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Abstract Ternary algebras and modules are vector spaces on which products of three fac-
tors are defined. In this paper, we present several physical applications of ternary structures.
Some recent results on the stability of ternary derivations are reviewed. Using a fixed point
method, we also establish the generalized Hyers—Ulam—Rassias stability of ternary deriva-
tions from a normed ternary algebra into a Banach tri-module associated to the generalized
Jensen functional equations and prove a superstability result.
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1 Introduction

A classical question in the theory of functional equations is the following: “When is it true
that a function, which approximately satisfies a functional equation £ must be close to an
exact solution of £7”

If the problem accepts a solution, we say that the equation £ is stable. The first sta-
bility problem concerning group homomorphisms was raised from a famous talk given by
S.M. Ulam [40] in 1940.
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188 M.S. Moslehian

We are given a group G and a metric group G’ with metric p(-,-). Given € > 0, does
there exist a number § > 0 such that if f : G — G’ satisfies p(f (xy), f(x)f(y)) < 8 forall
x,y € G, then a homomorphism h : G — G’ exists with p(f(x), h(x)) <€ forall x € G?

In the next year 1941, Ulam’s problem was affirmatively solved by D.H. Hyers [16] for
Banach spaces:

Suppose that E| is a normed space, E, is a Banach space and a mapping f : E; — E;
satisfies the inequality

IfGx+y)—fx)—fII<e (x,y€kE),

where € > 0 is a constant. Then the limit T (x) :=1im 27" f (2" x) exists for each x € E| and
T is the unique additive mapping satisfying

fx) =TI <e (xe€kE. (1.1)

If f is continuous at a single point of E\, then T is continuous everywhere in E;. Moreover
(1.1) is sharp.

In 1950, T. Aoki [3] generalized Hyers’ theorem for approximately additive mappings.
In 1978, Th.M. Rassias [34] extended Hyers’ theorem by obtaining a unique linear mapping
under certain continuity assumption when the Cauchy difference is allowed to be unbounded
(see [28]):

Suppose that E is a real normed space, F is a real Banach space and f : E — F is a
mapping such that for each fixed x € E the mapping t — f(tx) is continuous on R. Let
there exist € > 0 and p € [0, 1) such that

1f(x+y) = f) = fFDI <elixlI” +lIyll”)  (x,y € E). (1.2)

Then there exists a unique linear mapping T : E — F such that
If ) = T@I <ellx|”/(1=2""")  (x € E).

In 1990, Th.M. Rassias [35] during the 27th International Symposium on Functional
Equations asked the question whether such a theorem can also be proved for p > 1. In
1991, Z. Gajda [14] gave an affirmative solution to this question for p > 1 by following
the same approach as in Rassias’ paper [34]. It was proved by Z. Gajda [14], as well as
by Th.M. Rassias and P. Semrl [37] that one cannot prove a Rassias type theorem when
p =1.1In 1994, P. Gévruta [15] provided a generalization of Rassias theorem in which he
replaced the bound &(||x||” 4 ||y]|?) in (1.2) by a general control function ¢(x, y). The
paper of Th.M. Rassias [34] has provided a lot of influence in the development of what
we now call Hyers—Ulam—Rassias stability of functional equations. During the last decades
several stability problems for various functional equations have been investigated by many
mathematicians; we refer the reader to the monographs [12, 17, 19, 36].

The first result on the stability of the classical Jensen equation f (%) = w was
given by Z. Kominek [23] and then the stability of this equation and its generalizations were
studied by numerous researchers, cf. [13, 18, 24,27, 30, 38] and references therein. Recently,
the authors of [29] examined the stability of homomorphisms of ternary algebras by using
the “direct method”. In this paper, we use the fixed point method developed by V. Radu
[33] to establish the generalized Hyers—Ulam—Rassias stability of ternary derivations from
a normed ternary algebra into a Banach tri-module associated to the generalized Jensen
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functional equations

rf(”fty) = SF ) 1),

where r, s, t are given constant values. It is easy to see that a mapping f : X — Y between
linear spaces with f(0) = O satisfies the generalized Jensen equation if and only if it is
additive; cf. [8]. In addition, we introduce the notion of e-approximate ternary derivation
and prove the superstability of ternary derivations. Our results seem to be of special interest
on their own right and to raise certain hopes in view of their possible applications in physics.

2 Physical Aspects of Ternary Structures

Ternary operations were introduced in the nineteenth century by A. Cayley [11] and then
various types of ternary structures investigated. The simplest example of a non-trivial ternary
operation is given by the following composition rule on “cubic matrices”:

{Cl, b, C}ijk = Zanilb[jmcmkm isjv k,...=1,2,...,N.

l,m,n

Several applications, although still hypothetical, may be found in physics:

(i) Quark fields: Replacing the binary relation AB = B A by a ternary relation of the
type ABC = wBCA, where w = ¢*™/3 is one of the roots of the unity, one obtains an al-
gebraic structure, the so-called Z;-graded algebras, as an extension of Grassmann algebras,
Lie algebras and Clifford algebras. This ternary algebraic system can be applied for a de-
scription of quark fields, where the non-observability of isolated quarks is investigated as a
phenomenon of algebraic confinement; see [22];

(ii) Supersymmetric theories: These theories are good places to look for exotic matter in
the form of fermionic superpartners of bosonic particles that carry forces; see [20];

(iii) Yang—Baxter equation: This equation appears in many subjects such as statistical
physics and quantum groups. There is a new way of solving the Yang—Baxter equation
by using triple systems. More precisely, let {e;, es, ..., ey} be a basis for a vector space
V equipped with a bilinear non-degenerate form (x | y) and let e* = g*¢,,, where g*”
is the inverse metric tensor. Defining the #-dependent triple product [xyz]s by Rgf,’ @) =
(e | [ePeceqls), we can rewrite the Yang—Baxter equation

Rslab]

b a'b’

(Q)R;:Zf (Qr)Rczbz (9//) _ Rg/lbc/] (0”)R2?: (0/)Rh2a2 ©®)
with 8’ =6 + 0" as the following form
[v [ue;z]er [e/xylglor = [u [ve;x]y [¢/2yTor]o,

provided that the scattering matrix elements R;‘g (0) fulfill R;‘g ) = RZ‘; 0) (see [32]);

(iv) Nambu mechanics: It is a generalization of classical Hamiltonian mechanics intro-
duced by Y. Nambu [31] who replaced a pair of variables in the Hamiltonian formulation
by an n-tuple of variables in which n > 3, and the Poisson bracket by an n-ary operation,
the so-called Nambu bracket. Recently, Takhtajan [39] introduced a canonical formalism
for Nambu mechanics. He formulated its basic principles in an invariant geometrical way
similar to that of Hamiltonian mechanics;
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(v) Lie theories: The so-called ternary algebras may regard as building blocks of ordinary
Lie (super) algebras, which have a significant role in theoretical physics; see [6]; and several
other scientific discipline such as the non-standard statistics, the fractional quantum Hall
effect and 4-dimensional Minkowskian space-time; cf. [1, 2, 21, 22, 41].

A ternary (associative) algebra (A, [ ]) is a linear space A over a scalar field F =R or C
equipped with a trilinear mapping, the so-called ternary product, []: A X A x A — A
such that it is associative in the sense that [[abc] d e] = [a [bcd] e] = [a b [cde]] for all
a,b,c,d,e e A If A, as a linear space, is normed (Banach) and |[[abc]|| < |lal| ||1D] lIc]|
then it is called a normed (Banach) ternary algebra. This terminology differs from that of
ternary algebra introduced by Brzozowski [9].

In particular, any subspace of a (normed) algebra, which is closed under triple product
of its elements can be served as a (normed) ternary algebra via [abc] = abc. In general,
a ternary algebra can not be derived from an associative binary algebra, see [22] for an
interesting discussion. The study of ternary algebras may be regarded as the starting point
of investigating other ternary structures on a given binary algebra such as the symmetric
ternary product defined by (abc) = abc 4 bca + cab or w-skewsymmetric given by {abc} =
abc + wbca + w*cab, where w = €27/3,

In the case where the ternary algebra (A, []) has an involution satisfying [abc]* =
[c*b*a*], one can define a new ternary product [abc], = [ab*c], which is linear in the outer
variables, conjugate linear in the middle variable, and is associative of the second type, in
the sense that [xy[zfs].]« = [x[tzy]s]e = [[xyz]sts]s.

Let A be a normed ternary algebra. By a tri-module we mean a linear space M equipped
with the following trilinear mappings

[IL:AXAXM—> M, (a,b,m)— [abm];
[lc: AXMxA—> M, (a,m,b) [amb]c;
[JreMxAxA—> M, (m,a,b) [mab]g;

satisfying the following compatible conditions:

la b [cdm] ], =[labcld m], = [a [bed] m]y,
[[mablg ¢ dlg = [m [abc] d]g =[m a [bed]]g,
la [b [umc]c dlc vic = [labu] m [cdv]]c,

la [bem],, d]c = [[abcl m d]c =[a b [cmd]c]L,
la [mbclg dlc = [lamb]c ¢ dg = [a m [bed]]c,
[labm],, ¢ d]g =la [bmclc d]c =la b [mcd]g]L,

for all a,b,c,d,u,v € A and m € A. This notion is a natural generalization of the binary
case.
A linear mapping 6 : A — M is called a ternary derivation if

3(labc]) =[8(a) b clr +[a (D) clc +a b (o)L,
forall a, b, c € A; cf. [7].

The conditions for tri-modules over ternary algebras of the second type can be easily
restated. The notion of ternary derivation makes a link with Quantum Mechanics especially
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the version introduced by Nambu [31]. More precisely, let (H, (, )) be a Hilbert space. Then
[abc] = (a, b)c provides a ternary structure of second type and if § is a ternary derivation
from H into H, then 8 ([abc]) = {(a, b)é(c) = [a b 5(c)], which yield (§(a), b) = —(a, §(D)).
Hence (i6)* = i8. This gives us a one-to-one correspondence between hermitian operators
and ternary derivations on H.

3 Stability of Ternary Derivations

We start this section with a survey of some recent results on the stability of derivations of
various ternary structures.

(I) A C*-ternary ring is a Banach space A equipped with a ternary product (x, y, z) —
[x y z] of A3 into A, which is linear in the outer variables, conjugate linear in the middle
variable, and associative in the sense that [x y [z ¢ s]] =[x [t z y] s]=[[x y z] ¢ 5] and
satisfies [|[x y z]Il < [lx[l lyll llzll and [|[x x x|l = [lx[1*; cf. [42].

A linear mapping 6 : A — Aiscalled a derivationif 6 ([x y z]) = [§(x) y z]+[x §(¥) z]+
[x y 8(z)] for all x, y, z € A. In [26], the following theorem was proved:

Theorem 3.1 Suppose f : A— A is a mapping with f(0) = 0 for which there exists a
function ¢ : A5 — [0, 00) such that

- I &
G, y,u,0,w) =2 2_;2%(2%, 2"y, 2"u, 2", 2"w) < oo,

and

I f(ux +py +uvw])) —pufx) —wf(y)—[f@vw]—[u f) w]—[uv fw)]

<o, y,u,v,w),

forallpeT'={AeC:|A =1} and all x,y,u,v,w € A. Then there exists a unique
derivation § : A — A such that

() =8l <@(x,x,0,0,0),

forall x € A.

Now we introduce an appropriate definition of almost derivation regarding to inequal-
ity (1.2).

Definition 3.2 The mapping f : A — Ais called an almost derivation if f(0) = 0 and there
exist numbers ¢ > 0 and 0 < p < 1 such that

I f(ux +py +uvwl) —pwfx) —wf(y)—[f@vw]—[u f) w]—[uv fw)]
<e(lxII” + Ny I? + lell? + Toll? + lwll?),

forallx, y,u,v,we Aandall u e T' ={AeC: || =1).

Theorem 3.3 [26] Let f : A— A be an almost derivation. Then f is a derivation.
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(II) By a (complex) J B*-triple we mean a complex Banach space [J with a continuous
triple product

(o} IxIxT—=>J,
which is linear in the outer variables and conjugate linear in the middle variable, and has the

following properties:

(i) (commutativity) {x, y, z} ={z, ¥, x};
(i) (Jordan identity)

L(a,b){x,y,z} ={L(a,b)x,y,z} —{x,L(b,a)y, z}+{x,y, L(a, b)z},

foralla,b, x,y,z, € J in which L(a,b)x: ={a,b, x};
(iii) For all a € J the operator L(a,a) is hermitian, i.e. ||¢/L@®| = 1, and has positive
spectrum in the Banach algebra B(J);
Gv) Ix, x, x}| = |Ix|]® forall x € 7.
The class of J B*-triples contains all C*-algebras via {x, y, z} = M
Let J be a complex J B*-triple with norm || - || and 0 : J — J be a C-linear mapping.
A C-linear mapping D : J — J is called a 0-derivation on J if

D(fxyz}) ={D(x)0(y)6(2)} + {6 (x) D(y)6 ()} + {6 (x)6 (y) D(2)},

for all x, y, z € J. The following theorem was established in [5]:

Theorem 3.4 Let f,h:J — J be mappings with f(0) = h(0) = 0 for which there exists a
function ¢ : 73 — [0, 00) such that

]

~ 1o
P,y =) -0(@x,27y,279) < o0,
j=0

1f(ux +y) —ufx) — fOWI <ok, y,0),
lh(ux +y) — ph(x) —h(Y)| < e(x,y,0),
I f{xyz}) = {f M)} = {h(x) f (DR} = {h()h) f} < o(x, ¥, 2),

forall x,y,ze€ J and all u € S' := {A € C | |\| = 1}. Then there exist unique C-linear
mappings D, 0 : 7 — J such that

1. ~
If(x)— D@ < Ew(x,x,o), I (x) =0 < 15(x,x,0)
forall x € J. Moreover, D : 7 — J is a 0-derivation on J .

Now we are going to prove our main results concerning the generalized Hyers—Ulam—
Rassias stability of ternary derivations associated with the generalized Jensen functional
equation by using a fixed point method; cf. [10]. Throughout the rest, A and M denote
a normed ternary algebra and a Banach ternary tri-module, respectively. We also assume
that s < r. The cases where ¢ < r or min{¢, s} > r can be formulated and proved by minor
modifications.

We need the following known fixed point theorem.
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Theorem 3.5 [25, 33] Suppose (X,d) be a complete generalized metric space and let
J : X — X be a strictly contractive mapping with a Lipschitz constant L < 1. Then, for
each element x € X, either

(A1) d(J"x, J"t'x) = oo foralln >0 or
(A2) there exists a natural number ngy such that:
(A20) d(J"x, J""'x) < oo forall n > ny
(A21) the sequence {J"x} converges to a fixed point y* of J
(A22) y* is the unique fixed point of J in the set U ={y € X : d(J"x, y) < oo}
(A23) d(y, y*) < %Ld(y, Jx) forallyeU.

Theorem 3.6 Let f : A — M be a mapping with f(0) = 0 for which there exists a function
@ A — [0, 00) satisfying

lig L4 17D, i, v, pw)

n—00 M:’

0,

5

foralla,b,u,v,w € A, where u; = ? >1ifi =0,and u; = 1< 1ifi = 1. Let the mapping
f: A— M satisfy f(0) =0 and

Asa+th+[uvw]
rf "

) —Asfla@)—1f (D) —[f () v wlg +[u f) wl+[uv f(w)]e

<¢(a,b,u,v,w), 3.1

forall a,b,u,v,w e Aand » € T:={z € C: |z| = 1}. Suppose that for i =0 ori =1
there exists L; < 1 such that the mapping ¥ (a) := %(p(a, 0,0, 0, 0) has the property V¥ (a) <
/A,-L,vw(l%)for alla € A.
Then there exists a unique ternary derivation 6; : A — M such that
L™
”f(a) - al(a)” = ligo(a! Oa 07 07 0) (Cl € A) (32)
s(1—1L;)

Proof Consider the set X := {g : A — M : g(0) = 0} and introduce a generalized metric on
X by

d(g,h) =inf{c € (0,00) : [[g(a) — h(a)|| < c¥(a), Va € A}.
It is easy to see that (X, d) is complete. For i € {0, 1}, we define the mapping J; : X — X
by (Jig)(a) := %g(,u,-a). For arbitrary elements g, h € X we have

d(g.h) <c = gla)-—h@| =cy(@) (acA

= iﬁﬁ(uia) (aeA)
i

1

1 1
= H —g(uia) — —h(u;a)
Mi i

1

<Licy(a) (acA)

| 1

- H_g(uia) — ~h(a)
i Mi

= d(Jg, J;h) < Lic.

Therefore

d(Jig, Jih) < Lid(g.h) (g,heX).
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Hence J; is a strictly contractive mapping on X'.
Setb=u=v=w=0and XA =1 in (3.1) to obtain

r s

s r
r (s
—f(—a) - f(@)
K r

for all a € A. By replacing a by a in (3.3) we have

K r 1 r K r
Hf(a) B _f<_a> S _(p<_a’ 0’ 07 0, O> - _w<_a>,
r s ro\s r K

s (r
[2r(%e) - r@
r’ \s
forall a € A.

Hence the following holds true:

1
< -¢(a,0,0,0,0) =y (a),
N

whence

< (L)Y (a),

whence

< (Ly)'¥(a),

1
H — f(pia) — f(a)
i

<(L)''Y(a) (€{0,1}a€A.

(3.3)

3.4

Fix i € {0, 1}. It follows from (3.4) that d(f, J; f) < (L;)'~ < co. By the fixed point alter-
native there exists a natural number N; such that the sequence {J;" f} converges to a fixed
point §; : A — M of J; and so §;(;a) = w;8;(a) (a € A). The mapping §; is the unique

fixed point of J; intheset V, ={g e X: d(Jl-N" f, &) < oo}. Moreover,

dg,Ji f)

d(g,8) =<
(8,81 1L

(g €Vi).
Since lim,_, o d(J!" f, 8;) = 0 we easily conclude that

i Sfuia)
m ———

n—0o0o

=4i(a) (aecA.

n
i

f(pia)

Note that the sequence {—7

establishing stability.
Obviously, d(f, JiNi ) < oo and so f € V;. Therefore

1 L7
d(f,8;) < d(f, Ji f) < — s
80 = =AU iD= T
whence
L™
_8i < — 505070707
I f(a) @l = (1= Li)w(a )
forall a € A.
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Fixa,b e Aand A € T. It follows from (3.1) that
I f(ka+b) —rf(a) — fFD) < ¢(a,b,0,0,0). (3.5)

Let us replace a and b in (3.5) by u/a and u}b, respectively, dividing the both sides by 7.
Pass to the limit as n — oo to get

8;(Aa +b) = Aé;(a) + 6;(b), (3.6)

forall L € T and all a, b € A.
Next, let n =60, + 6, € C, where 6;, 6, € R. Let N =60 — [01], n, = 0, — [6;]. Then

0<n; <1 (1 <j<2) and one can represent n; as n; = m in which A;; € T

(1 <j,k<2).Since §; satisfies (3.6) we infer that
3i(na) = §;(01a) +1i8; (62a)
= [6,16;(a) + &; (n1a) +1i([6:18; (a) + §; (n2a))

1 1
= <[91]5i (a) + 531' (Ar1a + M,zfl)) + i([92]5i (a) + 551‘ (Az1a + kz,ﬂ))

1 1 1 1
= <[91]5i(a) +hdi@) + 5k1.25i(a)> +i([9215i (@) + ZA2.18i(a) + 5?»2,2&(60)

= 016;(a) +i6,5;(a)
= ndi(a),
for all a € A. So that §; is C-linear (see also [4] for another proof of C-linearity of §;).

Put a = b =0, replace u, v, w by uju, uv, ufw in (3.1) and then divide the both sides
of the obtained inequality by /Ll—_3" to get

Huf"m‘(M) — [ " f(ulu) v wlg + [ " f (o) wle + [ v w]" f(ufw)]e

<u;7"9(0,0, wu, wiv, wlw).

Let n tend to infinity to get

rs; (““;“”) = [8:(u) v wlg + [ 8:(v) wle + [ v & w)],.

for all u, v, w € A. Since §; is linear we conclude that §; is a ternary derivation. If o; is
another linear mapping satisfying (3.2), then o; is trivially a fixed point of J; in the set V;,
and so 0; =§;. ]

As a consequences of our main theorem, we show the Hyers—Ulam—Rassias stability of
ternary derivations.

Corollary 3.7 Let p; €[0,1) (1 < j <5) and a, B > 0. Suppose that the mapping f : A —
M satisfies f(0) =0 and
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Asa+th+[uv w]
rf "

) —Asf(a) —1f(b)

—[f@vwlg+[u f) wle+[uv f(w)]

<a+Ball” + 1517 + lul” + vl + [wll),

forall e T={zeC:|z|=1}anda,b,u,v,w € A. Then there exists a unique derivation
8o : A — M such that

o+ Blla|™
sP1 (rI*PI — slfl’l)’

If (@) —do(a)|l <
foralla e A.

Proof Put ¢(a,b,u,v,w) =a + B(lall” + DI + [lull”* + [[v[|”* + [[w||*) and Lo =
(f)l‘f”l in Theorem 3.6 (with i =0). Then ¥ (a) = %(Ot + Blla||”!) and there exists a deriva-
tion 8y with the required property. U

Corollary 3.8 Let p; > 1 (1 < j <5) and B > 0. Suppose that the mapping f : A — M
satisfies f(0) =0 and

Asa+th+ [u v w]
rf "

) —Asf(a) —tf(b) — [f (u) v wlg

+u f) wle +uv f(w)

< BUlall” + 1217 + lull” + Mvll™* 4+ [wll™),

forall e T={zeC:|z|=1}anda,b,u,v,w € A. Then there exists a unique derivation
81 : A— M such that

rP 1 Bllall”

S(rPl*I —sl’l*]) ?

If(a) =1 (@)l <

foralla € A.

Proof Put g(a, b,u, v, w) = ([lal|” + |b]|”> + [[ul|”* + [v]|”* + w]"5) and L; = (3)71~"
in Theorem 3.6 (with i = 1). Then ¥ (a) = % Blla]|P! and there exists a derivation §; with the
required property. 0

4 Superstability of Ternary Derivations

Another nice version of stability is the so-called superstability. An equation E(f) =0 is
said to be superstable if the boundedness of E(f) implies that either f is bounded or f
is a solution of the equation. In this section, we aim to prove the superstability of ternary
derivations associated to the generalized Jensen equation. First, we introduce an appropriate
notion of e-approximate derivation regarding to the so-called Hyers’ inequality.
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Definition 4.1 Given ¢ > 0, the mapping f : A — A is called an ¢-approximate derivation
if f(0)=0and

Asa + Atb + [u v w]
(e

) —Asf(a) —tfO) —[f(w)vw]—[u f) w]—[uv f(w)]H
<e,

foralla,b,u,v,we Aand A eT' ={AeC:|A|=1).
The following theorem is one of our main results.

Theorem 4.2 Let f : A — A be an almost derivation. Then f is a derivation.

Proof Use Corollary 3.7 witha =¢,8=0and p; =0 (1 < j <5) to get a ternary deriva-

tion 6 defined by é(a) :=lim,_, o ! %’,l 9 guch that

3
I6(@) — f@)| < —,
r—s
for all a € A. We have

12" v fQ"w)]—[u v 2" f(w)DII
=If2% v 2"w]) = [f (") v 2"w] =2 f(v) 2"w]—[2"u v f"w)]I
+ /(2" v 2"w]) = [f Q") v 2"w] = [2"u f(v) 2"w]—[2"u v 2" f(w)]]|
e+ 1f12% v 2"wD) = [f2"w) v 2"w]—[2"u f(v) 2"w]—[2"u v 2" f(W)]]|
<e+[1f(2" v 2"w]) = 8([2"u v 2"w])]l
+18([2% v 2"w]) — [f2"w) v 2"w]—[2"u f(v) 2"w]—[2"u v 2" f(w)]]|

se+%+2mns([2"u v wl) = [fQu) v wl— 2" fO) wl—[2"u v fw)]|

ss+£+2"’||f([2"u v whl = 182" v w]

+2"1 (2% v w]) = [f(2"w) v w]—=[2"u f) w]—=[2"u v fW]]
n 2Meg

r—s r—=s

<e+ +2"¢,

for all nonnegative integers m, n and all u, v, w € A. Fix m, divide the both sides of the last
inequality by 2" and let n tend to infinity to obtain

Mu v fR"wW)]—[u v 2" f(w)] =0,

for all m and all u, v, w € A. Therefore ||[u v (% — f(w)]|l =0 for all m and all

u,v,w € A. Letting m to infinity we get ||[[u v (§(w) — f(w))]]| =0 for all u, v, w € A.
Putting u = v =§(w) — f(w) we obtain
[8(w) — F)I’ =[G w) — f(w) (w)— fw) Sw)— fw)ll=0

and so §(w) = f(w) forall w € A. O
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