have established the interlacing properties of the
zeros of the Sobolev orthogonal polynomials with respect to the special case where x| = 0,
q=—-1,M;=0,k,>0and A > —1/2.

When k; # 0, the pairs of measures that appear in (4) no longer form a coherent pair.
However, numerical experiments indicate that the interlacing properties established in [9]
for k; = 0 may still hold even when «; # 0. In this paper we will prove these results for a
larger domain of «; and «; such that «; > 0 and «, > 0, which includes

A+3
A >0, g>-—1 and K22|: *

zx+z+2(1+‘”]"1>0' 5)

The layout of the paper is as follows. In Sect. 2 the basic facts about the Gegenbauer and
Gegenbauer-Sobolev polynomials needed will be given, followed in Sect. 3 by a chain of 5
lemmas from which new results—given in Sect. 4—can be derived. In Sect. 5, some special
cases will be treated. Finally, also in Sect. 5, numerical examples are given that shows that
the interlacing properties still hold under conditions not covered in this paper.

2 Gegenbauer to Gegenbauer-Sobolev Polynomials

In order to obtain information about the orthogonal polynomials with respect to the
Gegenbauer-Sobolev inner product (4) from Theorem A, we set dyry = d¥®, d¢y =
dV?*D and dyr) =dVY*?, where

dUP(x) = (1 =x>*""2dx and
(6)
d\IJ()"H)(x)

dv*o —
@) == e

+ M, [8(x +1//—q)dx +6(x — 1/3/—q)dx].
Here, A > —1/2 and ¢ > —1. Moreover, M, >0if —1 <g <0 and M, =0if g > 0. The
absolutely continuous part of these measures are supported exactly on [—1, 1].

The monic orthogonal polynomials P,,% and P are the monic Gegenbauer polynomials
G™ and GV, respectively. It is well known that the following recurrence relation holds:

G(D

W) =xGP(x) —a?) G (x), n=>1, )

n+1
with G’ (x) =1, GV (x) =x and

™ nn+2x1—-1)
= , n>1.
dn+1)n+Xr—1)

Moreover, the n zeros of G,(f) are all real, simple and lie symmetrically inside (—1, 1). We
denote and arrange the m = |n/2] positive zeros of G by

0<x,(1f2n<---<x$<x,§?f<l. (8)
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Zeros of Gegenbauer-Sobolev Orthogonal Polynomials 69

For more details about these polynomials see, for example, [6, 15].
If we denote the monic orthogonal polynomials P,,w1 by G the following results are
also known (see, for example, [5])

GHP () =GV (@) +d,2G, 5 (), n=2,
where d,_» = d,_2(A,q) = q pi" /p{5" . Here, p0+) = pf°.
We have d,,_,(A,0) =0, n > 2, and for g # 0 these coefficients can also be generated by
dy 2= lnflln/CIs with

A1
qafﬂ”

L,=—1+ , n>2 and llzqag”.

ln—l

The zeros of GY? are also real, simple and lie symmetrically inside the interval
(—§,,&,), where

. 1//—q, if —1<g<0andM, >0, ©)
771, otherwise.
To be precise, if we denote the m = [n/2] positive zeros of G4 by x,(;,-’q), i=1,2,...,m,
in decreasing order, then (see for example [5, Lemma 2])
*,q) (+1) (A+1) (*,q9) (A+1) (*.q) (+1)
xn,mq < xn,m < xn72,mfl < xn,mfl << xn72,l < xn,l < xn,l < 1’
if g > 0 and
(A+1) (*.q) (1D *.q) +1) (A+1) (*.q)
xn,m < ‘xn,mq < xn72.m71 << xn,Z < xan,l < xn,l < xn,l < S‘I’
if—1<¢g<0.
Note that if —1 < g <0 and M, > 0 then &, > 1. In this case the largest zero x,?l’q) and

smallest zero —x,(fl"’) of GE,A"” can be outside the interval (—1, 1). However, the remaining

zeros stay within the interval (—1, 1).

Substitution in Theorem A of the three measures dvy, d¢y and di; given in (6) leads to
the inner product (4) and information regarding the associated Ge%enbauer—SObolev orthog-
onal polynomials. We denote these orthogonal polynomials by P! = S\"¥*"*? or simply
by S, when no confusion arises.

As it was already shown in [3], Sy(x) = G’ (x) = 1, S;(x) = GV (x) = x, Sy(x) =
G (x) and

2

Sii1 () + @y 18,-1(x) = G () + by G (1), n>2, (10)

where b, = b, (X, q) =d,_1(X, g)(n +2)/n and the coefficients a, = a, (X, q, k1, k») satisfy
a,(X,0,x1,62) =b,(A,0)=0,n> 1, and for g # 0,

A+1)  (+1)
Uiy = Vn42 &y %y b”+2 (11)
n+2 — 1 1
Vi oy a5 4 by (n(n 4 2)kag " + valby — a,)
for n > 1, with
Vb by
4= Y1, do’ = 4 Vi b0 (12)
Vi + K20y /Py v +4dikap) ' /o
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70 E.X.L. de Andrade et al.

Here v, =v, (k) =n’k; +n/(n +21).
From (3) and the above equations one can also note that
lan] < 1bal,
(13)
sgn(a,) =sgn(b,) =sgn(q), n=1,

where strict inequality can be assumed if x; > 0. Here

1, if x >0,
sgn(x) ={ 0, if x=0,
—1, ifx<O.

By looking at the inner product (4) one can observe that it is positive definite if x; +
k2(1 4+ gx*)~! >0 for x € [—1,1] and koM, > 0. Hence, if g > 0 then one must have
{ky >0and k; > —ky(1 +¢g)~'} or {0 >k > —k; and k| > 0}. While if —1 < g < 0 then
one must have {x, >0 and k| > —k>} or {0 > k> > —(1 + ¢q)k;, k1 > 0and M, =0}.

3 Preliminary Results

Form >0,i>0and k =0, 1 define
1
i = / S () (14 g2 d WP () (14)
-1

and
1
Pt = / (q2)' 7S}, ()1 +gx?) dW) (x), (15)
-1

where d¥™ and dW*9 are as in (6).
If i > 1 then ll,(kn)1 = f,ll (gx)' %8, . ()1 + gx?)~'d WD (x). Hence, using integra-

tion by parts, we get

A =20+ — 22+ Qi — DR+ I, +2G — DA +u, .. (16)

A= @42 =D, =26 = DA+, 17)
fori > 1, with Mﬁ‘{,m arbitrary. However, we set ,ug‘{ w=0.

Lemmal Letm >3 and2 <i <m — 1. Then,

k k k k) k k) k k
==y Oul, =60, + Pl ] k=01, (18)

g0 = A D = 2
! 14+4iG + Mk’ ! 14+ Qi+ 1D)Qi+20+ Dk’

yO =240G-2+B"., yV=24"G-2"+B{"( -2 +C{"/2,

80 =240 -2+ B, 8" =240 -2+ B -2)+C",
oV =26 -2+ gy and 0" =2i(i —2)(1 +q)x,.
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Zeros of Gegenbauer-Sobolev Orthogonal Polynomials 71

Here
AV =AV =i, = Q+ i, AY =AY =2+ Qo — 1+ @),
B? =200 + iy — 21 464 3¢)k1, BY = QA+ 2+ @)y —2(1 +q)k1,
B{' =2(A + 4k — QA+ 16+9¢)k1,  BS" = Qa+ 124 7q)k2 — 6(1 + @)1,
CV =521+ 3y — 421 + 8+ 59)k, CV = (@1 +7 459 — 4(1 + @)y
(19)
Proof For2 <i <m — 1 we have (Sy,i, x*(1 —i—qxz)i)sl = (0. From this,
Nﬁ(%_ 2l{K|,Lle+K2/Ll(0)1m} (20)
(1) . ~ (1)
i = —{Qi + D o)), + Qi+ Diey = 2ik 1) — it ) 1)

Thus, using (16) and (17) in (20) and (21), respectively, we get the results of the lemma. [J
Since (Sym, 1)s, =0 for m > 1, we have u((f,)n =0, m > 1. Now, from (10) and (13),

sgn(uy) = [sgn(@)” and  sgn(ug)) = sgn(q). (22)
Also from (10), for m > 2,
1 = —am . 0<i<m-—2. (23)
Then from (22) and the above, we obtain for m > 2,
sgn(ui) = (=" [sgn(g)]" and sgn(ul),_) = (—D"[sgn(@)I"".  (24)
Now, since (Ss, x(1 + qxz))s1 =0and (S5, x)s, =0, from (14) and (15) we obtain

1 A (1 A (1 1 1 1
i+ 30 — Qi = 3Rt — 20005 =0 and  p) + ki) + ig) =0.

These, with (17), lead to

1)
Mg‘;:—’)—lugl; and D" =2—6(14q)k; +3Q2r+ Do, (25)
: 1+32%+3)k

Lemma 2 [f«; > 0 and k; > 0 are such that

A9>0,  A®s0,  B9=0, B®s=0, B"s0, BY=0,

(26)
cP>0, >0 and D >0,

where the above coefficients are as given in (19) and (25), then

1o =0 and sgn(ug))=(—1)""[sgn(g)l" form>1,
sgn(ut)) = (=" Usgn()]"  fork=0,1, i=1,2,...,m—landm >2.
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72 E.X.L. de Andrade et al.

Proof With the condition Dfl) > 0 we obtain from (24) and (25) that sgn(u(lg =
—sgn(,uég) = [sgn(qg)]?. Hence, from (13) and (23),

sgn(uy,) = (=" [sgn(@)]", m=2.
Moreover in Lemma 1, the remaining conditions of (26) assure &; ® >0, y ® >0, S(k) >0
and 0, +, >0 for k =0,1 and i > 2. Hence, Lemma 2 can be concluded from the signs of

,ugk,)n and ,LL(k,) and the recurrence relation (18) in Lemma 1. O

Clearly, the conditions in (26) hold if A > —1/2, ¢ > —1, x, > 0 and «; = 0, thus es-
tablishing results obtained in Groenevelt [9]. Furthermore, one can also easily verify that
another sufficient condition for (26) to hold is given by (5).

Lemma 3 With m > 1 and k =0, 1, let m be an even monic polynomial of degree 2r,
0 <r <m — 1, with real zeros in (—1, 1). If we define

1

I = f Sk ()7 (0)d WP (x), k=0, 1, @
1

then Ié,orl = 0 and otherwise sgn(I%)) = (=1)"*" ' [sgn(q)]"*", provided that (26) holds or,

at least, (5) holds.

Proof If ¢ = 0, this result is clearly true since Sy, = Syrve™ = G5, and, conse-

quently, I*) = 0 follows from orthogonality. Thus we assume in the remaining of the proof

that g # 0. Since 7 is a even monic polynomial of degree 2r with all its zeros in (—1, 1),

one can write

) =[] =) =]](>+aH =@ " +¥})
j=1 j=1
where 0 <y; <1, j=1,2,...,r, are the positive zeros of 7. Noting that (g~ +y12.) <0if
—l<g<0and (g~! +yjz) > 0 if g > 0, we then obtain

r g '
Tx) =) = (l+qx?),
iz 4
with &, =1 and sgn(g;) = (—1)""sgn(g"~),i =0, 1, ..., r. Substituting the above expres-
sion for 7 in (27), we obtain

r r

E; ! . E;
=2 [; [ a0+ gxtyaw® (x)] =D i i
1

i=0 - i=0

Since eopcgfzn = 0 and otherwise sgn(%ufﬁ;) = (=1)"*"~[sgn(g)]"*", we conclude the
lemma. O

~ (k)

i,m-*

Now we look at the signs of /i, ' . We can state the following lemma.
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Zeros of Gegenbauer-Sobolev Orthogonal Polynomials 73

Lemma 4 [f (26) holds or, in particular, if (5) holds then

sgn(u(])) >0, sgn(u“) )= (=D"[sgn(q)]"  form =1,
sgn(Ah)) = (=1 K [sgn()]"  fork=0,1, k<i<m+k—1andm > 2.

Proof The results of p,l(? for 1 <i <m —1 and of p,l(l;l for 1 <i < m follow from (16),

(17) and Lemma 2.
~(0)

To look at the signs of i ,, we have
: dWtD (x) 1 1
A~ (0) /
= - +2M S . 28
o q[/_l ) e V=q («/—qﬂ .

We recall that one must take M, = 0 if ¢ > 0 and that one can take M, > 0if —1 <g <0.

Since §5(x) =2x, we 1mmed1ately obtain sgn(u(o)) =sgn(q).
Now, from (28) and (S, 1 + gx )s] =0, form > 2,

uiozn + 2/(1#(10,)” + 2/{2,&(()03,1 =0, m>2.
Hence, from (16) and Lemma 2, sgn(,u0 m) = (=1)"H[sgn(g)]"™, m > 2.
Now we look at the signs of /i /,LO - We know that

dW D (x) 1

A~ (1) /

I’Lm=/ S (x)i—i—ZMSm ( )
0 2m+1 . 2m-+1 =

(A1)
Since S;(x) = x, we obtain ugl()) = f_ll dq'lsz(") +2M, > 0. From (Syu41,x)s, = 0 for
m > 1, we also obtain

1
,uo,,,—i-/qu]m—i-lczu(())n:o, m>1.

Using this with (17) and Lemma 2 we have sgn(p,(()l:n) = (—1)"[sgn(g)]™, m > 1. This com-
pletes the proof of the lemma. ]

Lemma5 Form > 1andk =0, 1, let 7 (x) denote a symmetric monic polynomial of degree
2r +k — 1,1 <r <m, with real zeros in (—§,,&,), where &, is as in (9). Define

1
T = / S ()T () AW HD (x). (29)
-1

Then sgn(J X)) = (=1)"*sgn(g"*"), r=1,2,...,m — 1 and sgn(J(k) ) =1, provided that

r,m m,m

(26) holds or, at least, (5) holds.

Proof If g = 0, the results is clearly true since S5, = Groy, = Qm + k)G, and,
consequently, /%) =0, 1 <r <m and J&) > 0 follows from orthogonality. Let g # 0.

Since all the zeros of 7 are within (—§,, &,), if we write (as in Lemma 3)
r+k—1 Py
T(x)=x""*F Z q—'l.(l +qx2)’,

i=0
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74 E.X.L. de Andrade et al.

then &.44_; = I and sgn(g;) = (=1)" "+ lsgn(g"'**1),i =0,1,...,r + k — 1. Hence,
from (29),

r+k—1 r+k—1

81 ~
T = Z / - k82m+k(x)(1+qx2) dv*?(x) = ¢! Z - (k)

and the result follows from Lemma 4. O

4 Zeros and Extremal Points

Throughout this section we assume (26) holds or, at least, (5) holds. Let s, ;, j =1,2,...,n,
in decreasing order, be the positive zeros of the orthogonal polynomial S, of degree n with
respect to the Gegenbauer-Sobolev inner product (4).

Theorem 1 Let m = |n/2]. Then the following statements hold:
(i) For g > 0, the polynomial S,, for any n > 3 has at least n — 2 different real zeros. To be
precise, if n > 4, the m — 1 largest positive zeros of S, satisfy

) @) @) ) ) o)
X <Xy o1 <Snm—1 <Xy | <0 <X 5 <X, TH ) <Sp1 <X,

(ii) For —1 < g < 0, the polynomial S, for any n > 1 has n different real zeros. To be precise,

xéxl) =521, x?l) < 83,1 and, if n > 4, the positive zeros of S, satisfy

(1) A) ) ) (*

)
Xpom <Snm <Xy p g <Xpmog <0 <Sp2 <X, 5 <X, ] <81

)

Here x,”; are the zeros of the nth degree Gegenbauer polynomial Gfl” as given in (8).

Proof The interlacing behaviour between the zeros of G and Gm »» which follows from
orthogonality, is well known. See, for example, Szegd [15].
Letn =2m +k, where k =0, 1 and m > 1. For 1 <i < m consider

G»
Gy ()

) ’
XK [x? — (x2m+k,i)2]

i (x) =

symmetric monic polynomials of exact degree 2m — 2. Then from the Gaussian quadrature
formula based on the zeros of G2m o

’()») (x (A) )

1
A 2m+k 2m+l<,i
/ St )TV P (1) = W5 Sa (b )~ 2R
-1 2mk,i

Note that we have used the information that the nodes (zeros) and weights of this quadrature
rule satisfy o =, . and x{" =—x Thus, from Lemma 3
¢ Y Otk omtkr1—i = Pomtkii 2tk 2mk1—i = T Xomk,it g
(withr =m — 1),
a i—1 .
SEN(Sam k(G ) = (=D lsgn(g), i=1,2,...,m. (30)

Hence, there are at least m — 1 positive zeros of S,. By symmetry, then there are at least
2m — 2 real zeros of S,,. When g < 0, since sgn(Sa,+« (xéfn) +x.1)) <0, there are also zeros
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Zeros of Gegenbauer-Sobolev Orthogonal Polynomials 75

of S, outside the interval [— xéfn) L xéfn) +«.1]- Hence, with the additional observation that

when 7 is odd S, has a zero at the origin, we arrive at the interlacing behaviour of the zeros
of S, and GW.

To obtain the required interlacing behaviour of the zeros of S, and Gn »» We consider

(A)
i (x) = Comii2(¥) i=1,2,...,m—1,

() ’
xk[x? — (x2m+k—2,i)2]

symmetric monic polynomials of degree 2m — 4.
For the integrals f_ll x5Sk ()7 (x)d W™ (x), applying Lemma 3 (with r = m — 2) and
the Gaussian quadrature rule on the zeros of G%z +i—n (now also with the error term), give
7(2) (] )

o) ) amk—2 Kok )
Oy k=2, Stk g 2.) o + Pomir—2i <0

x2m+k 2,i

Thus sgn(82m+k(x2m+k 2, ) =sgn(S, (xn 2. D))= (=i, i=1,2,...,m— 1, which leads to
the required results. |

Now we analyse the extremal points of S,. We denote the extremal points of S, in
decreasing order, by §, ;, j=1,2,....

Theorem 2 For any n > 3, the polynomial S,, has n — 1 extremal points in the interval
(—&,,&y). Furthermore, if m = |n/2] and k =n — 2m, then
(1) for g > 0, the m + k — 1 largest positive extremal points of S, satisfy

(*,9) .q) (*,q) (o)) *.q) .
X etk < X Umket < Smmtk—1 < <005 <70 < Se1 < x40

(i) for —1 < q <0, the m 4+ k — 1 largest positive extremal points of S, satisfy

(*.q) (*,q9) (*,q) (*.q) (*.q)
xn+lm+k <Sumk—1 <00 < Spp<x,” 12<xn+12<snl <X 11 <Xpt11-

Here &; and x,?liq) are given as in Sect. 2.

G()» .q)

wi1 and G(A ") follow from orthogonality.

Proof The interlacing properties of the zeros of
For k=0,1, m > 1 and n = 2m + k consider

()L q) ( )
ni(x)=%, i=1,2,....,m+k,
= (omyksri)
symmetric monic polynomials of degree 2m + k — 1.
The Gaussian quadrature formula based on the zeros of G;m‘fk 41 gives

1 G’(k,q) (x()»,q) )
/ (*.q) _ (g (.q) 2m+k+1\" 2m+k+1,i
/52"1+k(x)ﬂi(x)d\p () = @3 i1, Somk K1) (o) :
- Xomtk+1,i

Again we have used the fact that the nodes (zeros) and weights of the quadrature rule satisfy

A,q) _ rq) _
Dy k1 2tk 42— w2m+k+l g and Xo ) ko = ~Xomyky1,- Hence, from Lemma 5

(with » =m), we obtain

SEN(Ss i oDy N = (=D i=1,2,.. m+k. 31)
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This proves the interlacing behaviour between §,, ; and x,(lt’f’)i and, hence, also why there are

n — 1 extremal points in the interval (—§,,&,). Note that we have also included here the
extremal point of S, at the origin when n = 2m is even.
Now consider the following symmetric monic polynomials of degree n —3 = 2m + k — 3,

*q)
Gk (X)

(A,9)

m, l=1,2,...,m+k—1.

i (x) =
From Lemma 5 (with r =m — 1), we obtain

1
sgn </ Sﬁerk(x)m-(x)d\IJ(“’)(x)) =-—sgn(g), i=12,....m+k—1
-1

The Gaussian quadrature formula based on the zeros of Gg:,;’i)k_l gives
1 /() (.q)
f S VT DAY ED () = W5 S ) GZ"’“‘:;.SZ’"“‘“’) :
-1 Xomk—1,i
Hence
SEn(Shy i (oD N = (=Disgn(q), i=1,2,....,r +k—1.
This concludes the interlacing behaviour between §, ; and xr(,k_’i]‘)i. O

In Theorem 1 it was shown that S,,,4, for any m > 0, has 2m + 1 distinct real zeros,
provided that —1 < ¢ < 0. This is also true if ¢ = 0, since in this case, Sy4; = Sv-0F 1) =

2m+1
G(;; +1- Using Theorem 2, we can extend this result for ¢ > 0 and odd values of n.

Theorem 3 For any m > 0, the polynomial S, has 2m + 1 different real zeros.

Proof From Theorem 1, since S,,,4+1 has at least 2m — 1 different real zeros (including the
one at the origin), if we can show that sgn(S;,, +1(0)) = (=)™, then Sy, 1 must have exactly
2m + 1 different real zeros.

S)uq1 is a polynomial of exact degree 2m. From Theorem 2, all m positive ze-
(.q) (.q)

ros of &), ., lie inside the interval (xy,15,,.1>Xomin (). By symmetry, all m nega-
tive zeros lie inside the interval (—xéﬁ;fzyl, —xéf,,f&m +1). Hence, in the closed interval

[_xg;;j—)lm 1 xé,kr[i)z,m 411, the polynomial S}, , does not change sign. From (31) one can

observe that sgn(Ss,,.; (xsnds ,,+1)) = (—1)". This means sgn(S;,,,,(0)) = (—1)", thus
concluding the proof of the theorem. O

Again from Theorem 1, the zeros of the polynomials Sy, for —1 < g <0, are all real
and simple. However, this is not the case for ¢ > 0, as we can observe from Fig. 1, where
we have given the graph of 88‘500’2’10000). The polynomial S](;,SOO,Z‘IOOOO) has two imaginary
ZEeros.

The following theorem is an improvement from Theorem 1 for the zeros of S,,,.

Theorem 4 The polynomial S, has two distinct real zeros and if q is such that

Q2m 4+ 1)(m + 1)
o (A, A = . om=>1,
m @) <=5 T T namen M2
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0.0010 —

y  0.0005 ]

—0.0005 —

—0.0010 -

------ G[12]

S[121]

Fig.1 Graphof y = G (x) and y = /5 12 (x) on [—1, 1] when % = 1, ¢ = 500, k| =2 and k3 = 10*

then, for any m > 2, the polynomial S,,, also has 2m different real zeros.

Proof Since sgn(b,,,) = sgn(q) for all m > 1, the validity of this theorem for —1 <g <0
follows from Theorem 1. Thus we restrict ourselves to g > 0. From (30), if S,, has m
positive zeros, then the smallest positive zero sy, , should lie between xéfn)m and the ori-
gin, and this is true only if (—1)"S,,,(0) > 0. Thus, we look for a condition such that
(—=1)"S8,,,(0) > 0 for m > 1. From (7) and (10) we have —S,(0) = —G,(0) > 0 and, for
m>2,

(=1)"S2 (0) = @z (= 1)" ' S50 2(0) + (= 1)" G5 (O)[1 — bam—2/aS)].

If1- bzm—z/aéi,,) > 0, m > 2, we can verify by induction that (—1)"S,,,(0) > 0 for all
m > 1. This completes the proof of the theorem. O
5 Some Special Cases and Examples

First we look at the behaviour of the polynomials S, = SH 1) for some extremal situa-
tions.
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By letting «; tends to oo in % (f,&)s,, we arrive at the monic polynomials Sy"%**?,
which must satisfy

1
/ 8 00K2) () §; I 00 D gD (x) = 0, if m #n.
-1

This means S"7°°"*? (x) = GW (x) + ¢y, where c, is any constant. Since it can be verified
from (11) and (12) that a, (A, ¢, 00, k2) = b, (A, ¢), we can conclude that S{4°*? = GW,
n > 0. This is a situation where the zeros of the orthogonal polynomials are real and simple,
even though the conditions in (26) do not hold.

If condition (26) is our goal, then we could look at the monic polynomial S k1)

which should satisfy

1
/ Sy A1) () Sy B () d WP (x) =0, if m #£n.
-1

By verifying a, (%, g, k1, 00) = 0, we can conclude that S{¢*1"° (x) = GP (x) + by_y x
G, (x),n>0,withb_,=b_; =by=0.

Hence, from [5, Lemma 2], S,(,A’q"‘1 ") has n distinct real zeros and the behaviour of these
zeros can be given by:

Theorem 5 Let . > —1/2 and q > —1. Then, for n > 3, the m = |n/2] positive zeros of
S K109 satisfy
n

A (*) ) (*)
S < X < Xy < Spmt < <X,y <Sp1 <X <1,

ifg > 0and

) (
n—2,1 <%y

A A
x M < Sy < x,gf)zymfl <. <Spa<X |) <sp1 <&,
if —1<q<0.
Now let —1 < g <0, M, > 0 and consider the inner product (f, g)s, , given by

(f? g>51,1

Milinoc(f, 8)8160q.0.6/My)

1 4 i | 1
seasere o 1 (75)s(75) 0 (5 ) ()]
/* ‘ K =4 v=4)" \V=4
where « > 0. When ¢ = —1, this is a special case of an inner product considered in [1]
and [2]. ) )
For u) = [1 x%& i () (1 +gx2) d W™ (x), where Sy s = limyy, - o S0k Mg)

i,m 2m+k
the associated orthogonal polynomials, we have

won =0, u) ==28,, (1/vV=q). m=1,
w = 4k/=q S5, (1//=), ) =4Sy, (1/V=q), m=2, (32)

wh =0, k=0,1,2<i<m—1,m=>3.
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From part (ii) of Theorem 2, the largest extremal point, say § A('\ a0/ Mq) , of the polynomial
S,(lA 4 0KMa) 3¢ such that

A(X,q,0,6/Mg) (A q)
Sn.1 X <1/v/=

2.q.0./My)
Since S, _hqu_moS( 40K/ Mg)

extremal point §, ; of S, satisfies

, by continuity what one could conclude is that the largest

~ A,
Sn,1 Ex,(,+i1,)1 <1/v=q.

M,
This means S, Ca.0/Mg)

quently, in (32),

(1/4/=¢q) > 0 and also S/(1//=¢) > 0 for all n > 1. Conse-

M(()lz,, <0, /LEO) >0 and ,u(l) > 0.

1,m

Hence, if w(x) =Y ;_,&:q (1 +gx?) is an even polynomial of degree 2r, 1 <r <m — 1,
m > 2, with real zeros in (—1, 1) then, as in Lemma 3,

r 1

1
. .
fin = / At (T 0 =30ty =3 Ll <0
—1

i=0 i=0

Therefore, successively choosing 7 to be the polynomials

(?») (
x)
mi(x) = 2’"”‘@) . i=12,..,m,
XK [x? = (g 44, 1)°]

and also the polynomials

i (x) = G a(*) i=1.2.. .. .m—1
B S N
2m—+k—2,i

we obtain, as in Theorem 1, the following.

Theorem 6 Let m = |n/2]. Then the polynomial S, for any n > 1 has n different real zeros.

To be precise, xé ]) =51, xy”]) < 83,1 and, if n > 4, the positive zeros of S, satisfy

A < A) A) ) (
x,(lyr)n<s,,,m<x,(171m]<xn(m < <sn2<xn(2]<x ])<sn]
Here x,?} are the zeros of the nth degree Gegenbauer polynomial G as given in (8).

Finally, numerical experiments as the one given below and the limit case S sug-

gest that the domain of «; and k, can be extended beyond the conditions in (26) and still the
same interlacing behaviour of the zeros is maintained.

Example Let k; = —4 and «, = 10. Note that for these values of «; and «, the condi-
tions (26) do not hold. However, as we have given at the end of Sect. 2, the inner products
(f, 8)s,(1.1,—4,10) and (f, g)s,(1,—0.8,—4.10) are still positive definite, thus the existence of the
sequence of orthogonal polynomials is guaranteed. What can we say about the zeros of these
polynomials?
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0.002

0.001

—0.001

—0.002

0.002

0.001

—0.001

—0.002

— — G[10]------ 4G[12] 4S[121]

(@n=12

|—— Gl11]------ 4G[13] 4S[13]]

(byn=13

Fig. 2 Graphs of y = 4G,(,)") x),y = 48,(,}L’q’Kl’K2)(x) and y = Gl(l)fz(x) on [0,1], when A =1, g =1,
k1 =—4and kp =10
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—0.001

—0.002

— — G[10] 4S[12] -~~~ -~ 4G[12]]
(@Qn=12
0.002 —
0.001 -
0
—0.001 —
—0.002 —

— — G[11] 4S[13] ------ 4G[13]]

b)n=13

Fig. 3 Graphs of y =4G\” (x), y = 48712 (x) and y = GV, (x) on [0, 1], when 2 = 1, g = —0.8,
Mg =0,k =—4and ko =10
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Figure 2 shows the interlacing behaviour of the zeros and extremal points of the poly-

nomials S l(;‘l’_4‘10) and Sg’l’_4’10) . Likewise, Fig. 3 shows the interlacing behaviour of the

zeros and extremal points of the polynomials S{y ~"*~*'” and Sl(;'_o'g’_4’10). The interlac-
ing behaviour of these zeros and extremal points are the same as in Theorems 1 and 2. In
fact, in both cases the respective polynomials S, have a complete set of distinct real zeros.

Acknowledgement The authors would like to thank the referees for the many valuable comments and
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