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Abstract—A computational framework to couple vascular
growth and remodeling (G&R) with blood flow simulation in
a 3D patient-specific geometry is presented. Hyperelastic and
anisotropic properties are considered for the vessel wall
material and a constrained mixture model is used to represent
multiple constituents in the vessel wall, which was modeled as
a membrane. The coupled simulation is divided into two time
scales—a longer time scale for G&R and a shorter time scale
for fluid dynamics simulation. G&R is simulated to evolve
the boundary of the fluid domain, and fluid simulation is in
turn used to generate wall shear stress and transmural
pressure data that regulates G&R. To minimize required
computation cost, the fluid dynamics are only simulated
when G&R causes significant vascular geometric change. For
demonstration, this coupled model was used to study the
influence of stress-mediated growth parameters, and blood
flow mechanics, on the behavior of the vascular tissue growth
in a model of the infrarenal aorta derived from medical
image data.

Keywords—Aneurysm, Blood flow, Constrained mixture,

Coupled simulation, Growth and remodeling.

INTRODUCTION

Cardiovascular disease is one of the leading causes
of morbidity and mortality in the world; the progres-
sion of which is closely related to vascular adaptation
in response to mechanical and chemical stimuli. As a
framework to better understand this adaptive behav-
ior, a theory for vascular growth and remodeling
(G&R) was proposed by Humphrey et al., based on a
constrained mixture model11 in which the vessel wall is
assumed to have the ability to adapt to vascular stimuli
and recover a homeostatic state via smooth muscle cell
synthesis and matrix turnover.22,23 Kinematic models

of G&R have also been considered,19 where the time
rates of change of the growth stretch ratios are as-
sumed to linearly depend on the local smooth muscle
stress and on vascular wall shear stress. The con-
strained mixture theory of G&R has been applied to
study stress-mediated aneurysm expansion in idealized
ellipsoidal and cylindrical geometry2,3 to better un-
derstand key factors influencing expansion rate and
resulting aneurysm shape. Recently, G&R simulation
has been extended to 3D geometries to predict the
more complex case of asymmetric expansion.32 In
other works,29 studied the role of collagen properties
on AAA progression modeling, and28 studied the in-
fluence of the initial state of the aorta on enlargement
and mechanical behavior. Humphrey and Holzapfel10

provided a review of the experimental data, computa-
tional models, mechanobiological factors, and open
problems for G&R of human abdominal aortic an-
eurysm.

Vascular growth and remodeling is an inherently
coupled problem involving both the dynamics of the
vessel wall and stresses transmitted by blood flow.
Recently, several papers have focused on extending
G&R simulations to include coupling with blood flow
mechanics. In Figueroa et al.,6 a theory of ‘‘small-
on-large’’ was used to couple vascular G&R and he-
modynamic simulation in a cylindrical geometry,
where hemodynamic forces acting on the vessel wall
were obtained from fluid-solid-interaction. Cylindrical
sections have also been considered in coupled models
of Watton, et al.,27 Because both structural and fluid
mechanics depend critically on vascular morphology,
which is highly subject-specific, there has remained
compelling need to extend coupled G&R simulations
to fully 3D subject-specific geometries. Challenges in
implementing such modeling include coupling simula-
tion of the different time scales involved, defining
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anisotropic material properties in a subject-specific
geometry, as well as the normal difficulties of
simulating fluid flow and structural mechanics in
complex vascular domains. An important step in this
direction was implemented in Sheidaei et al.,18 where
G&R was applied to a cylindrical portion of an
anatomically-realistic abdominal aorta, and simulation
of the two time scales was obtained in a stepwise
manner.

In this paper, we follow the basic framework of the
constrained mixture theory for G&R described in Baek
et al.3, Valentı́n et al.21,24 Unlike previous works, we
extend the formulation of coupling hemodynamics with
vascular G&R to a realistic vascular model that in-
cludes branching and several arterial segments. This
provides capability to consider more complete patient-
specific geometries than previously considered, which is
necessary to translate such modeling to many impor-
tant clinical applications. The model used herein is
derived from medical image data and vascular adap-
tation resulting from an idealized injury model is
simulated. Blood flow is modeled as an incompressible,
Newtonian fluid and simulated when G&R introduces
significant geometric change. Hemodynamic forces are
used to regulate G&R over longer time scales. In
‘‘Methods’’ section, we define the basic concepts, G&R
kinetics, constitutive relations, hemodynamics and
stress mediated growth laws. An algorithm for the
coupled simulation is presented, which was imple-
mented within a finite element framework using custom
code and COMSOL as a generic FEM solver. In
‘‘Results’’ section, we present simulations of different
scenarios for abdominal aortic aneurysm expansion by
varying initial mass loss. Coupled simulations are per-
formed with different values of G&R feedback gains to
demonstrate the influence of these constants on both
the resulting aneurysm shape and hemodynamics.

METHODS

Definitions

Vascular G&R is modeled by the theoretical
framework proposed in Malek and Izumo.11 The vessel
wall is modeled as a membrane and treated as a con-
strained mixture, which implies that at each location
the mixture (collagen þ elastin þ smooth muscle)
deforms together. The reference configuration will be
denoted j0 for the mixture. This configuration corre-
sponds to zero transmural pressure, P ¼ 0, however,
constituents in this configuration are not necessarily
stress-free due to prestress. At any time t, the deformed
configuration of the mixture is defined as jðtÞ. The
deformation gradient tensor FðtÞ maps j0 7!jðtÞ.

Collagen is assumed to be anisotropic and is char-
acterized by discretized collagen families k, which have
individual collagen fiber directions and reference con-
figurations . Collagen can be incorporated into the
mixture at intermediate times s, with pre-stretch de-
fined by tensor GkðsÞ. For each orientation k, GkðsÞ
maps the natural configuration of the newly produced
collagen at time s, denoted jknðsÞ, to the deformed
configuration of the mixture at this time s; subscript
nðsÞ denotes the natural configuration at time s. For
each collagen family, we define a deformation gradient
tensor, which maps the natural configuration of that
family to the current deformed mixture configuration,
by

Fk
nðsÞðtÞ ¼ FðtÞF�1ðsÞGkðsÞ ; ð1Þ

hence, the right Cauchy-Green deformation tensor can
be obtained as

Ck
nðsÞðtÞ ¼ Fk

nðsÞðtÞ Fk
nðsÞðtÞ : ð2Þ

These mappings and their compositions are shown
schematically in Fig. 1.

The unit vector in the direction of collagen family k
at time t is denoted ekðtÞ, and collagen fiber produced
at time s is assumed to be deposited in the ekðsÞ
direction, i.e., in the direction of existing collagen.
Therefore, the direction of the collagen fiber produced
at time s in its natural configuration, jknðsÞ, is described
by the unit vector

eknðsÞ ¼
GkðsÞ�1ekðsÞ
GkðsÞ�1ekðsÞ

�
�
�

�
�
�

: ð3Þ

With ekðsÞ and eknðsÞ, G
kðsÞ can be defined as a two-

point tensor

GkðsÞ ¼ Gk
eekðsÞ � eknðsÞ ; ð4Þ

κk
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FIGURE 1. Configurations and associated mappings used to
describe G&R framework.
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where Gk is the stretch ratio of newly produced colla-
gen fiber from the natural configuration jknðsÞ to the
mixture configuration js. We assume Gk does not de-
pends on collagen family k and is equal to the
homeostatic collagen stretch ratio Gc

h, set herein to
1.05; subscript h denotes the homeostatic state. The
stretch ratio of collagen fiber in family k produced at
time s from its natural configuration jknðsÞ to the cur-
rent mixture configuration jðtÞ is obtained as Gk

kknðsÞðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

eknðsÞ � C
k
nðsÞðtÞeknðsÞ

q

¼ FðtÞF�1ðsÞGkðsÞeknðsÞ
�
�
�

�
�
�

¼ FðtÞF�1ðsÞGc
h ekðsÞ � eknðsÞ

� �

eknðsÞ

�
�
�

�
�
�

¼ Gc
h FðtÞF�1ðsÞekðsÞ
�
�

�
�

¼ Gc
h

FðtÞF�1ðsÞekðsÞ
�
�

�
�= F�1ðsÞekðsÞ

�
�

�
�

ekðsÞk k= F�1ðsÞekðsÞ
�
�

�
�

¼ Gc
h

kkðtÞ
kkðsÞ

;

ð5Þ

where kkðtÞ is the stretch ratio of the mixture in the
direction of collagen family k, defined as

kkðtÞ ¼
FðtÞF�1ðsÞekðsÞ

�
�

�
�

F�1ðsÞekðsÞ
�
�

�
�

: ð6Þ

For elastin, we assume the mapping from the natural
configuration to the mixture reference configuration is
Ge, and therefore the mapping from elastin’s natural
configuration to the current mixture configuration is
given by

Fe
nðtÞ ¼ FðtÞGe : ð7Þ

In this model we take Ge ¼ diag ½Ge
1;G

e
2;

1
Ge

1
Ge

2
�, which

assumes the prestretch occurs in the principal direc-
tions of the existing mixture, where the third compo-
nent has been written in terms of the prior two by
imposing incompressibility.

Kinetics of Growth and Remodeling

The vessel wall has ability to adapt in response to
mechanical stimuli in order to recover a homeostatic
state. This process occurs by both the removal of old
constituents, and incorporation of new constituents
into the mixture due to natural turnover as well as
stress-mediated growth. Let MkðtÞ be the mass per unit
area of each collagen family k, and the time evolution
of MkðtÞ is described by

MkðtÞ ¼Mkð0ÞQkðtÞ þ
Z t

0

mkðsÞqkðt� sÞds : ð8Þ

The first term on the right of the equation describes
natural turnover of the initial mass produced before
the G&R process. The second term describes the in-
corporation and natural turnover of the newly pro-
duced constituent. QkðtÞ is the remaining fraction at
time t for the kth collagen family produced at time 0.
mkðsÞ is the mass production rate of the kth collagen
family at time s and qkðt� sÞ is the remaining fraction
at time t.

For elastin,

MeðtÞ ¼Með0ÞQeðtÞ; ð9Þ

where QeðtÞ is the corresponding remaining fraction of
initial mass for elastin at time t. Since functional elastin
is thought to be mainly produced during early devel-
opment, there is no second term for newly produced
elastin in (9), as there was for collagen in (8).

The remaining fraction for collagen family k is as-
sumed to have the following form Figueroa et al.6

qkðtÞ ¼
1; if 0 � t<t1
1
2 cos p

t2�t1 ðt� t1Þ
� �

þ1
n o

; if t1 � t � t2

0; if t2<t ;

8

><

>:

ð10Þ

where t2 is the lifespan of the constituent. For collagen
we use t1=t2 ¼ 0:2, and t2 ¼ 1. Hence, time herein is
normalized by the lifespan of collagen, which is gen-
erally between 70–80 days.13,29 The function repre-
senting the remaining fraction at time t of the initial
mass is given by

QkðtÞ ¼ 1�
R t

0 q
kðsÞds

R t2
0 qkðsÞds

¼ 1�
2
R t

0 q
kðsÞds

t1 þ t2
: ð11Þ

Constitutive Relations

Collagen was assumed to follow a Fung-type ex-
ponential constitutive relation. The strain energy per
unit mass of the kth family of collagen is

Wk IknðsÞ

� �

¼ c2
4c3

exp c3 IknðsÞ � 1
� �2

� �

� 1

� 	

; ð12Þ

where

IknðsÞ ¼ kknðsÞðtÞ
� �2

: ð13Þ

Let

Ck
nðsÞðtÞ ¼ Fk

nðsÞðtÞ Fk
nðsÞðtÞ ð14Þ

denote the right Cauchy-Green deformation tensor of
the kth family of collagen produced at time s, whose
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current direction is denoted by ekðtÞ, with respect to its
natural configuration. The subscript nðsÞ denotes the
natural configuration of the constituent produced at
time s. For elastin, the strain energy function is defined
based on a Neo-Hookean behavior,

WeðCe
nðtÞÞ ¼

c1
2

I1 � 3ð Þ; ð15Þ

where

I1ðtÞ ¼ tr ðCe
nðtÞÞ: ð16Þ

Ce
nðtÞ ¼ Fe

nðtÞ Fe
nðtÞ is the right Cauchy-Green defor-

mation tensor of elastin with respect to its nature
configuration.

Based on the mass-averaged principle for a con-
strained mixture, the total strain energy per unit area
for all constituents at time t is

wðtÞ ¼weðtÞ þ
X

k

wkðtÞ

¼Með0ÞQeðtÞWeðCe
nðtÞÞ

þ
X

k

Mkð0ÞQkðtÞWk Iknð0Þ

� �n

þ
Z t

0

mkðsÞqkðt� sÞWk IknðsÞ

� �o

ð17Þ

where weðtÞ and wkðtÞ denote the total strain energy
contributed by elastin and the kth collagen family,
respectively. We do not directly model the passive re-
sponse of smooth muscle due to the fact that smooth
muscle is much more compliant than collagen and thus
has minimal contribution to the passive mechanical
behavior of the vessel wall.4 However the active
response of smooth muscle does play an important role
in vascular adaptation to altered flow. It is important
to note that the strain energy function depends on both
the current state and the history of deformation. Once
the mathematical form of the total strain energy
function is formulated, the deformation of the vessel
wall can be obtained from the virtual work principle

dI ¼
Z

S

dwdA�
Z

s

P n � dx da ¼ 0 ; ð18Þ

where P is the vascular transmural pressure, n is the
normal vector on vessel wall surface and dx is the
virtual displacement of the vessel wall. S and s denote
the surface area of vessel wall in the reference and
current configuration, respectively.

Defining Local Anisotropic Material Property

One of the challenges in implementing growth and
remodeling in 3D patient specific geometry is to define

local anisotropic material properties, i.e., to define the
local directions for collagen families. Usually local
collagen directions ek0 are defined with respect to local
circumferential and axial directions in the reference
configuration, and later evolve with the mixture de-
formation FðtÞ. Therefore, the current collagen direc-
tions ekðtÞ are defined as

ekðtÞ ¼ FðtÞek0 : ð19Þ

Note that normalization is needed to obtain unit di-
rection.

In idealized geometries, circumferential and axial
directions can be readily defined (see Baek et al.2,3), but
defining these directions in 3D patient specific ge-
ometry is nontrivial. In Zeinali-Davarani and Baek31,
the authors defined the local circumferential and axial
directions based on a 2-D parameterization of the
vessel wall surface. However, it is not obvious how to
apply this approach to a geometry with multiple out-
lets or bifurcations. In the work herein, local circum-
ferential and axial directions are defined using local
principal curvature directions, from which, local col-
lagen directions are then calculated. As long as the
geometry is smooth enough (which is usually the case),
principal curvature directions are everywhere well-
defined.

Hemodynamics

Blood was modeled as an incompressible, Newto-
nian fluid described by the Navier-Stokes and conti-
nuity equation

qb
@vðx; tÞ

@t
þ vðx; tÞ � rvðx; tÞ


 �

¼ �rpðx; tÞ þ lr2vðx; tÞ ;

ð20Þ

r � vðx; tÞ ¼ 0 : ð21Þ

The blood density qb and viscosity l were set to 1.05 g/
cm3 and 0.035 Poise. A no-slip, no-penetration
boundary condition was specified along lumen surface
of the fluid domain, and a velocity profile (Dirichlet
boundary condition) was specified at the inlet plane. At
the outflow surfaces, Neumann-type boundary condi-
tions were specified by coupling resistive models of the
downstream vascular beds. Namely, the pressure PoðtÞ
at each outflow boundary was solved as

PoðtÞ ¼ RQoðtÞ ð22Þ

The flow rate Qo at the respective outlets was obtained
from the 3D domain, and using Eq. (22) the pressure
Po at the outlet was computed and applied at the zero
traction outlet faces as Neumman boundary condi-
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tions. Details of the FEM implementation of the
boundary conditions can be found in.5

It is important to note that the time scales for G&R
(weeks) and blood flow simulation (second) are several
orders of magnitude different. A fully-coupled
simulation of both processes is neither efficient nor
necessary, because the hemodynamics stresses impart-
ed from the blood flow do not change significantly
until usually several weeks of geometric change has
occurred through G&R. Nominally, blood flow was
simulated when G&R caused changes to the boundary
of the fluid domain, and for all times in between, the
values for WSS and pressure were well approximated
by the values from the last blood flow simulation.
Specifically, it was assumed that mesh quality was an
appropriate measure to monitor vessel deformation
and the need for computing a new Navier-Stokes so-
lution. This is (at least) consistent with the fact that the
numerical accuracy of the Navier-Stokes solution, and
hence WSS, depends on mesh quality.

Stress-Mediated Growth and Remodeling

Here we describe how vascular adaptation is
regulated by wall tension and WSS. Once the defor-
mation is obtained by solving the variational Eq. (18),
the Cauchy stress tensor is obtained as

TðtÞ ¼ 1

JðtÞFðtÞ
@w

@I1ðtÞ
@I1ðtÞ
@FðtÞ þ

1

JðtÞFðtÞ

�
X

k

@w

@IknðsÞðtÞ
@IknðsÞðtÞ
@FðtÞ þTactive

¼ 2

JðtÞ
@we

@I1ðtÞ
BðtÞ þ 2

JðtÞ
X

k

@wk

@IknðsÞ

@IknðsÞ
@IkðtÞ e

k � ek

þTactive;

ð23Þ

where B ¼ FF is the left Cauchy-Green deformation
tensor, and JðtÞ is the determinant of the deformation
gradient tensor FðtÞ. The first term on the right hand side
denotes the stress contribution of elastin and the second
term denotes that of two collagen families. The last term
Tactive denotes the active membrane stress due to active
smooth muscle contraction and relaxation. However, to
keep the model simple and computation tractable, we do
not include this active response term in our later simula-
tions.A scalarmeasure is obtained from theCauchy stress
tensor in the direction of collagen family k as

rk ¼ ek � Tek
h

; ð24Þ

which is the stress in the ek direction. The thickness of
the vessel wall was calculated as

hðtÞ ¼MðtÞ
Jq

; ð25Þ

where MðtÞ ¼
P

k M
kðtÞ is the total collagen mass and

q denotes the volume density of collagen.
In G&R theory, the vascular homeostatic state is

recovered through stress-mediated feedback. The mass
production rate of the kth family of collagen is as-
sumed to depend linearly on the deviation of wall
tension rk with respect to the homeostatic value rh. In
addition, WSS regulation may be active via interac-
tions between vascular endothelium and blood flow. It
is well-known that endothelial cells can release multiple
vasoactive chemicals in response to altered WSS. These
chemicals can affect smooth muscle cell proliferation
and collagen turnover. For instance, nitric oxide (NO)
is a potential inhibitor of synthesis of collagen and
smooth muscle proliferation,15 while endothelin-1 (ET-
1) is a promoter of synthesis of collagen and smooth
muscle proliferation.14 NO is up-regulated in response
to increased WSS20 and ET-1 is up-regulated by de-
creased WSS.12 These factors make WSS regulation
uncertain. Due to lack of further information, we
naively assume mass production rate of collagen is
proportional to the deviation of wall shear stress sw
from the preferred state shw and consider cases of both
positive and negative feedback. Thus the complete
stress mediated growth law is given by

mkðtÞ ¼ MðtÞ
Mð0Þ Kr rkðtÞ � rh

� 

� Ks swðtÞ � shw
� 

þ ~fkh

� �

;

ð26Þ

where ~fkh is the basal value of mass production rate for
collagen family k,

~fkh ¼
Mkð0Þ

R1
0 qkðsÞds

; ð27Þ

which balances the degradation rate of collagen in the
homeostatic state. Note that swðtÞ in (26) is given di-
rectly by the blood flow simulation, whereas rk de-
pends on transmural pressure. Kr and Ks are feedback
gains for the deviations of wall tension and wall shear
stress. For Kr>0, if rkðtÞ>rh, the mass production
rate mkðtÞ will increase, and in turn, cause an increase
in wall thickness hðtÞ. The thickening of the vessel wall
will decrease the vessel radius for the same transmural
pressure. Based on Laplace’s law for a cylinder, r ¼ Pr

h ,
and we can postulate that rk will hence decrease and
return back to the homeostatic value. This means that
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for Kr>0, the growth law (26) initiates a negative
feedback mechanism. Using similar arguments for wall
shear stress based on simple Poiseuille flow, s ¼ 4gQ

pr3 , we
can postulate that a decreased vessel radius will in-
crease WSS, so that Ks>0 also initiates a negative
feedback mechanism for wall shear stress deviation.
Therefore, if Kr and Ks are large enough, the stress will
converge to the corresponding homeostatic value.

RESULTS

In this section we apply G&R simulation to a vas-
cular model of the aorta whose lumen morphology is
derived from medical image data. The model is a
truncated section of an aortofemeral model (ID:
OSMSC0006) publicly available on vascularmod-
el.org.30 After initialization of the model, scenarios for
G&R are considered by introducing mass loss at var-
ious locations to simulate the development of ab-
dominal aortic aneurysm. Material constants used in
the simulations are listed in Table 1. In the following
results, two main helical collagen directions (45� and
135� from the axial direction) are included in the
simulations. This is consistent with prior observations
that close to 90% of the total mass of collagen is dis-
tributed in these helical directions,9 although this does
not hold universally true and additional families or
orientations could be considered. Figure 2 displays the
fiber orientation about the aortic bifurcation region. It
is observed that the collagen directions in both families
naturally become aligned about the apical ridge at the
bifurcation, which is consistent with the simulation
results in Hariton et al.8 and consistent with
experimental findings in Helen et al.7

Generation of Initial Homeostatic Configuration

In the G&R theory, the healthy vessel wall is as-
sumed to be in the homeostatic state, i.e., the stress of
each constituent is equal to the homeostatic value, and
therefore no significant growth and remodeling is in-
duced beyond the basal production and turnover rate.
Recall that a membrane model is used for the vessel
wall. The vascular geometry derived from the medical
image data is irregular, and therefore achieving an
initial homeostatic stress state requires specifying an
appropriately varying mass distribution of the con-

stituents. This can be accomplished by an initial G&R
stage to solve for an appropriate homeostatic mass
distribution, as proposed in Zeinali-Davarani et al.32

Namely, an accelerated G&R stage is simulated using a
feedback gain for wall tension, Kr, set to 0.005. This
enabled the mass distribution to converge (ap-
proximately) to the homeostatic state without sig-
nificantly altering the overall geometry.

In Figs. 3a, 3b, and 3c, 3d, the deviation of stress
relative to the homeostatic values for the 45�, and 135�,
respectively, oriented collagen family are plotted be-
fore and after the initial homeostatic simulation. Wall
tension distributions become mostly uniform after the
initial homeostatic simulation, with stress values in
both directions generally within the range of 0:9rh to
1:1rh. This initial homeostatic simulation ensured that
subsequent G&R would be induced almost entirely at
the location(s) where mass loss is introduced–that is,
the modeled site(s) of injury.

While convergence of wall tension r to homeostatic
value can be obtained via adjustment of geometry or
mass density distribution, convergence of wall shear
stress sw can only be obtained through adjustment of
vascular geometry. Because the initial homeostatic
simulation should not introduce large geometric
change, i.e., the original geometry should be main-
tained, wall shear stress regulation was not included in
the initial homeostatic simulation.

Simulation for Aneurysm Expansion

An interesting application of the coupled G&R
framework is to simulate aneurysm expansion in a
region of vascular damage. Aneurysm expansion can
be induced through constituent mass loss at specific
locations, coupled with sufficiently low mass produc-
tion rate of vascular constituents. Initial mass loss was
introduced for the following three scenarios:

FIGURE 2. Local collagen directions calculated based on
principal curvature directions at the aortic bifurcation: (a) 45�
collagen family, (b) 135� collagen family.

TABLE 1. Material constants for elastin and collagen.25,32

Elastin: c1 ¼ 112e Pa/kg Ge
1 ¼ 1:25 Ge

2 ¼ 1:25

Collagen: c2 ¼ 917e Pa/kg c3 ¼ 25 Gc
h ¼ 1:05
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(1) Banded mass loss distribution

(2) Point mass loss distribution

(3) Multiple point mass loss distribution

Mk
hðxÞ is the mass density generated by the initial

homeostatic simulation. fmr is the maximum mass loss
percentage set herein to 50%. R0 is the nominal value
of the radius of the abdominal aorta, which was equal
to 0:75 cm.

Figures 4a, 4b, 4c, 4d, and 4e, 4f display the dif-
ferent initial mass loss distributions, along with the
resulting vascular geometries after 110 G&R steps as-
suming Kr ¼ 0. (Below, we consider nontrivial values
for Kr.) Each G&R step was set to 0.1 of the collagen
lifespan, so that 110 steps is equivalent to �800 days,
assuming collagen has a life span around 72 days. It
can be observed that significant expansion is only in-
duced within or near the region of initial mass loss
while the homeostatic state is effectively maintained in
all other regions.

COMSOL was used to solve the Navier Stokes
equations. For illustrative purpose, a steady inflow was
used with a resting infrarenal abdominal aortic flow
rate equal to 15.2 cc/s. This approach considered time-

averaged flow conditions since we are interested in the
affect of the flow over time scales much longer than the
cardiac cycle. Alternatively, we could apply a pulsatile
inflow boundary condition and then perform time-av-
eraging of the resulting wall shear stress and pressure
fields. The outlets of the 3D fluid domain were at the
level of the iliac arteries. To set the resistance values for
each outlet, an equivalent resistance was first com-
puted so that the mean pressure was 100 mmHg. This
resistance was then distributed in parallel to the iliac
arteries, resulting in R ¼ 1:8269� 109e Pa s/m3, and
R ¼ 1:8285� 109e Pa s/m3, for the left and right iliac,
respectively.

To explore the importance of feedback gains on
vascular growth in our coupled framework, different
values were considered for Ks and Kr. These results are
summarized in Fig. 6, where the point mass loss shown
in Fig. 4c was used to trigger G&R in all cases. All
panels in this figure represent the respective field and
geometry at the end of 110 G&R steps. Namely, col-

Mkðx; 0Þ ¼
Mk

hðxÞ 1� 0:5fmr cos pðz�z0Þ
2R0

� �

þ 1
� �� �

; z0 � 2R0 � z � z0 þ 2R0;

Mk
hðxÞ; else :

8

<

:

Mkðx; 0Þ ¼

Mk
hðxÞ 1� fmrð Þ; jx� xcj � R0;

Mk
hðxÞ 1� fmr

2R0�jx�xcj
R0

� �� �

; R0<jx� xcj � 2R0;

Mk
hðxÞ; else :

8

>><

>>:

Mkðx; 0Þ ¼

Mk
hðxÞ 1� fmrð Þ; jx� xc1j � 0:5R0;

Mk
hðxÞ 1� fmr

R0�jx�xc1j
0:5R0

� �� �

; 0:5R0<jx� xc1j � R0;

Mk
hðxÞ 1� fmrð Þ; jx� xc2j � 0:5R0;

Mk
hðxÞ 1� fmr

R0�jx�xc2j
0:5R0

� �� �

; 0:5R0<jx� xc2j � R0;

Mk
hðxÞ; else :

8

>>>>>>>><

>>>>>>>>:
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umns are ordered by increasing expansion resulting
from feedback gain choice (not evolution in time). The
first column considers relatively large feedback gains:
Ks ¼ 0:005 and Kr ¼ 0:005. In this case, the gains are
large enough that even with the introduction of sig-
nificant mass loss, expansion can be strongly sup-
pressed through appropriate increase in wall thickness
(mass density). After the 110 G&R steps, stress in both
collagen constituents converged to the homeostatic
value rh ¼ 133 kPa (see Fig. 5), and collagen turnover
did not introduce any significant expansion.

We next considered four WSS feedback gains
Ks ¼ 0:005; 0;�0:005;�0:01, whose results are respec-
tively shown in columns 2–5 of Fig. 6. In each of these
cases, we set Kr ¼ 0 to isolate the influence of WSS
regulation on aneurysm progression, aortic pressure
and blood flow. (Note that the case Kr 6¼ 0 and Ks ¼ 0
was considered previously in Fig. 4.) It can be observed
that Ks>0 (corresponding to negative feedback) led to
the lowest rate of expansion (Fig. 6, column 2). Positive
feedback (corresponding to Ks<0) produced the most
rapid expansion (Fig. 6, columns 4 and 5). In all cases, it

can be observed that WSS changed by roughly one
order of magnitude within the aneurysm region, which
contributed to G&R, whereas the change in transmural
pressure varied very little (less than 0.1%).

It can be observed from Fig. 6 that both positive and
negative values forKs led to expansion. Note that in the
absence of any feedback (Kr;Ks ¼ 0, Fig. 6, column 3),
expansion occurs due to the normal turnover of colla-
gen. Namely, the initial insult leads to immediate
stretching of the existing collagen so that wall tension

FIGURE 4. Initial mass loss distribution(ratio between cur-
rent and homeostatic mass density) and resulting aneurysm
shapes(color denotes values of det(F)) after 110 G&R steps.
Correspondence relations: (a)! (b), (c)! (d), (e)! (f).

FIGURE 3. Deviation of stress relative to homeostatic stress
rk � rh
� 

=rh before (left) and after (right) 14 time steps of
‘‘accelerated’’ G&R simulation for the 45�(a)(b) and 135�(c)(d)
collagen families. Each time step represents 1/10 of collagen
lifespan.

J. WU AND S.C. SHADDEN1550



balances transmural pressure. This collagen is in an
elevated stress state. Natural turnover of collagen pro-
duces new collagen whose prestress is lower than this
elevated stress state, which causes these new fibers to
stretch. This process drives a ‘‘basal expansion’’ due to
the insult and natural collagen turnover. Ks>0 helps to
suppress this basal expansion (column2),whereasKs<0
contributes to further expansion (columns 4, 5).

DISCUSSION

We have presented a framework for coupling vas-
cular growth and remodeling with blood flow simula-
tion in a 3D patient-specific geometry using a
constrained mixture theory for the vessel wall. Prior

computational models,6,18 coupling blood flow with
G&R simulation have been applied to idealized ge-
ometry, or to a cylindrical segment of realistic ge-
ometry. Vascular G&R intrinsically occurs in all
regions, and the purpose of this paper was to develop
coupled simulation of G&R with blood flow in a more
complete and anatomically realistic vascular model
than had previously been considered.

One difficulty in applying G&R simulations to
complex vascular domains derived from medical image
data is defining appropriate initial conditions. When
starting from a healthymodel, it is reasonable to assume
an initial homeostatic configuration. We demonstrated,
as similarly shown in Figueroa et al.6, Zeinali-Davarani
et al.32 that an accelerated G&R stage can be performed
to produce an approximate homeostatic configuration
without significant geometrical alteration. As shown in
Fig. 3, the relative stress deviation was nontrivial
(>10%) in some regions after the initial accelerated
G&R stage. The rate of convergence of the stress to the
homeostatic value is proportional to the deviation.
Therefore relatively long simulations times are needed
to obtain very small deviations, whereas herein a
relatively modest number of G&R steps were used. In-
deed, our later simulation for Kr ¼ 0:005;Ks ¼ 0:005
verified that stresses do eventually converge to very near
the homeostatic values after 110 G&R steps. Moreover,
our simulations (Fig. 6) also show that the initial non-
trivial deviations in stress from the homeostatic values
do not result in significant unbalancedG&R for the time
scales considered herein, and that significant expansion
is almost entirely induced near or within the region
where mass loss is introduced. Regardless, it might be
more natural in future implementations to apply a
homeostatic range instead of specifying a single
homeostatic value.
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FIGURE 6. Convergence of constituent stress Ks ¼ 0:005,
Kr ¼ 0:005 at the location of largest mass loss x ¼ xc.

FIGURE 5. Results from coupled simulation with blood flow.
The mass loss shown in Fig. 4c was used to trigger G&R in all
cases. All panels represent the respective field and geometry
at the end of 110 G&R steps, with each column representing
different feedback gain choices. Pressure is normalized with
respect to the peak value for each case: 13,339, 13,291, 13,518,
13,602, and 13,688 Pascals respectively from left to right.
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Another challenge of applying G&R to complex
vascular domains is consistently defining local axial and
circumferential directions, with respect to which local
anisotropic material properties are defined. In Zeinali-
Davarani and Baek31 this was addressed by defining
local axial and circumferential directions using a 2-D
parameterization of the vessel wall surface. However,
such parameterization cannot be defined for domains
that include multiple/branching vessels. To overcome
this issue herein, local principal curvature directions on
the surfaces were used to represent local axial and cir-
cumferential directions. Initial collagen directions (45�
and 135�) were defined with respect to axial and cir-
cumferential directions in the reference configuration j0
and later evolve with the mixture deformation.

In several prior coupled G&R modeling studies,
aneurysm progression is triggered by prescribing initial
insult as in Figueroa et al.6. Time dependent insult
models have also been used Watton et al.26 whereby
AAA formation is initiated by prescribing a spatial and
temporal degradation function for elastin. In more
recent papers,1,17,18,27 elastin degradation has been
coupled to hemodynamics (mainly WSS) in order to
initiate aneurysm progression. Herein, we used a sim-
ple insult model to trigger aneurysm progress since our
focus was on application of coupled simulation to
patient-specific geometry. However, more sophisticat-
ed initiation processes can be incorporated in this
framework when applied to specific clinical applica-
tions.

In the coupled simulations with blood flow, the influ-
ence of G&R feedback gains Kr and Ks on the resulting
aneurysm geometry and hemodynamics were studied.
For large values of Kr ¼ 0:005 and Ks ¼ 0:005 (column
1, Fig. 6), growth and remodeling can compensate for
relatively large initial mass loss so that the resulting ge-
ometry changed very little. Figure 5 shows the conver-
gence of the stress rkðtÞ to the homeostatic value rh at the
center of mass loss, xc. We note that xc is the location of
largest mass loss and generally corresponds to largest
deformation; hence recovery of rk at xc generally indi-
cates the convergence of stress in entire geometry.

We set Kr ¼ 0 to promote aneurysm expansion and
then varied the value of Ks to study the influence of the
coupling with WSS regulation on the aneurysm pro-
gression. The role of WSS in aneurysm progression is
complex and not well understood, therefore we con-
sidered cases for Ks being positive, negative and zero.
Indeed, prior publications have considered Ks

positive23 and negative.6 Mass loss will necessarily lead
to some expansion when Kr ¼ 0. However, Ks>0 will
compensate and reduce expansion rate due to the in-
duced negative feedback. And conversely, expansion
was exaggerated when Ks<0 due to the induced po-
sitive feedback.

The WSS plots in Fig. 6 show that the magnitude of
WSS is very low in the aneurysm region (less than
0.05 Pa), consistent with reported values in AAA.16

We note that even for Ks>0 WSS does not converge to
the homeostatic value. This may be because WSS
regulation was turned off during the initial accelerated
G&R stage or due to the fact that WSS is more sen-
sitive to vascular geometry and hence more difficult to
converge. Lastly, we note that it was verified that set-
ting Ks ¼ 0 led to identical expansion to a case that did
not consider coupling with fluid dynamics. From the
pressure plots in Fig. 6, it can be observed that pres-
sure change within the 3-D computational domain is
small (less than 0.5%), and pressure changes even less
at each location between the cases considered. There-
fore, it may be reasonable to apply a uniform pressure
for all cases instead of explicit coupling the pressure
information from the fluid simulation.

The choice of material parameters describing the
passive vascular response given in Table 1 were ob-
tained from Zeinali-Davarani et al.32 These parameters
are based on a phenomenological model, which may
included smooth muscle. Applying these parameters in
the model herein, which neglects the passive response
due to smooth muscle, may introduce additional
uncertainty to these parameters. However, because
smooth muscle is at least an order of magnitude less stiff
than collagen, its contribution to the passive stress-s-
train behavior is expected to be small. Hence, we do not
anticipate that such additional uncertainty in pa-
rameters will be significant, especially in comparison to
the inherent uncertainty in these parameters.

CONCLUSIONS

Herein a computational framework to couple vas-
cular growth and remodeling with blood flow simula-
tion in a 3D patient-specific geometry was presented.
We demonstrated that stress mediated regulation of
wall tension and wall shear stress led to expected long-
term response in vessel wall progression following
mass loss for different feedback parameters. These re-
sults extend prior computational work on coupling
G&R with hemodynamics simulation to more com-
plex, subject-specific setting. Additionally, by coupling
the time scales of hemodynamics and G&R simulation
we are able to better understand the connections be-
tween local, short term hemodynamic factors and long
term vascular change. Indeed, most image-based blood
flow modeling has been concerned with understanding
hemodynamic phenomena occurring on the time scale
of the cardiac cycle for diagnosing current flow con-
ditions. However, there is compelling need to develop
simulation capabilities to predict blood flow conditions
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and vascular adaption over time scales of months to
years, which is difficult, or impossible, to consider ex-
perimentally. This framework helps to bridge this gap.

APPENDIX

Algorithm for coupled simulation of G&R and he-
modynamics

(1) Generate initial homeostatic state through
accelerated G&R.

(2)
(a) Introduce initial mass loss to the

homeostatic state.
(b) Simulate blood flow in the initial ge-

ometry and obtain initial WSS field
swðx; tÞ.

(c) Set initial values for mass production
rate mi ! mkðtÞ.

(3) Formulate the weak form for displacement
u ¼ ðu; v;wÞ from the virtual work principle,

dI ¼
Z

S

dwdA�
Z

s

Pn � dxda ¼ 0 ;

and solve using a nonlinear FEM solver.
(4)

(a) Generate stress measure field rkðx; tÞ
based on deformation and constitutive
relations

(b) Update mass production rate:

mkðtÞ ¼ MðtÞ
Mð0Þ Kr rkðtÞ � rh

� 

� Ks swðtÞ � shw
� 

þ ~fh

� �

(5) If mkðtÞ �mi

�
�

�
�= mik k< tolerance (in this

work, tolerance¼ 0:001),
(a) Set mi  mkðtÞ
(b) Set t tþ Dt
(c) Update values for remaining fractions

Qkð�Þ and qkð�Þ
(d) Go to Step (6)

Else,
(a) Set mi  mkðtÞ
(b) Go to Step (3)

(6) If the geometric change is significant for fluid
domain,
(a) Solve blood flow in the new geometry
(b) Update WSS field swðx; tÞ and pressure

Pðx; tÞ
(c) Go to Step (3)

Else, go to Step (3)
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