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Abstract—A kinetic model based on first principles, for
b2-microglobulin, is presented to obtain precise parameter
estimates for individual patient. To reduce the model
complexity, the number of model parameters was reduced
using a priori identifiability analysis. The model validity was
confirmed with the clinical data of ten renal patients on post-
dilution hemodiafiltration. The model fit resulted in toxin
distribution volume (Vd) of 14.22 ± 0.75 L, plasma fraction
in extracellular compartment (fP) of 0.39 ± 0.03, and inter-
compartmental clearance of 44 ± 4.1 mL min21. Parameter
estimates suggest that Vd and fP are much higher in
hemodialysis patients than in normal subjects. The developed
model predicts larger removed toxin mass than that predicted
by the two-pool model. On the application front, the
developed model was employed to explain the effect of
intra-dialytic exercise on toxin removal. The presented
simulations suggest that intra-dialytic exercise not only
increases the blood flow to low flow region, but also
decreases the inter-compartmental resistance. Combined,
they lead to increased toxin removal during dialysis and
reduced post-dialysis rebound. The developed model can
assist in suggesting the improved dialysis dose based on
b2-microglobulin, and also lead to quantitative inclusion of
intra-dialytic exercise in the future.

Keywords—Hemodiafiltration, Kinetic modeling, A priori

identifiability analysis, Toxin distribution volume, Plasma
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LIST OF SYMBOLS

a Fluid intake rate during inter-dialysis
period (L min21)

Cart Arterial toxin concentration (measured
concentration) (mg L21)

Cmn Toxin concentration in mth region, nth
compartment (mg L21) m 2 [h,l], n 2 [p,i]

CO Cardiac output (L min21)
e Fluid volume fraction of extracellular space
fm Blood flow fraction to mth region
fP Fluid volume fraction of plasma compart-

ment in extracellular space
Gb2M b2-Microglobulin generation rate

(mg min21)
HCT Hematocrit
KD Dialyzer clearance (mL min21)
Kip Inter-compartmental mass transfer coeffi-

cient (mL min21)
km Fluid volume fraction of mth region
KNR Non-renal clearance (mL min21)
Qb/Qbp Blood/plasma flow to dialyzer (L min21)
Qh/Ql Systemic blood flow to high/low flow

region (L min21)
Qhp/Qlp Systemic plasma flow to high/low flow

region (L min21)
Qs Systemic plasma flow (L min21)
Quf Constant ultrafiltration rate (L min21)
Vd Toxin distribution volume (L)
Vmn Fluid volume in mth region, nth compart-

ment (L)
Z Scaled sensitivity matrix

SUBSCRIPT

h/l High/Low flow region
p/i Plasma/Interstitium compartment

INTRODUCTION

Hemodialysis is a life saving treatment for more than
one million chronic renal patients worldwide. More
than 90 accumulated uremic toxins should be removed
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during dialysis.30 Since it is impossible to measure all
toxins, urea has been used as their representative in
defining the dialysis adequacy. However, urea is a
small, water-soluble toxin; and many other uremic
toxins are much larger in size. Recently, b2-micro-
globulin (b2M) has become widely accepted marker for
larger molecules,1 and higher pre-dialysis serum con-
centrations of b2M have been associated with mortality
and morbidity.2,16 b2M is found on the surface of
nucleated cells. After being shed from cell surface, it is
excreted by glomerular filtration. In subjects with renal
insufficiency, it accumulates in the interstitium and
plasma, and deposits as amyloid fibrils in osteoarticular
structures.6,7 These deposits can lead to amyloidosis,
carpal tunnel syndrome, or formation of bone cysts,
which are causes of morbidity in long-term hemodial-
ysis subjects.15 Vanholder et al. have recommended that
monitoring the serum level of b2M alone might be
sufficient for the evaluation of dialysis adequacy.25

Though considerable interest has been shown for
intra-dialytic removal of b2M, urea is still considered to
be the standard marker of dialysis adequacy in clinical
practice. Incorporating b2M in the prescription of ade-
quate dialysis requires comprehensive mathematical
models that can describe b2M kinetics and motivate
clinicians to accept its clinical use. Such mathematical
models can also help in realizing the goal of optimal
individualized treatment. So far, the two-poolmodel has
been used to describe the kinetics of urea, creatinine,31

b2M,26 and other toxins23 in patients on renal replace-
ment therapy. However, the practical application
of two-pool models has been limited. Alternatively,
regional blood flow (RBF) models can also explain urea
kinetics.20 The RBF model describes solute kinetics in
terms of an unequal distribution of blood flow to dif-
ferent body organs, and appears to be a better alterna-
tive to the two-pool model. The reasons are, RBFmodel
is closely related to physiology and explains certain
aspects of kinetics which the two-pool model cannot,
such as cardiopulmonary recirculation,8 and the effect
of intra-dialytic exercise.21 Recently, Schneditz et al.
proposed a diffusion-adjusted regional blood flow
(DA-RBF) model,19 which encompasses the character-
istics of both the two-pool model and the simple RBF
model, and brings it much closer to physiology.

Even after the improvements in theRBFmodel,19 this
model has not been much valued by the research com-
munity. Probable reasons include the large number of
parameters in the DA-RBF model,12 which are difficult
to estimate from limited patient data, and clinicians’
reluctance to shift to a more complex model. Neverthe-
less, these reasons alone do not undermine the relevance
ofDA-RBFmodel in routine clinical setting. In the past,
the DA-RBF model has been employed to simulate the
kinetics of small molecules like urea and creatinine

only.19 The applicability of DA-RBF model for larger
molecules marker, such as b2M, and its relevance for
renal subjects, is yet to be evaluated.

In this work, we have developed a reduced parameter
DA-RBF model for b2M. To overcome the bottleneck
of large number of parameters, a priori identifiability
analysis was implemented, which elucidates the identi-
fiable model parameters.28 Subsequently, using the data
of ten stable patients, we calibrated the reduced
parameter model for each patient and compared the
estimated model parameters with those obtained from
the two-pool model.26 The developed DA-RBF model
was then used to estimate the removed toxin mass
during hemodiafiltration (HDF) and to explain the
effect of intra-dialytic exercise.

MODEL DESCRIPTION

The kinetics of b2M differs from that of small mole-
cules (e.g., urea, creatinine) in that the former is
distributed in extracellular (plasma + interstitium)
compartment only,13 while the latter are distributed in
both extracellular compartment (EC) and intracellular
compartment (IC) (Fig. 1). Considering this, the exist-
ing DA-RBF model19 was modified in this study. Based
on specific perfusion (ratio of blood flow rate and organ
fluid volume), the body organs can be divided into two
major regions, namely, high flow region (HFR) and low
flow region (LFR),19 (Fig. 2). HFR comprises small
organs like heart, brain, kidney, and liver with specific
perfusion greater than 0.2 min21. They sum up to 20%
of total body fluid volume, but are highly perfused and
almost 85% of cardiac output goes to them. The
remaining organs are part of LFR which mainly com-
prises the large body organs like skin, muscles, and
bones. They sum up to 80% of total body volume and
perfused by only 15%of total cardiac output.12,29 Heart
pumps blood to various body organs; HFR and LFR
plasma flow (Qhp and Qlp) moves the toxin between
plasma compartments and dialyzer. BothHFRandLFR
behave as two-compartmental structure where mass
transfer between compartments is controlled by inter-
compartmental mass transfer coefficient (Kip). It can be
observed that this model structure comprises 2 two-pool
compartments in parallel, or it can be called as parallel-
cum-series representation of physiology (Fig. 2). In the
following, all model equations are described.

Mass Balance During Dialysis

Toxin exchange between compartments depends on
the concentration difference (diffusive flux), and fluid
movement due to ultrafiltration (convective flux).
Additionally, constant toxin generation and constant
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non-renal clearance (KNR) also contributes to toxin
accumulation. For example, toxin accumulation in
HFR plasma compartment depends on the following

factors: (i) diffusive flux from interstitium to plasma,
(ii) toxin transfer from interstitium to plasma with
ultrafiltered fluid, (iii) toxin transfer from plasma to

FIGURE 1. Schematic of toxin distribution in body compartments; urea and creatinine are distributed in both intra- and extra-
cellular compartment, while b2-microglobulin is distributed in extracellular (interstitial + plasma) compartment alone.

FIGURE 2. Diffusion-adjusted regional blood flow model (parallel-cum-series representation of physiology) for explaining
b2-microglobulin kinetics. Toxin transfer is due to diffusion across capillary endothelium, and blood/plasma circulation causes
convective transport. Qh/Qhp, Ql/Qlp, and Qb/Qbp are blood/plasma flows to HFR, LFR, and dialyzer, respectively. Qcr and Qar are
cardiopulmonary and access recirculation, respectively. Shaded compartments represent contact with blood (A—arterial node and
V—venous node).
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systemic circulation with ultrafiltered fluid, (iv) con-
vective removal with systemic circulation, (v) non-
renal clearance from plasma compartment, and (vi)
constant toxin generation. All these factors appear in
the same order in the right hand side of Eq. (1). Toxin
balance equations for other compartments are written
in the similar manner.

HFR plasma mass balance:

d ChpVhp

� �

dt
¼ khKip Chi � Chp

� �
þ khQufChi

� khQufChp þQhp Cart � Chp

� �

� khKNRChp þ khGb2MfP ð1Þ

HFR interstitium mass balance:

d ChiVhið Þ
dt

¼ �khKip Chi � Chp

� �
� khQufChi

þ khGb2M 1� fPð Þ ð2Þ

LFR plasma mass balance:

d ClpVlp

� �

dt
¼ klKip Cli � Clp

� �
þ klQufCli

� klQufClp þQlp Cart � Clp

� �

� klKNRClp þ klGb2MfP ð3Þ

LFR interstitium mass balance:

d CliVlið Þ
dt

¼ �klKip Cli � Clp

� �
� klQufCli

þ klGb2M 1� fPð Þ ð4Þ

Calculation of Arterial Toxin Concentration (Cart)

During dialysis, blood is taken from the arterial port
(Cart) and rendered to dialyzer; after purification, it is
infused back through the venous port. Blood sampling
is limited to this arterial blood, which is not purely
from HFR or LFR; therefore, an expression relating
arterial concentration to HFR and LFR plasma con-
centration is needed. According to Fig. 2, plasma mass
balance across dialyzer (in lumen side) can be
described by:

QbpCart � Qbp �Quf

� �
Cven

¼ Amount transferred to dialysate

¼ KDCart ð5Þ

Fluid (blood/plasma) balance across arterial node
(‘A’ in Fig. 2):

CO ¼ Qh þQl þQb ð6Þ

1�HCTð ÞCO ¼ Qhp þQlp þQbp ð7Þ

Plasma mass balance across venous node (‘V’ in
Fig. 2):

1�HCTð ÞCO � Cart ¼ Qhp þ khQuf

� �
Chp

þ Qlp þ klQuf

� �
Clp

þ Qbp �Quf

� �
Cven ð8Þ

Rearrangement of (8) using (5) and (7) gives:

Cart ¼
Qhp þ khQuf

� �
Chp þ Qlp þ klQuf

� �
Clp

Qhp þQlp þ KD
ð9Þ

Volume Balance During Dialysis

During dialysis fluid is removed from both IC and
EC (interstitium + plasma). Fraction ‘e’ of total
ultrafiltered fluid comes from EC and rest from IC.
The fluid removal from EC is further divided into two
components, (i) removal from interstitial compartment
and (ii) removal from plasma compartment, based on
plasma volume fraction in EC (fP). It is assumed that
fluid removal from any compartment will be in pro-
portion of that compartment fluid volume.22,26

HFR plasma volume depletion:

dVhp

dt
¼ �eQufkhfP ð10Þ

HFR interstitial volume depletion:

dVhi

dt
¼ �eQufkh 1� fPð Þ ð11Þ

LFR plasma volume depletion:

dVlp

dt
¼ �eQufklfP ð12Þ

LFR interstitial volume depletion:

dVli

dt
¼ �eQufkl 1� fPð Þ ð13Þ

Summing up all the volume balance equations
(Eqs. 10–13) will give the total fluid removal from EC.

Auxiliary Equations

Sum of HFR and LFR volume fraction must be
equal to 1. Therefore,

kh þ kl ¼ 1 ð14Þ

A part of cardiac output goes to dialyzer (Qb), and
rest goes in systemic circulation (Fig. 2). In blood, b2M
is found in plasma only, so, only a portion of systemic
circulation participates in mass transfer which is called
as systemic plasma (Qs).

Qs ¼ 1�HCTð Þ CO�Qbð Þ ð15Þ

This systemic plasma is sub-divided into two parts,
one going to HFR and other to LFR, thus plasma flow
fraction to HFR and LFR can be written as,
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Qhp ¼ fhQs; Qlp ¼ flQs ð16Þ

Sum of blood flow fraction to HFR and LFR must
be equal to 1. Therefore,

fh þ fl ¼ 1 ð17Þ

Model Equations During Inter-dialysis Period

During inter-dialysis period, all the equations are
modified by setting dialyzer clearance (KD), ultrafil-
tration rate (Quf), and blood flow to dialyzer (Qb) to
zero. It is assumed that distribution of fluid intake will
be in proportion of compartmental fluid volume, i.e.,
part of fluid intake, proportional to intracellular fluid
volume will move to IC. Sample equation describing
the HFR plasma compartment is shown below; toxin
accumulation in HFR plasma compartment depends
on (i) diffusive flux from interstitium to plasma, (ii)
toxin transfer from plasma to systemic circulation, (iii)
non-renal clearance from plasma compartment, (iv)
constant toxin generation, and (v) convective flux from
plasma to interstitium with fluid intake. Similar
equations hold for mass and volume balances in other
compartments as well.

HFR plasma mass balance:

d ChpVhp

� �

dt
¼ khKip Chi � Chp

� �
þQhp Cart � Chp

� �

� khKNRChp þ khGb2MfP

� khaChpe 1� fPð Þ ð18Þ

HFR plasma volume balance:

dVhp

dt
¼ ekhfPa ð19Þ

MATERIALS AND METHODS

Patients and Data Used

Patient data were obtained from a previously pub-
lished study of 10 patients (8 men and 2 women)

treated with post-dilution HDF.26 Blood and dialysate
flow rates were kept constant at 280 and
500 mL min21, respectively. Total filtration volume
was set at 18 L, and net fluid removal was set
according to patients’ clinical needs. Treatment time
was 240 min for all patients. Blood samples from
arterial line were collected at the beginning of dialysis
and subsequently at 60, 120, and 240 min during the
session. Immediately after HDF, a sample was col-
lected 20 s later; subsequent samples were collected at
5, 10, 30, 60, 90, 120, and 240 min for capturing the
post-dialysis rebound. To calculate dialyzer clearance
(KD), a venous blood sample at dialyzer exit point was
also collected at the 60th min. Blood sample just before
the next treatment session was collected for each
patient to calculate toxin generation rate (Gb2M).

Parameter Reduction

The developed model comprised seven unknown
parameters, namely, inter-compartmental clearance
(Kip), toxin distribution volume (Vd), cardiac output
(CO), HFR flow fraction (fh), HFR volume fraction
(kh), EC volume fraction (e), and plasma volume
fraction in EC (fP). It is not possible to estimate all the
parameters with precision from limited patient data,
and one should replace weakly identifiable parameters
with constants. To reduce the number of parameters,
a priori identifiability analysis28 was employed for the
developed model. A priori identifiability analysis helps
to determine the subset of potentially identifiable
parameters, and is based on the calculation of para-
metric sensitivities (Eq. 20). Large sensitivity value
indicates the strong influence of that parameter on
measured output state, or the parameter can be better
estimated from available data.

@Cart

@pi

���� pj¼cons
j6¼i

; pi ¼ Kip;Vd;CO; fh; kh; e; fP ð20Þ

Scaled sensitivities were calculated at each sample
time point to form the scaled sensitivity matrix, which
was evaluated for obtained parameter estimates.28

Z ¼

Kip

Cartjt¼0

� �
@Cart

@Kip

���
t¼0

Vd

Cart

���
t¼0

� �
@Cart

@Vd

���
t¼0

: : : fP
Cartjt¼0

� �
@Cart

@fP

���
t¼0

Kip

Cartjt¼60

� �
@Cart

@Kip

���
t¼60

Vd

Cart

���
t¼60

� �
@Cart

@Vd

���
t¼60

: : : fP
Cartjt¼60

� �
@Cart

@fP

���
t¼60

: : : : : :
: : : : : :
: : : : : :

Kip

Cart jt¼480

� �
@Cart

@Kip

���
t¼480

Vd

Cart

���
t¼480

� �
@Cart

@Vd

���
t¼480

: : : fP
Cartjt¼480

� �
@Cart

@fP

���
t¼480

2

666666664

3

777777775

ð21Þ
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Absolute sum of elements in all columns of matrix Z
provides the basis to identify the significant parame-
ters. Larger column sum suggests that corresponding
sensitivities are large, i.e., change in state (Cart) with
respect to change in the parameter is significant; so, the
corresponding parameter is very important. After
selecting the most significant parameter, scaled sensi-
tivity matrix is deflated (i.e., removing inter-depen-
dence among parametric sensitivities to evaluate the
‘‘net influence’’ of each parameter) using the column
corresponding to the largest sum, and second impor-
tant parameter is then obtained (see the Supplementary
Material for calculation details). This process is itera-
tive and continued till all the parameters are ranked
according to their column sum.28

Estimation of Removed Toxin Mass

The developed model was used to estimate the
removed toxin mass during HDF. This calculation can
be performed using initial (at t = 0 min) and final
toxin concentration after dialysis (at t = 240 min) and
obtained estimates of toxin distribution volume,

MR ¼M0 �M240 ¼ C0V0 � C240V240 ð22Þ

However, above formulation will overestimate the
removed toxin mass due to post-dialysis rebound.
Thus, adjusting for post-dialysis rebound will result in,

MR ¼M0 �M480 ¼ C0V0 � C480V480 ð23Þ

where, C0, C240, and C480, represent pre-dialysis toxin
concentration (at t = 0), concentration at the end of
dialysis (at t = 240 min), and concentration after
240 min of dialysis (at 480th min from the beginning of
dialysis), respectively. We have further calculated the
effect of change in each parameter on removed toxin
mass. The details are included in Supplementary
Material.

Simulating Effect of Exercise

To demonstrate the clinical application of developed
model, the effect of intra-dialytic exercise on toxin
rebound was simulated. Exercise was given to in silico
patients at t = 150 min, and sustained till the end of
HDF session (t = 240 min). It is hypothesized that
intra-dialytic exercise increases both CO andKip, and to
compare their individual effect on toxin concentration,
increase in both factors was studied independently. (i)
Themodel was simulated forCO = 6 L min21 (without
exercise) and CO = 12 L min21 (with intra-dialytic
exercise,21) keeping Kip constant. To simulate the toxin
kinetics during exercise, we kept the HFR blood flow
same as in no exercise condition,21 thus rest of the
increased cardiac output will perfuse LFR. (ii) To

observe the effect of increase in Kip, a small increase of
15% was studied (keeping CO constant at 6 L min21).
In all the cases, the post-dialysis rebound was calculated
as follows13:

Rebound % ¼ C480 � C240

C0 � C240
ð24Þ

RESULTS

It can be observed that developed DA-RBF model
suffers from the problem of having too many param-
eters; therefore a priori identifiability analysis was used
to find the precisely identifiable parameters in the
system. We found that the effect of change in CO, fh, e,
and kh on arterial toxin concentration (Cart) was very
small in comparison to the effect of change inVd, fP, and
Kip. Quantitatively, for Patient 1, absolute sum of col-
umns corresponding to Vd, fP, Kip, e, kh, CO, and fh are
5.30, 1.33, 0.45, 0.005, 0.001, 0.0008, and, 0.0001,
respectively. It is evident from these results that column
sum for e, kh, CO, and fh are much lower than that of
Vd, fP, and Kip. Similar results were observed for other
patients too. These results reveal that arterial toxin
concentration (Cart) is little sensitive to change in e, kh,
CO, and fh. Hence, we concluded that these were less
sensitive parameters in the developed model, and can-
not be estimated with precision from the present patient
data. Thus, they were replaced by constants based on
literature evidences (Table 1). Only Vd, fP, and Kip were
considered as unknown model parameters.

The estimated post-dialysis toxin distribution vol-
ume (Vd) was 14.22 ± 0.75 L (equivalent to 20.3 ±

1.3% of end-dialysis body weight), plasma fraction in
EC (fP) was 0.39 ± 0.03, and inter-compartmental
mass transfer coefficient (Kip) was 44 ± 4.1 mL min21.
Estimated values of model parameters for each patient
are listed in Table 2. For comparison, parameter esti-
mates from two-compartment model approach are also
presented in Table 2.26 Measured toxin concentrations

TABLE 1. Constant model parameters.

Symbol Description Value Reference

HCT Hematocrit 0.35 Ward et al.26

kh Volume fraction of

high flow region

0.2 Schneditz et al.18

CO Cardiac output (L min21) 5.8 Parsons et al.17

e Extracellular fluid

fraction

1/3 Debowska et al.,4,5

Kanamori and Sakai11

fh Blood flow fraction to

high flow region

0.85 George et al.,8

Schneditz et al.18

KNR Non-renal clearance

(mL min21)

3 Ward et al.26
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and model fit is shown in Fig. 3, while toxin concen-
tration in each compartment is illustrated in Fig. 4 (for
Patients 1 and 10). Obtained estimates of Vd were
bigger than those obtained from the two-pool model
(10.2 ± 0.6 L). Also, the obtained estimates for fP were
bigger than fP of 0.25 in normal subjects. Toxin gen-
eration rate was 0.131 ± 0.007 mg min21, which was
calculated using estimated Vd and toxin concentration
measured at the beginning of next dialysis session. The
estimates of removed toxin mass using the developed
model were 196.31 ± 19.7 mg, which are higher than
141.45 ± 14.17 mg, obtained by the existing two pool
model (Table 3). All these values are presented as
mean ± SEM (standard error of mean).

The developed model was used to study the effect of
intra-dialytic exercise (see ‘‘Simulating Effect of Exer-
cise’’ section). Individual effect of factors, i.e., increase
in CO (keeping Kip constant) and increase in Kip

(keeping CO constant) was studied. Difference in
percentage rebound was calculated for CO = 6 and
12 L min21; similar calculations were performed
between nominal Kip and 15% increased Kip. Quanti-
tative results corresponding to both scenarios are
presented in Table 4. Figure 5 illustrates the effect of
increase in CO.

DISCUSSION

Developing b2M removal strategies require an
understanding of its kinetics.1 Various kinetic models
have been proposed to describe b2M kinetics during
hemodialysis or HDF.11,13,22,26 The single pool model
is too simple to account for post-dialysis rebound.
The two-pool model is widely used by the research

TABLE 2. Estimated model parameters for b2-microglobulin kinetics.

Patient no.

Diffusion adjusted regional blood flow model Two-compartment model (Ward et al.25)

Inter-compartmental

clearance,

Kip (mL min21)

Toxin

distribution

volume, Vd (L)

Plasma

fraction in

extracellular

compartment, fP

Generation

rate, Gb2M

(mg min21)

Inter-compartmental

clearance,

Kip (mL min21)

Toxin

distribution

volume, Vd (L)

Generation

rate, Gb2M

(mg min21)

1 43 18.47 0.41 0.134 100 13.27 0.131

2 46 10.51 0.43 0.121 86 7.52 0.131

3 51 14.28 0.27 0.125 63 8.10 0.144

4 48 15.03 0.38 0.091 75 12.31 0.091

5 39 15.21 0.27 0.136 53 8.57 0.140

6 28 16.26 0.33 0.128 57 9.25 0.125

7 54 14.39 0.46 0.122 108 11.99 0.131

8 24 10.84 0.54 0.155 102 9.91 0.165

9 40 13.10 0.39 0.171 74 9.31 0.182

10 70 14.12 0.42 0.126 107 11.37 0.115

Mean ± SEM 44 ± 4.1 14.22 ± 0.75 0.39 ± 0.03 0.131 ± 0.007 82.5 ± 6.7 10.2 ± 0.6 0.136 ± 0.008
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FIGURE 3. Arterial plasma concentration profile (model fit)
and measured concentration of b2-microglobulin for Patient 1
(top) and Patient 10 (bottom).
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community, but its clinical relevance is not much (as
explained earlier). To overcome this limitation, the
present study sets out to develop a reduced parameter
DA-RBF model for b2M, and evaluate its validity with

the real patient data. We have customized the existing
DA-RBF model to satisfy the requirements of b2M
(distributed in extracellular space). To make it more
realistic, we have modified the assumption made in the
two-pool model studies,26 which is discussed in the
following. Previous studies have assumed the removal
of accumulated fluid from EC alone,22,26 which is
infeasible, as fluid removal from blood compartment
will induce the fluid movement from interstitial com-
partment and then from IC. Hence, net fluid removal
is considered from both EC and IC. Further, it is
assumed that fluid removal from any compartment will
be in proportion of that compartmental fluid volume.11

Hence, fluid removal from EC will be in proportion of
volume fraction of EC (e), which was later assumed to
be a constant value based on identifiability analysis.
We have assumed that about 33% of fluid is removed
from EC and the remaining 67% comes from IC.4,5,11

Considering this information, EC volume fraction (e)
was replaced by factor of 1/3 in the equations for rate
of volume depletion.

The reduced DA-RBF model adopts similar
assumptions as in the two-pool study.26 In the absence
of any literature evidence, membrane sieving coeffi-
cient was considered as one, inferred from the study by
Harper et al., where they revealed in vivo that uremia
enhances the membrane permeability.9 However, as
dialysis progresses, uremia decreases; hence, mem-
brane permeability and Kip should continuously
decrease. Nevertheless, we considered sieving coeffi-
cient and Kip as constant in our study, which is the
assumption in all previously developed kinetic models
for urea, creatinine, and b2M. This may not be valid in
reality. Experimental studies are required to find out
how the sieving coefficient and Kip changes with the
decrease in uremia. Secondly, even though the RBF
model can account for cardiopulmonary (Qcr) and
access recirculation (Qar), they are neglected in the
current study due to the absence of relevant individual
patient data, and to make a valid comparison between
the outputs of the developed model and that of the
existing two-pool model.26 Qcr and Qar dilute the inlet
blood to dialyzer and reduce the toxin concentration.
As a result of this reduced concentration, toxin
removal or access clearance reduces, or post-dialysis
toxin concentration increases. This leads to reduction
in measure of dialysis adequacy (Kdt/Vd). As dialyzer
clearance (Kd) and time of dialysis (t) are independent
of recirculation, only increase in distribution volume
(Vd) can explain the decreased adequacy index. Hence,
inclusion of Qcr and Qar will result in larger estimates
of toxin distribution volume.3,18

Toxin generation was assumed to be in both inter-
stitium and plasma compartments, and it was calcu-
lated after estimating toxin distribution volume. Toxin
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FIGURE 4. b2-Microglobulin concentration profile in various
body compartments for Patient 1 (top) and Patient 10 (bot-
tom).

TABLE 3. Estimates of removed toxin mass.

Patient no.

Mass removed, mg

(estimated by the

DA-RBF model)

Mass removed, mg

(estimated by the

Two-pool model)

1 268.63 208.42

2 218.76 160.39

3 190.19 112.99

4 110.67 88.91

5 189.69 115.47

6 268.22 158.17

7 241.70 199.41

8 144.77 121.64

9 236.25 171.38

10 94.26 77.69

Mean ± SEM 196.31 ± 19.7 141.45 ± 14.17
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concentration at t = 480 min (with t = 0 min denoting
start of dialysis), and pre-dialysis toxin concentration
measured before next dialysis session were used for

this purpose (assuming constant toxin generation
rate). The calculated generation rate (0.131 ± 0.007
mg min21) is similar to the results obtained for the
same patient group using the two-pool study
(0.136 ± 0.008 mg min21),26 and in other hemodialy-
sis subjects using the two-pool modeling approach
(0.132 ± 0.006 mg min21).14 Estimated inter-com-
partmental clearance (Kip) between interstitium and
plasma compartment was 44 ± 4.1 mL min21, which
is much smaller than reported value of 82 ±

7 mL min21 in the two-compartment study.26 In this
study, measured dialyzer clearance (KD) of b2M was
73 ± 2 mL min21. Despite this high KD, mass transfer
is limited by smaller Kip, which is evident from the
obtained parameter estimates for individual patient,
i.e., toxin removal is primarily controlled by membrane
resistance. The smaller value of Kip than KD explains,
why convection-based dialysis (HDF) does not result
into significantly improved toxin removal, and are
limited to toxin removal from blood compartment
only.

The toxin distribution volume for b2M obtained
from fitting the model to experimental data (14.22 ±

0.75 L or 20.3 ± 1.3% of end-dialysis body weight) is
greater than that estimated by anthropometric for-
mulae given by Watson et al.,27 (12.62 ± 0.57 L or
17.6 ± 0.4% of end-dialysis body weight). The differ-
ence could be because anthropometric formulae were
derived for normal subjects, and not for renal patients,
who always have excess fluid. On the other hand,
significant difference was observed between the results
obtained here and from the two-pool study for Vd

(10.2 ± 0.6 L).26 This can be attributed to the
improved physiological representation in the form of
DA-RBF model, and our assumption that about 33%
of ultrafiltered volume comes from EC and rest
comes from IC. The higher estimated value of Vd in the

TABLE 4. Simulating effect of intra-dialytic exercise—decrease in rebound % (a) for 100% increase in cardiac output (CO) and (b)
for 15% increase in inter-compartmental mass transfer coefficient (Kip).

Patient no.

Effect of increase in CO, keeping Kip constant Effect of increase in Kip, keeping CO constant

Rebound % during

normal dialysis

(CO = 6 L min21)

Rebound % with

intra-dialytic exercise

(CO = 12 L min21)

Decrease in

Rebound %

due to exercise

Rebound % during

normal dialysis

(Kip = nominal)

Rebound % with

intra-dialytic exercise

(Kip = 1.15 9 nominal)

Decrease in

Rebound % due

to exercise

1 31.37 30.07 1.30 31.76 31.00 0.75

2 23.38 22.64 0.74 24.71 23.92 0.80

3 32.91 32.06 0.85 34.95 33.60 1.35

4 37.18 36.49 0.69 37.75 36.59 1.17

5 39.21 38.78 0.43 40.48 39.31 1.17

6 33.57 32.90 0.68 35.35 34.57 0.78

7 25.63 24.25 1.38 25.31 24.30 1.01

8 33.95 33.31 0.64 33.73 32.91 0.82

9 33.38 32.70 0.68 34.13 33.17 0.97

10 37.45 36.25 1.21 37.20 36.20 1.00
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FIGURE 5. Simulation of effect of intra-dialytic exercise for
Patient 1 (top) and Patient 10 (bottom)—decrease in post-
dialysis rebound due to 100% increase in cardiac output.
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DA-RBF model results in a bigger estimates of
removed toxin mass when compared with that
obtained by the existing two-pool model26 (Table 3).
In clinical scenario, one can invalidate one of the two
models (the two pool model and developed DA-RBF
model) by measuring the toxin concentration in spent
dialysate. The correct (validated) model can be used to
decide the dialysis dose. The parameter estimates for
plasma fraction in EC are 0.39 ± 0.03, which is greater
than plasma fraction found in normal subjects. It can
be understood that this excess fluid contributes to
blood volume; thus obtained parameter estimates also
explain the reason for most renal patients being
hypertensive. Specifically, fP for Patient 8 (0.54) was
much higher than rest of the patients, probably
because there is no fluid removal for this patient during
dialysis (pre- and post-dialysis weight were same). The
model fit for two example patients is shown in Fig. 3.
Additionally, Fig. 4 gives the concentration profiles in
various compartments. There is consistent difference
between concentrations of Chp and Clp from the onset
of dialysis, as the unequal distribution of cardiac out-
put creates a concentration difference between HFR
and LFR. Nevertheless, one can observe that HFR
and LFR plasma concentration equilibrate immedi-
ately after dialysis due to systemic circulation (Fig. 4).
This explains the cause of sharp rebound after dialysis.
One can also observe that major contribution to
rebound is concentration difference between interstit-
ium and plasma compartment. In summary, the
developed model gives better insight into toxin distri-
bution in various compartments. The developed model
can be employed for precise estimation of toxin dis-
tribution volume, i.e., extracellular fluid volume, which
is one of the greatest challenges to practicing neph-
rologists.10 This may further help in accurate dialysis
dose prediction for hemodialysis subjects based on
modified dialysis adequacy index considering b2M
(Kt=Vb2M) as a global marker of toxin milieu.

Subsequently, the developed model was employed
to explain the effect of intra-dialytic exercise. Intra-
dialytic exercise, given to lower extremities which
constitute LFR, increases the cardiac output. Smye
et al. employed the simple RBF model and demon-
strated via simulations that increase in cardiac output
or increased perfusion of the skeletal muscles results in
reduced post-dialysis rebound.21 Positive outcomes of
intra-dialytic exercise have been observed experimen-
tally as well.17,24 It has been suggested in the past that
as a result of intra-dialytic exercise, a large fraction of
increased CO reaches the LFR, where large fraction of
toxin is present in comparison to HFR.8 This increased
perfusion of LFR results in higher toxin removal
through convection, and thus reduced post-dialysis
rebound. To observe the same, the effect of increased

CO (6 L min21 (normal condition) to 12 L min21

(during exercise),21) on arterial plasma concentration is
studied for all 10 patients. Quantitatively, the 100%
increase of CO results in only ~1% decrease in post-
dialysis toxin concentration at t = 480 min. Similar
results were observed for rest of the patients too
(Table 4). Figure 5 shows the effect of 100% increase
in cardiac output due to intra-dialytic exercise. This
leads to the question—how does intra-dialytic exercise
lead to reduced rebound when the effect of increased
cardiac output is not significant?

To explain this, it is hypothesized that exercise to
lower extremities leads to increase in both CO and Kip.
Exercise to lower extremity causes increased blood
flow to LFR, which results in dilated capillaries/
membranes or increased surface area,17 so that the
excess blood flow can be accommodated. This dilation
will further lead to larger membrane pore size. These
two reasons, namely, increased surface area of capil-
laries and increased membrane pore size, result in
increased inter-compartmental mass transfer coeffi-
cient (Kip), and hence more toxin transfer to vascular
compartment. This transferred toxin will be swept
away by increased blood flow. This was verified by
simulating the individual patient model for a hypo-
thetical increase of 15% in Kip (keeping CO =

6 L min21). Corresponding results are presented in
Table 4. To substantiate this hypothesis, further clini-
cal studies need to be carried out so as to segregate the
effect of CO and Kip on arterial toxin plasma concen-
tration, and formulating a relationship between the
effect of exercise and toxin removal. This clinical study
can also help in quantifying the effect of exercise on
inter-compartmental clearance. We have also simu-
lated the stand-alone HDF and HDF with exercise
regimen. For simulating exercise effect, we varied both
CO and Kip, as both change concomitantly. CO was
increased to 12 L min21,21 and Kip was increased
between 10 and 70% of its nominal value. As antici-
pated, HDF with exercise protocol results in reduced
toxin rebound than the standalone HDF (see the
Supplementary Material). This indicates the intra-
dialytic exercise can further improve the outcomes of
HDF, which can be clinically relevant in long term.

In conclusion, the reduced parameter DA-RBF
results in improved understanding of b2-microglobulin
kinetics. Based on a priori identifiability analysis, it is
found that cardiac output (CO), flow fraction to HFR
(fh), fractional volume of EC (e), and fractional volume
of HFR (kh) are less important model parameters,
while toxin distribution volume (Vd), plasma fraction
in EC (fP), and inter-compartmental clearance (Kip) are
more important parameters. Hence the number of
estimable parameters is reduced from seven to three.
We found that the estimated Vd is greater than the
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estimates obtained by two-compartment models,
which can be understood by the fact that patients on
maintenance hemodialysis are fluid overloaded, and
our assumption of fluid removal from both EC and IC.
Estimates of fP suggested that more of this excess fluid
stores in plasma compartment, which explains the
reason for renal patients being hypertensive. The
developed model resulted in higher estimates of
removed toxin mass than that obtained by the two-
pool model. This information can be used to validate
the existing models and select the best representative of
physiology. To demonstrate the clinical application of
developed model, the effect of intra-dialytic exercise
was examined. Based on the simulation results, it is
hypothesized that intra-dialytic exercise not only
increases the cardiac output but also increases the in-
ter-compartmental mass transfer coefficient; both
combined together results in lower post-dialysis
rebound. After confirming the intra-dialytic exercise
effect in clinical trials, the developed model can be
beneficially utilized for systematic introduction of
intra-dialytic exercise and synergizing its effect with
dialysis to obtain improved patient outcomes.
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