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Abstract—Patient-specific biomechanical properties of the
human cornea are rarely used with finite elements analysis. In
order for that to be possible, a proper formulation for
biomechanical properties that is based on patient-specific
measurable values must be used. In this study, we propose a
formula that simulates hyperelastic stress–strain curves based
on non-invasive clinical measurements that can be acquired
in vivo. These consist of, but are not limited to, center corneal
thickness and center corneal curvature as well as corneal
resistance factor and applanation diameter that are measured
during non-contact tonometry. The presented formulation
was demonstrated and validated through several computer
simulations. First, mean values that were reported in
literature were inputted into the formula to simulate a curve
that represents a healthy case. This case was compared to two
independent in vitro studies. Then, a sensitivity analysis was
carried to identify inputs that have the most dominant effect.
Finally, a finite element analysis simulating elevations in
intraocular pressure was conducted; the corneal model
comprised of patient-specific corneal geometry that was
measured in vivo in our clinic as well as the current
formulation for patient-specific corneal biomechanics.
‘‘Strong’’ and ‘‘weak’’ corneal tissue cases were simulated
and deformations as well as instantaneous curvature optical
maps were derived. Results for the simulated healthy curve
showed good agreement with the in vitro studies. The
sensitivity analysis found the corneal resistance factor and
applanation diameter to have the most dominant influence.
The finite element analysis of strong and weak biomechanical
properties resulted in corneal deformations and instanta-
neous curvature optical maps that are common for healthy
and pathological conditions respectively. In conclusion, the
presented modeling technique can be used to assess corneal
biomechanics in vivo and therefor may enhance follow-up on

the effectiveness of clinical treatments, rehabilitation of
vision and perhaps improve the diagnosis of pathologies
that are related to corneal biomechanics.

Keywords—Cornea, Patient-specific model, Analytical, Finite

element analysis, Biomechanics, Ophthalmology, Vision

rehabilitation.

INTRODUCTION

The human eyeball is an imperfect sphere, with the
cornea forming the transparent outer covering of the
visible colored portion of the eyeball. Patient-specific
morphology of the cornea can be captured using
medical devices such as standard pachymeters, corneal
topographers and tomographers. In general, healthy
corneas are commonly characterized by a radius of
curvature of 7.86 mm ± 0.26 mm (mean ± standard
deviation) and 0.52 mm ± 0.04 mm thickness in the
center region.34

Patient-specific finite element models (FEM) that
rely on in vivo geometrical data of the cornea have been
previously published.8,36 These aid tremendously in
shedding light on the underlying mechanisms of cor-
neal pathologies however, they do not account for
patient-specific biomechanical properties. This would
require a FEM-compatible formulation that is based
on patient-specific in vivo measurable values.

A useful method for evaluating patient-specific
corneal rigidity in vivo was introduced with the Reic-
hert’s Ocular response analyzer (ORA; Reichert Oph-
thalmic Instruments, Buffalo, NY). This commercially
available clinical instrument has been proposed to
characterize corneal biomechanical responses using the
noncontact tonometry process. The corneal resistance
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factor (CRF) value is proposed for representing the
cumulative effects of both the viscous and elastic
resistance of the cornea during applanation tonome-
try.25,28

The CRF alone gives a limited insight into patient-
specific corneal biomechanics. In particular soft bio-
logical tissues such as the cornea typically exhibit
highly nonlinear-elastic behavior under large defor-
mations, due to rearrangements in the microstruc-
ture.32 Accurate simulations of these nonlinear large-
strain effects hence require the use of constitutive
models formulated within the framework of hyper-
elasticity.15,20,32,41

This study combines the CRF with several addi-
tional patient-specific non-invasive in vivo measure-
ments in a mathematical formulation that produces
FEM-compatible hyperelastic stress–strain curves.4,39

Connected to other studies in our group which aimed
at pushing biomechanical modeling out of the research
laboratories and into the clinics, the formulation is
then integrated into a patient-specific case FEM to
produce simulated optical power maps in response to
increased IOP.35

METHODS

The theoretical framework assumes a linear rela-
tionship between the cornea’s elasticity (C) and IOP
(Eq. (1a))6,27,31 which essentially follows the assump-
tion of hyperelastic mechanical behavior (otherwise
known as a strain-stiffening behavior) for the corneal
tissue.

C ¼ m � IOPðMPaÞ ð1aÞ

where m is the proportionality factor. Since Eq. (1a)
intersects at zero modulus—zero pressure, it must
become increasingly inaccurate as the IOP decreases.
This is because the cornea is expected to demonstrate a
mechanical behavior of an elastic solid, at least to some
extent, regardless of the applied pressure (i.e., its
elasticity, a material property, cannot approach zero).6

Thus, the coefficient, E0, which denotes a baseline
modulus of elasticity for near-zero IOP was added to
the right hand-side of Eq. (1a). The resulting Eq. (1b)
has been previously experimentally validated by closely
fitting results of in vitro inflation tests.10

C ¼ m � IOPþ E0 ð1bÞ

We start by deriving a mathematical expression for
a hyperelastic stress–strain curve based on Eq. (1b).
Consecutively, analytical formulations for the scalars
m and E0 will be developed.

Hyperelastic Stress–Strain Relationship

A relationship between uniform internal pressure
that is applied on the inner surface of a sphere and the
resulting meridional stress could be derived by com-
puting the equilibrium of forces.23,43

Sm ¼ 0:5 � IOP

7501

� �
�

CCR� CCT
2

� �
CCT

ð2Þ

where Sm(MPa) is the meridional stress component of
the 2nd Piola Kirhoff stress tensor and IOP(mmHg) is
converted to units of MPa by factoring 7501(MPa/
mmHg). CCT(mm) and CCR(mm) are the center
corneal thickness and center corneal radius respec-
tively. The equation holds for CCR

CCT
>10.

Substituting Eq. (2) into Eq. (1b) gives:

Cm ¼ m � 15002 � CCT
CCR� CCT

2

� Sm þ E0 ¼ a � Sm þ E0 ð3Þ

where Cm represents the meridional elasticity compo-
nent of the elasticity tensor and a is a non-dimensional
patient-specific property determined by the scalar m
and the individual’s corneal geometry. Recall that for a
hyperelastic material, there exists a strain energy den-
sity function U so that for the meridional strain com-
ponent of the Green–Lagrange strain tensor Em,
Cm ¼ @2U

@E2
m
and Sm ¼ @U

@Em
we can obtain:

@2U

@E2
m

� a
@U

@Em
¼ E0 ð4Þ

Considering S E ¼ 0ð Þ ¼ @U
@E E ¼ 0ð Þ ¼ 0 as a

boundary condition (see Appendix for a non-zero
boundary condition) and solving the above differential
equation provides the explicit form of U which could
be used to obtain Eq. (5).

Sm Emð Þ ¼ E0

a
exp a � Emð Þ � 1½ � ð5Þ

Many commercially available non-invasive medical
devices can measure the cornea’s geometrical proper-
ties directly (e.g., standard pachymeters, corneal
topographers and tomographers) by implementing a
quick and simple procedure.3,33,42 This facilitates
acquiring the CCT, CCR and patient-specific corneal
topography, however, this is not the case for the sca-
lars m and E0 and to the authors’ current knowledge
they cannot be measured directly with any existing
device. Therefore, mathematical relationships between
each of these parameters and current clinically-avail-
able measurements were derived.
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Analytical Formulation for the Proportionality Factor

Adjustments are made to the Orssengo and Pye’s
formulation (Eq. (6.1)) for the corneal modulus of
elasticity.31

E ¼ a � IOPGð Þ � b � IOPT½ � 1

7501
ð6:1Þ

where E(MPa) is the linear-elastic modulus of elastic-
ity, IOPG(mmHg) is the IOP measured with a Gold-
mann’s tonometer, IOPT(mmHg) is the true IOP and a
and b are dimensionless constants that are defined by
CCT(mm), CCR(mm), v (Poisson’s ratio) and the
applanation area during tonometry (an explicit pre-
sentation of a and b is provided in the Appendix).

Rewrite Eq. (6.1) to obtain the difference equation:

DE ¼ a � DIOPGð Þ � b � DIOPTð Þ½ � 1

7501
ð6:2Þ

The proportionality factor m is defined as:

m ¼ DE
DIOPT

MPa

mmHg

� �
ð7:1Þ

Replacing the numerator (in Eq. (7.1)) with the
derived expression for DE (Eq. (6.2)) and defining
s � DIOPG

DIOPT
for simplicity results in:

m ¼ a � s� b½ � 1

7501
ð7:2Þ

A proposed procedure for acquiring a patient-spe-
cific s value might be to measure the true IOP as well as
the Goldmann’s IOP while using IOP regulating
medicine for continuously lowering the IOP. However,
two major drawbacks are identified for such a process.
The first is that the Goldmann’s tonometer suffers
from relatively large measuring errors. The second
drawback is that as a matter of fact that the most valid
method to measure the true IOP is by using an invasive
manometer, which involves connecting a cannula
inserted into the anterior chamber of the eye to a
column of fluid.11,24 Perhaps a patient-specific s could
be obtained during surgical procedures that involve
inserting a cannula and following the procedure pro-
posed above. However, in the reasonable case that an
invasive maneuver is undesirable, we propose a gen-
eralized m value that is physiological and can be used
within this modeling. For that matter, let us make an
observation that s represents the correlation between
the Goldmann’s IOP and the true IOP. This correla-
tion between applanation tonometry and direct intra-
cameral IOP readings was previously measured in vivo
and is equal to s = 0.78.11 Due to the fact that the
CCT and CCR were not reported in the referenced
study we use a set of nominal geometry values termed
as the ‘‘calibration values’’ of human CCT (0.52 mm)

and CCR (7.8 mm) 9 to go with the reported s when
assessing the value of m. These values are not to be
confused with the patient-specific CCT and CCR and
are merely used herein to represent the values of those
whom participated in the referenced study. It is com-
mon to refer to the corneal tissue as a nearly incom-
pressible material and therefore the Poisson’s ratio was
set here to m = 0.49.5,27 The applanation surface was
set to the Goldmann’s tonometer surface area
ðArea ¼ 7:35 mm2Þ.31 Resulting m = 0.0115 MPa/
mmHg will be used throughout this study.

The implications of using a constant value for m for
achieving a non-invasive evaluation of the individual’s
corneal tissue stiffness will be discussed later. It is also
noteworthy that though m is assessed in the linear-
elastic region, it is a scalar that may be inputted into
the large deformation stress–strain Eq. (5) to define the
value of a.

Analytical Formulation for the Baseline Elastic Modulus

Assuming again that CCR
CCT

>10 and that deforma-
tions due to edge supports or membrane stress remote
from the loading are disregarded, the central deflection
of the cornea due to external loading can be calculated
as follows27,31,43:

d ¼ AðlÞ �
F � CCR� CCT

2

� �
�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� m2
p

E � CCT2
ð8Þ

where F is the acting load, dðmmÞ is the deflection
under the area where the load is applied and E is the
elastic modulus of the corneal tissue. A(l) is an
approximated geometrical coefficient (for further
details please see the Appendix).

Rearranging the formula for the elastic modulus E
and writing F in terms of pressure P (mmHg) acting on
an area gives:

EðMPaÞ ¼ AðlÞ �
Area � P � CCR� CCT

2

� � ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� m2
p

7501 � d � CCT2

ð9Þ

Equation (9) infers that if a known pressure is
applied on the center of the cornea over a known
applanation area and the corneal deflection is assessed
or measured as well, it is possible to calculate the
elastic modulus of the cornea.

A diversity of indirect IOP measurements can be
obtainedusingvariousdevices, the gold standardbeing the
Goldmann’sapplanation tonometry.Thesemeasurements
all share the property of being inaccurate to some extent
due to the transcorneal measurement.7 Therefore, a non-
invasive exact value of the true IOP is not available and the
absolute pressureP that represents the fraction of the total
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pressure that is needed in order to oppose the elastic
resistanceduringapplanation, cannotbe calculatedusinga
true IOP. The CRF(mmHg) is a measurement of the
cumulative effects of both the viscous and elastic resistance
encountered by the air jet while deforming the corneal
surface and importantly, is minimally correlated with
IOP.25,28 It therefor provides a good assessment of the
absolute pressure P that is needed in order to oppose the
elastic resistance during applanation.

Consider that for normal physiological IOP where
linear elasticity applies, E is approximately E0

6 and let
CRF represent the pressure needed to oppose both the
viscous and elastic resistance Eq. (9) becomes:

E0ðMPaÞ

¼AðlÞ �
Area �CRFðmmHgÞ � CCR�CCT

2

� � ffiffiffiffiffiffiffiffiffiffiffiffi
1� m2
p

7501 � d �CCT2

ð10Þ

where E0 is the elastic modulus for IOP + 0 mmHg.
The effects of the viscous element of the CRF in this
formulation will be discussed later on.

Corneal deflection was calculated analytically using
Eq. (11) which is based on a Pythagorean derivation.31

Novel emerging tonometers, such as the Corvis (Corvis
ST, Oculus, Wetziar, Germany) can measure the
patient-specific AD as well as d during tonometry.

d ffi AD2

4R
ð11Þ

It is noteworthy that though E0 is assessed in the
linear-elastic region, like m it too is a scalar that may be
inputted into the large deformation stress–strain Eq. (5).

Protocol of Simulations

The presented formulation was demonstrated and
validated through computer simulations using MAT-
LAB (2013a, The MathWorks) and FEbio (Ver. 1.5.1,
University of Utah). First, mean values that were
reported in literature were inputted into the formula to
produce a curve which represents a healthy case. This
case was compared to in vitro results from two inde-
pendent studies. Then, a sensitivity analysis was car-
ried to identify inputs that have the most dominant
effect. Finally, a finite elements analysis (FEA) simu-
lating elevations in intraocular pressure was con-
ducted. In this analysis the corneal model comprised of
patient-specific corneal geometry as well as the current
formulation for patient-specific corneal biomechanics.
Healthy and pathological corneal biomechanics were
simulated and deformations as well as instantaneous
curvature optical maps were derived. The following
sections describe in detail the methods that were used.

Healthy-Simulated Curve

A simulated curve representing a healthy case was
plotted using the calibration values of human
CCTð0:52 mm) and CCR ð7:8 mm)9 along with the
Goldmann’s AD (3:06 mm) and reported mean CRF
value (10:46 mmHg) for normal corneas.24

To confirm the resulting curve with respect to
experimental data, the resulted curve was plotted along
with a scatter with margins plot which was recreated
from empirical data that were published in two inde-
pendent in vitro studies.40,44

This curve was used as a reference curve during the
sensitivity analysis and therefore is termed as the
‘‘reference simulation’’ in the following.

Sensitivity Analysis and Keratoconus-Simulated Curve

Sensitivity analysis was carried by varying one
parameter at a time (from the set CCT, CCR, AD and
CRF) while holding the other three constant. The
ranges of all values were defined to include the scope of
healthy and pathological values. The range of values
for CCT and CCR was set to be �10% of the cali-
bration values and the range of values for AP was 0.5–
3.4 mm. CRF values ranged between 6 mmHg and
15 mmHg.24

A curve simulating keratoconus (a pathology that is
thought to be related to degradation in corneal bio-
mechanics) was plotted using values that are in range
with reported keratoconus cases21,37,38 and are often
measured by the clinician co-authors in patients with
keratoconus (CCT = 0.45 mm, CCR = 8.6 mm,
AP = 3.4 mm and CRF = 5 mmHg).

Finite Element Analysis

The data acquisition was approved by the Institu-
tional Ethics Committee at the Tel Aviv Sourasky
Medical Center (approval no. 0266-10-TLV) and the
chosen subject was a healthy 30 year old male.

The patient-specific geometry was optically scanned
in vivo using the GALILEITM Dual Scheimpflug
Analyzer (Ziemer Group; Port, Switzerland). The
geometrical data was imported into Matlab from two
separate files, each containing one surface of the cor-
nea on an 8 mm diameter domain. The sampled points
from both surfaces were assembled together and ana-
tomically extrapolated to produce a point cloud file of
the cornea-sclera on a 14 mm diameter domain. This
was done by controlling the pachymetry to a maximum
of 1 mm thickness and bounding the angle of extrap-
olation to a 2.4 mm maximal height.8 The result was
converted into STL format using ADINA (ADINA
Inc., Watertown, MA, USA) and loaded as such into
the Simpleware finite element suit (Simpleware Ltd,
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Ver. 2012, Exeter, UK). The STL data was sampled
with a 20 lm spaced grid and the resulting mask was
partitioned into two separate parts; the cornea on
11.89 mm domain (patient-specific white to
white—WTW) and the sclera completing the domain
up to 14 mm (Fig. 1).

Mesh density was set based on the implementation
of the instantaneous curvature algorithm on the nodes
of the anterior surface of the cornea post-deformation
(as explained later on). The mesh was generated semi-
automatically, eventually comprising of 1646875
4-node tetrahedron elements. In terms of numerical
convergence or accuracy, using greater mesh densities
did not provide any benefit (resulted in less than 1%
difference in strain data for denser meshes in pre-
liminary analysis).

Using our formulation, two stress–strain curves
were simulated to represent ‘‘strong’’ and ‘‘weak’’
cases of corneal tissue; the values that were used in
each case are provided in Table 1. The CCT
(0.58 mm), CCR (8 mm) and IOP (13 mmHg) values
were measured patient-specifically in the clinic while
the AD and CRF values were varied to signify the
strong and weak corneal tissue cases.

Both curves were evaluated as uniaxial stretch test
data using Abaqus (Simulia Inc, Providence, RI) to
calculate the constants of a third-order Ogden strain
energy function. The sclera was modeled as a linear
elastic material with a modulus of elasticity of
2.35 MPa.21

The boundary conditions (BC) were set as fixed
along the rim of the sclera and only sliding was allowed
on the anterior surface of the sclera. Elevations in IOP
(5, 10, 15 and 20 mmHg) were prescribed by setting an
acting pressure on the posterior surface of the cornea
and sclera (Fig. 1).

The FE simulations were all set up and pre-pro-
cessed using PreView (Ver. 1.8), analyzed using the
Pardiso linear solver of FEBio in structural mechanics
mode, and post-processed using PostView (Ver. 1.4).29

The runtime of each case was approximately one hour
using a 64-bit Windows 7-based workstation with a
CPU comprising Intel Xeon E5645 2.4 GHz (2 pro-
cessors), and 32 Gb of RAM.

A file was created recording the nodal displacements
per each step in the analysis until the full extent of
deformation was achieved for each elevation in IOP.
These were used in order to present deformations by
means of instantaneous curvature maps that are com-
monly used by ophthalmologists for identifying and
describing corneal pathologies. In order to do so, the
file with the nodal displacements was loaded into
Matlab. The nodes, represented by Cartesian coordi-
nates were first transformed into cylindrical coordi-
nates. Then, all nodes were sorted and quantized into

360�. Multiple range values for single domain points
were averaged, resulting in unique values along a given
radius. Finally, for each degree, the values along the
radii were interpolated along a 0.1 mm spaced line
domain. The instantaneous curvature was calculated
along each radius using Eq. (12). The algorithm was
tested successfully by inputting a known 7 mm radius
hemisphere, resulting in a maximal deviation of
±1 lm. In addition, the instantaneous curvature map
that was exported from the GALILEI was compared
to the zero pressure maps that were created using this
algorithm resulting in variations of several microns at
maximum.

ri ¼
1þ dq

dz

� �2� �3
2

� d2q
dz2

� � ð12Þ

RESULTS

Analysis of Formulation

The simulated stress–strain curve for the healthy
case is presented in Fig. 2 by a solid line along with a
scatter with margins plot of the in vitro experimental
data. The simulated stress–strain curve for the kera-
toconus case is also presented in this figure by a dashed
line.

The solid curve is well within the boundaries of the
experimental data for up to roughly 35% strains.
Increased stiffening (elevation in the rate of change in

FIGURE 1. Schematic representation of the BCs and loads
working on the patient-specific cornea. The WTW domain is
11.89 mm (colored in blue) and the sclera (colored in grey)
completes the domain up to 14 mm. The model was clamped
at the scleral circumference and the anterior surface of the
sclera was constrained to sliding. IOP varied between 5 and
20 mmHg and was applied on the posterior surface.
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slope), relative to the experimental data, is noticeable
at approximately 30% strains. It is clear that for the
keratoconus simulation the stiffness is reduced con-
siderably in the entire domain.

The CCT and CCR were varied separately between
0.45–0.6 (mm) and 7–8.6 (mm) respectively while the
remaining parameters were held as same as in the
reference simulation. Comparing to the reference sim-
ulation up to approximately 25% strains, changes in
both CCT and CCR had a minor effect (less than a 1%
maximal change) on the resulting stress–strain curve.
For larger strains, elevations in CCT resulted in mild
stiffening while in contrast decreasing the CCR
resulted in mild weakening. The latter having a least
dominant effect on the simulated curves.

The AD was varied between 0.5 and 3.4 mm while
the remaining parameters were held as in the reference
simulation (Fig. 3). It is evident that a shorter AD
(dotted line) results in stiffer curves.

The CRF was varied between 6 and 15 mmHg24

while the remaining parameters were held as same as in
the reference simulation (Fig. 4). It is evident that low
values of CRF (dotted line) result in a more compliant
curve.

Unlike the minor influence the geometrical param-
eters exhibited, changes in both AD and CRF resulted

in a noticeable linear change across the entire strain
domain. The latter having a more dominant effect on
the simulated curves.

Finite Element Analysis

The total displacements for the set of ‘‘strong’’
biomechanical properties under 10 mmHg are pre-
sented in Fig. 5. As expected, because the cornea is
thinnest at its center and thickens towards the limbus
and sclera in a relatively symmetrical fashion, a relative
symmetry in deformations is observed. It is obvious
that small asymmetrical changes are barely, if at all,
noticeable in such presentation.

The maximal tissue displacement for both strong
and weak biomechanical properties is presented in
Fig. 6. The strong case presents a 15 lm elevation per
5 mmHg. The origin and slop of the weak case are
higher than those observed for the strong case. For
increasing elevations in IOP a growing difference
between both cases is evident. At 20 mmHg the weak
case suggests a 42% increase relative to the strong case
in terms of maximal tissue displacement of the cornea.

This is accommodated by increased change in the
instantaneous curvature power maps as could be
observed in Fig. 7. Compared to the instantaneous
curvature that is associated with the time of measure-
ment it is evident that under elevations in IOP both the
strong and the weak cases show elevations in diopters.
Under 10 mmHg and 20 mmHg increases in IOP, the
weak case shows a substantial increase in diopters
compared to the strong case. The highest diopter val-
ues are observed in the inferior part of the cornea. The
maximal dioptric power [D] for both strong and weak
cases is presented in Fig. 8. The origin and slop of the
weak case are higher than those observed in the strong
case and a growing difference between both cases is
evident under elevations in IOP. Values are summa-
rized in Table 2.

The strong case remains under a 1 diopter elevation
even for a 20 mmHg increase in IOP while the weak
case passes this value after a little less than a 10 mmHg
increase in IOP.

DISCUSSION

The present formulation is suitable for implemen-
tation in medical devices (e.g., corneal topographers or
applanation tomographers) so that it can be used
directly in the clinic for evaluating patients. Most
importantly, the biomechanical formulation can be
integrated with FEM to show the patient-specific
response to an increase in IOP in terms of deforma-
tions and optical power. Ultimately, our modeling can

TABLE 1. The values that were used for simulating strong
and weak corneal tissue cases.

Strong Weak

CCT (mm) 0.563

CCR (mm) 8.05

AD (mm) 1 3.4

CRF (mmHg) 15 5
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FIGURE 2. The stress–strain curve for the reference simu-
lation is presented by a solid line along with a scatter with
margins plot that was recreated using empirical data that were
published in two independent in vitro studies.40,44 The stress–
strain curve for the keratoconus simulation is marked by a
dashed line and is significantly more compliant than the ref-
erence curve.
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be used for quick follow-ups of changes in the cornea’s
biomechanical properties by clinicians (since it weighs
the multiple parameters measured by their different
medical devices into a single graph with a functional
meaning), and thus, it can aid in the prognosis of

corneal diseases and responses to preventative and
rehabilitating treatments.

The reference simulation curve (Fig. 2) demon-
strates important properties that are expected from a
hyperelastic material in general, and from the cornea in
particular. First, a gradual increase in slope (i.e., tan-
gential modulus of elasticity) relates to the stiffening
effect that occurs when the cornea is subjected to
increasing strains. Second, the curve resembles linear
elasticity (R2 = 0.98) for up to 2–3% strains however,
it is clear that our formulation can account for large
strains which complies with the current conven-
tion.10,32,36

The healthy biomechanics curve was compared with
two in vitro experimental results; the first recreated
dataset was up to 14% strains40 while the second
dataset completed the strain domain for up to 40%
strains.44 An excessive magnitude of change for the
maximum/minimum value of a changed variable can
indicate that the model is oversensitive to that
parameter. During the sensitivity analysis, when the
input variables (CCT, CCR, AD and CRF) were
modified, the resulting curves remained inside the
ranges of the error margins of the experimental data.
In particular, the reference curve nearly passes through
the mean values up to 30% strains and then rises
gradually until passing above the upper error margin
at around 35% strains. This gradual stiffening com-
pared to the in vitro data could be explained by the
high strain rate that is applied when measuring the
CRF.28 Nevertheless, very high strains have little bio-
logical relevance, because they represent stresses that
are much greater than naturally seen.5 Therefore, our
formulation very nicely agrees with published empiri-
cal data within the entire domain of physiologically-
relevant corneal strains, including large strains.
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FIGURE 3. A sensitivity analysis for AD was performed by
varying the parameter between 0.5 and 3.4 (mm). The resulting
dotted curves represent low AD values and the dashed curves
high ones. Lower values of AD produce stiffer curves.
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FIGURE 4. A sensitivity analysis for The CRF was performed
by varying the parameter between 6 and 15 (mmHg). The
resulting dotted curves represent the low CRF values and the
dashed curves high ones. Higher values of CRF produce
stiffer curves.
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FIGURE 5. A FEM section-cut view post analysis is shown.
The total displacements for the strong case under 10 mmHg
are presented using PostView and are noted in microns.
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The simulated keratoconus curve (Fig. 2) resulted in
a severe decrease in stiffness. This is in agreement with
the known decrease in stiffness that characterizes ker-
atoconus.16 The result shows that the keratoconic

cornea allows very large deformations for relatively
low stress values, which supports the notion that these
cases are more susceptible to a peak increase in IOP.
For example, eye rubbing is associated with peaks in
IOP and is a risk factor that is recognized by clinicians
and explained by them to keratoconus patients.
Patients are encouraged to avoid eye rubbing, assuming
this could delay or arrest progression of the disease.22

The sensitivity analysis points at only a minor
contribution of the CCT and CCR to simulated curves
whereas AD and CRF were shown to have a more
dominant effect. A stiffer cornea would be more
resistant to the applied force and therefore would
deform less during applanation than a more compliant
one. Accordingly, smaller values for the inputted AD
resulted in a stiffer curve whereas a large diameter gave
a more compliant curve (Fig. 3). It has been previously
shown that low CRF values correspond with a lower
viscoelastic resistance of the corneal tissue to the air
pulse during non-contact tonometry.25,28 An air pulse
of increasing force is directed onto the eye, lasting
approximately 20 ms and causing progressive corneal
deformation through two applanation phases; an
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were produced post analysis using the anterior surface of the cornea FEM. The orientation is noted by the Nasal–Temporal and
Superior–Inferior directions. Warm colors depict high dioptric values. Higher values of optical power were observed with the weak
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inward applanation state to indentation followed by an
outward applanation as the cornea returns to its ori-
ginal shape. The air pulse force is noted at the two
points of corneal flattening and is later used to calcu-
late the aforementioned CRF. This value represents
the cumulative effects of both the viscous and elastic
resistance encountered by the air jet while deforming
the corneal surface.25,28 In accordance, low CRF val-
ues resulted in a more compliant curve, while high
values resulted in a stiffer curve (Fig. 4). The fact that
the CRF is minimally correlated with IOP implies that
changes in IOP will have a minimal effect on the
measured CRF. To the authors’ knowledge the CRF
has yet been compared with traditional mechanical
variables; our formulation for calculating E0 provides
a useful and practical method for integrating the CRF
in biomechanical analysis and so forth harnesses its
in vivo indication of corneal rigidity.

The strong case in Fig. 6 presents a 15 lm elevation
per 5 mmHg which agrees with previously published
results that indicate that an IOP change of 1 mmHg
causes an elevation of 3 lm to the center of the cor-
nea.26 From both Figs. 6 and 8 it is clear that the weak
case exhibits more maximal tissue displacement and
maximal dioptric power with respect to the strong case.
Figure 7 shows the results as they might be presented
in a clinical environment; as instantaneous curvature
maps. Based on these results clinicians may decide to
prescribe IOP lowering medications to a patient with
maps such as those that were obtained in the weak case
which clearly demonstrates a pathological dioptric
map. The importance of using the instantaneous cur-
vature maps is emphasized by Fig. 5; deformations
alone cannot depict the small changes that occur in the
corneal topography though these have severe implica-
tions on vision as demonstrated with the instantaneous
curvature maps.

Among the CRF are additional in vivo methods that
can indicate changes in corneal biomechanics. Examples
are dynamic corneal imaging and ultrasonic spectros-
copy. The latter can measure an aggregated modulus
and the former can be used to measure values such as
flexing curve or when used with ultra high-speed Sche-
impflug imaging can measure changes in deformations

that have been shown to correlate with corneal stiff-
ness.2,17,19 All of these parameters share two common
attributes; the first is that they offer measures that
although have a correlation with corneal biomechanics
they cannot be directly used in a classic mechanical
analysis and therefore require additional research in
order to implement with FEM. The second is that they
give an indication of corneal biomechanics at the time of
measurement alone and refer to the cornea as a linear
elastic material. In oppose to these methods our current
modeling characterizes the corneal biomechanics as
hyperelastic, promotes integration with FEM and ulti-
mately also allows simulations in silico such as increases
in IOP which were presented herein.

Simplifications and analytical and numerical
approximations that were made during the develop-
ment of this formulation should be considered.
Although the cornea is not a perfect symmetrical
sphere, the equations that were used represent one. The
cornea is non-homogenous, is not isotropic and does
not have constant pachymetry but is treated as such in
our formulation for practicality and ease of imple-
mentation and interpretation.1,18,20,32 True IOP mea-
surements are not mandatory thanks to the
mathematical maneuver presented for obtaining m.
The fact that the calculated value agrees nicely with the
experimental results is encouraging. In addition, other
parameters that were varied produced significant
changes in stiffness that agreed with the experimental
data. Nonetheless, further investigation into the rela-
tionship between IOPT and IOPG is required in order
to establish if the proposed calculated value for m can
be fixed for clinical use. The formulation holds in both
cases, whether a fixed value is chosen or not. The pa-
tient-specific values that are used with this formulation
represent the entire cornea however they are measured
only in the center of the cornea. However, this may be
beneficial considering that in pathological cases such as
keratoconus, the center region of the cornea is where
these variables remain accurate during in vivo mea-
surements. The term A(l) imposes limitations on the
range of values of CCT, CCR and AD that can be
inserted into the formulation. However, the range of
inputs that are permitted include severe pathological
conditions and therefore this does not impose any
clinical limitations (for the analysis and values please
see the appendix).12–14,30,38

Further improvements to this model may include
adding orthotropic characteristics of the cornea in
order to provide a more complete representation of
corneal biomechanics. In the present framework it
would be straight forward to do so by adding
fiber elements in reinforced directions. These mainly
consist of a gradual increase in circumferential fibers
towards the limbus and reinforcing fibers along the

TABLE 2. Increase in maximal dioptric power [D] for
increasing intraocular pressures (IOP) for strong and weak

cases.

IOP (mmHg)

Maximal dioptric power [D]

Healthy Pathologic

18 0.2 0.58

23 0.43 1.12

28 0.63 1.49

33 0.88 1.97
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FIGURE 9. In each simulation the horizontal dashed lines depict where the approximation limits are. Passing these margins will add a
growing error to the results. The CCT, CCR and applanation diameter were varied between 0.34–0.65 mm, 6–9 mm and 0.5–4 mm respec-
tively. These ranges were chosen in order to cover a very wide of possible inputs, including very extreme pathological conditions.12–14,30,38
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superior–inferior and nasal–temporal meridians with a
sinusoidal fashioned density distribution as reported in
literature [8, 11]. The present modeling, if adapted to
account for orthotropic reinforcement, may also be
valuable for anticipating the patient-specific biome-
chanical limits of safe rehabilitating refractive surgery,
in order to avoid unexpected iatrogenic keratoectatic
catastrophic results.

To conclude, this paper provides a formulation for
acquiring patient-specific corneal biomehcanics. The
present mathematical formulation can be implemented
and used in ophthalmological devices as well as for edu-
cational purposes. It can further be coupled with struc-
tural computational andparticularlyFEA, and shouldbe
useful for quick follow-ups of changes in the cornea’s
biomechanical properties, rendering it extremely useful
for physicians to illustrate how degenerative changes af-
fect corneal stiffness. The large range of potential appli-
cations provides clinicians, researchers, medical
educators and students a novel tool for representing and
studying patient-specific corneal biomechanics.

APPENDIX

Expansion of Eq. (4) to Include IOP0 (IOP at Time of
Measurement)

Solving the differential Eq. (4) using non-homoge-
nous boundary conditions results in:

Sm Emð Þ ¼ E0

a
exp a � Emð Þ � 1½ � þ Sm0

ð13Þ

Note that Eq. (13) becomes Eq. (5) by zeroing IOP0

Use Eq. (2) to give the residual stress for measured
IOP0

Sm0
¼ 0:5 � IOP0

7501

� �
�
R� t

2

	 

t

An Explicit Definition of a and b

a ¼
2p � AðlÞ � CCR � CCR� CCT

2

� � ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� t2
p

CCT2

b ¼
p � CCR � CCR� CCT

2

� �2
1� tð Þ

Area � CCT

An Explicit Definition for A(l)

A(l) is a geometrical coefficient that was approxi-
mated using Taylor’s approximation as follows5,35:

(for 0< l < 1.4)

A lð Þ ffi 0:433047� 0:001859l� 0:228169l2

þ0:237752l3 � 0:135992l4 þ 0:032129l5

where l ¼ AD
2

12 1�m2ð Þ
R�t

2ð Þ2�t2

� �0:25
(AD is in our case the

applanation diameter).

Limitations Imposed by A(l)

Special attention was given to the Taylor’s
approximation, in order to clarify the constraints it
imposes on the model. For that matter, a simulation
was carried in order to show the dependency of AðlÞ
on the range of possible inputs (CCT, CCR and AD).
In each analysis (Figs. 9a, 9b and 9c) the horizontal
dashed lines depict where the approximation limits are.
Passing these margins will add a growing approxima-
tion error to the results. The CCT, CCR and AD were
varied between 0.34–0.65 mm, 6–9 mm and 0.5–4 mm
respectively. These ranges were chosen in order to
cover a very wide of possible inputs, including very
extreme pathological conditions.12–14,30,38

The asterisk in Fig. 9 marks the values of the ref-
erence simulation (Fig. 2). Low CCT and CCR values
move the asterisk towards lower A(l) values. In con-
trast, low AD values move the asterisk upwards to-
wards higher A(l) values. The resulting lower limit for
the CCT (Fig. 9a) is 0.4 mm and there is no upper
limit. The CCR (Fig. 9b) has a lower limit of 6.1 mm
and no upper limit as well. A(l) is inside the bound-
aries for applanation diameters that are up to 3.5 mm
and has no lower limit (Fig. 9c).
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