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Abstract Branson’s Q-curvature is now recognized as a fundamental quantity in conformal
geometry. We outline its construction and present its basic properties.
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1 Introduction

Throughout his distinguished research career, Tom Branson was fascinated by conformal
differential geometry and made several substantial contributions to this field. There is no
doubt, however, that his favorite was the notion of Q-curvature. In this article we outline
the construction and basic properties of Branson’s Q-curvature. As a Riemannian invariant,
defined on even-dimensional manifolds, there is apparently nothing special about Q. On a
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surface Q is essentially the Gaussian curvature. In 4 dimensions there is a simple but unre-
vealing formula (4.1) for Q. In 6 dimensions an explicit formula is already quite difficult.
What is truly remarkable, however, is how Q interacts with conformal, i.e. angle-preserving,
transformations.

We shall suppose that the reader is familiar with the basics of Riemannian differential
geometry but a few remarks on notation are in order. Sometimes, we shall write g,, for
a metric and V, for the corresponding connection. Let us write R,;, and R for the Ricci
and scalar curvatures, respectively. We shall use the metric to ‘raise and lower’ indices in
the usual fashion and adopt the summation convention whereby one implicitly sums over
repeated indices. Using these conventions, the Laplacian is the differential operator A =
gV, Vv, =VV,.

A conformal structure on a smooth manifold is a metric defined only up to smoothly
varying scale. Thus, one can measure angles between vectors but not their lengths. For
simplicity, let us suppose that all manifolds in this article are oriented.

2 The Functional Determinant

Spectral geometry is concerned with the interplay between the geometry of a compact Rie-
mannian manifold M and objects in the analysis of natural differential and pseudodiffer-
ential operators on M for the Laplacian A on functions for example, we may study its
eigenvalues (actually, those of —A)

O=A <A <A< <A, <---

and ask how they carry information about the curvature of M and other similar invariants.
A good tool here is the heat operator exp(tA), which for positive ¢ is a kernel operator of
trace-class with

Tr(exp(tA)) = Z e,

n=0
The main point is that this trace admits an asymptotic expansion in powers of ¢, for small ¢,
and that the coefficients in this expansion are integrals of local geometric invariants over M.
The coefficient to t° is of particular interest, and for elliptic complexes, where we consider
certain families of operators like A above, it leads to Atiyah-Singer index theorems. There
is also a connection to the so-called functional determinants, that arise by considering the
‘zeta function’
[e°]

HOED P

n=1

say for the A above, or more generally over the spectrum of a non-negative elliptic operator
A, disregarding the kernel. This function captures (as does the heat kernel) in a marvelous
way the spectrum, and it is meromorphic in s with a removable singularity at s = 0. One may
define the determinant of A (of use for example in string theory) via ¢’(0), which in some
cases, notably in connection with conformal geometry, is a quantity one may compute. It is
at this point that the Q-curvature appears in a natural way. It is remarkable, that the same
quantity also appears naturally in quite different contexts, as we shall see later.

Consider an elliptic differential operator A of order 2¢ on M, i.e. possibly acting on
sections of a vector bundle; we wish to make a number of technical assumptions, e.g. that
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A is naturally built from the metric and transforms covariantly with respect to conformal
change of the metric (or is a power of such an operator)—suffice it to say, that A could be
the Yamabe operator ¥ = —A + 4&__21) R, where n is the dimension (which we assume to
be even) of M, or D2, where D is the Dirac operator (for M spin). Suppose for simplicity
that A has only positive spectrum, and consider its heat expansion, zeta function, and ¢’(0).
Now the value ¢(0) coincides with the coefficient of ¢° in the heat expansion, and it is a
conformal invariant expressed as an integral over M:

g(O):/ Q
M

and for the derivative of ¢’(0) along a curve of conformal metrics, viz. e>“g,;, we get

d
d—f/(0)|e:0 225/ Q.
€ M

Here w is a smooth real function on M and Q is the Q-curvature, modulo some divergence
terms, described explicitly below. With more work on the local invariants, based on the
formulas above and Sobolev inequalities, one derives the fact, that on the standard spheres
of dimensions 2, 4, and 6, the determinant of the Yamabe operator has a maximum, resp.
minimum, resp. maximum within the standard conformal class (fixing the total volume); for
the square of the Dirac operator the same is true, except now we have a minimum, resp.
maximum, resp. minimum. The case of dimension 6 is particularly demanding, and it is
due to Branson, see [1]. It would be very interesting to see if this pattern continues, and
probably it does, owing to some deep properties of the Q-curvature. In fact, we have been
advised by Okikiolu that she has been able to extend [12] to provide evidence for this pattern
regarding the Yamabe operator: the standard metrics on even-dimensional spheres provide
local extrema of the predicted type at least when restricted to a suitable finite-codimensional
submanifold of metrics.

3 Q-Curvature in 2 Dimensions

In 2 dimensions, scalar curvature R or, equivalently, Gaussian curvature K = R /2 are fun-
damental. These quantities enjoy a well-known rdle in controlling the topology of a compact
surface M via the Gauss-Bonnet theorem:

/Kdvol:%/ R dvol =2m x (M),
M M

where x (M) is the Euler characteristic of M. Furthermore, R transforms in a simple fash-
ion under conformal rescaling of the metric. Specifically, if ., = ¢>/ g, for some smooth
function f, then

R=¢2(R=2Af),

where R denotes the scalar curvature of the metric 8ap- A neater viewpoint on these funda-
mental properties of scalar curvature is provided by introducing

Q=-1Rdvol and Pf=Af dvol 3.1)

@ Springer



122 S.-Y.A. Chang et al.

for then
[ @=-2mx0) wna G=0+rr.
M

where P is regarded as a differential operator from functions to 2-forms. It follows that P
is conformally invariant. It is also clear, without the Gauss-Bonnet theorem, that f yQisa
conformal invariant. This is because P f is a divergence for any f.

4 Q-Curvature in 4 Dimensions
In 4 dimensions, the concept of Q-curvature is due to Branson and @rsted [3] (with a similar
quantity being introduced by Riegert [14]):
0 IAR lR‘”’R +1R2 dvol 4.1
=|—= - = a - vol. .
6 2 "6

Its properties are very much akin to those of scalar curvature in 2 dimensions. Under con-
formal rescaling of the metric g,, = e*f g.p, we find

Q=0+ Pf 4.2)

where P is the ‘Paneitz operator’ [13] from functions to 4-forms given by
axyb ab 2 ab
Pf=V,| V'V’ +2R —§Rg V. f dvol.

Riemannian invariants generally transform under conformal rescaling g.;, — €%/ g, by dif-
ferential operators that are polynomial in f and its derivatives. The transformation law (4.2)
is remarkable in being linear. As in 2 dimensions, this law has two immediate consequences.
The first is that P is a conformally invariant differential operator. The second is that for
any compact Riemannian 4-manifold M, the integral f » @ 1s an invariant of the conformal
structure. It is not just a topological invariant. Rather,

1 1 1
= —Pfaff — | ~-W*W, .. + —AR | dvol,
0 =15kt [4 bed T g ]VO

where Pfaff is the Pfaffian 4-form and W, is the Weyl curvature tensor, a well-known
local conformal invariant. It follows that

2 1 abed
Q=87 (M)~ 7 | W Wy dvol.
M M

In particular, on a conformally flat 4-manifold, we have f v Q= 82y (M).

5 Q-Curvature in 2m Dimensions

The notion of Q-curvature was extended to arbitrary even dimensions by Tom Branson [1,
p- 11]. Its construction and properties have since been studied by many authors besides
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Branson himself, including S. Alexakis, S.-Y.A. Chang, Z. Djadli, K. El Mehdi, C. Fef-
ferman, A.R. Gover, C.R. Graham, M. Gursky, F. Hang, E. Hebey, K. Hirachi, A. Mal-
chiodi, B. @rsted, L. Peterson, J. Qing, F. Robert, M. Struwe, J. Viaclovsky, P. Yang, and
M. Zworski. Even this list is surely incomplete and is rapidly growing. The following con-
struction of Q is due to Fefferman and Hirachi [7].

Let us consider a Lorentzian metric g given in local coordinates (¢, x, p) by

§=2pdt* +2tdtdp +1g;;(x, p) dx' dx’, 5.1

where g;;(x, p)dx’dx/ is a Riemannian metric in the coordinates x = (x',...,x*") for
each fixed p. Let us write A for the ‘Laplacian’, more correctly the wave-operator, of g.
Then, associated to g is the quantity

0 = —A"logt|,—0,—1 dvoly, o), (5.2)

depending on x alone. Now suppose that g is Ricci-flat. Then it turns out that Q depends
only on g;j(x) = g;j(x, 0). In other words, we have associated to the metric g;;(x) dxtdx’
what turns out to be a Riemannian invariant volume-form Q. The only problem with this
recipe is that Ricci-flat metrics of the form (5.1) generally do not exist for a given ‘initial’
metric g;;(x) dx' dx/. However, for the purposes of defining Q, this simply does not matter.
As a formal power series in p, one can show following [9], that g;; (x, p) is sufficiently well-
defined to a high enough order that the formula (5.2) makes perfect sense. (This definition
of Q is a consequence of the Fefferman-Graham ‘ambient metric’ construction.)

It is a simple enough exercise to check that (5.2) gives (4.1) in 4 dimensions. The basic
transformation law (4.2) holds in general, where in dimension 2m the conformally invariant
operator P is due to Graham, Jenne, Mason, and Sparling [9]. Explicit formulae for P
and Q, however, are only known in low dimensions. Certainly,

= _; m—1 _ m
Q_[ am—nt KT }dv"l and Pf=[A"f+--]dvol

but the lower order terms represented by the ellipses - - - are difficult to determine from the
recipe (5.2). In particular, a link with the Pfaffian is only known in the conformally flat case,
from which:

/ 0= (=1)"(m—112"""x"x (M)
M

on a conformally flat 2m-manifold. In general, it is clear only that f v @ is a conformal
invariant. Though much is known about Q in general dimensions, a characterization in terms
of its many special properties remains elusive. An complete analysis of Q in dimension 6 is
given in [2].

6 Q-Curvature and Geometric Analysis

The analytic and geometric significance of Q-curvature comes from its close relation to
the Pfaffian. The integral of Q-curvature is clearly a conformal invariant, since the trans-
formation rule (4.2) and its analogue in general dimensions displays the difference of the
Q-curvature forms under conformal change of metric as a divergence. In fact, in low di-
mensions its relation to the Pfaffian is explicit, and thus its sign plays an important role in
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controlling the geometry and topology of the underlying manifold. For example, in dimen-
sion four the positivity of the conformal Laplacian and positivity of the conformal invariant
J O implies the positivity of the Paneitz operator P; and under these assumptions we have
the vanishing of the first Betti number [11]; also f 0 < 1672 with equality holding only if
the manifold is conformally equivalent to the standard 4-sphere—which can be viewed as an
effective version of the positive mass theorem. The study of the “prescribing Q-curvature”
equation also leads to the recent development involving fully non-linear equations related
to the symmetric functions of the Schouten tensor; with stronger topological results. To see
this, we recall that the natural curvature invariants in conformal geometry are the Weyl ten-
sor W and the Schouten tensor A, = ﬁ [Ric — ﬁ g] that occur in the decomposition of
the Riemann curvature tensor:

Riem=W & AD g,

where @® denotes the Kulkarni-Nomizu product. Since the Weyl tensor W transforms by
scaling under conformal change g = ¢?”g, only the Schouten tensor depends on the deriva-
tives of the conformal factor. It is thus natural to consider oy (A,) the k-th symmetric func-
tion of the eigenvalues of the Schouten tensor A, as a curvature invariant of the conformal
metric. In general, oy = trace A = ﬁ R. In dimension 4, a simple computation yields

1
02(A) dvol = Q + EAR dvol.

Thus on closed 4-manifolds, [ 02(A) dvol = [ Q is again conformally invariant. The study
of the fully non-linear equations

ox(A;z) = constant

is a fully non-linear version of the Yamabe problem. This is a research direction currently
under intensive study. The interested reader is referred to the survey [4].

In general even dimensions the study of Q-curvature as a local curvature invariant can
also be approached as part of the general program of Fefferman-Graham as introduced in the
article [6]. This approach has led to a general formulation of the Paneitz operator P, its gen-
eralization to higher dimensions, and associated Q-curvature in terms of the ambient metric
construction explained in the previous section. An equivalent formulation of the ambient
metric construction is to view the conformal structure on M" as the boundary at infinity of
an asymptotically hyperbolic Einstein manifold (X"*!, g). This latter alternative approach
has led to the intrinsic realization of the operators P in all even dimensions as residues of
scattering operators studied by Graham and Zworski [10]. Q-curvature is also related to the
concept of “renormalized volume” on (X"*!, g) in conformal field theory. When # is odd,
one can relate the renormalized volume as the integral of the Q-curvature on (X"*!, g) via
the Gauss-Bonnet formula; when 7 is even, one can relate the renormalized volume to the
conformal primitive of the Q-curvature on M" (see [8] and [5]).

This circle of ideas has clearly placed the notion of Q-curvature at the intersection of
several interacting areas of research. It can be expected that Q-curvature will continue to
play a crucial réle in the study of conformal geometry.

References

1. Branson, T.P.: The Functional Determinant. Global Analysis Research Center Lecture Notes Series,
vol. 4. Seoul National University, Seoul (1993)

@ Springer



What is Q-Curvature? 125

Branson, T.P.: Q-curvature and spectral invariants. In: Proceedings of the 24th Winter School “Geometry
and Physics” Srni, 2004. Suppl. Rend. Circ. Mat. Palermo vol. 75, pp. 11-55 (2005)

Branson, T.P., @rsted, B.: Explicit functional determinants in four dimensions. Proc. Am. Math. Soc.
113, 669-682 (1991)

Chang, S.-Y.A.: Conformal invariants and partial differential equations. Bull. Am. Math. Soc. 42, 365—
393 (2005)

Chang, S.-Y.A., Qing, J., Yang, P.C.: On the renormalized volumes for conformally compact Einstein
manifolds. Preprint (2008)

Fefferman, C., Graham, C.R.: Conformal invariants. Asterisque 95-116 (1985)

Fefferman, C., Hirachi, K.: Ambient metric construction of Q-curvature in conformal and CR geome-
tries. Math. Res. Lett. 10, 819-831 (2003)

Graham, C.R.: Volume and area renormalizations for conformally compact Einstein metrics. In: Proceed-
ings of the 19th Winter School “Geometry and Physics” Srni, 1999. Suppl. Rend. Circ. Mat. Palermo,
vol. 63, pp. 31-42 (2000)

Graham, C.R., Jenne, R., Mason, L.J., Sparling, G.A.J.: Conformally invariant powers of the Laplacian.
I: Existence. J. Lond. Math. Soc. 46, 557-565 (1992)

Graham, C.R., Zworski, M.: Scattering matrix in conformal geometry. Invent. Math. 152, 89-118 (2003)

. Gursky, M.: The principal eigenvalue of a conformally invariant differential operator, with an application

to semilinear elliptic PDE. Commun. Math. Phys. 207, 131-143 (1999)

Okikiolu, K.: Critical metrics for the determinant of the Laplacian in odd dimensions. Ann. Math. 153,
471-531 (2001)

Paneitz, S.: A quartic conformally covariant differential operator for arbitrary pseudo-Riemannian man-
ifolds. Preprint (1983)

Riegert, R.J.: A nonlocal action for the trace anomaly. Phys. Lett. B 134, 56-60 (1984)

@ Springer



	What is Q-Curvature?
	Abstract
	Introduction
	The Functional Determinant
	Q-Curvature in 2 Dimensions
	Q-Curvature in 4 Dimensions
	Q-Curvature in 2m Dimensions
	Q-Curvature and Geometric Analysis
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for journal articles and eBooks for online presentation. Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


