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Abstract We give closed formulae for the ¢characters of the fundamental rep-
resentations of the quantum loop algebra of a classical Lie algebra, in terms of a
family of partitions satisfying some simple properties. We also give the multiplicities
of the eigenvalues of the imaginary subalgebra in terms of these partitions.
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1. Introduction

In this paper we study the ¢characters of the fundamental finite-dimensional rep-
resentations of the quantum loop algebra U, associated to a classical simple Lie
algebra. The notion of ¢-characters defined in [7] is analogous to the usual notion of
a character of a finite-dimensional representation of a simple Lie algebra. These
characters and their generalizations have been studied extensively [6, 9, 11] using
combinatorial and geometric methods. A more representation theoretic approach
was developed in [4]. In particular, that paper approached the problem of studying
whether the ¢-characters admitted a Weyl group invariance which was analogous to
the invariance of characters of finite-dimensional representations of simple Lie
algebras. In the quantum case, it is reasonable to expect that the Weyl group be
replaced by the braid group, [2, 3, 7] but it is easy to see that this is false even for s/,.
However, it was shown in [4] that in a suitably modified way, the g-characters of the
fundamental representations of the quantum loop algebra of a classical Lie algebra do
admit an invariance under the braid group action. It was also shown that the g¢-char-
acter of such representations could then be calculated in a certain inductive way.
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In this paper, we use that inductive method to give closed formulas for the g¢-
characters of all the fundamental representations of the quantum loop algebras of a
classical simple Lie algebra. To describe the results a bit further, recall that the quan-
tum loop algebra admits a commutative subalgebra U,(0) corresponding to the imag-
inary root vectors. Any finite-dimensional representation V of the quantum loop
algebra, breaks up as a direct sum of generalized eigenspaces for the action of U,(0).
These are called the ¢-weight spaces and the eigenvalues corresponding to the non-
zero eigenspaces are called the /-weights of the representation. The /-weights lie in a
free abelian multiplicative group P,. Let Z[P,] be the integral group ring over P,
and for w € P, let V, be the corresponding eigenspace of V. The element of Z[P,]
defined by,

chy(V) = Z dim(Vy) e(w),

weP,

is called the g-character of V. If P is the usual weight lattice of the simple Lie
algebra, then it was shown in [4] that there exists a canonical group homomorphism
wt: P, — P.

Assume now that V is a fundamental representation of the quantum loop
algebra. Roughly speaking, this means that /' corresponds to a canonical generator
of P,. It was shown in [4] that the problem of determining the ¢-weights of V is
reduced to determining V. where wt(w) is in the dominant chamber P* of P.
Assume from now on that wt(w) € P. We give explicit formulas forw withV, # 0.
In the case of B,, C,, we see as a consequence that dim V., = 1 (this was proved by
different methods in [9]). In the case of D,, it can happen that dim(V ) > 1 and we
compute this dimension in Section 5. The idea is to show that every /-weight w
comes from a partition j with certain properties and we find that dim V, = 2¥i
where Mj is defined in a canonical way in Section 5.

2. Preliminaries

2.1. Let g be a complex finite-dimensional simple Lie algebra of rank » and let [ be a

Cartan subalgebra of g. Set 7 = {1,2,---,n} and let {c; : i € I} (resp. {w; : ¢ € I}) be

the set of simple roots (resp. fundamental weights) of g with respect to b. Let also &;

denote the simple co-roots. As usual, @, (resp. P) denotes the root (resp. weight)

lattice of g, @" =37 ,Noy, and Pt =3>"" Nw,. Let W be the Weyl group of g

generated by simple reflections {s; : ¢ € I'}. For w € W, let £(w) denote the length of

a reduced expression for w. Given A = >, ., Ay, € P let W(A) be the subgroup of W
generated by {s; : i€ I, A\, =0} and let W), be the set of left coset representatives

of W/W()) of minimal length. The braid group B associated to g is generated by

elements T}, i € I and relations

Ty = T;Ti, if a; =0,
T,T/Tl = T/T,T/7 lf a;jaj; = 1,
(T;T))* = (T,Ty)?, if aya; =2,
(TiTj)3 = (TjTi)Sa if a;a; =3,
where i,j € {1,2,---,n} and A = (a;) 1 <i,j < nis the Cartan matrix of g. Fori € [,
fix integers d; € N minimal such that d;a;; = d;ja;; for all j € I. Given w € W and a
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reduced expression w =s;, - - - 5;, let T\, = T}, - - - T}, be the corresponding element of
B. It is well-known that T, is independent of the choice of the reduced expression.

2.2. Let g € C* and assume that g is not a root of unity. For rm e N, m > r,
define complex numbers,

m __ ,—m m m| |
m), = %, m),! = [m] fm —1],....[2],[1],. { ) L— M
Set ¢; = ¢“ and [m]; = [m]

Let P, be the (multlphctg:ltlve) subgroup of C(u)" generated by the elements, w;,,
i €1,ac C*, where w;, is the n-tuple of elements in C(x) whose i’ entry is 1 — au
and all other entries 1. The elements w;, are called /-fundamental weights. It is
obvious that P, is generated freely as an abelian group by the fundamental /-
weights. P, is called the /-weight lattice. Given any element w € P, and 1 < j < n,
let w; be the j" entry of w.

Let P? be the monoid generated by 1 and the elements w;,, i € I, a € C*, clearly
73; consists of n-tuples of polynomials with constant term one and an element of P;r
is called an ¢-dominant weight. Let wt: P, — P be the group homomorphism de-
fined by extending, wt(w;,) = o;.

The group Bacts on on P, as follows [2, 3, 7]: Fori €  and w = (w1, - - -, w,) € Py,
we have

(T,‘w)j = wj, if aji = 07
(Tiw)] = w}( u)w;(qiu), if a; = —1,
(Tiw); = w; (Wwmi(g*w)wi(qu), if a; = -2,
(Tiw); = w,(u)w,(q w)wi(qu)wi(qu), if a = =3,
1
(Tiw), =
w;(qiu)

Foriel, set
Oig = (Ti(wia))ilwiav

and let Qg be the subgroup of P, generated by the a; .. Let Q+ the monoid generated
by 1 and a4, i€1,a € C*, and Q, (Q*)

2.3. The quantum loop algebra U, of g is the algebra with generators xi, (i € I,
reZ), K iel), h, (icl,re Z\{O}) and the following defining relat1ons
KiK' =K 'K; =1, KK;=KK;,
Kih;, = hj,K;,
K K = qlﬂ”x/ir7

iy his) =0, [hiy,xt) = £1ray] X,

LIS q' 7y rts?

xt +aj Xt *ajj Xty oyt

zr+1 —9; Jsir+1l T =4q; iLrvjs+1 Js+17%ir

[ ] . " irts wz TS
1r7 ]s qi q. ’
m
m
k + + + + + _ Ly .
: kg 0( 1) [ X } Xy XNy K = 0, ifi#j,
TE2m K= i
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for all sequences of integers ry, ..., 1, where m = 1 — a;;, ¥, is the symmetric group
on m letters, and the ¢, are determined by equating powers of u in the formal
power series

00

S — Klexp (i(ql- > h) |
r=0

s=1
Let U, (g) be the subalgebra of U, generated by the elements x7, K*'for1 <i<n.

24.Foriel,set
+ _ = T hisk K
hi (”) = ]{2::1 I u-,
and define elements P; 14, i € I, k € Z, k > 0, by the generating series,
Pf(u) = P = exp(—hj (u)). (1.1)
k=0

Let Uj(O) be the subalgebra of U, generated by the elements h; v i € 1, k € Z,
k > 0, or equivalently, the subalgebra generated by the elements P; 1k, i € I, k € Z,
k>0, and let U,(0) be the subalgebra generated by qu(O). An element w =
(w1, -, @n) € Py can be regarded as an element of Hom(U,(0),C) by extending
the assignment,

where @/ (u) = @;, w; = ueiw; () /(Ui (u™1))|,-

2.5. Given a Uy-module V and p = ), piw; € P, set
Vi={veV:K.w=4qg'v, Viel}.

We say that V' is a module of type 1 if

V=EPV.

pueP
Set

wt(V)={peP:V,#0},
and given v € V, set wt(v) = p. An element w € P, is an (-weight of V if there exists
a non-zero element v € V such that

(Pisr — (w7),)Nv=0, N=N(,rv)ecZ,

1

foralli € Jand r € Z" and vis called an ~weight vector in V with ¢-weight w. Let V
be the subspace of V spanned by ¢-weight vectors with /-weight w. If V' is a finite-
dimensional U,-module, then,

v=9%v 1%

_9
T weP, " @ H T wePy,

VeV,
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Denote by wt,(V) the set of ¢-weights of V' and define wt,(v) in the obvious way.

2.6. Let Cq be the category of finite-dimensional U,-modules of type 1. A module
V € C, is {-highest weight with ¢-highest weight w € P, if there exists a non-zero
vector 0 # v € V such that V' = U,y and,

xhv=0, Pru)y = (w);v, Kil'v=qg""=Wy (x prE@, — o, (1.2)

i ir

for all i € I, r € Z. The element v is called the ¢-highest weight vector.

Any /-highest weight module has a unique irreducible quotient which is also a
highest weight module with the same highest weight. There exists a bijective
correspondence between elements of 73; and isomorphism classes of irreducible
finite-dimensional modules, [5]. Given o € P;, let V(w) € C, be an element in the
corresponding isomorphism class, and let v, be the ¢-highest weight vector. Then,
V(w)y, , = Cve.

wt @

2.7. From now on we suppose g is of classical type, i.e., g is of type A, B,, C, or
D,,. The following result was proved in [4].

THEOREM. Leticl,acC* andV =V(wi,). Assume that w € wt,(V) is such
that wt(w) = X € P*.

(i) Forall we W) we have
dim(Vy) = dim(Vr,5),
and
Tyw(wt(Vy)) = wte(Viy).

(ii) Suppose that w # w; 4. There exists w' € wty(V), p =wt(w') e Pr,we Wy, jel
with L(sjw) = {(w) + 1, and ¢ € C* such that

(Tw(@)); =1 —cu)(l —cu)  and @@= T(@)(0c)"
for some ¢ # cq]g, and
dim(Vy)>2 if c¢=(.
Further, for all v € V1, () and s € Z,

XV €V + Vi o . (1.3)

(aj.c/ )

COROLLARY. We have

Chg(V):Z Z Z (dlme)e(Tw(w))

AePt weW, wewty(Vy)

From now on, we will let @ also denote the element e(w) of Z[P,]. Notice that
since the group P, is multiplicative, this should cause no confusion.
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2.8. It follows from the corollary that if V' (w;,) is a minuscule representation of g,
ie., V(wiq), =0 for all A € P* with A < wj;, then

ChZ(V(a’i‘a)): Z TW(a)i,a)‘

weW,,

It follows from [5] that this is the case for all fundamental representations of A,, the
spin nodes for the orthogonal algebras, and the natural representations of C, and D,,.
In the rest of the paper we consider the remaining cases.

2.9. We conclude this section with a stronger version of Theorem 1 J(ii). Let
qu(g,) be the subalgebra of Uq generated by the elements x7,, A3, K ,m,s €L,
s # 0. It is known that Uy(g;) is isomorphic to U, (512)

]m’

PROPOSITION. Letie€l,acC*,V =V(w,). Let @ € wt,(V)satisfy the fol-
lowing: 1 = wt(@) € P*,

(Tw(@); = (1 —cu)(1 = c'u),
for some c # cq, and w € W, j € I satisfying (w(u) — ;) € P*. Set, w = T, (@) x
(oc,c) . Then
dim(Vy,) > dim(Vy).
Moreover, if ¢ = ¢, then

dim(Vy) > 2dim(Vy).

Proof. First note that if u = wt(w’) € P™ then yu = w, for some r < i, (see [4,
Section 1] for instance). Further, since w € W and j € I are such that {(s;w) = ¢(w) +
1 it follows that ww, + oj¢ wt(V). Since wt(7,,(w’)) = wwy, it follows that

x;meTw(w/) = 07 VmeZ.

Choose a basis {v;,---,v,} of Vr, (w’) such that

0)v,, € Z C(q)v

s<m

Let U, =1, (ﬁj)vm. Then U,,/U,,_, is an (-highest weight module for U, (ﬁj)vm
with highest weight (1 — cu)(1 — c’u) and hence by [4, 7] there exists a unique (up to
scalar multiple) non-zero element in the span of {x; v, : r € Z} which is an eigen-
vector (modulo U,, 1) for the P;, with eigenvalue wj if ¢ # ¢’ and two linearly in-
dependent elements if ¢ = ¢! Equat10n (1.3) of Theorem 1.7(ii) now implies that such
vectors are in V, and hence the proposition is proved. O

Remark. 1t will actually follow from Theorem 2.3 and its proof that equality
holds in Proposition 1.9.
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3. Closed Formulae for g-Characters

In this section we state the main theorem which gives closed formulas for the /-
weights w with wt(w) € P™ of the fundamental representations of quantum affine
algebras.

3.1. Assume that the Dynkin diagram of g is labeled as in [1]. Throughout this
section we shall assume that we have fixed an integer i such that

1<i<n if g=C,,
1<i<n if g = B,,
1<i<n-2 if g=D,.

Define a subset I; of I by,
L= {r:0<r<i} if g = By, (2.1)
= {r:0<r<ir=imod 2}, if g=C,,D,. (2.2)
From now on, given r € I;, we shall denote by M the greatest integer less than or
equal to (i —r)/2.
3.2. For r € I;, let Ji, be the set of partitions r < j; < j,» < --- < jr < noflength k
and satisfying

js<n—i+r+2s—1, 1<s<k, if g=C,,

Jk < nm, if g=D,.
Set
J, =Jm, if g=C,, (2.3)
= Up<k<mIir if 9= B, Dy, (2.4)

where J, consists of the empty partition.
3.3. Given j € I, r € I; and an integer 2d;s € N, define elements =, (j,s) € P, by

; —1
‘ﬂ:r(],S) = j{rqllﬂ 25— zy(O] qh i—jt2s

where £ is the dual Coxeter number of g if gis of type B, or D, and is twice the dual
Coxeter number if g is of type C,. Given j € J,, set

(J) = O Hn,(js — 1,5 — D) (s, s), if either g = C, or j; <7,
_w,q,,<Hn, js—1,5s = D (js,s)>n,(n—1,k—1)
x -l (n k—1/4), if g= B, and j; =n,

_qu”<Hnr S*l) (]M ))Ttrl(l’l,k+1/2)7

if g=D, and jp =n—1.
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where 77 = n (resp. n = n — 1) if g = B, (resp. if g = D,,). We understand that if j is
the empty partition, then =, (j) = O, gr-i and, if r = 0, that w¢, = 1 and wy = 0.
If g is of type B,, define n.(j,*) € P, by

. 1 . .
T (j, %) = Wy 2o-i+20-1 @y o220 -1 5 1 k # M and ji # n,
=1, otherwise.

If g is of type D,, define elements =, (j, £) € P, by

. _ ) 1
TC,(], +) = Wy gr-i ‘Zkflwn"q/mfz/fzkfu

3 — —1
T (j, =) = Op—1 gn-it2k 1O "y pwsi-2r-2k-1+

THEOREM. Let V = V(w;;).

(i) If gis of type C,, the assignment J, — P, defined by j — n,(j) is injective and
the image is wt,(V,, ). In particular,

Chg(V) = Z Z Z Tw(nr(j))'

rel; weW,, jel,

(ii) If gis of type By, the assignment J, — P, defined by j — m,(j)m,(j, *) is injective
and the image is wt,(V ). In particular,

ch[(V)ZZ Z ZTW(ﬂ'r(j)Ttr(j,*)).

rel; weW,, jel,
(iii) If g is of type D,, then
wt (V) = {m(§)m-(,£) 1§ € Iner, 0 < bk < M}U{n,(j) :j € In,}-

Moreover

Ché’(v):Z Z ( Z (T (e ()mr (s +)) + T (e () (G, —))) + Z Tw(n,(j))>.

rel; weW,, \ jeJ\Ju, 2

We prove the theorem in the next three sections using Theorem 1.7 in an induc-
tive way.

4. The Case of C,

4.1. Observe that the set J, depends on n, i, r and it will be necessary for the proofs to
write J, as J,(i). Notice moreover that

(jlv' o 7]M) € Jr(l) <~ (j27' o 7]M) € J}l(l - r+j1 - 2)7 (31)
and also that

(1, sim-1) €Xr2(i) & (1 — 2,02 = 2, jm1 — 2,jm) €:(0) V¥ ju —2 <ju <n.
(32)

@ Springer



Acta Appl Math (2006) 90: 43-63 51

LEMMA. We have

3.36)] = (";/) ~ (ﬁ:’l) = dim V(w;),,.

Proof. 1t suffices to prove the first equality, the second being well-known
(see [8] for instance). If M =0,1 the result clearly holds for all n € N and 1 <
i < n. Assume now that we know the result for all M’ < M,n € N,and 1 <i < n. By
(3.1) we get,

n—2M+1 n—2M+1 n _]. n _].
()] = I_;] Wi —r+j1—2)| = ]_;1 ((M_1)_(M—2>)’

where in the last equality we used the induction hypothesis. The identity

m m—1 m—1
() (5) (30) v
now gives the result. m
4.2.

LEMMA. The map j— =.(j) from J,.(i) — P, is injective.

Proof. We proceed by induction on M. Suppose that =, (j) = 7,(j') for some
j-i’ € 3.(i). Writing j = (jy,---,ju) and j' = (ji,---,J},) and comparing the (j, —1)"

entries in m,(j) and 7,(j') we find that j, = ;. This proves that induction starts at

M = 1. The inductive step follows by (3.1). o

4.3.For r > 1 and r — 1 <j < n define elements w, ; € W and T, ; € B(g) by
Wrj = Sj—18j-2 " Sr—1Sj+18j4+2 * * *Sn—15n " * * Sr,
T, =Ty,
It is not hard to check (see [10] for instance) that w, ; € W,, .
The next proposition is a straightforward if a somewhat tedious computation.

PROPOSITION.

(i) Forallrel, andr—1<j<n,we have

Wy, jwr = Wr—2 + Q.

1 1 . .
.. Wi1-2,aq?W;_ 1 ggi-1+3Wj agi—+2Wj agn=i-1+2W; [ | goon-j-143 lfr <I< Js
(it) Ty j(wa) = { e e

wlﬁaqzw]‘ﬁaq/—jw]"ann—/—HZwj_ﬁl’aq,,j“ wj_+11,aqz”*/*’+3 ) if I >].
(3.3)
4.4. Part (i) of Theorem 2.3 now follows from Lemma 3.2 and the next
proposition.
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PROPOSITION. We have
wte(Vy,) ={m(j) : j € J,}, (3.4)

and
dim V.4 =1 forall  jel,. (3.5)
Proof. Recall from [5] that
V ~ V(w,-)
as U,(g)-modules. It suffices to prove that,
{m:(j) :j € I} Cwt(Vy,,), (3.6)
since Lemma 3.1 and Lemma 3.2 then imply both (3.4) and (3.5).

To prove (3.6) we proceed by induction on M with induction beginning at M = 0.
Assume that we know the result for M — 1. To prove the inductive step it follows
from (3.2) that if j = (j;,---,jy) €JI-then j = (j, +2,---,jy_1 +2) €Jri2. The
induction hypothesis implies that m.»(j') € wt,(V) and hence by Theorem 1.7 we
see that T, j(m42(j)) € wty(V) for all r < j < n.

Using Proposition 3.3(ii) we find that

Tr+2‘ j(ﬂ'r+2 (j,)) = Ty (j)a]—ﬂsz/fzyfzm,
and also that the j”-coordinate of T2 j(m12(j')) is
(1 _ qi+j—2r—2Mu)(1 _ q2n+i—j—2r—2Mu)‘
Hence by Theorem 1.7(ii) we see that

T (J) = Tri2, (7fr+2(j/))a,,qlzw—/—zr—ZM e wty(Vy,,). a

5. The Case of B,
5.1.

LEMMA. We have
M n-—r
3, = Z( P ) =dimV,,.
k=0

Proof. The first equality is clear. For the second, recall that it was proved in
fi/2] )
[5] that v/ ~ &) V(wia) 8 U, (g)-modules. Since
1=0

dim V(w),, = (’E%’) j<n,
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it follows that

Ma

M
dimV,, = (?217) Z(”‘r) O
1=0 2 k=0
5.2.
LEMMA. The map j — =, (j)m.(j, *) from J, to Py is injective.

Proof. Suppose that 0 < k, k' < M,j,i €3, j= (i1, jx)§ = (j1, -, jw) are
such that

() (3, %) = m () (', %) (4.1)
We first show that k = k'. For this, notice that for any j’ = (j{,---,j}») € J, we have
(m,(j")m (j", %), =1 <= K'"=M and j,, <n.

Hence, (m,(j)m,(j, %)), = 1 implies k = k' = M. Otherwise, the equation

(mr (D)7 (5, %)), = (7 ()7 i ),

gives that either ji,ji,, <n or j, = j,, = n. In the first case we get m(j, *),, = m(j,*),

and in the second case we get m,(j), = m,(j'),. In any case it follows that k = k.
Now, suppose j # j' and let 1 < sy < n be minimal such that j; # j . Assume with-

out loss of generality that j; > j;. This means that j; ;| =j;,_; <j;, — L and hence

i +250-2 i+, ~250-2r+1

i)y =0-a T W -q wy AL (4.2)
We claim now that there exists s; > so such that Js, = j;o — 1. Assuming the claim, we

get a contradiction to the fact that j = j' as follows. Since

i+, ~251-2r—1 i +2s1

71'r(j/)jgo—l =(l-q" u)(1—q, ‘ ”)_1 = Wr(j),;la

comparing with (4.2) gives
2n—i—j, +2s0—2=i+j, —2s —2r—1,
which is obviously impossible. To prove the claim, set
si =max{l <s <k:j <j,}.

The claim follows if we prove that j 4 > j;o. The maximality of s; implies that
Js;41 =i, and hence it suffices to prove that j; .4 # j; . If j, . = j;, then the same
argument that gave (4.2) gives,

2n—i—js 11 42(s1+1)—2 i+ —2(s1+1)=2r+1

Wr(j)jsl,l—l =(1-gq, u)(l1-q, ”)_1 #1,

which implies that s; + 1 = sy contradicting s; > so. O
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5.3.For r > 0 and r <j < n define elements w, ; € W, by,

Wi, j = Sj-18j-2 "+ SrSj18j42 = Sp—18n * * = Sr41,
Wrn = Sp—1"""Sr,
Tr~j = TWr.j'

The proof of the next proposition is along the same lines as the proof of Proposition
3.3 and we omit the details.

PROPOSITION.
(i) Forallr e I\{n} and r —1 <j < n we have
Wy jwr = wr2 + a5 and  Wywr = wr_ + Qp.

(ii) Forr—1<j<n—1andr<I <n we have:

—1 —1 . .
w W W, W, e 1W i ifl<
T _ 1-2,q7 j*l,qu 143 ]"qlf + ]’qlﬂ j }-Jrlvqfn j-1s f = 43
rilwin) = Wy W, W WL wl ifl>j (4.3)
W 2ol _ i .
Lay“a 7 e LT g
Further,
. — |
T}, j(Wng1) = wqu?’/”wj+1,qulfjwn,q3 )
_ -1 —1 -1
Tr,n—l (wl,l) = wzfzﬁq%wn_z‘qrmwn,]7qu'f/+1wn_l,q*f*’wn’qz(nf/)ﬂwn_qz<n4)+37 (4 4)
Tr,n—l(wn,qfl) = wn—lAlw;qv
— —1
Tm(w;?l) = wl,quwniliq,l,,mwn,qz(nfl)flwn,qz(nfml.

5.4. To prove Theorem 2.3(ii) we proceed by induction on M. Induction clearly
begins when M = 0. The inductive step is immediate from the following proposition,
Lemma 4.1, and Lemma 4.2.

PROPOSITION. Assume that M > 0 and let j = ( j;,---,jk) € J.
@) If k<M and ji < n we have:

o (§)m,(j, %) = Tr+1.n(7rr+l(j/)7rr+l(jlv *))O‘;.}z € wty(V.,),

where j/ = ( ji+ 1, je+ 1) €l anda= q2(n+i72r72k)73.
(ii) If jx = n, we have

(), (j, %) = Tr+1,n(7rr+1(jl)7rr+1(jl: *))a;i € wty(Vy,),

where j, = (]] + 11 e a].k,1 + 1) S Jr+1 and a = qz("*H“Zk)*S'
(iii)y If k=M and ji < n, then

m(J)mr(J, *) = Tr+2,j(7rr+2(j/)7rr+2(j/v *))O‘/‘Tal e wty(V.,),
where ' = (ji+2, jy 1 +2) €drn a=q"7 " and j = .
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Proof. Observe first that it is clear that the elements j' defined in the pro-
position are in J,; in the first two cases and in J,, in the third case. The fact that
7 (j)mr(j, %) and @1 (§)mra (', %) (resp. @, (j')mr2(j/, %)) are related as in the
proposition is again a tedious but simple checking using the formulas in Proposition
4.3(ii). The main point is to notice that this implies =, (j)=,(j, *) € wt,(V,, ). For that,
one observes that the calculation gives, respectively:

D (Trr1n(mr1 ()71 (7, ))),,
— (1 _ q2(n+i72r—2k)—3u)(1 _ q2(n7i+2k)—1 M), if jk —n—1lor k< M— 1/27
_ (1 _ qZ(n+i72r72k)73u)(1 _ q2(n+i72r72k)75u) if ju <n—1and k=M — 1/2

(ii) (Tr+1,n(7rr+1(jl)7rr+1(jl,*)))n = (1 qz(” 2k =5y )2(1 — 32(n+i—2r—2k)+1u) .
(iit) (Trsaj(mra({ )l #)); = (1—qf "u) (1 =g u).

The result then follows from Theorem 1.7. O

6. The Case of D,
6.1.

LEMMA. We have:

M-1 Mo
\JM,r\+2Z|Jk.r|:Z( / ):dimer.

k=0 =0

Proof. 1t follows from the definition of Ji, that

n—r—1
A= ("),
and hence to prove the the first equality we must show that
M M—1
n—r n—r—1 n—r—1
()= ) e ()
=0 k=0

Using the binomial identity

| ()=
()= () )

=0 | M-1 )
n—r— n—r—
()T,

[ =0
M-1

)

1

)
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For the second equality, recall that it was proved in [5] that as U,(g)-modules
/2
% %l@ V(WFZI)-
-0

The result now follows since

n—r
dimV(wj)wr: ((j—r)/2>’ 1<j<n-2.

6.2. Given r > 1 and r — 1 <j < n, define elements w, ; € W,, by,

Wr,j = 8j-18j-2 "+ *Sr-18j41 " " Sp-28pSn—1 Sy, J <N —2,
=Sp-2° " Sr-18/Sp-2 " Sr, ]7]/ € {I’l - 1,11}, ], #]7

Iy j=Tw,

PROPOSITION. Forall1<r<n-—2andr—1<j<nwe have:

(i) Wy, jwy = Wr—2 + Q.

(ii) 1 4 L
wlwaqzwfﬂqHwjﬂflz"*l*z*jwj+1,aq’*f“w]'+l,aq2"*’*f*17 lf] <l
-1 , R : -
Ty j(wiq) = WI-2,a? Wi qgi-1+3Wj,agi-+2Wj,ag2n 112 Wj 11 qeonij-15 ifl<j<n-2,
Wi-2,ag2 Wy, ggn-1+2Wj.aqr—1-1 W) agn+1 if j=n—1,n,
(5.1)
if1<lI<n-2and
1 p e
Wj agn11Wi 1 ggn-1 9l ag? > ifj<n-—2,
-1 p o
Wn—2,aqW} 4425 if j=n-2,
Tra]'(wl.a) = “a o (52)
Wia, lf] = l:
P,
ifj=1r,

Wn—3.aq? w;lzﬂqB Wr aq?s
ifl=n—1,n, wherel' € {n —1,n}\{l}.

6.3. The next proposition is proved in a similar manner to the corresponding one
for B, and C,,. We omit the details this time.

PROPOSITION. For M > 0, we have

{m(§) 1§ € It U{m-()7r(Jo £) 1§ € Iir, 0 < bk < M} C Wtp(V,,).
6.4. To complete the proof of Theorem 2.3(iii), we must prove that in fact
{m:() 1 € In,} U{m()mr(, ) 1§ € Tk, 0 < bk < M} = wty(V,,).

For D, this is more difficult, since it is no longer true that the maps j— =, (j)m,(j, +)
are injective.
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The next lemma is a simple checking.

LEMMA. Letj€ ¥, andj € Ji,.

(i) We have w,(j, +) = (', £) iff k = k'. Moreover, if k = M, then m:(j, +) = 1.
@) If m§)m (. +) = m(§)m (G, £), then k =k Moreover, if k=k' <M, then
m () (J, +) # m(§)m (', ).

6.5. Define an equivalence relation ~ on Ji, by
J Nj/ — 7rr(j) = Wr(,il)~
Let j be the equivalence class of j.

PROPOSITION. Let j € Ji,. Then
dim Ve, ), 5.2) > -
Assuming this proposition the proof of Theorem 2.3(iii) is completed as follows.

For each 0 < k < M, fix a set Sy, C Ji, of representatives of the distinct equivalence
classes with respect to ~. Proposition 5.5 and Lemma 5.4 imply that

M-1
S odim(Vag) + > D (dim(Va gm.s)) + dim (Ve i o))
JjeSm k=0 jeSk,
> Z|J|+ZZZ\J\—|JM,|+2Z|Jk,|
J€Smr k=0 jeS,

Since Vi gjm .+) C V., it follows from Lemma 5.1 that

Vo, = (@ ) ) (@@ i) Gt @Vm<j>m<j,>)>a
J

j€Sn - k=0 jeSi,

which proves Theorem 2.3(iii).

6.6. It remains to prove Proposition 5.5. This requires some combinatorial def-
initions and results which we now establish and which allow us to actually compute
[j| in terms of j € Ji,. Thus we shall see that

il =2, (5.3)

where Mj=|{s:1<s<k,je{n—i+r+2s—2,n—i+r+2s—1}}|.
6.7. Recall that a strictly increasing partition n of positive integers of length & is
an increasing sequence 0 < j; < j, < --- < jx of natural numbers. Let

supp(n) = {j;: 1 <s < k},

and let ¢y : supp(n) — N be defined by wn(j) =, if j = j; for 1 <s < k. Clearly any
finite subset of N defines a strictly increasing partition.

Given a finite subset S C N and a partition n of length k, let ng be the partition
corresponding to the set,

(supp(m) \S) U (S \supp(m)).
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Clearly,
ng#£ng if S+,
and
(ng)s =m, (ns)g = (ng)g = (n)g g, if SN =0. (54)

We shall adopt the convention that if k,k' € Z, then [k, k'] = {min{k, k'},
min{k, k'} +1,---, max{k,k’}}. Define also (k, k'] and [k, k) in the obvious way.
Associated with a partition n, define functions o, 7% : supp(n) — N by,

oy (j) = max{j’ € supp(j) : /' = jand j" —j < 2(en(j") = en(j)) ¥ J" € supp(j) N (/7]
on (j)=min{j’ € supp(j) : j/ <jand j —j" < 2(w(j) — ta(j")) ¥V j" € supp(G) N [/, 1)},

and
Ta (1) =)+ 2(m(oy (1) — () £ 1.
The following lemma is easy.
LEMMA. Let j € supp(n). Then,
[supp(ny; ()| = [supp(m)].

From now on we set

0 (j) =g -, Jj€supp(n). (5.5)
Moreover, if S C supp(n) is such that
[ja Tni(])} n [j,aT:lt(j,)} = @a V] 7éj,7jajl S S> (56)
then set
n*(S) = (0*(/)*(S\{j}), j €S C supp(m). (5.7)

Notice that n*(S) is well-defined by (5.4).
6.8. For a partition n and an integer m > 0, define

supp,,(n) = {j € supp(n) : 2un(j) =j — m}.

The following lemma is easy.

LEMMA. Let j € supp,,(n) for some m > 1. Then 7 ( j) € supp,,+;(m*( ))), and

SUPP,,,1 (M ( ) = supp,,.; (m) U {75 ()},
supp,,(n*(j)) = supp,, (m)\{j}.

In particular 7.\ (73 (j)) = J.

Remark. Notice that n*(S) is well defined for all S C supp,,(j). The Lemma then
implies that supp,, (n*(supp,,(n)) = 0.
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6.9. From now on we set
N=n—i+r—-2, supp'(j)=suppy(j), supp (j)=suppy.(J). (5.8)
Let j € Ji,. The next proposition describes j for j € Ji,.
PROPOSITION. Letj,j € Ji,. Then,
i~ =i =088, (5.9)
for some S~ C supp~(j) and ST C supp* (j~(S™)). In particular,
[j| = 2/supp” ()I+Isupp” ()] (5.10)
COROLLARY. Let j € Ji, be such that supp~(j) = 0. Then |j| = 215" 0l and
- Z 2lsupp* ()|

J€ i,
supp j =10

Notice that (5.10) is immediate from (5.9) and Lemma 5.8.
For the proof, it is useful to notice that,

m(j,s)=1&2s=j—(N+1). (5.11)

6.10. We now see that Proposition 5.9 can be deduced from the following.
PROPOSITION. Let j € Jy,. For any S C supp*(j) we have j=(S) ~ .

If j',j € Jx, are related as in the right hand side of (5.9), we have by Proposition
5.10 that,

i~ S~ G =i

For the converse, let j ~ j and assume that

§~ (supp™(j)) =J" (supp~ () (5.12)
Set

S”=supp (j) and  S" =7 (supp (j'))

It follows from Lemma 5.8 that

§* Csupp”(j" (supp (j')))-
Then, using (5.4), Lemma 5.8 and (5.12) we see that

i'=G"(supp (i) (ST) = (7 (57)"(5).

It remains to show that (5.12) is always satisfied if j ~ j. Observe that Proposition
5.10 gives

i~ (supp™(j)) ~J" (supp~ (")),
and that by Remark 5.8

supp™ (j~ (supp™(j))) = supp™ (" (supp™ (j))) = 0.
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In other words, to prove (5.12) it suffices to prove,
i1 ~Jp, and supp” (j;) =supp”(J,) =0 = j; =Jp. (5.13)
Indeed, if j; # j, set

j=max{ j :j" € supp(j;) Usupp(j,)and ;' ¢supp(j;) Nsupp(j,)}.

Assume j € supp( j;). Then, either j+ 1 € supp(j;) Nsupp(j,) or j+ 1 ¢ supp(j;) U
supp(j,). In any case it follows that

"rr(j1)j = “r(jz)j =1

If j+1 ¢ supp(j;) Usupp(j,) then m(jy); = mr(j,4,(j)) and (5.11) gives that j €
supp~ (j;). Otherwise we have m,(j,); = m(j, 4, (j +1) — 1) and (5.11) shows that
j € supp~(jy) in this case as well, contradlctlng supp~(j;) = 0. This completes the
proof of Proposition 5.9.

6.11. Proof of Proposition 5.10. It clearly suffices to prove the result when S = {j}
since the general case follows by transitivity. We can assume that j € supp™(j) since
then using Lemma 5.8 the case j C supp™(j) follows. Since,

supp(j) N [r,j — 1] = supp(j*($)) N [r,j — 1] and
supp(j) N [ (/) +1,n] = supp(§*(S)) N [ (j) + 1,7,
it follows immediately that
m (@) =m G (8), VIE - 1)U (' ())nl

Ifle[j— l,rj+( j)] we proceed by induction on 1. To see that induction starts at
l =j—1, observe that

j & supp(i*(S)), 2(45() -1 =(-1)—(N+1).
The conclusion follows from (5.11). For the inductive step, assume that
@)y =m G (D), Vi-1 < <I<77()).
Assume first that / € supp(j), in particular / < Tj+( j)- If (I +1) € supp(j) then,
(i) = (7 (S), =1

and we are done. If (/ +1)¢supp(j), then (I + 1) € supp(j*(j)) and we have from
the definition of =, that,

m(3), = m (1), and m(G7())), = m Ly (L+1) = 1),
which gives,
7Tr(j)1 — (1 o qi—2r+l—21,j(l)u)(l . an—i—l+2Lj(l)—2u)fl’
and
ﬂ_r(jJr(j))l _ (1 q2n i— l+2L+ (l+l) u)(l o qi+l_2r—2’j+(7‘)<[+1>+2u)71_
Let
Ih=min{m>j:m<!l"<I=1"¢esupp(j)}
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Then, either [y = j, in which case we have

) =4()+l—j=(—r—n—j+214+2)/2, ;I +1)=4()),

which implies

m(j); = ”r(j+(j))l:

and we are done, or [y > j. In that case (Ip — 1) € supp(j*(})), 4 (1) = ¢j(lo) + 1 — Lo,
and

W’(j)/q—l = 71‘,([() — 1, Lj(lo) — 1),0_1, and
7Tr(j+(]'))104 =m(lo— 1, 4+ (j) (lo — 1))1071-

Since ly — 1 </, the induction hypothesis gives m,(j), | = w,(j*(j)),ofl, which im-
plies that

LJ+(]-)(I() — 1) =i+ly—n—r— Lj(lo) +1
and, therefore,
Lj+(j)(l+ 1) =i+ly—n—-—r— Lj(l()) + 2.

The conclusion follows.
Finally, suppose that [ ¢ supp(j). If / = 7 +(j), then (5.11) and Lemma 5.7 imply

)
m(j), = 7 (j +(]))l 1,
(

and we are done. If [ < T+(]) and [+ 1 € supp(j*(

j)) we again have
() =m G (1)), =1
and we are done. Otherwise we have (/4 1) € supp(j), and
7 (§); = (L y (L +1) = 1), (0 (D) = m (Lt (D)

which gives,

(), = (1 — g2t =4y (] _ gi=2r+t=2(11)+2,) =)
and

7§ () = (1 g2 D)1 — g 2002,
Let

ly=max{l' :j <l <L,I' € supp(j)}.
Then, Iy + 1 € supp(j*(j)) and
() (D) = gy (o +1) + 1= (lo + 1), (lo) = (1 +1) = 1.

In particular,

(J);, = (b, (Do), and 7r,(j+(j)),0 = (lo + 1,50y (lo +1) — 1),
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Since [y < [, the induction hypothesis gives

”r(j)lg = Wr(.i+(j))lo
which implies that
LJ+(]-)(I() + 1) =i—r—n+1l+ Lj(l()) + 2.

It follows that m,(j*(j)), = m,(j), and the proof of the Proposition is complete. &

6.12 Proof of Proposition 5.5. For this proof it is necessary to indicate that
supp®(j) depends on r and so from now on, if j € Jx, we denote the set supp™(j) by
supp;- (j). We also assume that the representatives of the equivalence classes of Jy,
are chosen so that supp, (j) = (. We will show that

dim Vg, j.o) > il =227 01 ¥ j € J, satistying supp; (j) = 0.

We proceed by induction on M = (i — r)/2 noting that induction starts at M = 0. For
the inductive step, assume that we know the result for all M’ < M, i.e., we know that
for all s € I;, s > r we have

dim Vi ), 5.1y 2 229 01V j € 3, satisfying supp; (§') = 0.

Given j € supp; (j), let j’ € Jk_1 42 be the partition whose support is given by,

supp(j') = {/ +2:r <j < oj (j), /' € supp(§)} U {J € supp(j) : o} (j) < < n}.
Observe that
supp, (') = 0,
and
supp,,(i") = {/' +2:r <j <o (j), /' € supp, (j)} U{j’ € supp; (j) : o (j) <]
< n}.
This gives,

o (j) > j = Isupp,;,(i")| = [supp, (j)l,

o (j) = j = Isupp, ., (i) = Isupp, () — 1.

The inductive step is proved if we show that,

O';L(]) >]:>d1mV L ()m () >d1mV T () ria (1)

O';»(])_]:>d1mv7r ()7 G,%) >2d1mV+20 Y (i)

Set I = o' (j). Using Lemma 5.2 we find that,

Tr+2Al(7|'r+2 (j’)ﬂ-r+2( :I:)) ( )7rr(J, )al’qlltfifH»Zr,j(l)—él,
and that

(Tr+2‘l(7rr+2(j/)7rr+2(jl, :t)))/ — (1 _ q2n7i71+21/j(1>74u)(1 _ qi+172r721,j(1)u).
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It now follows from Proposition 1.9 that dim V7. )z, ) = dim V). i +). Further,

o (j) = = (Traa(mra ()2, £)), = (1 - ¢" 2w,

and we are done by using Proposition 1.9 once more. O
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