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Abstract We give closed formulae for the q-characters of the fundamental rep-
resentations of the quantum loop algebra of a classical Lie algebra, in terms of a
family of partitions satisfying some simple properties. We also give the multiplicities
of the eigenvalues of the imaginary subalgebra in terms of these partitions.
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1. Introduction

In this paper we study the q-characters of the fundamental finite-dimensional rep-
resentations of the quantum loop algebra Uq associated to a classical simple Lie
algebra. The notion of q-characters defined in [7] is analogous to the usual notion of
a character of a finite-dimensional representation of a simple Lie algebra. These
characters and their generalizations have been studied extensively [6, 9, 11] using
combinatorial and geometric methods. A more representation theoretic approach
was developed in [4]. In particular, that paper approached the problem of studying
whether the q-characters admitted a Weyl group invariance which was analogous to
the invariance of characters of finite-dimensional representations of simple Lie
algebras. In the quantum case, it is reasonable to expect that the Weyl group be
replaced by the braid group, [2, 3, 7] but it is easy to see that this is false even for sl2.
However, it was shown in [4] that in a suitably modified way, the q-characters of the
fundamental representations of the quantum loop algebra of a classical Lie algebra do
admit an invariance under the braid group action. It was also shown that the q-char-
acter of such representations could then be calculated in a certain inductive way.
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In this paper, we use that inductive method to give closed formulas for the q -
characters of all the fundamental representations of the quantum loop algebras of a
classical simple Lie algebra. To describe the results a bit further, recall that the quan-
tum loop algebra admits a commutative subalgebra Uqð0Þ corresponding to the imag-
inary root vectors. Any finite-dimensional representationV of the quantum loop
algebra, breaks up as a direct sum of generalized eigenspaces for the action of Uqð0Þ.
These are called the ‘-weight spaces and the eigenvalues corresponding to the non-
zero eigenspaces are called the ‘-weights of the representation. The ‘-weights lie in a
free abelian multiplicative group Pq . Let Z½Pq� be the integral group ring over Pq

and for $$ 2 Pq, let V$$ be the corresponding eigenspace of V . The element of Z½Pq�
defined by,

ch‘ðVÞ ¼
X

$$2Pq

dimðV$$Þ eð$$Þ;

is called the q -character of V . If P is the usual weight lattice of the simple Lie
algebra, then it was shown in [4] that there exists a canonical group homomorphism
wt : Pq ! P.

Assume now that V is a fundamental representation of the quantum loop
algebra. Roughly speaking, this means that V corresponds to a canonical generator
of Pq . It was shown in [4] that the problem of determining the ‘-weights of V is
reduced to determining V$$ where wtð$$Þ is in the dominant chamber Pþ of P .
Assume from now on that wtð$$Þ 2 Pþ. We give explicit formulas for$$ withV$$ 6¼ 0.
In the case of Bn, Cn, we see as a consequence that dim V$$ ¼ 1 (this was proved by
different methods in [9]). In the case of Dn it can happen that dimðV$$Þ > 1 and we
compute this dimension in Section 5. The idea is to show that every ‘-weight $$
comes from a partition j with certain properties and we find that dim V$$ ¼ 2M j

where M j is defined in a canonical way in Section 5.

2. Preliminaries

2.1. Let g be a complex finite-dimensional simple Lie algebra of rank n and let h be a
Cartan subalgebra of g. Set I ¼ f1; 2; � � � ; ng and let f�i : i 2 Ig (resp. f!i : i 2 Ig) be
the set of simple roots (resp. fundamental weights) of g with respect to h. Let also �̆̆�i

denote the simple co-roots. As usual, Q, (resp. P) denotes the root (resp. weight)
lattice of g, Qþ ¼

Pn
i¼1 N�i , and Pþ ¼

Pn
i¼1 N!i . Let W be the Weyl group of g

generated by simple reflections fsi : i 2 Ig. For w 2W , let ‘ðwÞ denote the length of
a reduced expression for w. Given � ¼

P
i2I �i!i

2 Pþ let W ð�Þ be the subgroup of W
generated by fsi : i 2 I ; �i ¼ 0g and let W� be the set of left coset representatives
of W=W ð�Þ of minimal length. The braid group B associated to g is generated by
elements Ti, i 2 I and relations

TiTj ¼ TjTi; if aij ¼ 0;

TiTjTi ¼ TjTiTj; if aijaji ¼ 1;

ðTiTjÞ2 ¼ ðTjTiÞ2; if aijaji ¼ 2;

ðTiTjÞ3 ¼ ðTjTiÞ3; if aijaji ¼ 3;

where i; j 2 f1; 2; � � � ; ng and A ¼ ðaijÞ 1 � i; j � n is the Cartan matrix of g. For i 2 I,
fix integers di 2 N minimal such that diaij ¼ djaji for all j 2 I . Given w 2W and a
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reduced expression w ¼ si1 � � � sik let Tw ¼ Ti1 � � �Tik be the corresponding element of
B. It is well-known that Tw is independent of the choice of the reduced expression.

2.2. Let q 2 C� and assume that q is not a root of unity. For r;m 2 N, m � r ,
define complex numbers,

½m�q ¼
qm � q�m

q� q�1
; ½m�q! ¼ ½m�q½m� 1�q . . . ½2�q½1�q;

m

r

� �

q

¼
½m�q!

½r�q!½m� r�q!
:

Set qi ¼ qdi and ½m�i ¼ ½m�qi
.

Let Pq be the (multiplicative) subgroup of CðuÞn generated by the elements, wi;a,
i 2 I, a 2 C�, where wi;a is the n-tuple of elements in CðuÞ whose ith entry is 1� au
and all other entries 1. The elements wi;a are called ‘-fundamental weights. It is
obvious that Pq is generated freely as an abelian group by the fundamental ‘ -
weights. Pq is called the ‘-weight lattice. Given any element $$ 2 Pq and 1 � j � n,
let $$j be the jth entry of $$.

Let Pþq be the monoid generated by 1 and the elements wi;a, i 2 I, a 2 C�, clearly
Pþq consists of n-tuples of polynomials with constant term one and an element of Pþq
is called an ‘-dominant weight. Let wt : Pq ! P be the group homomorphism de-
fined by extending, wtðwi;aÞ ¼ wi:

The group B acts on onPq as follows [2, 3, 7]: For i 2 I and $$ ¼ ð$1; � � � ; $nÞ 2 Pq,
we have

ðTi$$Þj ¼ $j; if aji ¼ 0;

ðTi$$Þj ¼ $jðuÞ$iðqiuÞ; if aji ¼ �1;

ðTi$$Þj ¼ $jðuÞ$iðq3uÞ$iðquÞ; if aji ¼ �2;

ðTi$$Þj ¼ $jðuÞ$iðq5uÞ$iðq3uÞ$iðquÞ; if aji ¼ �3;

ðTi$$Þi ¼
1

$iðq2
i uÞ

:

For i 2 I, set

!i;a ¼ ðTiðwi;aÞÞ�1wi;a;

and let Qq be the subgroup of Pq generated by the !i;a. Let Qþq the monoid generated
by 1 and �i;a, i 2 I, a 2 C�, and Q�q ¼ ðQþq Þ

�1.

2.3. The quantum loop algebra Uq of g is the algebra with generators x�i;r (i 2 I ,
r 2 Z), Ki

�1 (i 2 I), hi;r (i 2 I, r 2 Znf0g) and the following defining relations:

KiK
�1
i ¼ K�1

i Ki ¼ 1; KiKj ¼ KjKi;

Kihj;r ¼ hj;rKi;

Kix
�
j;rK

�1
i ¼ q

�aij

i x�j;r;

½hi;r; hj;s� ¼ 0; ½hi;r; x
�
j;s� ¼ � 1

r ½raij�qi x�j;rþs;

x�i;rþ1x�j;s � q
�aij

i x�j;sx
�
i;rþ1 ¼ q

�aij

i x�i;rx
�
j;sþ1 � x�j;sþ1x�i;r;

½xþi;r; x�j;s� ¼ �i; j
 þ

i;rþs
� �

i;rþs

qi�q�1
i

;

X

�2@m

Xm

k¼0

ð�1Þk
m

k

� �

i

x�i;r�ð1Þ . . . x�i;r�ðkÞx
�
j;sx
�
i;r�ðkþ1Þ

. . . x�i;r�ðmÞ ¼ 0; if i 6¼ j;
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for all sequences of integers r1; . . . ; rm, where m ¼ 1� aij, @m is the symmetric group
on m letters, and the  �i;r are determined by equating powers of u in the formal
power series

X1

r¼0

 �i;�ru
�r ¼ K�1

i exp �ðqi � q�1
i Þ
X1

s¼1

hi;�su
�s

 !
:

Let UqðgÞ be the subalgebra of Uq generated by the elements x�i;0, Ki
�1 for 1 � i � n.

2.4. For i 2 I, set

h�i ðuÞ ¼
P1

k¼1

q�khi;�k

½k�i
uk;

and define elements Pi;�k, i 2 I, k 2 Z, k � 0, by the generating series,

P�i ðuÞ ¼
X1

k¼0

Pi;�kuk ¼ expð�h�i ðuÞÞ: ð1:1Þ

Let U�q ð0Þ be the subalgebra of Uq generated by the elements hi;�k i 2 I, k 2 Z,
k > 0, or equivalently, the subalgebra generated by the elements Pi;�k, i 2 I, k 2 Z,
k > 0, and let Uqð0Þ be the subalgebra generated by U�q ð0Þ. An element $$ ¼
ð$1; � � � ; $nÞ 2 Pq can be regarded as an element of HomðUqð0Þ;CÞ by extending
the assignment,

$$ðP�i ðuÞÞ ¼ $�i ðuÞ;

where $þi ðuÞ ¼ $i, $
�
i ¼ udeg$i$iðu�1Þ=ðudeg$i$iðu�1ÞÞju¼0.

2.5. Given a Uq -module V and � ¼
P

i �i!i 2 P, set

V� ¼ fv 2 V : Ki:v ¼ q
�i

i v; 8 i 2 Ig:

We say that V is a module of type 1 if

V ¼
M

�2P

V�:

Set

wtðVÞ ¼ f� 2 P : V� 6¼ 0g;

and given v 2 V� set wtðvÞ ¼ �. An element $$ 2 Pq is an ‘-weight of V if there exists
a non-zero element v 2 V such that

ðPi;�r � ð$�i ÞrÞ
Nv ¼ 0; N � Nði; r; vÞ 2 Zþ;

for all i 2 I and r 2 Zþ and v is called an ‘-weight vector in V with ‘-weight $$. Let V$$

be the subspace of V spanned by ‘-weight vectors with ‘-weight $$. If V is a finite-
dimensional Uq-module, then,

V ¼ 	$$2Pq
V$$; V� ¼ 	$$2Pq

V$$ \ V�:
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Denote by wt‘ðVÞ the set of ‘-weights of V and define wt‘ðvÞ in the obvious way.

2.6. Let Cq be the category of finite-dimensional Uq-modules of type 1. A module
V 2 Cq is ‘-highest weight with ‘-highest weight $$ 2 Pq if there exists a non-zero
vector 0 6¼ v 2 V such that V ¼ Uqv and,

xþi;rv ¼ 0; P�i ðuÞv ¼ ð$$Þ
�
i v; K�1

i v ¼ q�wt$$ð�̆̆�iÞv; ðx�i;rÞ
wt$$ð�̆�̆iÞþ1v ¼ 0; ð1:2Þ

for all i 2 I, r 2 Z. The element v is called the ‘-highest weight vector.
Any ‘-highest weight module has a unique irreducible quotient which is also a

highest weight module with the same highest weight. There exists a bijective
correspondence between elements of Pþq and isomorphism classes of irreducible
finite-dimensional modules, [5]. Given w 2 Pþq , let VðwÞ 2 Cq be an element in the
corresponding isomorphism class, and let vw be the ‘-highest weight vector. Then,
VðwÞwt w ¼ Cvw:

2.7. From now on we suppose g is of classical type, i.e., g is of type An, Bn, Cn or
Dn. The following result was proved in [4].

THEOREM. Let i 2 I, a 2 C� and V ¼ Vðwi;aÞ. Assume that $$ 2 wt‘ðVÞ is such
that wtð$$Þ ¼ � 2 Pþ.

(i) For all w 2W� we have

dimðV$$Þ ¼ dimðVTw$$Þ;

and

Twðwt‘ðV�ÞÞ ¼ wt‘ðVw�Þ:

(ii) Suppose that $ 6¼ wi;a. There exists $$ 0 2 wt‘ðVÞ, � ¼ wtð$$0Þ 2 Pþ, w 2W�, j 2 I
with ‘ðsjwÞ ¼ ‘ðwÞ þ 1, and c 2 C� such that

ðTwð$$0ÞÞj ¼ ð1� cuÞð1� c0uÞ and $$ ¼ Twð$$0Þð!j;cÞ�1

for some c0 6¼ cq2
j , and

dimðV$$Þ � 2 if c ¼ c0:

Further, for all v 2 VTwð$$0Þ and s 2 Z,

x�j;sv 2 V$$ þ VTwð$$0Þð!j;c0 Þ
�1 : ð1:3Þ

COROLLARY. We have

ch‘ðVÞ ¼
X

�2Pþ

X

w2W�

X

$$2wt‘ðV�Þ
ðdim V$$ÞeðTwð$$ÞÞ:

From now on, we will let $$ also denote the element eð$$Þ of Z½Pq�. Notice that
since the group Pq is multiplicative, this should cause no confusion.
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2.8. It follows from the corollary that if Vðwi;aÞ is a minuscule representation of g,
i.e., Vðwi;aÞ� ¼ 0 for all � 2 Pþ with � < !i, then

ch‘ðVðwi;aÞÞ ¼
X

w2W!i

Twðwi;aÞ:

It follows from [5] that this is the case for all fundamental representations of An, the
spin nodes for the orthogonal algebras, and the natural representations of Cn and Dn.
In the rest of the paper we consider the remaining cases.

2.9. We conclude this section with a stronger version of Theorem 1.7(ii). Let
Uqj
ðbggjÞ be the subalgebra of Uq generated by the elements x�j;m, hj;s, Kj

�1, m; s 2 Z,
s 6¼ 0. It is known that Uqj

ðbggjÞ is isomorphic to Uqj
ðbslsl2Þ.

PROPOSITION. Let i 2 I , a 2 C� , V ¼ Vðwi;aÞ . Let $$0 2 wt‘ðVÞsatisfy the fol-
lowing: � ¼ wtð$$0Þ 2 Pþ,

ðTwð$$0ÞÞj ¼ ð1� cuÞð1� c0uÞ;

for some c0 6¼ cqj
2 and w 2W�; j 2 I satisfying ðwð�Þ � �jÞ 2 Pþ: Set, $$ ¼ Twð$$0Þ �

ð!j;cÞ�1: Then

dimðV$$Þ � dimðV$$0 Þ:

Moreover, if c ¼ c0, then

dimðV$$Þ � 2 dimðV$$0 Þ:

Proof. First note that if � ¼ wtð$$0Þ 2 Pþ then � ¼ !r for some r � i, (see [4,
Section 1] for instance). Further, since w 2W and j 2 I are such that ‘ðsjwÞ ¼ ‘ðwÞ þ
1 it follows that w!r þ �j =2wtðVÞ. Since wtðTwð$$ 0ÞÞ ¼ w!r, it follows that

xþj;mVTwð$$0Þ ¼ 0; 8 m 2 Z:

Choose a basis fv1; � � � ; vpg of VTw
ð$$ 0Þ such that

Uqð0Þvm 2
X

s�m

CðqÞvs:

Let Um ¼ Uqj
ðbggjÞvm . Then Um=Um�1 is an ‘-highest weight module for Uqj

ðbggjÞvm

with highest weight ð1� cuÞð1� c0uÞ and hence by [4, 7] there exists a unique (up to
scalar multiple) non-zero element in the span of fx�j;rvm : r 2 Zg which is an eigen-
vector (modulo Um�1 ) for the Pj;r with eigenvalue $j if c 6¼ c0 and two linearly in-
dependent elements if c ¼ c0. Equation (1.3) of Theorem 1.7(ii) now implies that such
vectors are in V$$ and hence the proposition is proved. Ì

Remark. It will actually follow from Theorem 2.3 and its proof that equality
holds in Proposition 1.9.
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3. Closed Formulae for q-Characters

In this section we state the main theorem which gives closed formulas for the ‘-
weights $$ with wtð$$Þ 2 Pþ of the fundamental representations of quantum affine
algebras.

3.1. Assume that the Dynkin diagram of g is labeled as in [1]. Throughout this
section we shall assume that we have fixed an integer i such that

1 < i � n if g ¼ Cn;
1 � i < n if g ¼ Bn;

1 < i � n� 2 if g ¼ Dn:

Define a subset Ii of I by,

Ii ¼ fr : 0 � r � ig; if g ¼ Bn; ð2:1Þ

¼ fr : 0 � r � i; r � i mod 2g; if g ¼ Cn;Dn: ð2:2Þ

From now on, given r 2 Ii, we shall denote by M the greatest integer less than or
equal to ði� rÞ=2.

3.2. For r 2 Ii, let Jk;r be the set of partitions r < j1 < j2 < � � � < jk � n of length k
and satisfying

js � n� iþ r þ 2s� 1; 1 � s � k; if g ¼ Cn;
jk < n; if g ¼ Dn:

Set

Jr ¼ JM;r if g ¼ Cn; ð2:3Þ

¼ [0�k�MJk;r if g ¼ Bn;Dn; ð2:4Þ

where J0;r consists of the empty partition.
3.3. Given j 2 I, r 2 Ii and an integer 2d1s 2 N, define elements :rð j; sÞ 2 Pq by

:rð j; sÞ ¼ w�1
j;q

iþj�2s�2r

1

w
j;q

h�i�jþ2s

1

;

where h is the dual Coxeter number of g if g is of type Bn or Dn and is twice the dual
Coxeter number if g is of type Cn. Given j 2 Jr, set

:rð jÞ ¼ wr;qr�i
1

Yk

s¼1

:rð js � 1; s� 1Þ:�1
r ð js; sÞ; if either g ¼ Cn or jk < n;

¼ wr;qr�i
1

Yk�1

s¼1

:rð js � 1; s� 1Þ:�1
r ð js; sÞ

 !
:rðn� 1; k� 1Þ

� :�1
r ðn; k� 1=4Þ; if g ¼ Bn and jk ¼ n;

¼ wr;qr�i

Yk

s¼1

:rð js � 1; s� 1Þ:�1
r ð js; sÞ

 !
:�1

r ðn; kþ 1=2Þ;

if g ¼ Dn and jk ¼ n� 1:
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where n ¼ n (resp. n ¼ n� 1) if g ¼ Bn (resp. if g ¼ Dn). We understand that if j is
the empty partition, then :rð jÞ ¼ wr;qr�i

1
and, if r ¼ 0, that w 0;a ¼ 1 and !0 ¼ 0.

If g is of type Bn, define :rð j; *Þ 2 Pq by

:rð j; *Þ ¼ wn;q2ðn�iþ2kÞ�1 w�1
n;q2ðnþi�2k�2rÞ�1 ; if k 6¼M and jk 6¼ n;

¼ 1; otherwise:

If g is of type Dn, define elements :rðj;�Þ 2 Pq by

:rðj;þÞ ¼ wn;qn�iþ2k�1 w�1
n;qnþi�2r�2k�1 ;

:rðj;�Þ ¼ wn�1;qn�iþ2k�1 w�1
n�1;qnþi�2r�2k�1 :

THEOREM. Let V ¼ Vðwi;1Þ.

(i) If g is of type Cn, the assignment Jr ! Pq defined by j 7! :rð jÞ is injective and
the image is wt‘ðV!r

Þ. In particular,

ch‘ðVÞ ¼
X

r2Ii

X

w2W!r

X

j2Jr

Twð:rðjÞÞ:

(ii) If g is of type Bn, the assignment Jr ! Pq defined by j 7! :rðjÞ:rðj; *Þ is injective
and the image is wt‘ðV!r

Þ. In particular,

ch‘ðVÞ ¼
X

r2Ii

X

w2W!r

X

j2Jr

Twð:rðjÞ:rðj; *ÞÞ:

(iii) If g is of type Dn, then

wt‘ðV!r
Þ ¼ f:rðjÞ:rðj;�Þ : j 2 Jk;r; 0 � k < Mg [ f:rðjÞ : j 2 JM;rg:

Moreover

ch‘ðVÞ¼
X

r2Ii

X

w2W!r

X

j2JrnJM;r

Twð:rðjÞ:rðj;þÞÞ þ Twð:rðjÞ:rðj;�ÞÞð Þ þ
X

j2JM;r

Twð:rðjÞÞ

0
@

1
A:

We prove the theorem in the next three sections using Theorem 1.7 in an induc-
tive way.

4. The Case of Cn

4.1. Observe that the set Jr depends on n; i; r and it will be necessary for the proofs to
write Jr as JrðiÞ. Notice moreover that

ð j1; � � � ; jMÞ 2 JrðiÞ , ð j2; � � � ; jMÞ 2 Jj1ði� r þ j1 � 2Þ; ð3:1Þ

and also that

ð j1; � � � ; jM�1Þ 2 Jrþ2ðiÞ , ð j1 � 2; j2 � 2; � � � jM�1 � 2; jMÞ 2 JrðiÞ 8 jM�1 � 2 < jM < n:

ð3:2Þ
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LEMMA. We have

jJrðiÞj ¼
n� r

M

� �
� n� r

M � 1

� �
¼ dim Vð!iÞ!r

:

Proof. It suffices to prove the first equality, the second being well-known
(see [8] for instance). If M ¼ 0; 1 the result clearly holds for all n 2 N and 1 �
i � n . Assume now that we know the result for all M0 < M, n 2 N, and 1 � i � n. By
(3.1) we get,

jJrðiÞj ¼
Xn�2Mþ1

j¼rþ1

jJj1ði� r þ j1 � 2Þj ¼
Xn�2Mþ1

j¼rþ1

n� j
M � 1

� �
� n� j

M � 2

� �� �
;

where in the last equality we used the induction hypothesis. The identity

m
l

� �
¼ m� 1

l

� �
þ m� 1

l � 1

� �
; 1 � l � m� 1;

now gives the result. Ì

4.2.

LEMMA. The map j 7!��rðjÞ from JrðiÞ ! Pq is injective.

Proof. We proceed by induction on M . Suppose that ��rðjÞ ¼ �rðj0Þ for some
j; j0 2 JrðiÞ. Writing j ¼ ð j1; � � � ; jMÞ and j0 ¼ ð j01; � � � ; j0MÞ and comparing the ð j1 � 1Þth
entries in ��rðjÞ and ��rðj0Þ we find that j1 ¼ j01 . This proves that induction starts at
M ¼ 1. The inductive step follows by (3.1). Ì

4.3. For r > 1 and r � 1 � j < n define elements wr; j 2W and Tr; j 2 BðgÞ by

wr; j ¼ sj�1sj�2 � � � sr�1sjþ1sjþ2 � � � sn�1sn � � � sr;

Tr; j ¼ Twr;j
:

It is not hard to check (see [10] for instance) that wr; j 2W!r
.

The next proposition is a straightforward if a somewhat tedious computation.

PROPOSITION.

(i) For all r 2 I, and r � 1 � j < n, we have

wr; j!r ¼ !r�2 þ �j:

(ii) Tr; jð!!l;aÞ ¼
!!l�2;aq2!!�1

j�1;aqj�lþ3!!j;aqj�lþ2!!j;aq2n�j�lþ2!!�1
jþ1;aq2n�j�lþ3 ; if r � l � j;

!!l;aq2!!j;aql�j!!j;aq2n�j�lþ2!!�1
jþ1;aql�jþ1!!

�1
jþ1;aq2n�j�lþ3 ; if l > j:

(

ð3:3Þ

4.4. Part (i) of Theorem 2.3 now follows from Lemma 3.2 and the next
proposition.
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PROPOSITION. We have

wt‘ðV!r
Þ ¼ f��rðjÞ : j 2 Jrg; ð3:4Þ

and

dim V��rðjÞ ¼ 1 for all j 2 Jr: ð3:5Þ

Proof. Recall from [5] that

V ffi Vð!iÞ

as UqðgÞ-modules. It suffices to prove that,

f��rðjÞ : j 2 Jrg � wt‘ðV!r
Þ; ð3:6Þ

since Lemma 3.1 and Lemma 3.2 then imply both (3.4) and (3.5).
To prove (3.6) we proceed by induction on M with induction beginning at M ¼ 0.

Assume that we know the result for M � 1. To prove the inductive step it follows
from (3.2) that if j ¼ ðj1; � � � ; jMÞ 2 Jr then j0 ¼ ðj1 þ 2; � � � ; jM�1 þ 2Þ 2 Jrþ2 . The
induction hypothesis implies that ��rþ2ðj0Þ 2 wt‘ðVÞ and hence by Theorem 1.7 we
see that Trþ2; jð��rþ2ðj0ÞÞ 2 wt‘ðVÞ for all r < j < n.

Using Proposition 3.3(ii) we find that

Trþ2; jð��rþ2ðj0ÞÞ ¼ ��rðjÞ��j;q2nþi�j�2r�2M ;

and also that the jth-coordinate of Trþ2; jð��rþ2ðj0ÞÞ is

ð1� qiþj�2r�2MuÞð1� q2nþi�j�2r�2MuÞ:

Hence by Theorem 1.7(ii) we see that

��rðjÞ ¼ Trþ2; jð��rþ2ðj0ÞÞ���1
j;q2nþi�j�2r�2M 2 wt‘ðV!r

Þ: Ì

5. The Case of Bn

5.1.

LEMMA. We have

jJrj ¼
XM

k¼0

n� r
k

� �
¼ dim V!r

:

Proof. The first equality is clear. For the second, recall that it was proved in
[5] that V ffi 	

½i=2�

l¼0
Vð!i�2lÞ as UqðgÞ-modules. Since

dim Vð!jÞ!r
¼ n� r

½j�r
2 �

� �
; j < n;
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it follows that

dim V!r
¼
XM

l¼0

n� r
½i�2l�r

2 �

� �
¼
XM

k¼0

n� r
k

� �
: Ì

5.2.

LEMMA. The map j 7! ��rðjÞ��rðj; *Þ from Jr to Pq is injective.

Proof. Suppose that 0 � k; k0 �M, j; j0 2 Jr, j ¼ ð j1; � � � ; jkÞ, j0 ¼ ð j01; � � � ; j0k0 Þ are
such that

��rðjÞ��rðj; *Þ ¼ ��rðj0Þ��rðj0; *Þ: ð4:1Þ

We first show that k ¼ k0. For this, notice that for any j00 ¼ ð j001 ; � � � ; j00k00 Þ 2 Jr we have

ð��rðj00Þ��rðj00; *ÞÞn ¼ 1() k00 ¼M and j00k00 < n:

Hence, ð��rðjÞ��rðj; *ÞÞn ¼ 1 implies k ¼ k0 ¼M. Otherwise, the equation

ð��rðjÞ��rðj; *ÞÞn ¼ ð��rðj0Þ��rðj0; *ÞÞn

gives that either jk; j
0
k0< n or jk ¼ j0k0 ¼ n. In the first case we get ��rðj; *Þn ¼ ��rðj0;*Þn

and in the second case we get ��rðjÞn ¼ ��rðj0Þn. In any case it follows that k ¼ k0.
Now, suppose j 6¼ j0 and let 1 � s0 � n be minimal such that js0

6¼ j0s0
. Assume with-

out loss of generality that j0s0
> js0

. This means that j0s0�1 ¼ js0�1 < j0s0
� 1 and hence

��rðj0Þj0s0
�1 ¼ ð1� q

2n�i�j0s0
þ2s0�2

1 uÞð1� q
iþj0s0

�2s0�2rþ1

1 uÞ�1 6¼ 1: ð4:2Þ

We claim now that there exists s1 � s0 such that js1
¼ j0s0

� 1. Assuming the claim, we
get a contradiction to the fact that j 6¼ j0 as follows. Since

��rðj0Þj0s0
�1 ¼ ð1� q

iþj0s0
�2s1�2r�1

1 uÞð1� q
2n�i�j0s0

þ2s1

1 uÞ�1 ¼ ��rðjÞjs1
;

comparing with (4.2) gives

2n� i� j0s0
þ 2s0 � 2 ¼ iþ j0s0

� 2s1 � 2r � 1;

which is obviously impossible. To prove the claim, set

s1 ¼ maxf1 � s � k : js < j0s0
g:

The claim follows if we prove that js1þ1 > j0s0
. The maximality of s1 implies that

js1þ1 � j0s0
and hence it suffices to prove that js1þ1 6¼ j0s0

. If js1þ1 ¼ j0s0
then the same

argument that gave (4.2) gives,

��rðjÞjs1þ1�1 ¼ ð1� q
2n�i�js1þ1þ2ðs1þ1Þ�2

1 uÞð1� q
iþj0

s1þ1
�2ðs1þ1Þ�2rþ1

1 uÞ�1 6¼ 1;

which implies that s1 þ 1 ¼ s0 contradicting s1 � s0. Ì
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5.3. For r > 0 and r � j < n define elements wr; j 2W!r
by,

wrþ1; j ¼ sj�1sj�2 � � � srsjþ1sjþ2 � � � sn�1sn � � � srþ1;

wr;n ¼ sn�1 � � � sr;

Tr; j ¼ Twr; j
:

The proof of the next proposition is along the same lines as the proof of Proposition
3.3 and we omit the details.

PROPOSITION.

(i) For all r 2 Infng and r � 1 � j < n we have

wr; j!r ¼ !r�2 þ �j and wr;n!r ¼ !r�1 þ �n:

(ii) For r � 1 � j < n� 1 and r � l < n we have:

Tr; jð!!l;1Þ ¼
!!l�2;q2

1
!!�1

j�1;q
j�lþ3

1

!!
j;q

j�lþ2

1

!!
j;q

2n�j�l�1

1

!!�1
jþ1;q

2n�j�l

1

; if l � j;

!!l;q2
1
!!

j;q
l�j

1

!!
j;q

2n�j�l�1

1

!!�1
jþ1;q

l�jþ1

1

!!�1
jþ1;q

2n�j�l

1

; if l > j:

8
<

: ð4:3Þ

Further,

Tr; jð!!n;q�1Þ ¼ !!
j;q

n�j�1
1

!!�1
jþ1;q

n�j

1

!!n;q3 ;

Tr;n�1ð!!l;1Þ ¼ !!l�2;q2
1
!!�1

n�2;qn�lþ2
1

!!n�1;qn�lþ1
1

!!n�1;qn�l
1
!!�1

n;q2ðn�lÞþ1!!
�1
n;q2ðn�lÞþ3 ;

Tr;n�1ð!!n;q�1Þ ¼ !!n�1;1!!
�1
n;q;

Tr;nð!!l;1Þ ¼ !!l�1;q1
!!�1

n�1;qn�lþ1
1

!!n;q2ðn�lÞ�1!!n;q2ðn�lÞþ1 :

ð4:4Þ

5.4. To prove Theorem 2.3(ii) we proceed by induction on M. Induction clearly
begins when M ¼ 0. The inductive step is immediate from the following proposition,
Lemma 4.1, and Lemma 4.2.

PROPOSITION. Assume that M > 0 and let j ¼ ð j1; � � � ; jkÞ 2 Jr.

(i) If k < M and jk < n we have:

��rðjÞ��rðj; *Þ ¼ Trþ1;nð��rþ1ðj0Þ��rþ1ðj0; *ÞÞ��1
n;a 2 wt‘ðV!r

Þ;

where j0 ¼ ð j1 þ 1; � � � ; jk þ 1Þ 2 Jrþ1 and a ¼ q2ðnþi�2r�2kÞ�3.
(ii) If jk ¼ n, we have

��rðjÞ��rðj; *Þ ¼ Trþ1;nð��rþ1ðj0Þ��rþ1ðj0; *ÞÞ���1
n;a 2 wt‘ðV!r

Þ;

where j0 ¼ ð j1 þ 1; � � � ; jk�1 þ 1Þ 2 Jrþ1 and a ¼ q2ðn�iþ2kÞ�5 .
(iii) If k ¼M and jk < n, then

��rðjÞ��rðj; *Þ ¼ Trþ2; jð��rþ2ðj0Þ��rþ2ðj0; *ÞÞ��1
j;a 2 wt‘ðV!r

Þ;

where j0 ¼ ð j1 þ 2; � � � ; jk�1 þ 2Þ 2 Jrþ2 , a ¼ q
2n�j�r�3
1 , and j ¼ jk.
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Proof. Observe first that it is clear that the elements j0 defined in the pro-
position are in Jrþ1 in the first two cases and in Jrþ2 in the third case. The fact that
��rðjÞ��rðj; *Þ and ��rþ1ðj0Þ��rþ1ðj0; *Þ (resp. ��0rþ2ðj

0Þ��rþ2ðj0; *ÞÞ are related as in the
proposition is again a tedious but simple checking using the formulas in Proposition
4.3(ii). The main point is to notice that this implies ��rðjÞ��rðj; *Þ 2 wt‘ðV!r

Þ. For that,
one observes that the calculation gives, respectively:

(i) ðTrþ1;nð��rþ1ðj0Þ��rþ1ðj0; *ÞÞÞn
¼ ð1� q2ðnþi�2r�2kÞ�3uÞð1� q2ðn�iþ2kÞ�1uÞ; if jk ¼ n� 1 or k < M � 1=2;

¼ ð1� q2ðnþi�2r�2kÞ�3uÞð1� q2ðnþi�2r�2kÞ�5uÞ if jk < n� 1 and k ¼M � 1=2:

(ii) ðTrþ1;nð��rþ1ðj0Þ��rþ1ðj0; *ÞÞÞn ¼ ð1� q2ðn�iþ2kÞ�5uÞð1� q2ðnþi�2r�2kÞþ1uÞ .
(iii) ðTrþ2;jð��rþ2ðj0Þ��rþ2ðj0; *ÞÞÞj ¼ ð1� q

j�r
1 uÞð1� q

2n�j�r�3
1 uÞ .

The result then follows from Theorem 1.7. Ì

6. The Case of Dn

6.1.

LEMMA. We have:

jJM;rj þ 2
XM�1

k¼0

jJk;rj ¼
XM

l¼0

n� r
l

� �
¼ dim V!r

:

Proof. It follows from the definition of Jk;r that

jJk;rj ¼
n� r � 1

k

� �
;

and hence to prove the the first equality we must show that

XM

l¼0

n� r
l

� �
¼ n� r � 1

M

� �
þ 2

XM�1

k¼0

n� r � 1
k

� �
:

Using the binomial identity

n� r
l

� �
¼ n� r � 1

l

� �
þ n� r � 1

l � 1

� �
;

we find that

PM

l¼0

n� r
l

� �
¼ 1þ

PM

l¼1

n� r � 1
l

� �
þ n� r � 1

l � 1

� �� �

¼ 1þ n� r � 1
M

� �
þ
PM�1

l¼1

n� r � 1
l

� �
þ
PM�1

l¼0

n� r � 1
l

� �

¼ n� r � 1
M

� �
þ 2
PM�1

l¼0

n� r � 1
l

� �
:
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For the second equality, recall that it was proved in [5] that as UqðgÞ-modules

V ffi 	
½i=2�

l¼0
Vð!i�2lÞ:

The result now follows since

dim Vð!jÞ!r
¼

n� r

ð j� rÞ=2

� �
; 1 � j � n� 2:

6.2. Given r > 1 and r � 1 � j � n, define elements wr; j 2W!r
by,

wr; j ¼ sj�1sj�2 � � � sr�1sjþ1 � � � sn�2snsn�1 � � � sr; j � n� 2;
¼ sn�2 � � � sr�1sj0sn�2 � � � sr; j; j0 2 fn� 1; ng; j0 6¼ j;

Tr; j ¼ Twr; j
:

PROPOSITION. For all 1 < r � n� 2 and r � 1 � j � n we have:

(i) wr; j!r ¼ !r�2 þ �j.
(ii)

Tr; jð!!l;aÞ ¼

!!l;aq2!!j;aql�j!!j;aq2n�l�2�j!!�1
jþ1;aql�jþ1!!

�1
jþ1;aq2n�l�j�1 ; if j < l;

!!l�2;aq2!!�1
j�1;aqj�lþ3!!j;aqj�lþ2!!j;aq2n�l�j�2!!�1

jþ1;aq2n�l�j�1 ; if l � j � n� 2;

!!l�2;aq2!!�1
n�2;aqn�lþ2!!j;aqn�l�1!!j;aqn�lþ1 ; if j ¼ n� 1; n;

8
>><

>>:

ð5:1Þ
if 1 � l � n� 2 and

Tr; jð!!l;aÞ ¼

!!j;aqn�1�j!!�1
jþ1;aqn�j!!l0;aq2 ; if j < n� 2;

!!n�2;aq!!
�1
l;aq2 ; if j ¼ n� 2;

!!l;a; if j ¼ l;

!!n�3;aq2!!�1
n�2;aq3!!l0;aq2 ; if j ¼ l0;

8
>>>><

>>>>:

ð5:2Þ

if l ¼ n� 1; n, where l0 2 fn� 1; ngnflg.

6.3. The next proposition is proved in a similar manner to the corresponding one
for Bn and Cn. We omit the details this time.

PROPOSITION. For M � 0, we have

f��rðjÞ : j 2 JM;rg [ f��rðjÞ��rðj;�Þ : j 2 Jk;r; 0 � k < Mg � wt‘ðV!r
Þ:

6.4. To complete the proof of Theorem 2.3(iii), we must prove that in fact

f��rðjÞ : j 2 JM;rg [ f��rðjÞ��rðj;�Þ : j 2 Jk;r; 0 � k < Mg ¼ wt‘ðV!r
Þ:

For Dn this is more difficult, since it is no longer true that the maps j 7!��rðjÞ��rðj;�Þ
are injective.
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The next lemma is a simple checking.

LEMMA. Let j 2 Jk;r and j0 2 Jk0;r.

(i) We have ��rðj;�Þ ¼ ��rðj0;�Þ iff k ¼ k0. Moreover, if k ¼M, then ��rðj;�Þ ¼ 1:
(ii) If ��rðjÞ��rðj;þÞ ¼ ��rðj0Þ��rðj0;�Þ, then k ¼ k0. Moreover, if k ¼ k0 < M , then

��rðjÞ��rðj;þÞ 6¼ ��rðj0Þ��rðj0;�Þ.

6.5. Define an equivalence relation � on Jk;r by

j � j0 () ��rðjÞ ¼ ��rðj0Þ:

Let j be the equivalence class of j.

PROPOSITION. Let j 2 Jk;r. Then

dim V��rðjÞ��rðj;�Þ � jjj:

Assuming this proposition the proof of Theorem 2.3(iii) is completed as follows.
For each 0 � k �M, fix a set Sk;r � Jk;r of representatives of the distinct equivalence
classes with respect to �. Proposition 5.5 and Lemma 5.4 imply that

X

j2SM;r

dimðV��rðjÞÞ þ
XM�1

k¼0

X

j2Sk;r

dimðV��rðjÞ��rðj;þÞÞ þ dimðV��rðjÞ��rðj;�ÞÞ
� �

�
X

j2SM;r

jjj þ 2
XM�1

k¼0

X

j2Sk;r

jjj ¼ jJM;rj þ 2
XM�1

k¼0

jJk;rj:

Since V��rðjÞ��rðj;�Þ � V!r
it follows from Lemma 5.1 that

V!r
¼

M

j2SM;r

ðV��rðjÞÞ

0
@

1
A	

MM�1

k¼0

M

j2Sk;r

ðV��rðjÞ��rðj;þÞ 	 V��rðjÞ��rðj;�ÞÞ

0
@

1
A;

which proves Theorem 2.3(iii).

6.6. It remains to prove Proposition 5.5. This requires some combinatorial def-
initions and results which we now establish and which allow us to actually compute
jjj in terms of j 2 Jk;r. Thus we shall see that

jjj ¼ 2Mj ; ð5:3Þ

where Mj ¼ jfs : 1 � s � k; js 2 fn� iþ r þ 2s� 2; n� iþ r þ 2s� 1ggj:
6.7. Recall that a strictly increasing partition n of positive integers of length k is

an increasing sequence 0 < j1 < j2 < � � � < jk of natural numbers. Let

suppðnÞ ¼ f js : 1 � s � kg;

and let �n : suppðnÞ ! N be defined by �nð jÞ ¼ s, if j ¼ js for 1 � s � k. Clearly any
finite subset of N defines a strictly increasing partition.

Given a finite subset S � N and a partition n of length k, let nS be the partition
corresponding to the set,

ðsuppðnÞ nSÞ [ ðS nsuppðnÞÞ:
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Clearly,

nS 6¼ nS0 if S 6¼ S0;

and

ðnSÞS ¼ n; ðnSÞS0 ¼ ðnS0 ÞS ¼ ðnÞS[S0 ; if S \ S0 ¼ ;: ð5:4Þ

We shall adopt the convention that if k; k0 2 Z, then ½k; k0� ¼ fminfk; k0g;
minfk; k0g þ 1; � � � ;maxfk; k0gg. Define also ðk; k0� and ½k0; kÞ in the obvious way.

Associated with a partition n, define functions � �n ; �
�
n : suppðnÞ ! N by,

�þn ð jÞ¼ maxfj0 2 suppðjÞ : j0 � j and j00 � j < 2ð�nð j00Þ � �nð jÞÞ 8 j00 2 suppðjÞ \ ð j; j0�g;
��n ð jÞ¼ minfj0 2 suppðjÞ : j0 � j and j� j00 < 2ð�nð jÞ � �nð j00ÞÞ 8 j00 2 suppðjÞ \ ½ j0; jÞg;

and

��n ð jÞ ¼ jþ 2ð�nð��n ð jÞÞ � �nð jÞÞ � 1:

The following lemma is easy.

LEMMA. Let j 2 suppðnÞ. Then,

jsuppðn½ j;��n ð jÞ�Þj ¼ jsuppðnÞj:

From now on we set

n�ð jÞ ¼ n½ j;��n ð jÞ�; j 2 suppðnÞ: ð5:5Þ

Moreover, if S � suppðnÞ is such that

½ j; ��n ð jÞ� \ ½ j0; ��n ð j0Þ� ¼ ;; 8j 6¼ j0; j; j0 2 S; ð5:6Þ
then set

n�ðSÞ ¼ ðn�ð jÞÞ�ðSnfjgÞ; j 2 S � suppðnÞ: ð5:7Þ

Notice that n�ðSÞ is well-defined by (5.4).
6.8. For a partition n and an integer m > 0, define

suppmðnÞ ¼ fj 2 suppðnÞ : 2�nð jÞ ¼ j�mg:

The following lemma is easy.

LEMMA. Let j 2 suppmðnÞ for some m > 1. Then ��n ð jÞ 2 suppm�1ðn�ð jÞÞ, and

suppm�1ðn�ð jÞÞ ¼ suppm�1ðnÞ t f��n ð jÞg;
suppmðn�ð jÞÞ ¼ suppmðnÞnfjg:

In particular �
n�ð jÞð��n ð jÞÞ ¼ j.

Remark. Notice that n�ðSÞ is well defined for all S � suppmðjÞ. The Lemma then
implies that suppmðn�ðsuppmðnÞÞ ¼ ;.
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6.9. From now on we set

N ¼ n� iþ r � 2; suppþðjÞ ¼ suppNðjÞ; supp�ðjÞ ¼ suppNþ1ðjÞ: ð5:8Þ
Let j 2 Jk;r. The next proposition describes j for j 2 Jk;r.

PROPOSITION. Let j; j0 2 Jk;r. Then,

j � j0 () j0 ¼ ðj�ðS�ÞÞþðSþÞ; ð5:9Þ

for some S� � supp�ðjÞ and Sþ � suppþðj�ðS�ÞÞ. In particular,

jjj ¼ 2jsuppþðjÞjþjsupp�ðjÞj: ð5:10Þ

COROLLARY. Let j 2 Jk;r be such that supp�ðjÞ ¼ ;. Then jjj ¼ 2jsuppþðjÞj and

jJk;r j ¼
X

j 2 Jk;r ;

supp�j ¼ ;

2jsuppþðjÞj:

Notice that (5.10) is immediate from (5.9) and Lemma 5.8.
For the proof, it is useful to notice that,

��rð j; sÞ ¼ 1, 2s ¼ j� ðN þ 1Þ: ð5:11Þ

6.10. We now see that Proposition 5.9 can be deduced from the following.

PROPOSITION. Let j 2 Jk;r. For any S � supp�ðjÞ we have j�ðSÞ � j.

If j0; j 2 Jk;r are related as in the right hand side of (5.9), we have by Proposition
5.10 that,

j � j�ðS�Þ � ðj�ðS�ÞÞþðSþÞ ¼ j0:

For the converse, let j � j0 and assume that

j�ðsupp�ðjÞÞ ¼ j0�ðsupp�ðj0Þ: ð5:12Þ

Set

S� ¼ supp�ðjÞ and Sþ ¼ ��j ðsupp�ðj0ÞÞ:

It follows from Lemma 5.8 that

Sþ � suppþðj0�ðsupp�ðj0ÞÞÞ:

Then, using (5.4), Lemma 5.8 and (5.12) we see that

j0 ¼ j0�ðsupp�ðj0ÞÞð ÞþðSþÞ ¼ ðj�ðS�ÞÞþðSþÞ:

It remains to show that (5.12) is always satisfied if j � j0. Observe that Proposition
5.10 gives

j�ðsupp�ðjÞÞ � j0�ðsupp�ðj0ÞÞ;
and that by Remark 5.8

supp�ðj�ðsupp�ðjÞÞÞ ¼ supp�ðj0�ðsupp�ðj0ÞÞÞ ¼ ;:
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In other words, to prove (5.12) it suffices to prove,

j1 � j2; and supp�ð j1Þ ¼ supp�ð j2Þ ¼ ; ) j1 ¼ j2: ð5:13Þ

Indeed, if j1 6¼ j2 set

j ¼ maxf j0 : j0 2 suppð j1Þ [ suppð j2Þand j0 =2 suppð j1Þ \ suppð j2Þg:
Assume j 2 suppð j1Þ. Then, either jþ 1 2 suppð j1Þ \ suppð j2Þ or jþ 1 =2 suppð j1Þ [
suppð j2Þ. In any case it follows that

��rðj1Þj ¼ ��rð j2Þj ¼ 1:

If jþ 1 =2 suppðj1Þ [ suppð j2Þ then ��rð j1Þj ¼ ��rð j; �j1
ð jÞÞ and (5.11) gives that j 2

supp�ð j1Þ . Otherwise we have ��rð j2Þj ¼ ��rð j; �j1
ð jþ 1Þ � 1Þ and (5.11) shows that

j 2 supp�ð j1Þ in this case as well, contradicting supp�ð j1Þ ¼ ;. This completes the
proof of Proposition 5.9.

6.11. Proof of Proposition 5.10. It clearly suffices to prove the result when S ¼ fjg
since the general case follows by transitivity. We can assume that j 2 suppþð jÞ since
then using Lemma 5.8 the case j � supp�ð jÞ follows. Since,

suppðjÞ \ ½r; j� 1� ¼ suppðjþðSÞÞ \ ½r; j� 1� and

suppðjÞ \ ½� j
þð jÞ þ 1; n� ¼ suppðjþðSÞÞ \ ½� j

þð jÞ þ 1; n�;
it follows immediately that

��rðjÞl ¼ ��rðjþðSÞÞl 8 l 2 ½r; j� 1Þ [ ð�þj ð jÞ; n�:

If l 2 ½ j� 1; �þj ð jÞ� we proceed by induction on l. To see that induction starts at
l ¼ j� 1, observe that

j =2 suppðjþðSÞÞ; 2ð�jð jÞ � 1Þ ¼ ð j� 1Þ � ðN þ 1Þ:
The conclusion follows from (5.11). For the inductive step, assume that

��rðjÞl0 ¼ ��rðjþð jÞÞl0 ; 8 j� 1 � l0 < l � �þj ð jÞ:

Assume first that l 2 suppð jÞ, in particular l < �þj ð jÞ. If ðl þ 1Þ 2 suppðjÞ then,

��rðjÞl ¼ ��rðjþðSÞÞl ¼ 1

and we are done. If ðl þ 1Þ =2 suppð jÞ, then ðl þ 1Þ 2 suppð jþð jÞÞ and we have from
the definition of ��r that,

��rðjÞl ¼ ��rðl; �jðlÞÞl and ��rðjþð jÞÞl ¼ ��rðl; �jþð jÞðl þ 1Þ � 1Þl;
which gives,

��rðjÞl ¼ ð1� qi�2rþl�2�jðlÞuÞð1� q2n�i�lþ2�jðlÞ�2uÞ�1;

and

��rðjþð jÞÞl ¼ ð1� q2n�i�lþ2�jþð jÞðlþ1Þ�4uÞð1� qiþl�2r�2�jþð jÞðlþ1Þþ2uÞ�1:

Let

l0 ¼ minfm � j : m � l00 � l) l00 2 suppðjÞg:
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Then, either l0 ¼ j, in which case we have

�jðlÞ ¼ �jð jÞ þ l � j ¼ ði� r � n� jþ 2l þ 2Þ=2; �jþð jÞðl þ 1Þ ¼ �jð jÞ;

which implies

��rðjÞl ¼ ��rðjþð jÞÞl;

and we are done, or l0 > j. In that case ðl0 � 1Þ 2 suppðjþð jÞÞ, �jðlÞ ¼ �jðl0Þ þ l � l0;
and

��rðjÞl0�1 ¼ ��rðl0 � 1; �jðl0Þ � 1Þl0�1; and

��rðjþð jÞÞl0�1 ¼ ��rðl0 � 1; �jþð jÞðl0 � 1ÞÞl0�1:

Since l0 � 1 < l , the induction hypothesis gives ��rðjÞl0�1 ¼ ��rðjþð jÞÞl0�1 , which im-
plies that

�jþð jÞðl0 � 1Þ ¼ iþ l0 � n� r � �jðl0Þ þ 1

and, therefore,

�jþð jÞðl þ 1Þ ¼ iþ l0 � n� r � �jðl0Þ þ 2:

The conclusion follows.
Finally, suppose that l =2 suppðjÞ. If l ¼ �þj ð jÞ, then (5.11) and Lemma 5.7 imply

��rðjÞl ¼ ��rðjþð jÞÞl ¼ 1;

and we are done. If l < �þj ð jÞ and l þ 1 2 suppðjþð jÞÞ we again have

��rðjÞl ¼ ��rðjþð jÞÞl ¼ 1

and we are done. Otherwise we have ðl þ 1Þ 2 suppðjÞ, and

��rðjÞl ¼ ��rðl; �jðl þ 1Þ � 1Þl; ��rðjþð jÞÞl ¼ ��rðl; �jþð jÞðlÞÞl;

which gives,

��rðjÞl ¼ ð1� q2n�i�lþ2�jðlþ1Þ�4uÞð1� qi�2rþl�2�jðlþ1Þþ2uÞ�1

and

��rðjþð jÞÞl ¼ ð1� qiþl�2r�2�jþð jÞðlÞuÞð1� q2n�i�lþ2�jþð jÞðlÞ�2uÞ:

Let

l0 ¼ maxfl0 : j � l0 < l; l0 2 suppðjÞg:

Then, l0 þ 1 2 suppðjþð jÞÞ and

�jþð jÞðlÞ ¼ �jþð jÞðl0 þ 1Þ þ l � ðl0 þ 1Þ; �jðl0Þ ¼ �jðl þ 1Þ � 1:

In particular,

��rðjÞl0 ¼ ��rðl0; �jðl0ÞÞl0 and ��rðjþð jÞÞl0 ¼ ��rðl0 þ 1; �jþð jÞðl0 þ 1Þ � 1Þl0 :
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Since l0 < l, the induction hypothesis gives

��rðjÞl0 ¼ ��rðjþð jÞÞl0
which implies that

�jþð jÞðl0 þ 1Þ ¼ i� r � nþ l0 þ �jðl0Þ þ 2:

It follows that ��rðjþð jÞÞl ¼ ��rðjÞl and the proof of the Proposition is complete. Ì

6.12 Proof of Proposition 5.5. For this proof it is necessary to indicate that
supp�ðjÞ depends on r and so from now on, if j 2 Jk;r we denote the set supp�ðjÞ by
supp�r ðjÞ. We also assume that the representatives of the equivalence classes of Jk;r

are chosen so that supp�r ðjÞ ¼ ;. We will show that

dim V��rðjÞ��sðj;�Þ � jjj ¼ 2jsuppþr ðjÞj 8 j 2 Jr satisfying supp�r ðjÞ ¼ ;:

We proceed by induction on M ¼ ði� rÞ=2 noting that induction starts at M ¼ 0. For
the inductive step, assume that we know the result for all M0 < M, i.e., we know that
for all s 2 Ii, s > r we have

dim V��sðj0Þ��sðj0;�Þ � 2jsuppþs ðj0Þj 8 j0 2 Js satisfying supp�s ðj0Þ ¼ ;:

Given j 2 suppþr ðjÞ, let j0 2 Jk�1;rþ2 be the partition whose support is given by,

suppðj0Þ ¼ fj0 þ 2 : r < j0 < �þj ð jÞ; j0 2 suppðjÞg [ fj0 2 suppðjÞ : �þj ð jÞ < j0 < ng:

Observe that

supp�rþ2ðj0Þ ¼ ;;

and

suppþrþ2ðj
0Þ ¼ fj0 þ 2 : r < j0 < �þj ð jÞ; j0 2 suppþr ðjÞg [ fj0 2 suppþr ðjÞ : �þj ð jÞ < j0

< ng:
This gives,

�þj ð jÞ > j) jsuppþrþ2ðj
0Þj ¼ jsuppþr ðjÞj;

�þj ð jÞ ¼ j) jsuppþrþ2ðj
0Þj ¼ jsuppþr ðjÞj � 1:

The inductive step is proved if we show that,

�þj ð jÞ > j) dim V��rðjÞ��rðj;�Þ � dim V��rþ2ðj0Þ��rþ2ðj0;�Þ;

�þj ð jÞ ¼ j) dim V��rðjÞ��rðj;�Þ � 2 dim V��rþ2ðj0Þ��rþ2ðj0;�Þ:

Set l ¼ �þj ð jÞ. Using Lemma 5.2 we find that,

Trþ2;lð��rþ2ðj0Þ��rþ2ðj0;�ÞÞ ¼ ��rðjÞ��rðj;�Þ�l;q
2n�i�lþ2�jðlÞ�4 ;

and that

ðTrþ2;lð��rþ2ðj0Þ��rþ2ðj0;�ÞÞÞl ¼ ð1� q2n�i�lþ2�jðlÞ�4uÞð1� qiþl�2r�2�jðlÞuÞ:
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It now follows from Proposition 1.9 that dim V��rðjÞ��rðj;�Þ � dim V��rþ2ðj0Þ��rþ2ðj0;�Þ. Further,

�þj ð jÞ ¼ j) ðTrþ2;lð��rþ2ðj0Þ��rþ2ðj0;�ÞÞÞl ¼ ð1� qn�r�2uÞ2;

and we are done by using Proposition 1.9 once more. Ì
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